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Abstract

Recently, Arjevani et al. [1] establish a lower bound of iteration complexity for
the first-order optimization under an L-smooth condition and a bounded noise
variance assumption. However, a thorough review of existing literature on Adam’s
convergence reveals a noticeable gap: none of them meet the above lower bound. In
this paper, we close the gap by deriving a new convergence guarantee of Adam, with
only an L-smooth condition and a bounded noise variance assumption. Our results
remain valid across a broad spectrum of hyperparameters. Especially with properly
chosen hyperparameters, we derive an upper bound of iteration complexity of
Adam and show that it meets the lower bound for first-order optimizers. To the best
of our knowledge, this is the first to establish such a tight upper bound for Adam’s
convergence. Our proof utilizes novel techniques to handle the entanglement
between momentum and adaptive learning rate and to convert the first-order term in
the Descent Lemma to the gradient norm, which may be of independent interest.

1 Introduction

First-order optimizers, also known as gradient-based methods, make use of gradient (first-order
derivative) information to find the minimum of a function. They have become a cornerstone of
many machine learning algorithms due to the efficiency as only gradient informaiton is required, and
the flexibility as gradients can be easily computed for any function represented as directed acyclic
computational graph via auto-differentiation [2, 19].

Therefore, it is fundamental to theoretically uderstand the properties of these first-order methods.
Recently, Arjevani et al. [1] establish a lower bound on the iteration complexity of stochastic first-
order methods. Formally, for a well-studied setting where the objective is L-smooth and a stochastic
oracle can query the gradient unbiasly with bounded variance (see Assumption 1 and 2), any stochastic
first-order algorithm requires at least e~ queries (in the worst case) to find an e-stationary point, i.e.,
a point with gradient norm at most €. Arjevani et al. [1] further show the above lower bound is tight
as it matches the existing upper bound of iteration complexity of SGD [1].

On the other hand, among first-order optimizers, Adam [16] becomes dominant in training state-
of-the-art machine learning models [3, 15, 4, 11]. Compared to vanilla stochastic gradient descent
(SGD), Adam consists of two more key components: (i) momentum to accumulate historical gradient
information and (ii) adaptive learning rate to rectify coordinate-wise step sizes. The psedo-code
of Adam is given as Algorithm 1. While the sophisticated design of Adam enables its empirical
superiority, it brings great challenges for the theoretical analysis. After examining a series of
theoretical works on the upper bound of iteration complexity of Adam [24, 9, 10, 27, 14, 21, 25], we
find that none of them match the lower bound for first-order optimizers: they not only consume more
queries than the lower bound to reach e-stationary iterations but also requires additional assumptions.
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This theoretical mismatch becomes even more unnatural given the great empirical advantage of Adam
over SGD, which incites us to think:

Is the gap between the upper and lower bounds for Adam a result of the inherent complexity induced
by Adam’s design, or could it be attributed to the proof techniques not being sharp enough?

This paper answers the above question, validating the latter hypothesis, by establishing a new upper
bound on iteration complexity of Adam for a wide range of hyperparameters that cover typical
choices. Specifically, our contribution can be summarized as follows:

* We examine existing works that analyze the iteration complexity of Adam, and find that
none of them meets the lower bound of first-order optimization algorithms;

* We derive a new convergence guarantee of Adam with only assuming L-smooth condition
and bounded variance assumption (Theorem 1), which holds for a wide range of hyperpa-
rameters covering typical choices;

* With chosen hyperparameters, we further tighten Theorem 1 and show that the upper bound
on the iteration complexity of Adam meets the lower bound, closing the gap (Theorem 2).
Our upper bound is tighter than existing results by a logarithmic factor, in spite of weaker
assumption.

To the best of our knowledge, this work provide the first upper bound on the iteration complexity
of Adam without additional assumptions other than L-smooth condition and bounded variance
assumption. It is also the first upper bound matching the lower bound of first-order optimizers.

Organization of this paper. The rest of the paper is organized as follows: in Section 2, we first
present the notations and settup of analysis in this paper ; in Section 3, we revisit the existing works
on the iteration complexity of Adam; in Section 4, we present a convergence analysis of Adam
with general hyperparameters (Theorem 1); in Section 5, we tighten Theorem 1 with a chosen
hyperparameter, and derive an upper bound of Adam’s iteration complexity which meets the lower
bound; in Section 6, we discuss the limitation of our results; in Section 7, we discuss the related
works.

2 Preliminary

The Adam algorithm is restated in Agorithm 1 for convenient reference. Note that compared to the

orignal version of Adam in Kingma and Ba [16], the bias-correction terms are omitted to simplify

the analysis, and our analysis can be immediately extended to the original version of Adam because

the effect of bias-correction term decays exponentially. Also, in the original version of Adam, the
. . . n ) n C .

adaptive learning rate is NS instead of N However, our setting is more challenging and our

result can be easily extend to the original version of Adam, since the e term makes the adaptive
learning rate upper bounded and eases the analysis.

Algorithm 1 Adam

Input: Stochastic oracle O, learning rate > 0, initial point w; € RY, initial conditioner vy € RY,
initial momentum 77y, momentum parameter 31, conditioner parameter o, number of epoch T’

1: Sample r ~ Unif{1,--- ,T}

2. Fort=1—1T:

3: Generate a random z;, and query stochastic oracle g, = O (wy, z;)

4: Calculate vy = fBovy—1 + (1 — ﬁg)gé92
5:  Calculate m; = Symy—1 + (1 — 81)g:
6
7:

Update w1 = w; — 77\/% © my
EndFor
Output: w,

Notations. For a,b € Z=° and a < b, denote [a,b] = {a,a +1,--- ,b — 1,b}. For any two vectors
w, v € RY, denote w © v as the Hadamard product (i.e., coordinate-wise multiplication) between
w and v. When analyzing Adam, we denote the true gradient at iteration ¢ as G; = V f(w;), and
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the sigma algebra before iteration ¢ as F; = o(g1,--- ,g:—1). We denote conditional expectation as
El7[x] = E[*|F;]. We also use asymptotic notations o, O, 2, and ©, where ho () = 045z, (h1(z))

Zigg = 0 (when the context is clear, we abbreviate x — x( and only use

o(h1(x))); ha(z) = O(h1(z)) means that there exists constant -y independent of  such that ko (z) <
vg1(x); ha(x) = Q(hi(x)) means that hy(x) = O(hz(x)); and ha(x) = O(hi(z)) means that
ho(x) = O(hi(x)) and he(z) = Q(hy(z)).

Objective function. In this paper, we consider solving the following optimization problem:
min,,cga f(w). We make the following assumption on the objective function f.

means that limg_,,

Assumption 1 (On objective function). We assume f is differentiable, and the gradient of f is
L-Lipschitz.

We denote the set of all objective functions satisfying Assumption 1 as F(L).

Stochastic oracle. As f is differentiable, we can utilize the gradient of f (i.e., V f) to solve the
above optimization problem. However, the V f is usually expensive to compute. Instead, we query
a stochastic estimation of V f through a stochastic oracle O. Specifically, the stochastic oracle O
consists of a distribution /P over a measurable space Z and a mapping Oy : R? x Z — R?. We make
the following asssumption on O.

Assumption 2 (On stochastic oracle). We assume that O is unbiased, ie., Yw € R4,
E.wpOf(w,z) = Vf(w). We further assume O has bounded variance, i.e., Yw € R,
E. p[|Of(w,2) = Vf(w)|’] < 0.

We denote the set of all stochastic oracles satisfying Assumption 2 with variance bound o2 as O (0?).

Adam belongs to first-order optimization algorithms, which is defined as follows:

Definition 1 (First-order optimization algorithm). An algorithm A is called a first-order optimization
algorithm, if it takes an input w and hyperparameter 0, and produces a sequence of parameters as
follows: first sample a random seed r from some distribution P,.", set wf(e)
the parameters as

= w1 and then update

A(0 A(0 A(6 A(6
wt-&-(l) = Az’(rvwl ( )aof(wl ( )721),"' 70f(wt ( )7Zt))a
where 21, 29, - - , 2zt are sampled i.i.d. from P.

Denote the set of all first-order optimization algorithms as Ag,;. We next introduce iteration
complexity to measure the convergence rate of optimization algorithms.

Definition 2 (Iteration complexity). The iteration complexity of first-order optimization algorithm A
is defined as
C.(A,A,L,0®)= sup sup sup  inf{T: ]E||Vf('w?(e))|| <e}.
0€9(0?) fFEF(L) wi:f(wi)=A ©
Furthermore, the iteration complexity of the family of first-order optimization algorithms Agyst, is

C.(A,L,0%)= sup sup sup inf inf{T: E||Vf(w?(9))|| <e}.
0€9(0?) fEF(L) wi:f(wr)=A A€Asirse 0

It should be noticed that the iteration complexity of the family of first-order optimization algorithms
is a lower bound of the iteration complexity of a specific first-order optimization algorithm, i.e.,
VA S Aﬁrsta CE(Aa Aa L7 02) Z CE(A7 L) 02)’

3 None of existing upper bounds match the lower bound

In this section, we examine existing works that study the iteration complexity of Adam, and defer a
discussion of other existing works to Appendix A. We find that none of them match the lower bound
for first-order algorithms provided in [1] (restated as follows).

'Such a random seed allows sampling from all iterations to generate the final output of the optimization
algorithm. As an example, Algorithm 1 set P;..
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Proposition 1 (Theorem 3, [1]). VL, A, 02 > 0, we have C-(A, L,0%) = Q(Z).

Note that in the above bound, we omit the dependence of the lower bound over A, L, and o2, which
is a standard practice in existing works (see Cutkosky and Mehta [8], Xie et al. [23], Faw et al. [13]
as examples) because the dependence over the accuracy € can be used to derive how much additional
iterations is required for a smaller target accuracy and is thus of more interest. In this paper, when we
say "match the lower bound", we always mean that the upper bound has the same order of ¢ as the
lower bound.

Generally speaking, existing works on the iteration complexity of Adam can be divided into two cate-
gories: they either (i) assume that gradient is universally bounded or (ii) make stronger assumptions
on smoothness. Below we respectively explain how these two categories of works do not match the
lower bound in [1].

The first line of works, including Zaheer et al. [24], De et al. [9], Défossez et al. [10], Zou et al.
[27], Guo et al. [14], assume that the gradient norm of f is universally bounded, i.e., |V f(w)| < G,
Vw € R?. In other words, what they consider is another iteration complexity defined as follows:

C.(A,A,L,o%,G)%  sup sup sup  inf{T: ]E||Vf(w?(0))|| <e}.
0eD(0?) FEF(L),|VF<G wi:f(wr)=A ¢

This line of works do not match the lower bound due to the following two reasons: First of all, the
upper bound they derive is O( logs i/ <), which has an additional log ¢ factor more than the lower bound;
secondly, the bound they derive is for C. (A, A, L, 02, G). Note that F(L) N {f : [|[Vf|| < G} isa
proper subset of F (L) for any G, where a simple example in F (L) but without bounded gradient is
the quadratic function f(x) = ||z||?. Therefore, we have that

C.(A,A,L,0%) >C.(A,A,L,c*G), YG>0, (1

and thus the upper bound on C. (A, A, L, 0%, G) does not apply to C.(A, A, L, a%). Moreover, their
upper bound of C.(A, A, L,02, G) tends to oo as G — oo, which indicates that if following their
analysis the upper bound of C. (A, A, L, 0?) would be infinity based on Eq. (1).

The second line of works includes Shi et al. [21], Zhang et al. [25], Wang et al. [22], which additionally
assume a mean-squared smoothness property besides Assumption 1 and 2, i.e., E,.p| Oy (w, z) —
O;(v,2)||? < L|lw — v||*>. Denote O(c%,L) 2 {0 : E..p||Of(w,z) — Of(v,2)|* < L|lw —
v||2,Vw, v € R} N O(0?). The iteration complexity that they consider is defined as follows:

C-(A,A L %) = sup sup sup  inf{T: Eva(w?(G))H <e}.
0ed(02,1) FEF(L) wr:f(wr)=A 9

The rate derived in [21, 25, 22] is O(b%/g), which is derived by minimizing the upper bounds in
[21, 25, 22] with respect to the hyperparameter of adaptive learning rate . According to [1], the
lower bound of iteration complexity of C-(A, A, L,0?) is (%) and smaller than the original lower
bound Q( E%), resulting in an even larger gap between the upper bound and lower bound.

On the other hand, a concurrent work [17] which does not require bounded gradient assumption
and mean-squared smoothness property but poses a stronger assumption on the stochastic ora-
cle: the set of stochastic oracles they consider is O = {0 : Vw € R% E, pOj(w,z) =
Viw),P(|Of(w,2) - Vf(w)|? <o?) = 1}. O is a proper subset of O because a simple
example is that O¢(w, z) = V f(w) + z where z is a standard gaussian variable. Therefore, their
result does not provide a valid upper bound of C. (A, A, L, 02).

4 Convergence analysis of Adam with only Assumptions 1 and 2

As discussed in Section 3, existing works on analyzing Adam require additional assumptions besides
Assumption 1 and 2. In this section, we provide the first convergence analysis of Adam with only As-
sumption 1 and 2, which naturally gives an upper bound on the iteration complexity C. (A, A, L, 0?).
Specifically, we present the following theorem.
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Theorem 1. Let A be by Adam (Algorithm 1) and 0 = (n, 81, B2) are the hyperparameters of A.
Let Assumption 1 and 2 hold. Then, if 0 < 51 < B3 < 1, we have

T ———— d
]EZ HVf('wt)H <+/1-— ﬁng + %C&dln (1202 + QTZ \V Vo, + (3 — 52)0'2 + 4dC1 In d01>
t=1 ! =1

d
—+ Co + ﬁcldln <1202 + ZTZ vV Vo, + (3 - ﬁz)o’z +4dC4 In d01>
M =1

d
X 12C5 +2TZ V Vo, +(3—ﬂ2)0’2 +4dC1 IndC;. 2)
=1

where vy is the l-th coordinate of vy,

C, = £n2 +2 vI-B2 o 71251 +L2 61173(1 — 61) g a _61)2 ! .
2T AT T URO- 2 ha_eta- a- G 0ok | 1R

and

Cy = ﬁ (f(wl)+§2o1 (Eln (i) —Tln,32>> .

A proof sketch is given in Section 4.2 and the full proof is deferred to Appendix.

The right-hand side in Eq. (2) looks messy at the first glance. We next explain Theorem 1 in detail
and make the upper bound’s dependence over hyperparameters crystally clear.

4.1 Discussion on Theorem 1

Required assumptions and conditions. As mentioned previously, Theorem 1 only requires Assump-
tion 1 and 2, which aligns with the setting of the lower bound (Proposition 1). To our best knowledge,
this is the first analysis of Adam without additional assumptions. Also, Theorem 1 holds for general
choices of hyperparameters since the only condition posed on hyperparameters is 5; < (2. Such
condition covers a wide range of hyperparameters, e.g., the default setting 81 = 0.9 and 83 = 0.999
in PyTorch [19].

Dependence over (35, 1, and 7. Here we consider the influence of 52, 1, and T while fixing
(1 constant (we will discuss the effect of 51 in Section 6). With logarithmic factors ignored and
coefficients hidden, C7, Cs and the right-hand-side of Eq. (2) can be rewritten with asymptotic
notations as

. n n’
C :O b
1 <V152+(1—ﬂz)3>

~ 1 2 1 T
C=0 STV Bt ],
n (1-p2)2

T
EY IV f(w)] = (\/1_ﬂ2c2+v vIZPg 02+— C’2+T+Cl)
t=1

where O denotes O with logarithmic terms ignored. Consequently, the dependence of Eq. (2) over
B2,m and T becomes

T _ 1 772 1 772T
EX Vil =0\ g+ o o Yt ot

<[ VT /T \f

+0 + =TI =Bt ——
<V4152 (1-B2)3 f ’ 1—52)

Therefore, in order to ensure convergence, min;er) E[|G¢|[1 — 0as T — oo, a sufficient condition

is that the right-hand-side of the above equation is o(T'). Specifically, by choosing n = ©(7T~%) and

1 — By = O(T~?), we obtain that

3 b 1 3 1 1 1 1
*EZ IV f(w)| = <T2 Lppo2etdeotppastppoakgt o plos opmetfeod g ophad +T*“+Ib) .
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By simple calculation, we obtain that the right-hand side of the above inequality is o(1) as T — oo
if and only if 0 < % < a < 1and 3b — 4a < 2. Moreover, the minimum of the right-hand side of the

above inequality is @(T%), which is achieved at @ = £ and b = 1. Such a minimum implies an upper
4

bound of the iteration complexity which at most differs from the lower bound by logarithmic factors
as solving (’)(T%) = ¢ gives T = O(Z). In Theorem 2, we will further remove the logarithmic
4

factor by giving a refined proof when a = % and b = 1 and close the gap between the upper and
lower bounds.

4.2 Proof Sketch of Theorem 1

In this section, we demonstrate the proof idea of Theorem 1. Concretely, we sketch the proof by
identifying two key challenges in the proof and provide our solutions respectively.

Challenge I: Disentangle the stochasticity in momentum and adaptive learning rate. According
to the standard descent lemma, we have that

Ef(wir) = f(wy) +E [<Gt7'wt+1 —wy) + g lwirr — ’wt||2]

2 ?3)

1 L, 1
<Ef(w;)+E KGt, n\/ITtth>] + 5 EH\/ITt@mt
First Order Second Order
The first challenge arises from bounding the "First Order" term above. To faciliate the understanding
of the difficulty, we compare the "First Order" term of Adam to the corresponding "First Order" term
of SGD, i.e., —mE(GY, g;). By directly applying El7t g, = Gy, we obtain that the "First-Order" term
of SGD equals to —nE||G¢||?). However, as for Adam, there are two folds of trouble: firstly, we

do not know what EI7 \/11/? © my s, as the stochasticity in m; and v; entangles. Secondly, even

without v, it is unclear how EF¢my, aligns with G, given the existence of g;—1, - , g1 in M.

Solution to Challenge 1. For i € [1,], we define a set of surrogate conditioner o} £ fBiv;_; +
Z;;B By(1 — B2)GY2 1 + (1 — B2)o?, and U £ vy. Note that I} is measurable with respect to

K2

Fi—i+1. The key idea of our solution is the following peeling-off strategy: starting from E[{G, \/%T ©)

my)], we replace v; = Y by 1} (of course, such a replacement will bring a error term, which we
temporily ignore and will consider it in the formal proof) and obtain E[{(GY, \/%—1 © my)]. As
Vi

t

m; = fimy_1 + (1 — (1)g;, we further have E[(G, \/% omy)] = E[(Gy, \/% ©1-751)g)]+
E[(G; — Gi_1, = pimy_1)]| + E[(Gy_1, —= ® Brmy_1)]. As 1} is measurable w.r.t. F;, we

N N
can then disentangle the stochasticity in g; and vy, and the term E[(GY, \/%T © (1 — B1)g+)] equals to

E[(G:, ® (1 — B1)GY4)], which is desired. The term E[(G; — G_2, —— ® Bymy;_1)] is small

1
due to L-smooth condition. The term E[(G;_1, \/%T ©® B1my_1)] resembles E[(G., \/%7 © my)l,
and we can apply the methodology recursively to get E[(G};_», ﬁ ® my_s)], E[(Gy_3, \/%73 ®

B3my_3)], and so on. All in all, the above methodology can be summarized as the following lemma.
Lemma 1. Let all conditions in Theorem I hold. Denote F} = E(G;_;, ——Gm;_;). Set Gy = G4

Then, ¥Vt > 1 and i € [0,¢ — 1],
2

. . 1- 1 1
F} >pFjt + ( Qﬂl)E O Gy — B1iLE ||Jwi—i — wi—i—1]| Omy_;_1
if~it1 ~it1
vy vy
VI— 2(1 - j 1 2
Y VALY S Bt 51)[32 L4 EH ©my;
1-5 (1_62)5(1_57;) io Vi
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The proof is deferred to Appendix C.1. We highlight here that despite the simple methodology
above, the proof itself is highly non-trivial and technical. The core difficulty lies in handling the error
introduced by approximating &} with 17§+1, where we need to bound the gap both between ¢;_; and
G_; and between G;_; and G¢_;11.

Remark 1. Our surrogate conditioners U} are novel. Previously, there are other surrogate condition-
ers in Défossez et al. [10], Zou et al. [27] which help to disentangle the stochasticity in g; and v,.
However, none of them can be applied in our setting because the bounded gradient assumption is
required to use them, which is missed in our setting. Therefore, our surrogate conditioners may also
shed light on the other analysis of Adam where no bounded gradient is assumed.

Based on Lemma 1, we can estimate the "First-Order” term recursively. Combining the estimation of
the "First-Order" term back to the descent lemma (Eq. (3)) and summing the descent lemma over ¢
from 1 to T', we obtain

1
4/~1
L€

T 2
> (1—51)77IE e

2
t=1

< f(wr) — Ef(wryq) +ch<E1 (:m) T1n52). )

=1
We then encounter the second challenge.

Challenge II: Convert Eq. (4) to a bound of gradient norm. Although we have bounded the sum
of E[|| \/7 ® G]|?], we need to convert it into a bound of E[||G}||?]. In existing works [27, 10, 14]

which assumes bounded gradient, such a conversion is straightforward because (their version of) &7}
is upper bounded However, we do not assume bounded gradient and o} can be aribitrarily large,
making E[|| \F © G||?] arbitrarily small than E[||G¢||?].

Solution to Challenge II. As this part involves coordinate-wise analysis, we define g: ;, G+ 1, V¢,
and ﬂtl,l respectively as the [-th coordinate of g;, G}, V4, and 17,51. To begin with, note that due to

Cauchy’s inequality and Holder’s inequality,
T 2 T 2 T 2
t=1 t=1 t=1

Therefore, we only need to derive an upper bound of Zthl E[|| &/2}||?], which is achieved by the
following divide-and-conque methodology. Firstly, when |G, l| > o, we can show 2EI/ | gil* >
2|Gy,1|? > Et|g; |, Then, by the concavity of f(z) = (a > 0) and through a massive
calculation, we obtain that

\/aJr:v

1\G”\>g > ﬁE(\/Wz + (1 - B2)o \/52 (Vi1 + (1= B2)0?)) g, >0

E

Vt,l

and thus

T

Z]E K(;g >Z31—ﬂ2 \/vtm— (1 - B2)o \/,82 (V10 4+ (1= B2)o?)Lia, >0

t=1

Secondly, when |G| < o, define {D; ;}7°, as Dy = Vo1, Dy = Dy—1, + |gt,l|21|G,,)l|<a' One can
easily observe that i, ; < v ;, and thus

XT:E(\/th-ﬁ-(l—ﬁz \/,82 (v 1z+(1—ﬁ2)02)> 16,150
=1
XT: (\/VtH- 1 —Ba)o \/62 (g 1z+(1—62)02)>

:E\/DT7[+(1—62)0'2+(1_\/> E\/Vtz-i- (1= B2)o E\/ﬁz (Do + (1 = B2)0?).




235 Putting the above two estimations together, we derive that

T d T d d
ZZE\/utH— (1-B2)o? <301+ Ba) S Y E 71 +le;\/uo7l+(3—52)02

t=1 =1 t=1 I=1 vy

236 The above methodology can be summarized as the following lemma.
237 Lemma 2. Let all conditions in Theorem 1 hold. Then,

T

ZZE\/V” +(1— B2)o? <2TZ V01 + (38— B)o? +4dCy ndCy + 1205,

t=1 =1

238 Based on Lemma 2, we can derive the estimation of Zthl E[|| v/v}||?] since } is close to v;. The
239 proof is then completed by combining the estimation of 23:1 E[|| v/7}||?] and Eq. (5).

20 5 Gap-closing upper bound on the iteration complexity of Adam

241 In this section, based on a refined proof of Stage II of Theorem 1 (see Appendix C) under the specific
242 casen) = O(1/v/T) and By = 1 — ©(1/T), we show that the logarithmic factor in Theorem 1 can be
243 removed and the lower bound can be achieved. Specifically, we have the following theorem.

244  Theorem 2. Let Assumpnon 1 and Assumption 2 hold. Then, select the hyperparameters of Adam as
245 1) = %, Bo=1-— and b1 = cfa, where a,b > 0 and 0 < ¢ < 1 are independent of T. Then, let
246 W, be the output ofAdam in Algorithm 1, and we have

1|2 2vb ) 5
E(|Vf(w:)| < \/4 7 <D1 +2D;In (ﬁDl + D +Z\/Voz + 3bo ))

d
2 Z 1 2 Z
X J il)l + D2 —|— VO,l —|— 3b0’2 + T <D1 —I— 2D2 1[1 <\/>D1 D2 + AV VOl + 3b02>>

VT — VT
247 where
4\[ d avbo a?c L3ca?d
D, £ flwy) + La®+4 + 2 + 2 —In(vgy) +0),
VR g ) Z < (1-c? "1T—c “Vb(1-c)o (Zinlro) +2)
2 av'bo a’c L?ca®d
Dy 24d La® +4 +2 +4 .
g abv/b ( (1—c)? l—c Vb(1- c)5a>

248 As a result, let A be Adam in Algorithm 1, we have C-(A, A, L,0?) = O(%).

249 The proof of Theorem 2 is based on a refined solution of Challenge II in the proof of Theorem 1
250 under the specific hyperparameter settings, and we defer the concrete proof to Appendix D. Below
251 we discuss on Theorem 2, comparing it with pratice, with Theorem 1 and existing convergence rate
252 of Adam, and with the convergence rate of AdaGrad.

253 Alignment with the practical hyperparameter choice. The hyperparameter setting in Theorem
254 2 indicates that to achieve the lower bound of iteration complexity, we need to select small 7 and
255 close-to-1 3o, with less requirement over (3;. This agrees with the hyperparameter setting in deep
256 learning libaries, for example, n = 1073, B2 = 0.999, and B; = 0.9 in PyTorch.

257 Comparison with Theorem 1 and existing works. To our best knowledge, Theorem 2 is the first to

258 derive the iteration complexity (9(6%) Previously, the state-of-art iteration complexity is O(logs%/e)
259 [10] where they additionally assume bounded gradient. Theorem 2 is also tight than Theorem 1 (while
260 Theorem 1 holds for more general hyperparameter settings). As discussed in Section 4.1, if applying
261 the hyperparameter setting in Theorem 2 (i.e., n = %, Bo=1-— % and 81 = ¢f2) to Theorem 1,

262 we will obtain that E||V f(w, )| < O(poly(log T)/v/T) and C.(A, A, L,0?) = O(log /<), which
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is worse than the upper bound in Theorem 2 and the lower bound in Proposition 1 by a logarithmic
factor.

Comparison with AdaGrad. AdaGrad [12] is another popular adaptive optimizer. Under Assump-
tions 1 amd 2, the state-of-art iteration complexity of AdaGrad is (’)(loge%/‘g) [13], which is worse
than Adam by a logarithmic factor. Here we show that such a gap may be not due to the limitation
of analysis, and can be explained by analogizing AdaGrad to Adam without momentum as SGD
with diminishing learning rate to SGD with constant learning rate. To start with, the update rule of

AdaGrad is given as

1
Vi = Vi1 +gt®2,wt+1 = wy — 777,/ © gt (6)
t

N

We first show that in Algorithm 1, if we allow the hyperparameters to be dynamical, i.e.,

v = Boi—1 + (1 — ﬁz,f,)gt@z,mt = Br,emu—1 + (1 — B1,1)gt, Wer1 = Wy — ¢ Omy, (7)

1
VU
then Adam is equivalent to AdaGrad by setting 7, = %, Bit=0,and Bo; =1— % Specifically, by
setting pu; = tv in Eq. (7), we have Eq. (7) is equivalent to with Eq. (6) (by replacing v; by p; in
Eq. (6)). Comparing the above hyperparameter setting with that in Theorem 2, we see that the above
hyperparameter setting can be obtained by changing 7' to ¢ and setting ¢ = 0 in Theorem 2. This
is similar to the relationship between SGD with diminishing learning rate ©(1/+/t) and SGD with
diminishing learning rate ©(1/ VT ). Moreover, the iteration complexity of SGD with diminishing
learning rate ©(1/+/%) also has an additional logarithmic factor than SGD with constant learning rate,
which may explain the gap between AdaGrad and Adam.

6 Limitations

Despite that our work provide the first result closing the upper bound and lower bound of the iteration
complexity of Adam, there are several limitations listed as follows:

Dependence over the dimension d. The bounds in Theorem 1 and Theorem 2 is monotonously
increasing with respect to d. This is undesired since the upper bound of iteration complexity of SGD
is invariant with respect to d. Nevertheless, removing such an dependence over d is technically hard
since we need to deal with every coordinate separately due to coodinate-wise learning rate, while the
descent lemma does not hold for a single coordinate but combines all coordinates together. To our
best knowledge, all existing works on the convergene of Adam also suffers from the same problem.
We leave removing the dependence over d as an important future work.

No better result with momentum. It can be observed that in Theorem 1 and Theorem 2, the tightest
bound is achieved when 3; = 0 (i.e., no momentum is applied). This contradicts with the common
wisdom that momentum helps to accelerate. Although the benefit of momentum is not very clear for
simple optimizer SGD with momentum, we view this as a limitation of our work and defer proving
the benefit of momentum in Adam as a future work.

7 Related works

Section 3 has provided a detailed discussion over existing convergence analysis of Adam. In this
section, we briefly review other related works. Adam is proposed with a convergence analysis in
online optimization [16]. The proof, however, is latter shown to be flawed in Reddi et al. [20] as it
requires the adaptive learning rate of Adam to be non-increasing. This motivates a line of works
modifying Adam to ensure convergence. The modifications include enforcing the adaptive learning
rate to be non-increasing [20, 5], imposing upper bound and lower bound of the adaptive learning
rate [18], and using different approach to estimate second-order momentum [26, 7]. Recently, Chen
et al. [6] discover a new optimizer Lion through Symbolic Discovery, which uses sign operation to
replace the adaptive learning rate in Adam, achieving comparable performance of Adam with less
memory costs.
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s A Related Works

a0 B Auxilliary Lemmas

371 The following two lemmas are useful when bounding the second-order term.

sz Lemma 3. Assume we have 0 < B2 < 1 and a sequence of real numbers (a,)52 . Let by > 0 and
373 b, = Bobn_1 + (1 — Bo)a>. Then, we have

T 2

a; bT
E < In Tl
by T 1P < (b0> nﬁQ)

374 Lemma 4. Assume we have 0 < 82 < B2 < 1 and a sequence of real numbers (a,,)°_;. Let by > 0,
375 by, = Baby_1+ (1 — Ba)a2, co =0, and ¢, = Bicn—1 + (1 — B1)an. Then, we have

T 2 _ 2
Zl|cbnn| S(l ([131 251) )(m(iﬁ) Tln52>

- 7)1 =B

s7ze Proof. To begin with,

| n B z| B T < e | z|
c Z \a Z |a <(-p) Z( ) \;Fi-

i=1

§

a77 Applying Cauchy’s inequality, we obtain
) 2
|Cn| - n (51>n2 ‘ail
(v 51)ni - ( B >nl |ail® 1*51 = ( P >nlaz|2
= =A) (; <\/572 ) (; VB2 bi 1-— ; bi |

378 Summing the above inequality over n from 1 to 7 then leads to

Z\cn\ 1= Z<Z<§F)|b> u-py ZCZ;'? (TZ(%»

VB2 n=1 VB2 n=1
T
1- nl? 1-p1)? b
< ( Br)? Z |an| < (1-51) In (2% T, ).
REEE SEPS R TR ST S
VB /) n=1 VB2 2
379 The proof is completed. O

sso The following lemma bound the update norm of Adam.

381 wy | < n%.
VITFay1- 5L

ss2  Proof. We have that

my <7 E (1—ﬂ1)51|gt zl|
VYL \/Zt o (1 — B2)Bilgi—ial? + Bivoy
1- 6 \/Zl o Bilgi- zz|2\/Zf é% _ 1- B
S5, S e Ty _ 2

383 Here the second inequality is due to Cauchy’s inequality. The proof is completed. O

|’wt+1,l - ’wt,l| =n
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ss« C Proof of Theorem 1

ss5 C.1 Proof of Lemma 1 and Lemma 2

386 Proof of Lemma 1. i € [0,t — 1], we have the following decomposition:

) 1 1 1
F/=E <Gt—i7®mt z> +E <Gt—i; 7= , ®mt—i>
/ljz-&-l VA% ,7;-&-1

(8)i (i)}

a7 As for (i)%, according to the definition of m;_;, it can be lower bounded as

1 1
E <Gt—i77‘©mt—i> =E <Gt—1‘,,(1—B1 @gt 1> <Gt,—1‘,7ﬁ17‘ @mt—i—1>
_ o | { /o o
r 2
1 1
+E |:<Gti1,ﬁ1 @mti1>:| +E |:<Gti —Giim1, f1—F—— @mt71‘71>
[5i+1 [Fi+1
2
1
:| +E |:<Gti1aﬂ1\/T+I @mtz‘1>j| — B1LE |:|’U-’ti —wi—i—1]|
v

ass  where the last inequality is due to Assumption 1. As for (ii)¢, if i = 0, we have

1—8) [|Geil* = |geal*] + (1 — B2)o?
Gul[EF | ey L2 IG P ~lgeal| + (1= Ba)o

=E | (1 — 1)

oy ey

1
a/—it1
vy

1
—— Omi_i1
—it1
vy

|

EF

d 1 1
< IGUIEY | [ml - —=
=1 VP Z

M“

~

= Vsl + o)
Oy _ 1- Gii— + (1 — Ba)o?
IS G | [l | LG — gl o) +(1-By)
l

T o vl (Vo + 4 PL)

|Gy |EF V1= B5|Gii — gial + V1= Bao

, , jon
1 | £\ VeV

M=

<

~

® VI Bl - )Gl VI Bayr, Imul?
< — LBV Gy — gual? 2) oV = P2piF, IMel”
7; 4autlJ ( (G = gul+o Z 1—p 7 Ut
d
Sz(l—ﬂl) , +Z2\/1 *BQEIE ‘mt,l|7
= 25 —~ 1-h Vi

sss where inequality (*) is due to the triangle inequality, and inequality (%) is due to the mean-value
390 inequality, and the last inequality is due to Assumption 2.
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391 If 7 > 0, then

EV- <Gt_i,

d

Z‘Gt ”HE‘ t—i

=1

|G UE‘]:t—i

-

Il
-

U

Z \Gt i Z‘E\E i

=1

d
+ D |Gy [EF

=1

1 1

— — O my—;
V2 Z /;;i+1
|mt 7 ll

~1 ~i+1
\/Vtz \/ Vi

(1= B2)B3 ||Gi—ia|” = ge—ial*] + 3520 B = B2) [|Giia® = |Gimigr?]

mt—i,l|

VEZE (P i)

2l)

( ﬁQ)ﬁQ‘Gt il —

mtfi,l|

Y i, th 1 (\/: \/:)
320 (1 = B2)l|Gimia] — (1Gi—ii| + |Gi—it1,])

[5i gitt (/5 /o1
ViV ( v+ Vt,l)

392 Applying Cauchy’s inequality, we obtain the RHS of the above inequality is smaller than

=1

d >0 B5(
. =02
+ DG [EF [ fmes \/ :

=1

E\ff i

\/ BQ\/@th i, —

2(1 — B2)|Gi—i

[~i ~it+1
ViV

[ree—i

—Gi_iy1,)?

1-— 217 1
Zv B B1)

l"/'z+1

12
(El}_t|Gt,l _ gt,l|2) Z V1 52 E|-7:t,—q,a.|mi—iz,l

Vi

20(1 — B
ZZ:I\/ — Bao(1 = Bh)

4D'z+l

1 o U

gi(l_

ZV 52E\ft7 5|mml| 4 2h \/7&1 |]~}1(Z|mtzl|>

=1 2 N"H Vil (1—=p1)Bs o Vi—il

d I d
(2>Z 1_ﬁ1 ‘Gt Zl‘z Z ﬁQ ‘]:t i |mt 1l| 7]2(1_:31) dEl]:t i Z |mt7i,l|
=2 N (1-751) Vi (1_ﬁ2)§(1_ﬁ) i 0 — Vi

393 Here inequality () is due to the mean-value inequality, and inequality (o) is due to Lemma 5. Putting
se4 the estimation of (7)} and (i¢)} together completes the proof. O

395 Proof of Lemma 2. To begin with, we have that

396 On the other hand, we have that

T
|Gt |G|
DE | e e | S DB | S ®)
t=1 Ve t=1 Vi
—B2 2
Gl 3 307 3B g + 1520
LGz 2 — Lig, 120 2 -~ Lig, >0
Vt,l Vt,l th
*El]:t|g |2 1— /82
F, 2 21‘Gt,l‘20
\/ﬁQVt 11+ (1 — Bo)El ‘|gt 112+ (1= pa)o
1 2 1-B2
EE‘ff 3|gt’l| 3 U 1\Gt >0
Vb1 + (1= B2)|gei? + (1 — Ba)o® "7
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d
|F 71|mt zl| . )
+l§::1 1_51)]E =i 3 <Zﬂﬂmu}t il — Gt_z+1,l|>
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397 Here the last inequality is due to the concavity of \/7 with respect to z. As a conclusion,

T 2 1 52 2
G ( ‘gtl| )
Y E Gl Lig, >0 ZZ o =1ic, .|>0
= | /Pl = | VP + (1= Bo)lgeal’ + (1= B)o® "
T

]-_ﬁQ Z (\/th+ 1_,82 \/62 I/t 11+(1—62)0’2)> 1|G“|>o—

ses  On the other hand, as stated in Section 4.2, we define {D; ;}5°, as Dy = Vo, Uiy = D1, +
399 g, l|21\Gml<o- One can easily observe that 7, ; < v, and thus

Ms

E(\/th+(152 \/52 (Vi 1z+(152)02)> lig, <o

o~
Il
—

MH \Tfmﬂﬁ WM%

(\/ﬁwt 10+ (1= B2)[gea]? + (1 = B2)o \/52 (V- 1z+(1—52)02)> lig, <o

(\/ﬁwt 10+ (1= 52) + (1 = Ba)o \/52 (7 11"‘(1_/82)0'2)) lig, <o

IN

\/52'4 10+ (1= B2)|g9eal*lig, <o + (1 = B2)o \/ﬂz (De—1,0+ (1 = B2)0?))

~
Il
—

-

E(\/I/tl-i-(l—,@z \/52 (D104 (1 = P2)o?))

~
Il

1

ZE\/DT,1+(1—ﬁ2)U2 (1—+/B2) ZE\/th-i- 1—p2)o E\/ﬂz (Do, + (1 — B2)0?).
400 All in all, summing the above two inequalities together, we obtain that

T—1
E\fur + (1= 82)0% + (1= v/B2) 3 Ey/wi + (1= B2)0% — By/Ba(wo + (1 — fa)o?)
t=1

T

:Z \/uter (1—=p2)o2 — \/ﬁz(ut 1,0+ (1 = B2)02))

b

<> E( \/Vt 1+ (1= p2)o? — \/ﬁ2(Vt—1,l + (1= B2)0*)ig, >0
t=1

+ ZE(\/VM + (1= B2)o — \/Baru10 + (1 = B2)0?)) i, <o
t=1

=3(1 — B2) ZE

T—1
1Sesl } +Eor + (1= B2)o? + (1= V/B2) 3. Byfwa + (1= B2)0 — By/Ba(Bos + (1 — B2)02).
t=1

Vt,L

401 As IE\/VT,Z + (1 - 5y)02 > E\/DTJ + (1 — )02 and ]E\/I/OJ + (1= By)o? =
w2 Ey/my; + (1 — B2)o?, we obtain that

T T 2 T
(1= VB2) Y B+ (1 - B2)o? <3(1—f2) Y E 'Gf;’l' +(1=/B2) Y Ev/Dri+ (1 B2)o?
t=1 t=1 | /Y1 | t=1
T _lG |2_ T
<3(1-f2) > E j’l + (1= /B2) Y VED + (1— B2)o?
t=1 14

=1
T
Z\/Voz+ (3 —B2)02
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&=
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[V}

<3(1 = f2)
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Leveraging Eq. (4), we then obtain that

Vo,

vr + (1 - B2)0? S 2
Sm (f(IU1)+2201 (Eln( >T1n52>>+T;\/m

Vo,

d T d d
<i)n (f(w1)+2201 (h’l (Eztl Zm:l Vt,7n+(1_ﬁ2)0'2> —Tlnﬂ2>> +TZ /VO,Z+(3_B2)U27
=1

vV
=1 0,1

where in the last inequality we use the concavity of h(z) = ln z. Solving the above inequality with
respect 0 31, S0 En/ves + (1 — B2)02 then gives

T d d
S S E v+ (1= B2)02 <2TY " \Jvo + (3 B2)o? + 4dCy ndCh
t=11=1 =1
24 d 1
T <f(w1) —1—2;6’1 <ln (VOZ) - Tln62)> .

The proof is then completed.

C.2 Proof of Theorem 1

Proof of Theorem 1. As stated in Section 4.2, the proof involves solving two key challenges. We
respectively divide the proof into two stages according to the challenges.

Stage I. Based on Lemma 1, we can estimate E(G¢, % ©® my) = F) recursively. Specifically, we
have

2

. 1— 1 1
Fp > Zﬁi ( 251)1’3 — O Gt — GiE | |lwe—; — wi—i—1]] — O My
, 4/~34+1 [~i+1
1=0 Vt Vt
A VTE e w08y i) ’
om0t Tq_fhgo i
T e -
=g, || 1 T .
2 2 1/~1 © Gt - Z 61 BlE ||wtfz wt*l*l” - ® my—;—1
Vi i=0 /§z+1
t
VIi— 2(1 — ' 1 2
I PR S (1 51132 L ]EH O my_
1-5 (1—pB2)2(1—F)B5 7 VVi—i
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T d
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413 Applying the above inequality back to Eq. (3) then gives
Ef(wit1)
1_ 1 2 =1
SEf(’wt)—( 261)771’3 ‘ = G| | + UQEHth +7]Zﬂi (BE [[[wi—i — wi—i—|
i Vi i=0
1 ] 2(1 — ' ?
X || —= O my_;—1 L2 N (1 ﬂl)ﬁQ ld EH ©my_;
N 1—/31 (L-p)2(1- )50 ) Vv
414 Summing the above inequality with respect to ¢ then gives
Ef(wri1)
T 2
(I—pBi)n 1 L . \/ — B2 n ,6’1
<flwr) — E —0G + +2 no +
2 Bin*(1 = B) AR ?
+ L — o Z o
Pa(1—pB2)2(1—3H)( t=1
415 Here the inequality is due to
T t—1 2
1—6 i
Y st | ome| 2w Yyt EH@mt
t=1 i=0 =1 t=1
2fh ZEI ,
416
T ot-1 1
nY Y BIE | lwii —wi i | ——= @ mi
t=1i=0 Vot
T t—1 i+1 1
>~ Wi—j — W—j— O My
ML e =il | s om }
T t—1 i1 1 2 T-1 T 2
2 2
S B e
T— T—1
2o || |- s S e
B2< = LV VR(1- 2 &= v
417 and
3 1 _/31 d T t—1 2
i el
(1-B2)5(1 - UZZO
o n3<1—ﬁl 3y “t_l HL@’" o (1= 5) dZTZEH 1
(=83 3H 7 == Vi 5(1—6&(1 S = N
418 Applying Lemma 4, we obtain that
Ef(wri1)
d 2 3 2
L 1-—- 1-—- 1
= VBRIL= 7)) Bl -8 (-5 - 527 (1= ) 2
T 2
vro\ N~ (=B 1
(El <V0l> Tlnﬂg) t:Zl 5 ]E[ 7o © Gy ]
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The proof of Stage I is completed.

Stage II. According to Cauchy’s inequality, we have

T 2 T
(EZ ||Gt||1) <) E
=1 =1

1
a/~1
vy

t

(]

Meanwhile, by Lemma 2, we have

T

+

T T d
> \/521/:5—1,1 + (1= B2)|Geal? + (1 - 52)02]

)

rT d
ZZ <\//B2Vt—1,l + (1= B2)o?
ZZ\/ﬁth 10+ (1= 52 02+Z\/152||Gt||1]

1= f2

Lt=1 [=1
Lt=1 [=1

+2T /v + (3 — B)o? + 4dC) ndC,y

éMIIthh
o (w250 (o) o)

Combining the above inequality and Eq. (10) gives

T 2
(EZ|Gt1> <
=1

(1

(1

—2ﬂn<f“”'+;;CIOMH(VW> Tmﬁ&)
X (E
+% <f(w1) Jrzéc1 (m (y(l)) —T1n52>>> .

+ QT\/VOJ + (3= f2)0? + 4dC; IndC,

T
lz V1 =BGy
=1

Solving the above quadratic inequality with respect to E Zthl ||G¢||1 then completes the proof.

)

O
D Proof of Theorem 2
Proof. According to Stage I in the proof of Theorem 1, we obtain
Ef(wr1)
d 2 3 2
L V1 1-— d (1- 1
<f(w1)+z 57]2‘*‘2 5%2277 +\ﬁ’7 & B1 + L2 Bur 5/81) B1g O g 53)2 1-8
= : RO-7)  m-mba-GHa -5 0 5) :
T 5 1 2
VT, 1)n
xE(ln<E>—Tln62) g ]E[ 4’7§®Gt ]
Applying the definition of ), 51, and 32, we obtain that
T 2 d
1 2T D,
El|l|l—=06G <— | D1 +— El . 11
25l ﬁ(”cl;“"“) "
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Meanshile, we have that

428
|Gl 3B gy |2
LG, >0 = 2 = LGulze
Vt,l Vil
_ 3EF|gsa|? 1
- 7 5 5 TG il20
VBavi—1y+ (1= B2)EVt gy 2 + (1 — Ba)o
1 |gtl‘2
Z,]El}-t ) 1|G >
2 VBavi—1+ (1= B2)|gea> + (1 — B2)0? wlze
1 |Qtl|2
22\/1 — ﬁ v V0,1 2 21|Gt"l‘20’
Y e S I LR
429 where the last inequality is due to that
t
oVi_1, — 02)|gt,1|" = (1 — P2 > 19s, 20,1
8 + (1= Ba)lgeal® = (1= B2) Y B *|gsal” + B3
T
<(1=B2) Y _lgsal* + vou- (12)
s=1
430 Furthermore, we have
0’ + VOl T 2
=
\/1752 +ZS:1 2402 =1 \/1;& + 2o 952 + 02
O’ + Voz T
< —|—Z]E 1|Gt,l|<U

+ Zs:l |gs,l‘2 + 02 t=1

- Vo1
182

T
+ Zs:l |gS,l‘21‘Gs,l‘<O’ + o?

\/ Yo,1
1-pB2

Vo,l
:]E -
1=

2T + o2,

431 Conclusively, we obtain

Vo,
E —_
1— B

T
+Z ‘gs,l|2 +O'2

Vol

0+

\/ vo,i
1-82

|9t,l|2

T
+ ) 1gsilPLig. <o + 02 <
s=1

T
- 55
+ Zs:l |Qs,l|2 +o? =1 \/1432

T
1
5 +EY gL, <o + 02
s=1

E 1|Gt,l|<‘7

Yo,

2+O-2

T
+ Es:l |

Vo,

1-82

lLig, >0

T
+ 20 lgeal? + 02

\/1 E +202T + 02 +2/1 - Z' " Lig, |50
~ 5 7,
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432 Summing the above inequality with respect to [ then gives

+ 02

NG 9 ) avbo a’c L2%cad vr
+ o _C)f(w1)+zab\/5 (La +4(1_C)2 +27— Hﬁu _C)%) (Eln(w) +b>

d d
2 b 2 L?cad
:Z\/ly_ﬁ +202T + 0%+ ) (La 47 avbo 2 g2 )Eln(,/l/TJ)
=1

— abv/b 1—c)2  "1—c  Vb(l—c)o
4v/b 2 9 av/bo a’c L?cad
+ o _C)f(w1)+l;abﬁ) La +4(1_c)2 +27— +2ﬁ(1_6)50> (—=1In(vo;) +b)

2 av'bo a’c L?ca®d d
d La® + 4 +2 + 4 Eln V1-8 + 1|2 + o2
ab\/5< (1—c)2 1_¢ V(1 — c)5o Z Z\g l

4vb d 2 avbo a?c L?ca’d
+ —f(wy) + —~ | La® + 14 +2 +2 —In(vgy)+0b
a(l—c)f( 1) ;ab\/l;< (I—C) 1—c¢c \/5(176)50' ( ( 0,l) )
d
g;,/1_62+302T+D1+D21n EZ\/l—ﬂg +o2],

433 where the second inequality is due to Eq. (11), the second-to-last inequality is due to Eq. (12),
43¢ and the last inequality is due to Jensen’s inequality. Solving the above ineqaulity with respect to

435 @ZL E\/% + ZZ:l |9s.|* + o then gives

\/1—52215 2. +Z\ggl|2 +02 <2/1— BoDy +4y/1— B Dy In(1+ /1 — BaDy)
+Zq/u0,l+3b02.
=1

436 Therefore, by Cauchy’s inequality, we have

1

o

O Gy

T 2
E|Y ||Gt||1] ZE
t=1
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437

439

Since

T d T d
P BNCTE ZZ(WM L+ (-5 aMWlGHI)
t=1 =1 t=1 =1
d
STZW&J - +Zlgez\2+02+ZZW|G”|
= t=11=1

<T (2\/1 —B2D1 +4y/1 = BaDaIn(1 + /1 = B2Ds) Z\/VOI +3b02> +Z\/ (1= B2) |Gl
=1

we have

T 2
E ZIIGtIII]
t=1
d T
< (T (2«/1 — B2D1 +4y/1 = BoDoIn(1+ /1= B2D2) + > /v + 3ba2> +> /- Bg)JE|Gt||1)
=1 t=1

L VT
V@ <l)1+»§£:H£h1uTl>

Solving the above inequality with respect to Zthl E ||G¢||; completes the proof. O
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