Supplementary Materials for
“Multi-Player Zero-Sum Markov Games with
Networked Separable Interactions”

In Appendix [A] we provide a detailed literature review. In Appendix [B] we provide deferred proofs
for the results of the zero-sum NMG formulation in Section[3] In Section [C] we provide deferred
proofs for the PPAD-hardness of computing Markov stationary CCE in zero-sum NMGs, in Section 4]
In Section [D] we provide deferred proofs for the fictitious-play property results, in Section [5] In
Section[E] we provide a brief background on stochastic approximation. In Section [F| we provide
deferred proofs for the results regarding Markov non-stationary NE computation in Section[6] Finally,
in Section|[G] we provide numerical experiments to validate our algorithms.

A Related Work

Tabular Markov game. Markov games (MG), which are also referred to as stochastic games, were
initially introduced by [13]] and have since garnered significant attention within the multi-agent RL
literature [56} I57]]. Early research, such as [58} 159} 160, 61]], established asymptotic convergence of
various Q-learning-based dynamics in solving MGs. In contrast, recent studies have mainly focused
on developing more sample-efficient methods for learning equilibria in two-player zero-sum Markov
games, as demonstrated by [[62, 163} 164} 165,166, 137, 167, 68].

Substantial work has also been conducted on learning correlated equilibrium and coarse correlated
equilibrium in Markov games, including model-based [66, 169] and model-free approaches [70,
71,172, [73]. A recently developed algorithm by [30] is able to learn Markov non-stationary CCE
while overcoming the curse of multi-agents, whose sample complexity has recently been improved
in [74,[75]. Other studies within the full-information feedback setting have focused on proving
convergence to CE/CCE and sublinear individual regret [[76].

Complexity of equilibrium computation. Computational challenges can occur for Nash
equilibrium-finding in even matrix/normal-form games in general. Computing such equilibria has
been proven to be PPAD-complete even for three/two-player general-sum normal-form games [20} 21]],
which is believed to be computationally hard [32| [77]]. Nevertheless, linear programming enables the
computation of Nash equilibria in two-player zero-sum games and zero-sum polymatrix games [24].
Alternative solution concepts including (coarse) correlated equilibria are also more favorable than NE
when it comes to computational complexity, as they can also be efficiently computed [22} 3]]. More
recently, [30L 29]] have shown that for infinite-horizon discounted Markov games, computing even the
coarse correlated equilibrium that is Markov stationary can be PPAD-hard, which is in stark contrast
to the stateless normal-form game case. For a recent overview of the computational complexity for
equilibrium computation, we refer to [78]].

Games with network structure. Network Games [79] and Graphical Games [80] have been
extensively studied in the literature to model the networked interactions among agents. [8Q] introduced
treeNash, an algorithm for computing NE in tree-structured graphical games. The algorithm by [81]
can find correlated equilibrium in graphical games. Polymatrix games, wherein edges represent two-
player games, constitute a particularly intriguing type of network games. [28] introduced the concept
of separable zero-sum games, where a player’s payoff is the sum of their payoffs from pairwise
interactions with other players, and provided equilibrium-finding algorithms. [82] demonstrated that
graphical games with edges representing zero-sum games (also called pairwise zero-sum polymatrix
games) can be reduced to two-person zero-sum games, streamlining the NE computation for this
case. [23]] established that separable zero-sum multiplayer games can be transformed into pairwise
constant-sum polymatrix games. [24] revealed properties of NE in separable zero-sum games, such as
non-unique NE payoffs and the reduction of NE computation to CCE computation by marginalizing
the equilibria.

More recently, researchers have proposed several NE-finding methods that do not depend on linear
programming (LP). [83] employed a continuous-time version of Q-learning to approximate NE in
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weighted zero-sum polymatrix games, [54] utilized optimistic mirror descent to find NE in constant-
sum polymatrix games, and [51]] applied optimistic multiplicative weight updates to find NE in
zero-sum polymatrix games.

In the setting with state transitions, the networked structure has also been exploited recently in
multi-agent RL [184}, 85,186, 1877, 188\, |89], where either the communication or interaction, in terms of
reward or transition, were assumed to have some networked structure. However, most of these results
were focused on the cooperative setting (or more generally the potential game setting). We instead
focus on a multi-player while non-cooperative, specifically, zero-sum, setting.

In the extensive form games literature, [90] proved that optimistic gradient ascent provides O(1/T")
convergence rate to NE in the network zero-sum extensive form games.

Entropy regularization. Entropy regularization is a common approach used in reinforcement
learning to foster exploration and enable faster convergence. Recently, both empirical evidence
and provable convergence rate guarantees for entropy-regularized MDPs have been established
[911192,,193][94] 195 196]. In addition to its applications in single-agent RL, entropy regularization
has been investigated in game-theoretic settings, including two-player zero-sum matrix games [42],
multi-player zero-sum games [[83} 51]], potential games [50]], and extensive-form games [97, 98]].

Fictitious play. Fictitious play is a classical learning dynamics in game theory introduced by [5]],
in which players develop a belief in their opponent’s policy and use a greedy approach to the belief
they hold about the opponent’s policy. (Stochastic) fictitious-play property ((S-)FPP) is a property
of a game that ensures the convergence of (stochastic) fictitious play to a Nash equilibrium of the
game. In the case of static games, (S-)FPP holds for two-player zero-sum games [6], 2xn games
[9}[10Q], n-player potential games [8]], zero-sum polymatrix games [12]. However, FPP normally does
not hold for 3x3 games [99]. For stochastic games [[13]], (S-)FPP holds for zero-sum and identical
payoff games [[16}[14}[17,[15,[100]. Recently, [100] proved that any stochastic game with turn-based
controllers on state transitions has S-FPP, as long as the stage payoffs have S-FPP. For a more detailed
overview of fictitious play in stochastic/Markov games, we refer to [101]].

Comparison with independent work [102]. While preparing our work, we noticed an independent
preprint [102], which also studied the polymatrix zero-sum structure in Markov games. Encouragingly,
they also showed the collapse of Markov CCE to Markov NE and thus their computational tractability.
However, there are several key differences that may be summarized as follows. First, the model in
[LO2] is defined as a combination of zero-sum polymatrix reward functions and switching-controller
dynamics, under which the desired property of equilibria collapse holds; in contrast, we define the
model based on the payoffs of the auxiliary games at each state, which, by our Proposition|[I] is
equivalent to the reward being zero-sum polymatrix and the dynamics being ensemble (c.f. Remark [3)).
Our ensemble dynamics covers the switching controller case, and our model is more general in this
sense. Second, our proof for equilibria collapse is different from that in [[L02], which is based on
characterizing the solution to some nonlinear program. We instead directly exploit the property
of ensemble transition dynamics in marginalizing the joint policies, and its effect on dynamic
programming in finding the equilibria. Third, in terms of equilibrium computation, we investigate a
series of value-iteration-based algorithms, based on both existing and our new algorithms for solving
zero-sum polymatrix games, with finite-iteration last-iterate convergence guarantees, including

an O(1/e) rate result. In comparison, [102] uses existing algorithms for learning Markov CCE
due to equilibria collapse, i.e., [30]. Finally, we have additionally provided hardness results for
stationary equilibria computation in infinite-horizon discounted settings, fictitious-play dynamics
with convergence guarantees, as well as several examples of our model.

B Omitted Details in Section

B.1 Omitted proof for Proposition 1| and Proposition 2]

Proposition 1. For a given graph G = (N, &g), an MG (N, S, A, P, (1;)ien,7y) With more than
two players is an NMG with respect to G if and only if: (1) 7;(s, a;, -) is decomposable with respect
to &g foreachi € N, s € S,a; € A;,ie.,ri(s,a) = Zje&g,i ri,; (8, ai, a;) for a set of functions
{rij(s,ai,")}jee,..» and (2) the transition dynamics P(s’ | s, -) is decomposable with respect to
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the set N¢ of this G, i.e., P(s' | s,a) = D7, n, Fi(s" | 5, a;) for a set of functions {F;(s" | s, ) Fiene
if No # 0, or P(s'|s,a) = F,(s"|s) for some constant function (of a) F,(s"|s) if No = 0.
Moreover, an MG qualifies as a zero-sum NMG if and only if it satisfies an additional condition: the
NG, characterized by (G, A, (7:,;(5))(i,j)ee, )» 18 a zero-sum NG for all s € S. In the case of two
players, every (zero-sum) Markov game becomes a (zero-sum) NMG.

Proof. Firstly, in the case with N # (), we prove that if an MG satisfies the decomposability of the
reward function 7;(s, a;, -) and the transition dynamics P(s’ | s, -), then Q;’; can be decomposed as
follows:

Q) (s,a) =7i(s,a) + 1By p( sV () = D> mijlsiana)+v Y > Fi(s'|s,a;)V(s)

JEEQ,i JENC s’€S
= Z (ri,j(&ai, aj)+ Z (Nij(s)1(i € No)Fi(s" | s,a:) +1(j € No)F;(s" | s,a5)) V(s’))
JEEQ,i s'eS
= Z QXj(Saaivaj)v
jegQ,i

for any non-negative (\; ;(s))(i,5)ee,, such that ZjesQ i j(s) = 1, since by definition N € Eq
foreveryi € V.

In the case when N = (), we prove that if the MG satisfies decomposability of 7;(s, a;, ) and
P(-|s, @) = Fo(:|s), then QY; can be decomposed as follows:

QY (s,a) =ri(s,a) + Egp(s,a)V(s) = Z <ri’j(s, ai,a;)+y Z Nij($)Fo(s" | 5)V(s’)>

Jj€EQ,i s'eS

= QY-(S,CLZ',G/'),
5] J

JEEQ,i
for any non-negative (Ai;(s))(i,jyes, suchthat 3o Aij(s) = 1.

Next, we prove the necessary conditions for an MG to be an NMG. By definition, we have

Qz"/(sva) = Z QZj(Saai’a]‘) =ri(s,a) +v(P(- | s,a),V())

JEEQ,i

for any V, which indicates that

> (@Y (s.aiay) = QY (s.ai,07) = V(B | 5,), V() = V/(), @
JEEQ,i

for any V, V' and any (s, a).
For every s € S, define B, : S — R such that B,(s") = 1(s = s’). We define G, ;(s" | s,a;,a;) =
1/~ ZjesQ_i(Qf;‘/ (s,ai,a5) — Q?J(s, a;,a;)), then by plugging in V' = By and V' = 0, we can
derive P(- | s,a) = Zjegw Gi,j(- | s,a4,a;) for every i from Equation . Alternatively, we
can take a functional derivative of Equation (2)) with respect to V' — V', which means that there
exist some functions {G; ;}jee,,, such that P(- | s,a) = > cc  Gij(- | 5,a4,a;) for every i.
Note that the decomposability of P with respect to g ; above has to hold for all ¢ € N. Therefore,
when N # 0, if j ¢ N, then there exists some ¢ € N such that (i,7) ¢ £. In this case, P
is not dependent on this j. So IP should be a function of the players in Ao, which indicates that
P(- | s,a) = 3" icne jzi Fi (- | 8,04, a;) for every i unless No = (0. If No = 0, then it directly
concludes that P(- | s,a) = F,(- | s) for some F,, since by the argument above, it should not depend
on any player j. Next, we focus on the case when N # (), and there are more than two players.

Specifically, in this case, if there exist some k1 # ko and k; ¢ N¢, such that

P('|Sva) = Z Fk1,i('|53ak17ai) = Z Fk2,i('|svak27ai)v

ieENCc,i#ky i€ENC,i#ks
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then we choose a fixed aj, but changing ay, arbitrarily. This preserves the equality, indicating that

Z Fr, i(c|s, ak, fix, ai) = Z Fryi(C]8, ak,, i) 3)
1€ENC i#£k, i€NC,i#ks
for any ay,. Since ki ¢ Nc, we can have the left-hand side of (B) written as >, . Fi(:|s, a;) by
setting F; (+|s, a;) := Fi, +(+|$, @k, fix, @;). Meanwhile, the right-hand side of (3) is also P(+|s, a) by
definition, which concludes that P(:|s,a) = >, .. Fi(-|s, a;), and proves the theorem. In other
words, as long as at least one k7 does not belong to NV, we can conclude the theorem.

If no such a k1 ¢ N exists, then it means that all players are in A In this case, for any ky # ko,
for a fixed ay, fx, we have

Z Fkl,i('\s,akl,ﬁx,ai) = Z FkQ,i('|S,ak2,ai) +Fk2,k1('|5aakz,ak1,ﬁx)~ 4)
i€ENg/{k1} i€ENc /{k1,k2}
Therefore, if we define G;(-|s,a;) = Fg, i(|s,an, fx.a;) for i € Ng/{ki,k2}, and

sz ('lS’ akz) = Fkl;kZ ('lS’ Ay fix; akz) - Fkbkl (|S’ Ay s akhﬁx)’ then we have

> Frills,ar,a) = > Gi(]s,a). &)

i€ENc /{k1,k2} ieNc/{ki}
Let k3 € N¢ such that k3 # k1, ko. By definition of IF; ;, we have

P(-|s,a) = Z sz,i('lsaakavai) = Z sz,i('|87ak2>ai)'

ieNc/{ks} i€ENc/{k2}
Plugging (), we have
P(|s,a) = Z Frea,i(c]s, aky, ai) = Z Gi(tls, i) + Fry 1, (|8, 0k aky ) (6)
i€Nc/{ks} ieNc/{k1}
for any a € A. If we now fix a, as ax, s, then from (6) we know that
Y Frillsarmoa) = D> Gills,ai) + Gy (15, aky i) + ok (15, ks, a,).
'LGNc/{kg} 2-e-/\/C/{klka}

(N
Plugging () to (6)), we have

P(-[s,a) = Z Gi(-[s,ai) + Fro ey O[5, Ak a,) + Gy (¢, ansy)
’ieNC/{kl,k3}

Z Frg i (|8, Qg fixs @i) — Gy (¢, Qg fix) + Gy (|5, any) =: Z Fi(-[s, ai)
1€Nc /{ks} iENc

where IF; ([s, a;) := Fi, (-], ks fix, ai) for i € No/{ks} and Fy, (-|s, ag,) := =G, (-], ks fix) +
G, (+|s, ax, ), which concludes the decomposability of the transition dynamics. Finally, note that we
can ensure the non-negativity of IF;, since we can iterate the following procedure:

Algorithm 1 Procedure for constructing non-negative {F; }icn.

while there exists s, s’ € S and i € N such that ming, e 4, F; (s’ | s,a;) <0do
Set s, s’ € S and i € N that satisfying ming,, e 4, Fi(s" | s,a;) <0
Sort N¢ according to the descending order of by, := ming, ¢ 4, Fr(s’ | s, ar), and denote it as
{j17j2a s 7]|Nc|}
Define tmpl = 0,1 =1
while tmpl < — ming, e 4, Fi(s' | s,0a;) do
Define tmp2 = —ming, e 4, Fi(s' | s,a;) — tmpl > 0
Define tmp3 = min(ming; e 4;, Fj, (s’ | 5,a;,), tmp2) > 0;
Update F;, (s'|s, a;,) < Fj, (s’ | s,a;,) —tmp3 forall a;, € Aj,
Update F;(s" | s,a;) « F;(s' | s,a;) + tmp3 for all a; € A;
Update tmp1 < tmpl + tmp3 and ¢ < ¢ + 1
end while
end while
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In this context, the third and fourth lines of the inner-while loop ensure that P(s'|s,a) =
> iene Fi(s" | s,a;) always holds for s,s" € S, a € A. Furthermore, tmp3 remains greater

than O within the inner-while loop. This is because if min,; c4;, Fj,(s" | s,a;,) < 0, then
it implies that ming; e, Fj(s' | s,a5,) = 0 forall k € [t]. Also, ming; ea; Fj (5" |
s,aj,) < ming; e, Fj,(s" | s,a5,) < 0 forevery k € [[N¢|]. Meanwhile, since we assumed
ming, e, Fi(s' [ s,a;) <0, we can define a vector a with elements a; € argmin, ¢ 4, F; (s’ | s, a;).
This implies that P(s" | s,a) = >, \,, ming,e 4, Fi(s" | s,a;) < 0, which contradicts the condition
P(s' | s,a) > 0.

Therefore, our procedure ensures that the number of pairs (s,s’) € S x S and indexes i € N for
which ming, e 4, Fi(s" | s,a;) < 0 is consistently reduced.

If there are only two players, then both of them belong to NVo. However, one cannot decompose
the transition dynamics as above, as there is no such a k3 # k1, ko to construct the aforementioned
formula. Indeed, any two-player (zero-sum) MG satisfies our definition of zero-sum NMGs in
Definition[dl

For the reward decomposition, if N¢ # 0, we have

ri(s,a) = Y (QV;(s,ai,05) = y(1(j € No)F;(- | 5,05), V("))

JEEQ.
and if N = (), we have
1
v
’f’i(S,a) = Z (Qi,j(saai7aj) - 7<WFO( ‘ S>7V()>> .
jGSQ,i Qi
Hence, 7i(s, a;,-) can be represented as ri(s,a) = > ;cc  7i,;(8,a4,a;) for some functions

(74,4 (i.5)e€o - The same procedure as Algorithmprovides that we can ensure the non-negativity
of r; ;, so that 7;(s, a;, -) is decomposable with respect to g ;. In fact, adding any large-enough
constant to r; ; does not change the solution to the problem, while ensuring the non-negativity of
Ti,j- O]

Proposition 1 - Finite-horizon version. For a given graph G = (N,&), an MG
NS, A, (Pu)nera)s (Thi)ienr,hem)) With more than two players is an NMG with G if and only if:
(1) 74,i(s, ai, -) is decomposable with respect to £, ; foreachi € N',s € S,a;, € A;, h € [H],
ie., mpi(s,a) = Zjegw Th,i,j (8, a4, a;) for a set of functions {74 ; (s, as, )} jee, , and (2) the
transition dynamics P, (s’ | s, -) is decomposable with respect to/N corresponding to this G for
all h € [H],ie,Pp(s' | s,a) =, Fri(s" | s,a;) for aset of functions {Fy i (s | s, ) biene
if No # 0, 0or P (s’ | s,a) =F}, o(s' | s) for some constant function (of @) Fj, ,(s’ | s) if No = 0.
Moreover, an MG qualifies as a zero-sum NMG if and only if it satisfies an additional condition: the
NG, characterized by (G, A, (71,i,;(8)) (i,j)ee,, )» must be a zero-sum NG for all s € S, h € [H]. In
the case of two players, every (zero-sum) Markov game becomes a (zero-sum) NMG.

\%

Proposition 2 (Decomposition of (Q; );car). For an infinite-horizon v-discounted NMG with

G = (N,&q) such that N # 0, if we know that P(s’ | s,a) = 7, - Fi(s' | s,a;), and
ri(s,a) = ZjeEQ . 7ij(8,ai,a;) for some {F;}icn. and {r; ;} i jee,, then the QXJ- given in
Definition [I] can be represented as
QJ5(s,ai,a5) = rij(s,aisa;) + > 7 (1 € No)Fy(s' | 5,a5) +1(i € NoYhii (s)Fi(s” | s,a0)) V(5)
s'eS

for any non-negative (\; ;(s))( j)ee, such that Zj€5Q Aij(s) =1foralli € Nand s € S.
For an infinite-horizon y-discounted NMG with G = (N, ) such that N = 0, if we know that
P(s' | s,a) = Fo(s' | s), and r;(s,a) = ZngQyi ri (8, a;,a;) for some F, and {Tj,j}(i,j)egQ,
then the QY7 given in Definition |1|can be represented as

QY (s, ai,a5) =i j(s,ai,a;) + Y (Nij()Fo(s" | 5)) V(s

s'eS
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for any non-negative (A; ;(s))(,j)eeq such that 3°, .o Aij(s) = 1foralli € N and s € 8.
We call it the canonical decomposition of {QY };en- when QX]- can be represented as above with
Xij(s) = 1/[Eq.il for j € Eq.i-

Proposition 2] naturally follows from the proof of Proposition [I] (a).

Proposition 2 - Finite-horizon version (Decomposition of (QZ ;)ienr). For a finite-horizon NMG
with G = (N, &q) with No # 0, we know Pu(s’ | s,a) = 3 ,cn, Fri(s’ | s,a:), and
rhi(s,a) = des Th.ij(8,ai,a;) for some {Fy ;}iene and {rpij} i j)ee,, then the QY Py,
given in Definition ﬁcan be represented as
Qi (s, ai,a5) = ri (s, ai,a5)
+ (A € NFu (s | 5.a) +1(i € Ne) i (8)Fnils' | 5,0:)) Vg (s”)
s’eS

for any non-negative (An i j(s))(,j)ce, such that Zjes Anij(s)=1foralli e N,s €S, and
h € [H]. For a finite-horizon NMG with G = (N, &) such that Ne =0,Py(s" | s,a) =Fp o(s |
s),and rp (s, a) = ZngQJ Th,i,; (8, ai,a;) for some Fy, , and {Th717j}(1,])egQ, the Qh’i)j given in
Definition [I] can be represented as

Qhij(5,05,a5) = (s, a5) + > (Ani()Fh,o(s" | 8)) Vigr (s)

s'eS

for any non-negative (An i j(s))(,j)ee, such that Ejegw Anij(s)=1foralli € N, s €S, and
h € [H]. We call it the canonical decomposition of Q)-value functions when Q,‘; ;,j can be represented
as above with Ay, ; j(s) = 1/|€q:| for j € Eq ;.

B.2 An alternative definition of NMGs

Definition 3 (An alternative definition of NMGs). An infinite-horizon ~y-discounted MG is called a
Multi-player MG with Networked separable interactions (NMG) characterized by a tuple
(g = (N7 gQ)? 87 A7 P7 (Ti)ieJ\h ’7)

if for any policy , there exist a set of functions (Q7 ;)i j)ee,, and an undirected connected graph
G = (N,&q) such that Qf (s,a) = > e, @F;(s,ai,a;) holds for every i € N, s € S,
a € A. A finite-horizon MG is called a Multi-player MG with Networked separable interactions
if for any policy m, there exist a set of functions (Qg,i,j)(i,j)efQ,hE[H] such that Qg’i(s, a) =
> jeco. @hi; (8 ai,a;) holds for every i € N,seS,ac A and h € [H].

The “if”” condition of Proposition|[I]also holds for this definition. However, the proof for the “only
if” condition of Proposition [T]uses the functional derivative argument. We cannot use the functional
derivative here directly, since V™ := (V™ (s)),cs cannot represent all vectors in [0, R/(1 — )]!S!.
To be specific, we have

Q(s,a) = Y. Q;(s,ai,05) =rils,a) +1(P(- | 5,a), V()
JEEQ.i
for any policies 7, 7/, which indicates

Y (QF(s.aia5) = Q (s, a5)) = ¥(B(- | 5,0), V7' (-) = V7™ (). ®)

JEEQ,i

If we can find a set of policies (W(k))keﬂsu such that the vectors in {Vi”(k) — Viﬂl}ke[ls\] are

independent for some fixed 7/, then we can concatenate the vectors {Vi”(k) — Vi’rl Yre[|s|) together
as a matrix of size |S| x |S] that is full-rank, and solve for IP(- | s, @) by solving the linear equations
(8), for some fixed (s, a). This way, we can show that P(- | s,a) = ZjesQ,i F;;(-]s,a,a;), and

the rest of the proof follows from that of Proposition However, such a set of policies (7(*)) ke[|S]
(and 7") may not exist in some degenerate cases, as to be detailed below.
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Definition 4 (Degenerate MG with respect to player 7). We call an MG degenerate with respect
to player i € N if there exists some s € S such that for any 7, QT (s, a) is a constant function of

ac A

Definition 5 (Non-degenerate MG). We call an MG non-degenerate if an MG is not degenerate with
respect to any player i € NV.

Now, we are ready to state the counterpart of Proposition [I]in these non-degenerate cases. The proof
for the “if”” direction is exactly the same as that of Proposition[I} We focus on the proof of the “only
if” statement.

Proposition 1 - An alternative definition version. For a given graph G = (N, £p), a non-degenerate
MG (N, S, A, P, (r;)ien, ) (in the sense of Deﬁnition with more than two players is an NMG
with G if and only if: (1) ;(s, a,,-) is decomposable with respect to £, ; for eachi € N, s €
S.a; € Aj i, ri(s,a) =3 ce,  7i (s, ai, a;) for aset of functions {r; ;(s, ai, )} ee,,,» and
(2) the transition dynamics P(s’ | s, -) is decomposable with respect to the AV/c corresponding to
this G, i.e, P(s' | s,a) = > ,cn. Fi(s' | 5, a;) for a set of functions {F;(s" | s,-) }iene if No # 0,
or P(s' | s,a) =F,(s" | s) for some constant function (of @) F,(s" | s) if No = 0.

Proof. Proofs of the claims are deferred to Section [B.3|to preserve the flow of the argument.

Claim 1. For player ¢ € N, if there exists a policy 7 such that for every s € S, there exist as1,052
that make Q7 (s, as1) # Q7 (s, as,2), then we can construct |S| number of policies (W(k))keHS\]

such that {Vf(k> — V" }keqs)) are independent for any fixed 7.

Therefore, for player ¢ € N, if the condition of Claim[T|holds, then we can guarantee that there exist
some functions {G; ; }jee,, , suchthat P(:|s,a) = ;.o Gi;(|s, ai, a;), by the argument after
Equation (8). If we assume that the condition of Claim[I|holds for every player ¢ € \V, then there
exist some functions {G; ; } (i j)ee,, such that P(:|s,a) = ZjeEQ,i Gi;(:|s,ai,a;) forevery i € N.
Then, we can prove the decomposability of P(s’ | s, -) with respect to N with the same steps as

Equations (3)) - (7).

Hence, by Claim|[I]} we only need to prove that if an MG is non-degenerate with respect to player ¢,
then there exists a policy 7 such that there exist as 1, @5 2 that make Q7 (s, as1) # Q7 (s, as2) for
every s € S. If | A| = 1, then the transition dynamics are already decomposed, so we do not need to
consider this case.

Claim 2. Assume |A| > 2. For player 7 € N, assume that for any policy 7, there exists a state
sz € S such that Q7 (s, a) is a constant function of a. Then, there exists a state s € S such that
uniformly for any policy 7, Q7 (s, @) is a constant function of a.

Claim 2] shows that if the assumption of ClaimI]does not hold for player i € \/, then
Seonst,i := {s | For any 7, Q7 (s, @) is a constant function of a }

is not an empty set. By Definition E], if an MG is not degenerate with respect to player ¢, then Scont,i
is empty, and thus the conditions of Claim [I] always hold for player i. Therefore, if we assume
the non-degeneracy of MG (Definition[5)), by Claim[I]and the arguments immediately following it,
P(s" | s,-) is decomposable with respect to N . O

Remark 5 (Degenerate MG with respect to player ). The degeneracy of MGs as defined above
can indeed be rare. To illustrate, consider a seemingly degenerate scenario where for all s € S,
r;(s, @) remains a constant function with respect to a; even under such circumstances, it is possible
for the MG to be non-degenerate with respect to player i. For example, assume that N = [2],y = %,
S ={-11} A = {-1,1}, P(s'|s,a1,a2) = 1(s' = saraa),r1(s,a) = ra2(s,a) = (1 + s).
Let 7 satisfy 7(a | 1? =1(a; = l,a2 = —=1),7(a] — 1) = 1(ay = —1,as = —1). Then, we
have V" (1) = 2 4+ 5V (—1) and V{"(—1) = 1V (—1), which further means V{"(—1) = 0 and
Vi (1) = 2,ie., V{*(s) = 14 s always holds. As aresult, QT (1,a) = 1+ s+ 3 (saiaz + 1), which
is not a constant function, and the game is thus non-degenerate with respect to agent ;. Moreover,
suppose that the policy, transition dynamics, and reward functions are randomly chosen. The measure
of the event that the existence of s € S such that Q7 (s, @) is constant for all possible actions @ under
this randomly chosen policy, transition dynamics, and reward function is 0. This is primarily because
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Q7 (s,-) : A — R must lie on a particular hyperplane in the overall value function space, which takes
measure 0. Oftentimes, different actions will transition to different states and yield different rewards,
thereby generating almost unique Q7 (s, @) values.

Remark 6. If we have more than two players that satisfy the condition of Claim|1} i.e., the MG is
non-degenerate with respect to more than two players (instead of being non-degenerate with respect
to all players), then we can still guarantee the decomposability of (s | s, -) with respect to a set
that is not necessarily the same as No. As a byproduct of the decomposability of P(s’ | s, -), we can
guarantee the decomposability of r;(s, a;, -), too.

B.3 Deferred proof of the claims in Appendix[B.2]

m(s1) 0 0
0 m(s2) --- 0
We define IT := i . ) € RISIAIXIS| where 7(s) is a column vector
: : 0
0 0 e 7T(8|5|)
r(s1)T 0 0
0 r(s2)T 0
for the policy at state s, P := (P(s' | s,@))((s,a),s) B := ) i _ €
: : r 0
0 0 s T(S‘S‘)T

RISIXISIIAL then we have V™ = (I —~AIITP)~'RII1 € RISI where 1 € RISlis (1,...,1)T.

Proof of Claim[l] If we differentiate V;™ with respect to 7 along the direction A(, 4, a,) = €ay,s —

€ay,s€ RIAIIS! for some a1, as € A, i.e., the direction that increases (or decreases) m(ay |s) and
decreases (or increases) m(as | s), respectively, then by computation, we can have the following
directional derivative:

VA(S-,apaz)‘/i

= (I —TP)! <Z (B(s' | 5,a1) Vi (s') — (s’ | 5, a2)Vi7(s')) + ri(s, a1) - n(&ﬂz)) s
s'eS

= (QF (s,a1) — Q7 (5,@2)) (I —IITP)'e,. ©)

Therefore, if there exists a policy m such that for every s, there exist a, ,as that make

Q7 (s,as,1) # QF (s,a,2), then deviating from 7 along the A, 4, , 4. ,) direction for every s

provides {Vi”m — V" }kes|) vectors that are independent of each other, since (I — IITP)~ " is an
invertible matrix for any II.

Proof of Claim[Z} Note that 7 € A(A)!S]. Forall s € S, define II, as
I := {7 | QF (s, a) is a constant function of a },
where we omit the dependence on ¢ as we focus on the discussion on a specific ¢ here.

For any m, there exists a state s, such that QT (sr,a) is a constant function of a, which
means that 7 € II, and thus II, # (), which further yields ) g (measure of (IIy)) >

(measure of the whole space of (A(A)!S! )) > 0. By the pigeonhole principle, we know that there
exists some s € S such that (measure of (II;)) > 0 since S is a finite set.

Note that for the above s such that (measure of (II)) > 0, for any pair of a1, a2 € A, Q7 (s,a1) —
Q7 (s, az) can be represented by the ratio of polynomials of 7 while it has a non-zero measure set of
solution, we can conclude that Q7 (s, a1) — Q7 (s,as) = 0 for every 7 € A(A)IS], a1, ay € A for
s such that (measure of (IT;)) > 0. Therefore, for the s such that (measure of (II;)) > 0, we have
that for every 7, Q7 (s, a) is a constant function of a. O

B.4 Counterexample for Alternative Definition 3]

We now show via a counterexample that the alternative definition given in Definition [3may not even
preserve the networked separable structure of the reward functions in general.
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Consider a Markov game with the following specifications: N = [3], v = 3, S = {s1, 52,53},
A; ={0,1}, P(s3|s3,a) = P(s2 | s2,a) = 1 forany a € A, P(ss|s1,a) = 1 + 1. (—1)m020,
P(s3]s1,a) = 5 —5-(—1)"%, ri(s3,a) = land ri(s2,a) = 2forany a € A,and r(s1,a) =
1 — 1. (—1)®%_ Then, we have by definition that for any @ € A, QT (s2,a) = V{*(s2) =
1177“1(32, a) =4,Q7(ss,a) =V (s3) = 77"1(33, a) =2, and

Q7 (s1,a) = r1(s1, )+7P(83\81, a)Vi"(s3) + vP(s2 | s1,a)V{" (s2)

1 1 1 1
= (S (—1)M08) L9 Z (o = (1) 1208) 4 = 2,
Fi(s1,@) 5 (5 = 5 (C1)7020) 2 S (G o (—1)meas)

—_

Hence, Q7 (s, a1, -) is decomposable with respect to {2, 3}, however, the reward r1 (s, aq, -) is not,
due to r1(s1, a). Note that this counterexample exactly exhibits the importance of the ergodicity of
the Markov chain in removing the degeneracy.

B.5 Examples of (zero-sum) NMGs

Example 2 (Markov security games). Security games as described in [103} [24] is a primary
example of zero-sum NGs/polymatrix games, which features two types of players: attackers who
work as a group (a), and users (u). Let LI denote the set of all users. We construct a star-shaped
network (c.f. Figure[2) with the attacker group including n, number of attackers sitting at the center,
connected to each user. There is an IP address set [C]. We define the action spaces for each user u;
and the attacker group as A,, = [C]and A, = {T' | T C [C], |T| = na}, respectively. Each user
selects one IP address, while the attacker group selects a subset I C [C]. For each user whose IP
address is attacked, the attacker group gains one unit of payoff, and the attacked user loses one unit.
Conversely, if a user’s IP address is not attacked, the user earns one unit of payoff, and the attacker
loses one unit.

We naturally extend the security games to Markov security games as follows: we define state
s € S = RY by setting sp = 0 and s;,1 ~ 55 + Unif((eq, ,)u;es), Tepresenting the vector of
security level for the IP addresses. Specifically, a vaccine program can improve the security level
of each IP address if it has been attacked previously. We define X € R as a vector such that
each of its components, X, corresponds to a unique user’s IP address, indexed by c. Each X, is
defined by the random variable as X, ~ 2Bern(1 — 1/(s; . + 1)) — 1, indicating the outcome of
a potential attack on IP address ¢ € [C]. Here, s; . denotes the security level of each IP address
c at a given time ¢, i.e., the c-th component of s;. The success probability of an attack on an IP
address is inversely proportional to its security level, represented by 1/(s; . + 1). Therefore, higher
security levels make an attack less likely to succeed. The term 2Bern(1 — 1/(s;.+ 1)) — 1 describes
a Bernoulli distribution, typically taking values O or 1, that has been scaled and shifted to take values
—1 or 1 instead. Here, —1 represents an unsuccessful attack, while 1 denotes a successful attack
on the IP address c. Therefore, each X, provides a probabilistic view of the failure of an attack
on each IP address, given its security level. For each (s, a), the reward functions for the users and
the attacker group are defined as 7y, (s, a, I) = 7y, a(8, @y, I) = Yaw, € 1)Xq,, + 1(ay, ¢ 1)
and rq(s,a, 1) = > ¢ Taw (8, au,,I) — L(ay, ¢ I) where raw(s,aui,l) = —1(ay, € I)Xaui
The reward function of users can be interpreted as follows: if the user’s action a,,, is in the set of
attacked IP addresses I and the attack failed (i.e., X au, = = 1), then the user receives a reward equal to
1. Otherwise, if the user’s action is not in I, the user also receives a reward of 1, likely representlng
a successful defense or evasion of an attack. Since the reward is always zero-sum, this game is a
zero-sum NMG with networked separable interactions.

Example 3 (Global economy) . Macroeconomic dynamics may also be modeled through either
zero-sum NMGs or NMGs. Trading between nations has been analyzed in game theory [[104} [1035]].
We consider nations as players, each nation has an action space, A; = R, and the actions decide
their expenditure levels. We define the state of the global economy, s € R, such that sy = 0 and
St+1 ~ 8¢ + Unif((ac,)cec) + Z;. Here, Z, is a random variable representing the unpredictable
nature of global events (e.g., COVID-19), and C represents the set of powerful nations, which models
the fact that powerful nations’ politics or military spending have a relatively significant impact on
global economy [106, [107]]. The aggregated (or ensemble) effect of the powerful nations on the
economy is modeled by the term Unif((ac+)cec)-
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During the global financial crisis in 2008-2009, many nations implemented significant fiscal stimulus
measures to counteract the downturn [108}[109]]. Conversely, in good economic conditions, the esti-
mated government spending multipliers were less than one, suggesting that the increased government
spending in such situations might not have the intended positive effects on the economy [[110]]. Such a
state-dependence on reward functions may be modeled as follows. First, we consider the reward being
decomposable with respect to nations, as it can be interpreted as (1) the expenditure of each nation
is related to the amount of payment spent on trading, and (2) we focus on the case with bilateral
trading, where the surplus from trading can be decomposed by the surplus from the pairwise trading
with other nations. Second, as mentioned above, the relationship between government spending and
the global economy can be seen as countercyclical [110], which we use the formula s(a; — a;) to
model explicitly, for nation 7. Specifically, s > 0 denotes a good economic condition, in which all
the nations may choose to decrease the expenditure level (the —a, term). Hence, the reward function
for nation i can be written as (s, @) = > 74,5 (8, @i, a5) = Const + 3. \r s(a; — a;), where
the positive constant Const represents the net benefit out of the tradings. Hence, the game shares
the characteristics of being a constant-sum NMG. Moreover, other alternative forms of the reward
functions may exist to reflect the countercyclical phenomenon, and may not necessarily satisfy the
zero-sum (constant-sum) property, but the game would still qualify as an NMG.

B.6 Reviewing existing results for zero-sum NGs

In a zero-sum NG, i.e., a zero-sum polymatrix game, for each player i € N, the reward r; (a;, 7_;)
of using a pure strategy a; € A; is a linear function of 7_;. The following linear program, which
involves variables 7 € [, A(A;) and v = (v;),¢ 57> aims to minimize the sum of the variables v;:

min, D ien Vi
subjectto  v; > 71 (€q,,m_;), foralli e N ,a€ A;,

™ € [Tien A(A).

Reference [24] states that if (7*, v*) is an optimal solution to the above linear program, then 7* is an
NE of the zero-sum NG, and the optimal value of the above linear program is 0. Conversely if 7* is
an NE, then there exists a v* such that (7*, v*) is an optimal solution to the above linear program
and v* is the expected reward vector under 7*. By observation, we additionally have the following
proposition as an extension:

Proposition 5. If (7*, v*) is an e-optimal solution to the above linear program, then 7* is an e-NE
and r;(7*) < v} < ri(7*) + e forall i € N. Conversely, if 7* is an e-NE, then there exists a v*
such that (7, v*) is an ne-optimal solution to the above linear program.

Proof. If (7*,v*) is an e-optimal solution to the above linear program (whose optimal solution is
exactly 0), we have

SEE DML I RIS

which proves that 7* is an e-NE: here (i) holds since the sum of reward over players is zero, and
(i) holds due to the constraint of the given linear program. Moreover, we can also observe that
ri(m*) < wvf < ri(7*) + € holds, since 0 < max,,,;ca(4,) i (M,Wii) —r; (1) <ovf —ri(n*) <e
for eachi € V.

Conversely, suppose that 77* is an e-NE. Then, defining v} := max,,ca(4,) i (ui, wji) satisfies the
constraints of the given linear program. In addition, we have

vi = vi —ri(77)) = max 7 (pi, 75;) — (%) | < ne,
’EZN zezf\/( ( >) 7,EZJ\[ <MEA(A¢) (M ) ( ))
which concludes the theorem. -

Proposition 6. Suppose 7* is an e-approximate CCE of the zero-sum NG. Then the product of
its marginalized policy 7* is an ne-approximate NE of the zero-sum NG. Moreover, it holds that
ri(m*) > ri(7*) > ri(7*) — ne forevery i € N.
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Proof. A similar method with [24]’s Theorem 2 can provide proof of Proposition[6] To be specific,
define v} := r;(7*), then we have (7*,v*) is an ne-optimal solution. By Proposition [5, we can
conclude that 7* is an ne-approximate NE and 7;(7*) > r;(7*) > r;(7*) —neforalli e N. O

We note that Proposition [5]and Proposition[6]are not in [24]], but it plays an important role in proving
Proposition 3]

B.7 Omitted proof of Proposition 3]

Before introducing the proof of Proposition [3] we provide the relationship between approximate
Markov stationary CCE and approximate auxiliary-game CCE in Markov games.

Claim 3. For an infinite-horizon y-discounted MG, an e-approximate Markov stationary CCE 7 of
this MG makes 7(s) an e-approximate CCE of the auxiliary game at each state s € S, where the
auxiliary game payoff matrix at each s € S is defined as (r;(s,a) + Y(P(:|s,a), V" (-)))aca for
playeri € \V.

Proof. By definition of e-approximate Markov (perfect) CCE, we have for all s € Sand all i € N
that
VT(s) <  max V'T(s) < V7(s) +e (10)

— K2

i €EA(A;)ISI

Then, by one-step of Bellman equation for max,, e o (4,)is| Vi# ©7=i(s), we also know that

?

max  VATi(s) = max Eyr_i(s) [ri(s, a) +v(P(-|s,a), max Vumrf(»} )

i €A(A)ISI vEA(A;) 1 €A(A;)IS]
(1)
Moreover, we have by the left inequality of Equation (I0) that
IE’1171' i (s AGE + y(P(- ) 5 Vuhﬂ-ii .
s B o [rsa) +2(BC 50, V)]
> E, s |ri(s,a) +v(P(-|s,a), V"(-))]. 12
> I B r(s.0) + 9B [5.0). V() 1)
Also, we have by one-step Bellman consistency equation for V™ (s) that
V(6) = Bacy (s, ) + (P |sva), V(). 13)

Combining Equations (10}, and (13), we have

M Bur o r(50) 4 2(FC5,), V)| < B |1, )+ (P | 0), VO] 6

forall: € N and s € S, which proves that 7(s) is an e-approximate CCE of the auxiliary game,
where the game payoff matrix at each state s € S is (r;(s, @) + v(P(-|s, @), V" (-)) ) ac. for player
ieN. O

Claim 4. For an H-horizon MG and h € [H], an e-approximate Markov CCE 7 = {7y, }1,¢[g) of this
MG makes 7, (s) an e-approximate CCE of the auxiliary game at each state s € S and each h € [H],
where the auxiliary game payoff matrix at (s, h) is defined as (75, (s, @) +(Pp(-[s, @), V71 ;(1)))aca

for player i € N/, where Vgﬂ)i(s) = ( for any policy 7, and forall s € S and 7 € N.

Proof. By definition of e-approximate Markov (perfect) CCE, we have that for all s € S, h € [H],
andi € N
™ HiyT—s ™
Viri(s) < uieAr(I;lEg(\S\XH Vi T(s) S Vii(s) +e (14)
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Then, by one-step of Bellman equation for max,,, ¢ (.a,)isix# V,ff 277 (s), we also know that

Vlh‘]vﬂ'—i
wealiyan i ()
_ iy T —q
= Venia(Jﬁ )El/ Th,—i(s) |:7‘h 2(3 a’) + <]P>h( ‘ 5, a)a uiGAI(I.,lﬁal;(\S\XH Vh+1,i ()>:| . (15)
Moreover, we have by the left inequality of Equation and VE +1,i(8) = (0 for any 7 that
M s TT—4
Vgg%ﬁ ﬂEyﬂhl(){Thz(S a)4F<Ph(.‘s,a),AMEA(;?ﬁgx(H_l>vz+lj ()>} (16)
> ueni%fl )Ey Th,—i(8) |:rh 1(5 a’) <Ph( | S, a)a Vhﬂ+1,i(')>] .
Also, we have by one-step Bellman equation for VT, (s) that
VIES) = By ni(5,) + @l 5,0, V()] (1)
Combining Equations (T4), (I5) and (T7), we can conclude the theorem. O

Proposition 3. Given an e-approximate Markov CCE of an infinite-horizon ~y-discounted zero-sum

NMG, marginalizing it at each state results in an E;Lij; e-approximate Markov NE of the zero-sum

NMG. The same argument also holds for the finite-horizon episodic setting with (1 — ~)~! being
replaced by H.

Proof. For an arbitrary joint Markov policy p, we define dy ,(s) = (1 —
VEs, =5 u[> poq ¥ '1(s¢ = s)] which is the discounted visitation measure of states when
we follow policy p and start from state s’. Here, s; denotes the state at timestep . We use 7
to denote an e-approximate Markov CCE, and 7 to denote the product policy of the per-state
marginalized policies of 7 for all agents i € A/. We define 7; as the per-state marginalized policy
for player ¢ from 7. With this notation, we have © := m; X --- X m,. Note that for zero-sum
NMGs, by Proposition [1| we know that if N # 0, then P(s" | s,a) = 37,y Fi(s' | s,a;) or
Pu(s" | s,a) = 3 ien Fri(s' | s,a:), for infinite- and finite-horizon cases, respectively; and if
Ne =0, wehave P(s" | s,a) = F,(s' | s) or Py (s’ | s,a) = Fp, o(s'| s) for the two cases.

In the infinite-horizon case, by Claim we know that 7(s) also serves as an e-approximate CCE for
an auxiliary game with a payoff matrix (r;(s, a) +v(P(: | s,a), V;"(+)))ac 4 for player i € N. Since
this auxiliary game is a zero-sum NG by the definition of zero-sum NMG, Proposition [f]implies that
the policy 7(s) is an ne-approximate NE of the auxiliary game with the same payoff matrix, and the
following inequality is valid for all: € A" and s € S:

Vi(s) =ri(s,m) 47 Y > P(s/ | s.a)m(al )V (s')

s’eSacA

< ri(s,m) +’yzz s'|s,a)m(a|s)V(s") + ne. (18)

s’eSacA

Applying the inequality V™ (s") < 7i(s', ) + 7 ses 2aca P(s| ', a)m(a] s )V (5) 4 ne into
the final expression of Equation @) and applying it recursively, we have that for every ¢ € N and
seS:

Vi (5) < Vi (s) + ne/(1 = 7). (19)
Moreover, we have that for any ;1 € A(A;)!S!
Vi (s) > Vi (s) = ne/(1—=7) = V""" (s) = (n+ 1)e/(1 —7)
= IEO,NM(S’)Xﬂfi(sl),s"\/ds,u,wii [Ti(slv a)] - (TL + 1)6/(1 - 7)
= Banp(s) (60 om0, @)] = (n 4+ 1)/ (L= )
5 Bau() @ i(s) s (s @) = (n+1)e/(1-9)
= VT (s) = (n+1)e/(1 =7
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where the second inequality follows from 7 being an e-approximate Markov CCE, and (i) holds
since for arbitrary (v;,v_;) € A(A)IS! x A(A_;)!S! and for any vs € A(S),

Eamv i (s")xXv_ l(s’),s/wus[ri(sl a)]

= Z ZVS yri(s’,a)vi(a; | s v_i(a_;|s")

acAs'eS

= Z Z Z vs(s)ri (s, aisa)vi(ai | s )v—i(a—;|s")

j€EQ,i acEAS'ES

=3 3 N S us(s)ris(s aiag)vila | 8)vs(ag | 8)

JEEQ,iai€A;a;€EA; s'ES

= anui(s’) XU_;(s"),8' ~vs [Ti(sla a)]7
where U := 11 X -+ X v, is the product policy of the per-state marginalized policies of v, and (i7)
holds due to the following fact: if NC ;é 0

Pﬂ(s’|s)::ZP(s’\s,a Z Z s'|s,a;)m(als)

acA acAieNc
Z ZIF "I s, a;)m Z Z s's,a;)mi(a; | s) =: Pz(s"| s),
iENc acA iENC a;€A;
(20)
orif No =10
P.(s'|s) =F,(s'|s) =Pz(s"| 5). 21

In other words, the marginalized policy’s state visitation measure d; 7 is the same as the original
policy’s state visitation measure d . Therefore, marginalizing e-approximate Markov CCE provides
(n+ 1)e/(1 — y)-approximate Markov NE.

Moreover, a similar argument holds for the finite-horizon episodic setting. In the H-horizon case,
since 7 is an e-approximate Markov CCE, by Claim 4|7, (s) also serves as an e-approximate CCE
for an auxiliary game with a payoff matrix defined by (74,i(s,a) + (Px(-[s,a), V;", | ;(*)))aca for
player i € N. Since this auxiliary game is a zero-sum NG by the definition of zero-sum NMG,
Proposition E] implies that the policy 7 (s) is an ne-approximate NE of the auxiliary-game with the
same payoff matrix, and the following inequality is valid for all i € A/ and s € S:

Viri(s) = rhi(s,m) + Z ZPh "|s,a)mn(als )Vh+1,i(5/)

s’eSacA

<rpi(s, )+ Z Z Pru(s'|s,a)mn(a|s)Vity i(s") + ne. (22)
s’eSacA
Applying the inequality

Vi a(8) S (8, 7) + )Y Praa (B8, a)fnsa(al Vil (3) + ne
seSacA
into continually, iterating this procedure from h + 1 to H, yields that for every i € N and s € S:

Viri(s) < ViFi(s) + hne.

Moreover, we have that for any j € A(A;)IS*¥H

V,Z?l(s) > Vii(s) —neH > Vhpff’i(s) —(n+1)eH = Véff’i(s) — (n+ 1)eh,
with a similar observation on the visitation measure under 7 and 7, which concludes the proof. [
C Omitted Details in Section 4]
Theorem 1. There is a constant ¢ > 0 for which computing an e-approximate Markov perfect
stationary CCE in infinite-horizon %—discounted zero-sum NMGs, whose underlying network structure
contains either a triangle or a 3-path subgraph, is PPAD-hard. Moreover, given the PCP for PPAD
conjecture [43], there is a constant ¢ > 0 such that computing even an e-approximate Markov

non-perfect stationary CCE in such zero-sum NMGs is PPAD-hard.

Proof. We separate the proof for the two cases as follows.
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Case 1. £, contains a triangle subgraph. We will show that for any general-sum two-player
turn-based MG (A), the problem of computing its Markov stationary CCE, which is inherently a
PPAD-hard problem [30], can be reduced to computing the Markov stationary CCE of a three-player
zero-sum MG with a triangle structure networked separable interactions (B). Consider an MG (A)
with two players, players 1 and 2, and a reward function 7 (s, a1, as) and r5(s, as, a1 ), where a; is
the action of the ¢-th player and r; is the reward function of the ¢-th player. The transition dynamics
is given by P(s’ | s, a1, az). In even rounds, player 2’s action space is limited to Noop2, and in odd
rounds, player 1’s action space is limited to Noop1, where Noop is an abbreviation of “no-operation”,
i.e., the player does not affect the transition dynamics nor reward functions in that round. We denote
player 1’s action space in even rounds as A; ¢yen and player 2’s action space in odd rounds as A3 odq-

Now, we construct a three-player zero-sum NMG. We set the reward function as 7;(s,a) =
> j4iTij(8,ai,a5) and 7 5 (s, ai, a;) = —7;4(s, a;, a;), where the reward functions are designed
so that 7; ; = —7r;; for all 4, j, 712 + 71,3 = 71, and 721 + T2 3 = 72, by introducing a dummy
player, player 3. Here 71, ro are the reward functions in game (A). In even rounds, player 2’s action
space is limited to Noop2, and in odd rounds, player 1’s action space is limited to Noop1. Player
3’s action space is always limited to Noop3 in all rounds. The transition dynamics is defined as
P(s'|s,a1,a2,a3) = P(s'| s, a1, as), since ag is always Noop3. In other words, player 3’s action
does not affect the rewards of the other two players, nor the transition dynamics, and players 1 and
2 will receive the reward as in the two-player turn-based MG. Also, note that due to the turn-based
structure of the game (A), the transition dynamics satisfy the decomposable condition in our Propo-
sition[I] and it is thus a zero-sum NMG. In fact, every turn-based dynamics can be represented as
an ensemble of single-controller dynamics, as we have discussed in Section |3} We set the reward
function values as follows:

71,3(8, a1, Noop3) = —73 1 (s,Noop3, a1) = 71(s, a1, Noop2) + ra(s, Noop2, a1 )
71,3(s,Noop1,Noop3) = —r3 1 (s, Noop3, Noop1) =0

T2,3(s, az, Noop3) = —75 o(s,Noop3, az) = r1(s, Noop1,az) + r2(s, az, Noop1)
72,3(s, Noop2, Noop3) = —73 2(s, Noop3, Noop2) = 0

71,2(s,a1,Noop2) = —73,1(s,Noop2, a1) = —ra(s,Noop2, a1)
71,2(s,Noop1, as) = —72,1(s, a2, Noop1) = (s, Noop1, az).

Note that the new game (B) is still a turn-based game, and thus the Markov stationary CCE is the same
as the Markov stationary NE. Also, note that by construction, we know that the equilibrium policies
of players 1 and 2 at the Markov stationary CCE of the game (B) constitute a Markov stationary
CCE of the game (A). If the underlying network is more general and contains a triangle subgraph,
we can specify the reward and transition dynamics of these three players as above, and specify all
other players to be dummy players, whose reward functions are all zero, and do not affect the reward
functions of these three players, nor the transition dynamics.

Case 2. &g contains a 3-path subgraph. We will show that for any general-sum two-player
turn-based MG (A), the problem of computing its Markov stationary CCE can also be reduced
to computing the Markov stationary CCE of a four-player zero-sum MG with 3-path networked
separable interactions (B). Consider an MG (A) with two players, players 1 and 2, and a reward
function 7 (s, a1, az) and r2(s, as, ay ), where a; is the action of the i-th player and r; is the reward
function of the i-th player. The transition dynamics is given by P(s’| s, a1, a2). In even rounds,
player 2’s action space is limited to Noop2, and in odd rounds, player 1’s action space is limited
to Noop1, where Noop is an abbreviation of “no-operation”, i.e., the player does not affect the
transition dynamics nor the reward functions in that round. We denote player 1’s action space in even
rounds as Aj; ¢ven and player 2’s action space in odd rounds as A oqq.

Now, we construct a four-player zero-sum NMG with a 3-path network structure. We set the reward
function as ?1(5, a) = 7,71,2(5’ aip, CLQ) +’T‘vl73(5, ai, ag) and ?2(5, (1) = TF’VQ_yl(S, as, (11) +TF‘VQ,4(S, as, CL4)
and 75 ;(s,a;,a;) = —7;,(s,a;,a;). The reward functions are designed so that 71 o + 71,3 = 71,
and 73 1 + 724 = 72, Where r1, 72 are the reward functions in game (A), by introducing dummy
players, player 3 and player 4. In even rounds, player 2’s action space is limited to Noop2, and in
odd rounds, player 1’s action space is limited to Noop1. Player 3’s action space is always limited to
Noop3 in all rounds. Player 4’s action space is always limited to Noop4 in all rounds. The transition

dynamics is defined as P(s’ | s, a1, as, as, as) = P(s"| s, a1, a2), since ag is always Noop3 and a4
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is always Noop4. In other words, player 3 and player 4’s actions do not affect the rewards of the
other two players, nor the transition dynamics, and players 1 and 2 will receive the reward as in
the two-player turn-based MG. Also, note that due to the turn-based structure of the game (A), the
transition dynamics satisfy the decomposable condition in our Proposition[I] and it is thus a zero-sum
NMBG. In fact, every turn-based dynamics can be represented as an ensemble of single-controller
dynamics, as we have discussed in SectionE} We set the reward function values as follows:

71,3(s, a1, Noop3) = —73 1(s, Noop3, a1) = r1(s, a1, Noop2) + r2(s, Noop2, a1)
71,3(s, Noop1,Noop3) = —73.1(s, Noop3, Noop1) = 0

72,4(5, az, Noop4) = —74 2(s,Noop4, as) = r1(s, Noop1, az) + r2(s, az, Noop1)
72.4(s,Noop2,Noop4) = —74 2(s, Noop4, Noop2) = 0

71,2(8, a1, Noop2) = —73 1 (s,Noop2, a;) = —ra(s, Noop2, a;)

71,2(s,Noop1, az) = —73,1(s, az, Noop1) = r1 (s, Noop1, az).

Note that the new game (B) is still a turn-based game, and thus the Markov stationary CCE is the same
as the Markov stationary NE. Also, note that by construction, we know that the equilibrium policies
of players 1 and 2 at the Markov stationary CCE of the game (B) constitute a Markov stationary CCE
of the game (A). If the underlying network is more general and contains a 3-path subgraph, we can
specify the reward and transition dynamics of these four players in the subgraph as above, and specify
all other players to be dummy players, whose reward functions are all zero, and do not affect the
reward functions of these three players, nor the transition dynamics. This completes the proof. [

Proposition 7. A connected graph that does not contain a subgraph of a triangle or a 3-path must be
a star-shaped graph.

Proof. 1f the diameter of a connected graph is exactly 1, then there are only two nodes, which form
a star-shaped network. If the diameter of a connected graph is greater than 2, it contradicts the
non-existence of a 3-path subgraph. If the diameter of a connected graph is exactly 2, we denote
the middle node as ¢, and the leftmost and rightmost nodes as [ and r. If either [ or r has another
neighbor other than c, it implies the existence of a 3-path subgraph, which contradicts the assumption.
Therefore, the additional nodes other than [, ¢, 7, if exist, have to be connected to c. If two neighbors
of c are directly connected, then it contradicts the non-existence of a triangle subgraph. Hence, all
nodes except ¢ have to be connected to ¢ while not being connected to each other, which leads to a
star-shaped graph. O

D Omitted Details in Section 3

We refer to Section [E] for the existing relevant result regarding stochastic approximation. The proof
structure for Section|[D]follows three steps: (1) find the continuous-time dynamics of the fictitious-play
learning dynamics, (2) identify a Lyapunov function for the continuous-time version of the fictitious
play (V () or L(7)), and (3) since the discrete version can be viewed as a perturbed version of the
continuous-time dynamics (Theorem [5), the limit point of fictitious play is contained in the level set
of a Lyapunov function (Theorem [6). Theorem [5|and Theorem [6]are stated in Section[E] and these
theorems are restatements of [44]]. In this section, with a slight abuse of notation, we interchangeably
use a; to refer to either an action in A;, or a pure strategy m; € A(A;), where m;(a;) = 1 and
m;(a) = 0 for all a} # a;.

D.1 Matrix game case

D.1.1 Fictitious-play in zero-sum NGs

We first introduce the fictitious-play dynamics for zero-sum NGs with G = (N, £), i.e., zero-sum
polymatrix games [23)24], the very same one as in [3, 6] at iteration, k, each player ¢ maintains a
belief of the opponents’ policies, (7?9?
then updates the belief as:

(k)

%

); she then takes action by best responding to the belief, and

€ argmax 7;(eq;, %(_ki)), Update belief: %(_kfl) = %(_ki) + a(k)(ea(k_) - %(_k'i))

a;€EA; -

Take action: a
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where 7;(7) is the expected payoff under joint policy 7 (see Equation ), and o®) > 0 is the
stepsize. The overall procedure is summarized in Algorithm 2]

Algorithm 2 Fictitious Play in zero-sum NGs (i-th player)

Choose %;0) as a uniform distribution for all j € N'/{i}

for each timestep £ = 0,1,... do
(k)

9

€ argmax,, ¢ 4, ri(eai,%(,ki))
Observe other players’ action a(_ki)
Update the policy belief as D) 7?9? + a(k)(ea<k) — %(k))

Take action a

—1 —1

end for

We provide the convergence guarantee of the FP dynamics as follows, showing that zero-sum NGs,
i.e., zero-sum polymatrix games [23} 241, possess the fictitious-play property [8].

Theorem 3. Assuming that > oo, a® — oo and a*) — 0as k — oo, then the limit points of
(7()}> are the NE of the zero-sum NG.

Proof of Theorem[3] To prove the fictitious-play property, we consider a continuous version of
Algorithm Assuming that 7% ; a®) — oo and a®) — 0, [44] Proposition 3.27] states that we
can characterize the limit set of (%(k))kzo by considering the following dynamics:
dT(i
™+ —— € argmax r;(eq,, T—;). (23)
dt a; €A,

We define a Lyapunov function as

V(m) = Z <max ri(€a,, T_i) — ri(ﬂ')) . (24)

Claim 5. V(7 (t)) is a Lyapunov function for 23).

Proof. Let argmax, 4. 7i(€q,, ™—;) in the formula be a;*, then we have

WD) 5 (S i) = X 5 etrstens —m)

ieN \jEE&; 1EN \JEE;
= Z Z 76;;7’1’,]‘7@ = 7V(’/T(t))
€N \JjE&;

where we use 7r§- to denote %, and the first equality is derived from the envelope theorem. Since
maxg, r;(a;, m7—;) > r;i(m), V is guaranteed to be non-negative. We can thus express V (t) =
V(0)e™*, indicating that it is decreasing with a linear rate in continuous time. O

Consequently, [44, Proposition 3.27] implies

i R (O NN () —
Jim, (Z (ang 7o @) ) =0

iE€EN

which concludes that every limit point of (7(*));> is an NE. O

Note that the fictitious-play learning dynamics for zero-sum polymatrix games have also been
proposed and analyzed in [12], and our result above is a reproduction of it.
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D.1.2 Smooth fictitious play in zero-sum NGs

We can also provide guarantees for the learning dynamics of smooth fictitious play (may also be
referred to as stochastic fictitious play later) [7], with convergence to the quantal response equilibrium
(QRE) of the game [ 11} 112].

Definition 6. A policy 7* (71'.,_ 190 S Tn ) is a quantal response equilibrium of the game with

’ T,n

regularization coefficient 7 if the followmg condition holds
exp ([rim7],, /7)
2aie A, OXP ([Tﬂfﬂa; /7'>

W:,i(ai) =

forall i« € M and a; € A; [111].

A QRE always exists in finite games. Moreover, a QRE has an equivalent notion as finding the Nash
equilibrium of the game with entropy-regularized payoffs: i.e., 7 satisfies that

Tryi (ﬂ-'L’ﬂ-T —1) < 7”7'1( 7

where
rralm) = ri(m) £ TH(T) = Y o H() ©5)
jegr,i | T7]|
and H(m;) = — ), c4, mi(a;)log(mi(a;)) is the Shannon entropy function [I13]. Reference

[83] provided a novel analysis showing that a unique NE exists for zero-sum NGs with entropy
regularization (thus the QRE for the unregularized zero-sum NG).

Remark 7. In most existing literature [51} [83]], the entropy regularized reward is defined as r;(7) +
7H(m;). Indeed, note that

argmax (r;(m) + 7H(m;)) = argmax | r;(m) + 7H(7;) Z
i EA(A) T EA(A) Pl m|

for any ¢ € NV, so it does not affect the equilibria. Moreover, by defining 7 ;(7) := r;(7) +7H (m;) —
djce, s 1M (m;), we can have that > ien T'ri(m) = 0 holds for any joint product policy 7.

Algorithm 3 Stochastic fictitious play in zero-sum NGs (¢-th player)

Choose 7\ as a uniform distribution for all j € A /{i}
for each timestep £ = 0,1,... do

Take action agk) ~ argmax,, c a(4,) "ri(His 7?9?)
Observe other players’ action a(k)

Update the policy belief as w(kH) A(_k,i) + aF) (e, — ﬁ(_kl))

—1

end for

In Algorithrn players initialize their beliefs for other players (7_;) as a uniform distribution. They
sample from the best-response policy with respect to the entropy-regularized reward, given the beliefs
of other players’ policies. Subsequently, each player observes other players’ actions and updates her
beliefs.

Theorem 4. Assuming that 377 j a®) — oo and limg 0o a® — 0, (7)), converges to a
QRE of the zero-sum NG with probability 1.

Proof of Theoremd} To prove the fictitious-play property, we consider a continuous-time version of
the learning dynamics in Algorithm Assuming Z}iio a®) — 0o and o®) — 0, [44] Proposition

3.27] states that we can characterize the limit set of (7(F)) x>0 by considering the following dynamics

dm;
7w + ami = argmax rm-(ui, 77—1‘)~ (26)
dt i €A(A;)
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We define a Lyapunov function as

Vi(m) = gf (M,énAa(}i\i) rri(fi, ™—i) — Tm-(w)> .

Claim 6. V(7 (t)) is a Lyapunov function for (26).

Proof. Let the maximizer of ., ;(u;, 7—;) in the formula be 1}, which we know is unique due to the
regularization. Thus, we have

dv-(=(t)) _
dt o Z

+7(1 +logm;)T 1)

Z —u; 7‘1]71']) +7(1 4 log m)" (e i—m))

)+ 7(log m)" om)

< (( —MZTW,W> + 7(H(mi)) —T(H(Mz'))) = —Vr(n(t))
ieN JEE;

where the first equality is derived from the envelope theorem and the last inequality is from Gibbs’ in-
equality. Since max,,, ca(4,) 7ri(1i, T—i) > 77.4(7), V is guaranteed to be non-negative. Therefore,
we have 0 < V(t) < V(0)e™*, indicating that it is decreasing. O

Consequently, [44} Proposition 3.27] implies that

li 7,0 \Mi (k) i 7 (k) > =0
;gc<§;(nm) il 3%) = ()

which concludes that every limit point is a QRE. Since the QRE is unique for zero-sum NGs, we
conclude that (W(k))kzo converges to the QRE of the zero-sum NG. O

Remark. Algorithm[2]converges to an NE, and Algorithm [3| converges to a QRE. Since the QRE is
unique in zero-sum NG for a fixed 7, we can identify the converging point in Algorithm [3] while we
cannot determine which NE is the converging point in Algorithm 2}

D.2 Fictitious-play property of infinite-horizon zero-sum NMGs of a star-shape

Before presenting the results, we examine some properties of a star-shaped zero-sum NG (i.e., the
polymatrix case). We define player 1 as the center player without loss of generality. First, we can
view a star-shaped zero-sum NG as a constant-sum separable star-shaped game, as detailed below.

Proposition 8. There exist some {c¢; };enr {1} With ¢; € R such that a star-shaped zero-sum NG
satisfies the following identities:

riy g =cll’ forevery i € N'/{1}, Z ¢ =0.
ieN/{1}
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Algorithm 4 Fictitious play in zero-sum NMGs of a star-shape (i-th player)

Choose %J(»O) (s) to be a uniform distribution for all j € A//{i} and s € S

Choose @EO) (s, a) to be an arbitrary value forall s € Sand a € A

Choose N(s) =0foralls € S

for each timestep £k = 0,1,... do
Observe the current state s*) and update the visitation number as N (s(*)) = N(s®)) + 1
Take action a( ) e argmax, c 4. Q(k)(s(k) €q A(k)( ®)))
Update V; “belief forall i € A and s € S as

TAGY A k) ~(k)
V9 (s) = max QM (s, 0, 7 (6)) @)

Observe other players’ action a(_ki)

Update the belief as 75 (s) = 7% (s) + 1(s = s(®)aN (s (e, w — 78 (s)) forall s € S
if player ¢ = 1 then
Update the @ ;-belief forall j € N'/{1}, s € S,and a € Aas

Q1k+1 (57 ai, a]) = @glf]) (37 ai, a‘])

1
+1(s = S(k))BN(s) (rlyj(s,al,aj) + Z -

s'eS

Pi(s' | 5,a) V() = Q) (s,01,0))

Update the ()1-belief forall s € Sand a € A as

A§k+1 Z Q(k+1) s a1,aj)
JEN/{1}

else
Update the );-belief for all s € S and a € A as

@Ekﬂ)( ) Q(H (S»Gual) = @E—?(S,ai,m) + 1(8 = S(k))ﬁN(s) (Ti,1(87az‘,a1)

+7 Y P |5, a) V() = Q) (s aivan))

s’eS
end if .
State transitions s(*+1) ~ Py (-] s*) al¥))
end for

Proof. By the definition of a zero-sum NG, for arbitrary 71 € A(A1), {mi}ien/1y €
[Tienr/ 1y A(A:), the following holds:

Z (ﬂ'{ru + 7'('.1'-7“3:1) m =0 (28)
1€N/{1}

which implies 7] (r1; + r{l) = ¢;17 for some constant ¢;, since Equation holds for any
m; € A(A;). To be specific, ] (r1,; + ] ;)m; should be the same when we plugging 7; = e, for
any a; € A;, so that every element of WI (ri:+ riT, 1) is the same, i.e., there exists some ¢; € R such
that 7rf (r1; + r{l) = ¢;17. Plugging to Equation || we have Zie/\//{l} ¢; = 0. Moreover, this
again implies 71 ; + 7”¢T,1 = ¢;117, since 7] (r1; + rm) = ¢;17 always holds for any m; € A(A;) by
a similar argument as above. L]

Second, we define the Nash equilibrium value for the center player in a star-shaped zero-sum NG,
which is different from the general zero-sum NG case, where there may not exist a unique Nash value
[24].

Proposition 9. There exists a unique Nash equilibrium value for the center player 1 in a star-shaped
zero-sum NG (ie., r; ; = 0if ¢ # 1 and j # 1).
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Proof. Player 1 aims to maximize ).\, {1} miry ;m; while player ¢ # 1 aims to maximize

wfrlem = 7] (117 — 7y )m; = ¢; — w1 ™, with ¢; given in Proposmon I We can solve
these problems simultaneously by the following maxmin problem:

maximize minimize Z 7r1 71T
mE€A(AL) (mi)ien/ {1} ElLien 1y A(A EN/{l}
Since A(Ay) and [, pr 1y A(A;) are compact and convex sets, we can use the minimax theorem

to show that maximize,, ea(4,) MINIMIZE (7)), /13 €TT e nr 11y ACALD Zie./\f/{l} T T1,i7; 1S unique.
O

Note that there can be multiple Nash equilibrium values for each non-center player, but the sum of
Nash equilibrium values for non-center players is always unique (see the proof of Proposition [J).

Now, we start to prove that fictitious play dynamics given in Algorithm [ converges to a Markov
stationary NE in infinite-horizon zero-sum NMGs with a star-shaped network.

Theorem 2. Suppose Assumption [I|holds and Algorithm [ visits every state infinitely often with
probability 1. Then, for a star-shaped multi-player zero-sum NMG, the belief (7(*)),, >0 converges to

a Markov stationary NE and the belief (@(k))kzo converges to the corresponding NE value of the
zero-sum NMG with probability 1, as k — oc.

Proof. To prove the result, we consider a continuous-time version of Algorithm ] Using standard
two-timescale stochastic approximation techniques [44} Proposition 3.27], we can show that the limit
set of our FP dynamics can be captured by that of a continuous-time differential inclusion. Before,
we define several notation:

Qi(s) == (Qi1(8),-.,Qii=1(5),0,Qii41(s) ..., Qin(s)) € R sen 4]

Q(s) = ((Q1(9))7,(Q2(s)T, ..., (Qu(s))T)T € REien Milx 2w ]

h’(Q(S)) = max H Q L ,uz MIQL . (29)
nellien A 'LE/\%:{I} o ze./\%:{l} 1

Then, we consider the following differential inclusion for each s € S:

mi(s) + dmy(s) € argmax Z el Qui(s)mi(s) |,

dt a1 €Ay ieN {1}

=0, (30)

dri(s) € argmax (eT Qials )7r1(8)) , 4Q1,i(s) = 4Qi1(s)

mi(s) + = e A, dt dt

with a Lyapunov function candidate being

LA(T(a Q? S)

= | max Z T Qui(s)mi( Z IlneaXl iQi,l(S)Wl(S))_)‘h(Q(S))

weA\ e N7 N {1} N

where h is defined before, and A is chosen as 1 < A < 1/4. Then, Claim [7|below proves that
Ly (7, Q, s) is a Lyapunov function for (30).

Claim 7. For every 1 < A < 1/v, Ly(m, Q, s) is a Lyapunov function of (30) for the set A =
{(m, Q) : Lx(7,Q, s) = 0}.

Proof. First, we define V\(, Q, s) as below:

V(mQ.s) = max | D el Quils)mi(s) | + D max (eI, Qui(s)m(s)) — Ah(Q(s)):
ieN/{1} zeN/{l}
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Then, we have Ly(m,Q,s) = (Va(m, Q,s));. Moreover, let the maximizer of
Yieny{1y €4, @1,i(s)mi(s) be af and let the maximizer of ] Q;1(s)mi(s) as af fori € N/{1}.
Then, we have

av; (’/T,Q7S) _ T / T d
DELD Y uemne) |+ Y (Qu)ni)

ieN/{1} ieEN/{1}

= Y enQu) e —m) |+ D (el Qua(s)(eas — mis)
ieN/{1} ieN/{1}
< _V)\ (7T7 Qu 8)
since 3= v/ (1} 61;@1,;’(8)6@; + 2 iens(1y e(TL2 Qi1(s)ear < h(Q(s)) < A(Q(s)) holds by the
definition of h(Q(s)). Therefore, V) (7, @, s) is strictly decreasing with respect to time when
Vi(m, Q, s) > 0. To emphasize the time dependence of V) and L), we will write V) (7, Q, s, t) and

L)\(’/Ta Qa S, t)'

If Vy(m,Q,s,t) > 0,then Ly (7, Q, s,t) = Vi(m, Q, s, t) is strictly decreasing if L (7, Q, s,t) > 0
Therefore, we can see that if Ly (7, @, s,t) > 0 so that V) (m, Q, s,t) > 0, then Ly (7, Q, s,t') <
Ly(m,Q,s,t) forall ¢’ > t,i.e., Lx(m, Q, s, t) keeps strictly decreasing in this case.

If Vi (7, Q, s,t) < 0, then Ly(m, Q, s,t) = 0 always holds. Assume that there exists ¢; < ¢ such
that V) (7, Q, s,t1) < 0 and V) (7, @, s,t2) > 0. Due to the continuity of V), there exists some
t € (t1,t2) such that V) (m, Q, s,t) = 0. Then, w < =Vi(m, @, s,t) =0, so it is strictly
negative, which prevents it from becoming a positive value, so it is a contradiction. Therefore, if
Ly(m,Q,s,t) =0, then Ly(m, Q, s,t’) = 0 forall t’ > t in this case. O

Therefore, [44) Proposition 3.27] implies

lim ( max Z el Aglfi)(s)%gk)(s)

k—oo \ a1€A; eNT{1}
T AWK (N~ (R) _ A (k) _
+ Y max (L QYR () - M@ <s>>> ()
ieN/{1} +

for every s € S.

In Claim (8] we will prove that an NG with (G = (NV,&g), A = (Ai)ien, (@(k)(s))(m)egQ)
asymptotically becomes a zero-sum NG as k — oo for all s € S. Indeed, we have

QM (s) =  max S uQW i+ S wIQW (s ||,

HEllien AAD ieN/{1) ieN/{1}
we can conclude that for arbitrary policy u € [ ], A(A;i), the sum of payoffs in NG with (G =

N, E9), A = (Aiiens (@( )( ))(m)egQ) goes to 0 as k — oo. Therefore, h(Q(k)( ) = 0
implies that the NG is zero-sum NG, where h is defined as Equation (29).

Before stating that Q(k) asymptotically becomes zero-sum NGs, we state a lemma from [[16].
Lemma 1 ([16])). Suppose the sequence of random variables (y)r>0 With y € RY satisfies

Yrr1[n] < (1= Buk) yeln] + Bur (7 1Ykl oo + € + wn k)
Yrt1[n] > (1 = Bnk) Ykn] + Bk (=7 1Ykl o + €5 + wWnok)

for all k& > 0, where y[n| denotes the n-th element in yx, v € (0,1), Y70 Bk =
00, limy o0 Bnx = 0 for each n with probability 1, the error sequence (ex)r>o satisfies
limsupy,_, . |Ex] < ¢ and limsup,_, . |ex] < ¢ for some ¢ > 0 with probability 1. Here,
W,k 1s a stochastic approximation term that is zero-mean and has finite variance conditioned on
the history. Suppose that [|yy||, is bounded for all k. Then, we have limsup;,_, . ||yl < 5
with probability 1, provided that either wy, . = 0 for all n, k or 3.2/ 32 , < oo for each n with
probability 1.
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Claim 8. 1(Q™)(s)) converges to 0 for all s € S. In other words, an NG with (G = (\, &qg), A=
(Ap)ien, (Q(k)(s))(i)j)egc_’) asymptotically becomes a zero-sum NG as k — oo forall s € S.

Proof. Rewriting Equation (31)) with the belief of the value function, we have that for all s € S
li 7 (k) _ (k) —0.
Jim. (Z VP (s) = A(@QW(s)) | =0 (32)
1EN +
By the definition of ‘Z(k) (s) and Equation , we have

A(QM(5)) < (@M (5)) < " VM (s) < AQW)(5)) + éx(s)
ieN

forall s € S and k > 0 for some (€,(s))x>0, where €;(s) — 0. Moreover, summing over all the
(Q-belief estimates over i, we have

ST (s,a) = (1= Bu()) S QP (5, @) +45i(s) (Z P(s' | s,a) > V;““)(s'))

iEN iEN s'eS iEN

where (1 (s) := 1(s = s()) N () Thus, we have

S QM (s,a0) < (1= Bi() D QP (s.a) + Br(s) (7 max h(Q™ () + 76““))

ieN ieN
50 sa) 2 (1= () A (0) = ) (Tmax b @) )
ieN ieN

where ¥ = v\ € (0,1). Since maxy es h(Q™ (s')) is the maximal value of | Y ien Q( )(s a)l,
we can apply Lemma [I] to this situation. Let Z := S x A be the set of all possible state-action
pairs. Then, we can view this problem as yx[z] := >, Q(k)( a), for all k > 0. Note that
Y, is always bounded by 2Rn /(1 — ), since the reward function is bounded by R, and, every
timestep we update the sum of Q;-value estimates over ¢ € N with a convex combination of the pre-
vious sum of @Q;-value estimates over i € N and (3, 7i(s,a) + 7>, csP(s' | s,a)V(s)) <
(2Rn+ 7Y, csP(s' | s,a) maxqa Q(s',a’)) < 2Rn/(1 — 7), so we can recursively show
all the sum of ();-value estimates over i € A iterates are bounded. Therefore, Lemma 1

yields that maxyes h(Q® () = |lyelle — 0 as k — oo. As a byproduct, we also have
limp oo | DN Vi(k)(s)’ = 0, completing the proof. O

For Q € RXien MAilx2ien Al defined in @9), we denote Q; = (Q12,...,Q1.,) and Q_; :=

(Q31,---,Q 1)T. Then, we define Val; and Val_;, which are maxmin values with respect to @y
and Q _1, respectively, as follows:
Val{ (Q1(s TQ1.4(
H@u(#) = 11 EA(AL) 12 €A (A2) i €A e/\%:{l} HIEL
Val_1(Q-1(s)) = max > ou]

1o €A(A2),...,un €EA(AL) ;L1€A(.A1 ieNJ {1}
Note that the Val operator can be viewed as the maxmin operator in the two-player zero-sum case,
and it is indeed the star-shaped topology that enables us to write out a value iteration operator based
on it, whose fixed point corresponds to the NE of the game. In general, it is hard to define such a
value-iteration operator for other network structures. Also, note that since the maxmin formulas in
Val; and Val_; are by definition non-expansive, the induced value iteration operator is contracting
(due to the v € (0, 1) discount factor), which is key in showing the convergence of our FP dynamics.

Claim 9. |V,*)(s) — Va1, (Q'"(s))| and | i1} V%) (s) — Val_1 (Q™)(s))| converge to 0 for
alls € S.
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Proof. The definition of XA/Z-(k) gives
V()= max B, {Q{"(s,0)} > Val (@1 (s)) > min >~ &")TQY (s)u

a;€EA; -1 H2yeesfin

ieN/{1}

. ~(k ~(k ) Ak b o

= P Z (ﬂ-i ))T(_(Qz(‘,l)(s))T)Hi + i Z (ﬂ-§ ))T(Qg’g(s) + (QZ('J)(S))T)M
..... tieN T eN {1}
~(k ~(k . 3 .

> _;éna’ﬁ Z (7T§ ))T(Qz(',l)(S))T,ui —&-Mmub Z ( ) (Q( )( )+ (QE,B(S))T)M

B iEN/{1} FEREE) anN/{l}
> max Y @)TQEE) T -h@QWE) =~ Y V() - n@QW(s)),
o NI ieN/{1}

where the third inequality is due to the summation of minimization being no greater than the
minimization, and the fifth inequality is from the definition of h. The above inequality further implies

T+ Y T +h@W () 2 T(s) — val (@ (s) > 0.
ieN/{1}

The left-hand side goes to zero when k — oo, so the lemma is proved for player 1. The other direction
can be proved in the same way. O

Then, we define Shapley’s minimax value-iteration operator 77 : RISIXUAIX en/ayy Ml
RISIXUALIXY e nv /1y A gng T RISIX(Zieny 1y MAilX AL _y pISIX(ien 1y Ml XA 50 in

a two-player zero-sum Markov game [[13]] that

(@) (s, a1, 03) = 11(8,a1,05) +7 Z ni

s'eS

1IP’1 (s" | s,a1)Valy(Q1(s"))

(T-1Q-1) (s,a5,a1) = ri(s,az,a1) +7 Y ni 1]P1(5/ | s,a1)Val_1(Q-1(s")).

s'eS
Also, we define several norms:
[ lpas : R™*™ — Rsuch that ||Al .. = max |A4;;]
i€[m],j€n]
A p A .
I,y 2 R Esen7 03 M R such that | Xyl oy = > I Xeillna
ieN/{1}
S A ; A .
[/ —— RISIXUALX ey 4D s R such that X Nl a1 = H(”XS”maX’l)SesHmax

Claim 10. 7; and 7_, are contracting with respect to the norm ||-|| .. | . .

Proof. By definition of the Val operator, we have that for any Q1 = (Q12,...,Q1n) €
R sen/oy il and Q) = (Q),,..., Q4 ,,) € RMIXXieasony Ml and any i € N/{1},
se S, 7 7

H((T{Ql)(s ar,a;) — (T1Q1) (s, a1,0:)),ll ax
Z Pi(s" | s,a1)(Val1(Q1(s")) — Val1 (Q'(s")))

s'eS

nfl

Y
S — E Pi(s' | s al)max max E (Qui — Q1) a1, a:)
s'ES iEN/{1}

2
S n—1 HQl - Q/1||max,1,max7

soforany s € S, |((T1Q1)(s, a1, ai) — (ThQ1)(5, a1, i)l pax 1 < VI1Q1 = @1l a1, max holds
and therefore [|(7T1Q1 — T1Q1); | a1 max <V Q1 — Q1||max,1,max
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Similarly, we have that for any Q 1 = (Q3,...,Q] ;)7 € R2gen /iy il gpg @ =
(@1, Q)T € REsenyin M Xl

H ((T—lQ—l)(Saahal) - (T—lQ/—ﬂ(Saaiaal))iHmax
= L ST P | sian) (Val 1 (Qa(s) — Val 1 (@4 (5)

n—1 s'eS
< n—l ZIPH s'|s, al)agla?fln max Z Qi — Qi1)(5',ai,a1)
s'€s ieN/{1}
— —1||m'1,x1max’
so for any s € S, (7= (s,a;,a1) —( ,162’71)(5,@1-,al))iHmaX’1

y HQ,l - QLleaX’LmaX holds and therefore H(T,lel -T1Q",
v HQ_l - Ql_l“max,l,max'

)i”max,l,max

O IANIA

Since the operators 77 and 7_; are contracting, they have a unique fixed point denoted by Q7 and
Q* ;. Moreover, we can guarantee that Zie/\//{l} Q7.i(s,a1,a;) + Zie./\f/{l} Q7 1(s,ai,a1) =0
for every (s,a) and i € N'/{1} since we can interpret it as a fixed point of zero-sum two-player
Markov game and Q* are the () value. The update of beliefs on the (Q-function can be written as

QF V(s,a) = (1 Bu(s)QP (s,0) + Bi(s) [ Y. QP (s,a1,0:) + &M (5,0)

ieN/{1}
S @ (sa)=(1-Fis) Y. QM (s.a)

ieEN/{1} ieN/{1}

“rﬁk(s) Z Tflé(—kl)(sﬂaival) +g(—k1)(8’a)
ieN/{1}

Here, ka)(s, a) and SE’? (s,a) are defined as
& (s,a) =7 3 Puls | s,a1) [T () = Va Q1 (+1)

s'eS

E8(s.a) =7 D P | soan) | D0 V)~ Vala (@B (+)
s'€S ieN/{1}
where the two values go to 0 by Claim[9]

. S(k * Sk *
Claim 11. |Q{"(s,a) = Y1y Qi (5. a1,a:) and [Q) (5, 0) = X, pr) 1) @71 (5. a1, a1)| con-
vergeto 0 as k — oo forall s € Sand a € A.

Proof. Define Q) (s,a) := Q¥ (s,a) — 2ien/(1y @i(s; a1, a;) and Q") (s,a) == Q") (s,a) -
2ien/{1y @21(s, ai, ar). Then, by using QF and Q*, as the fixed point, we have that for each
seSanda € A:

Q1 (s,a) = (1 - Bu(s)QY" (s, a)

+Be(s) | Y QP (s,a1,0) — Y TiQi(s.arai) + £ (s,a)

ieN/{1} ieN/{1}

Q%M (s,a) = (1 - Bi(s)Q% (s, a)

+ Br(s) Z 7:1Q(7 (s,a;,a1) Z T1Q (s, ai,a1) +5(,ki)(s,a)
ieN/{1} ieN/{1}
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and Claim[I0]implies that

0% (s,a) < (1= Bi(s)QM (s, a) + Bi(s) ('Y HQl

+ek)
max,1,max

_ &k
max,l,max

which yields @gkﬂ)(s, a) — 0 and also é(ffl)(s, a) — 0as k — oo by Lemma O

QY (s.a) = (1= Bi(s)Q1" (s.a) + Bi(s) (—v |@y|

Therefore, we verified that ‘71(k) (s)—Val (Q71(s)) — 0and 17_(]? (s)—Val_1(Q*(s)) — 0 for every
s € S. Therefore, the beliefs on the opponents’ policies converge to a (perfect) Nash equilibrium of
the underlying zero-sum NMG. O

Remark 8. This can be also done with the stochastic fictitious-play dynamics, in a similar way as
the argument in Section[D.1.2]

Remark 9 (Stationary equilibrium computation via value iteration). By Claim we know that
with a star-shaped topology, we can formulate a contracting value iteration operator, which plays
an important role in showing the convergence of fictitious play. In fact, iterating such a contracting
operator, which leads to the value iteration algorithm, can lead to efficient NE computation in this
star-shaped case also, with a fixed constant . This folklore result supplements the hardness results
in Theorem [I] where stationary equilibria computation in cases other than the star-shaped ones are
computationally intractable. This completes the landscape of stationary equilibria computation in
zero-sum NMGs. We provide the value-iteration process in Algorithm[5] One can guarantee that
Qi(s,a) = Zie./\f/{l} Q1,i(s, a1, a;) converges to the Q7 (s, a), which corresponds to the Nash
equilibrium values of the zero-sum NMG. Also, by solving the maxmin problem in (33)), Q1 (s)
provides an approximate NE policy.

Algorithm 5 Value iteration for zero-sum NMGs of a star-shape

Initialize Q1,(s,a1,a;) = 0,Q;1(s,a;,a1) =0forall s € S,a € A,i € N'//{1} and V;(s) =0
foralls € S,i ¢ N
for each iterationt = 0,1, ... do

Find p for each s € S such that

u(s) € argmax argmin Z I Q1 i(s) i (33)
H1EA(AL) p2€A(A2),. .., un €EA(AR) ZEN/{l}

Update Vi(s) = >Zicp 1y 1 (5)@1i(s)pi(s) forall s € S
Update Q1 ,4(s,a1,a;) = r1,4(5,a1,0:) + 7> ycs n%l]P’l(s’ | s,a1)V1(s") forall i € N'/{1},
seS,ac A

end for

E Background on Stochastic Approximation and Differential Inclusions

Section |[E| introduces the theorem statement of [44]]. Let F' : R™ = R™ be a set-valued function.
Assume that F' satisfies the following properties:

1. Fis aclosed set-valued map, meaning that its graph Graph(F') = {(z,y) : y € F(z)}isa
closed subset of R™ x R™.
2. F(x) is a non-empty, compact, and convex subset of R for all z € R™.
3. There exists a constant ¢ > 0 such that for all z € R™, we have sup,¢ g, [2] < (1 + []).
The differential inclusion problem involves finding a solution vector function  : R — R that
satisfies the initial condition (0) = x € R™ and the following relationship for almost all ¢ € R:
dx(t)
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Definition 7 (Perturbed solutions). A perturbed solution to F' refers to a continuous function y :
R, = [0,00) — R™ that meets the following requirements:

* vy is absolutely continuous.

* There is a locally integrable function ¢ — U (t) that satisfies:

— Forall T > 0, the supremum of ‘ ftt+v U(s)ds‘ over the interval 0 < v < T converges
to zero as t — oo.

— For almost every t > 0, the expression df’j—gt) — U(t) belongs to F°()(y(t)), where
0 : [0,00) — Ris a function such that 6(¢) — 0 as ¢t — oo.

Definition 8 (Stochastic approximations). A discrete-time process {x, },, .y is a stochastic approxi-
mation if it satisfies the following relationship:
Tpy1 — Tn — Yny1Ung1 € Y1 F (7)),

where the characteristics v and U meet the following conditions:

* The sequence (7,),>1 consists of non-negative numbers such that Znoozl Yn = 00 and

* The elements U,, € R™ can be either deterministic or random perturbations.

A continuous-time process can be associated with such a process as follows:

Definition 9 (Affine interpolated process). Define the following: 7o = 0 and 75, = > .-, 7; forn >
1. The continuous-time affine interpolated process w : Ry — R is defined as:
Tn+1 — Tn

’w(Tn—FS) =Tyt S—, SE€ [Oa'}/n-i-l)'
Tn+1 — Tn

We define ®;(z) = {x(t) : « is a solution to dﬁt) € F(x(t)) with z(0) = z}.

Definition 10 (Lyapunov function). Lyapunov function for a set S is a continuous function V' :
R™ - Rif V(y) < V(z)forallz € S CR™,y € &,(z),t > 0,and V(y) < V(z) forallz € S,
S (bt(.f),t > 0.

Theorem 5. Assume that the following hold:

e For all T > 0, the supremum of HZf:_i ’Yz‘+1Uz'+1H fork =n+1,....m(,+7T)
converges to zero as n — oo, where

m(t) =sup{k >0:t>7}.
e sup, ||zn]| = M < oc.

Then the affine interpolated process (c.f. Definition [0 is a perturbed solution.

Theorem 6. Suppose that V' is a Lyapunov function for a set A. Assume that V' (A) has an empty
interior. For every bounded perturbed solution ¥, define L(y) = (), {y(s) : s > t}, then L(y) is
contained in A and V(L(y)) is constant.

F Omitted Details in Section

We first recall the folklore result that approximating Markov non-stationary NE in infinite-horizon
discounted settings can be achieved by finding approximate Markov NE in finite-horizon settings,
with a large enough horizon length.

Proposition 10. A 2e-approximate Markov non-stationary NE in an infinite-horizon y-discounted
MG can be generated by (1) truncating the trajectory at time step H > % and (2) finding an
e-approximate Markov NE in the H-horizon MG.
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Proof. We will execute a policy 7 such that (1) for the first H steps, we follow e-approximate NE in
the H-truncated MG, and (2) after the H steps, we follow an arbitrary policy. Then, we have

V7 (s) =Y B[y 'ri(sn,an) | s1 = 5]
h=1

Bpoe [V rilsnoan) [ s1=s] —e+ D> Exly" 'ri(snan) | s1 = o]

M=

h=1 h=H+1
H 00 R h—1
> ZEuuﬂﬂhh_lTi(Shaah) | 51 = 5] —e+ Z Euixﬂ—i[’yh_lri(shvah) | 51 = S] - 17_ ~
h=1 h=H+1
o
> ZEMz‘»‘ﬂ'fi[’yhilri(shaah) | s1 = 5] — 2e
h=1

for an arbitrary policy p,;. Here, the first inequality comes from the definition of NE in the H -truncated
MG, the second inequality comes from 0 < 7; < R and the last inequality comes from the definition
of H. Therefore, the executed policy is a 2e-approximate NE. O

In this section, we will utilize two performance metrics: Matrix-NE-Gap and Matrix-QRE-Gap.
For the definition of QRE, we refer to Definition []and (23).
Definition 11. For an NG M with (G = (N, &), A =[], o Ais (74,5) (5, ce,.)» we define Matrix-
NE-Gap and Matrix-QRE-Gap of M for some product policy 7 as follows:

Matrix-NE-Gap (M, w) = ?é%{ﬁ;gfﬁi) (ri(mi, ;) — ri(m))

2 : / E :

= max max T, T4 — T4 705

ieN | meA(A) | vt _ 7
JEEr JEE

iX- - — (! ) — )
Matrix-QRE-Gap,. (M, 7) %%(W;én&);i)(rm(wl,ﬁﬂ) 774 (T))

=max | max E miri 7 + TH(T) | — E miri T + TH(m;)
ieN |[mealan |\ ,
' JEEr JEEr,i

When the underlying graph and the action space for the NG are clear, we also
write  Matrix-NE-Gap(M,n) or Matrix-QRE-Gap,.(M,7) as Matrix-NE-Gap(r,7) or
Matrix-QRE-Gap..(r, 7), respectively.

We now provide the relationship between Matrix-NE-Gap(r, 7) and Matrix-QRE-Gap,. (7, 7).
Lemma 2 ([31], Page 6, Equation (8)). For an NG M with (G = (N,&), A =
[Licar Ais (7i5)i.j)ee,. ) the following holds:

Matrix-NE-Gap(r, 7) < Matrix-QRE-Gap,.(r,7) + 7 max log | A;].
1€

Thus, setting 7 = m then an e/2-approximate QRE is also an e-approximate NE.
Hence, finding an approximate-QRE for zero-sum NGs is sufficient for finding an approximate-NE,
with a small enough 7. Now, we define the NE-Gap for an MNMG.
Definition 12. For an MNMG M with (G = (N, &€q), S, A, H, (Ph)ne(n); (Th,i,5(8)) (i,j)e€0,5€8)s
NE-Gap for some product policy 7 at timestep h € [H] is defined as follows:

NE-Gaph(M’ ﬂ—) - I;Ié%( I?Eag( TrEEAr(r;a,S(ISIXH (thé.’ _'(S) - Vh’i(s)) '
Now we summarize the algorithm in Algorithm [l By Algorithm [0l Qi (s, a:,a;) =
Q7 i (s,ai,a;) and Vii(s) = VI, .(s) holds, so that an NG characterized by
(G, A, (Qn,ij(5)),j)ee,) is always a zero-sum NG for all s € S,h € [H]. And by induction,
we can show that |QF ; (s, ai,a;)| < (H +1—h)Rforallm, h € [H], (i,j) € £, s € S, a; € Aj,
aj € Aj (e, |QF (5)| 0 < HRforallm, h € [H],s €S).
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Algorithm 6 A value-iteration-based algorithm for finding NE in zero-sum NMGs
Update Vi 41,i(s) =0forall s € Sandi € N
forsteph=H,H—1,...,1do

if N # () then
Update Qhﬂ-,j(s, a;, aj) for all (Z,]) S (C:Q7 seS,a; € .Ai,aj S A]‘ as

Qni (8, ai,a5) = 0 5(8, ai, a;)

1 )
+ ) (10 € No)Fui(s' | s,a:) +1(j € No)Fu (s | 5,a5) ) - Vigrals')
Soe\l€qal

(34
else if Vo = 0 then
Update Qi ; (s, a;,a;) forall (4,5) € Eg,s € S,a; € Aj,a; € Aj as

1 .
Qn.ij(s,ai,a;) = rhi (s, ai,a;) + <|5Q‘|1(] € EQ,i)Fno(s'| ) Vh+1,i(5/)>

s'eS
(35)
end if
Update 7, (s) = NE-ORACLE(G, A, (Qn,i,;(5)) i j)ee,) forall s € S
Update V;, ;(s) foralli € ;s € S as
Vii(s) = > 7k (8)Qni i (s)mn 5(s) (36)

JEEQ,i

end for

Proposition 4. Suppose that for all h € [H],i € N,s € S,
NE-ORACLE(G, A, (Qn.i,j(5)),j)ee,) Provides an ey s-approximate NE for the zero-
sum NG (G, A, (Qn,ij(5)),j)ee,) in Algorithm @ Then, the output policy 7 in Algo-
rithm |§I is an (Zhe[H] maxses €p,s)-approximate NE for the corresponding zero-sum NMG
(G =WN,8Q),S, A H, (Pr)nera), (Th,i.5(8))i,5)eeq,5e8)-

Proof. Let M = (G, S, A, H, (Ph)ne(a), (Th,i.;(5))(i.j)eq,ses)- For any 7w and h € [H], we have

NE-Gap, (M,m) = masmax | max (V17 (5) = Vii(9)

T T 3 Th,—i),Tht1:H T isTh,—i),Tht1:H
= max max max [Vhﬂ’;’ﬂ (s) — Vh( P Ih (s) + Vh( P dimhts (s) — Vh”i(s)}
IEN SES mleA(A;)ISIxH ' ’ ’ ’
! 7
T Thi1l:H (Th,i)Th, i), Th+1:H ™
= max max max Py, (r NU% 7 } s)+V, . s)—V .(s
e [Buep oV V) V] ()= Vi

(77/ iTTh,—i)sTht1:H
< NE- M 3 [ hi vy }
= Gaph+1( ,7T') + I}g}\)f( Igleasx Tr;“(rsr)lgi(Al) = Vh,z (S) Vh,z(s)

= NE-Gap,, (M, 7) + max Matrix-NE-Gap(Q(s), 7)) < NE-Gap,, (M, ) + WAX €p,s-

Therefore, for any 7 and h € [H], we have NE-Gap,, (M, ) < >} ¢ ;) MaXses €n,s- O

F.1 Several examples of NE-ORACLE

Example 1. Optimism & Regularization: OMWU algorithm [51]. According to [51, Theorem 1],
if we apply Algorithm(7|to (G, A, (Qn.i,j(5))(i.j)ee,) for each h € [H], s € S, the required number
of iterations for Matrix-NE-Gap(Q7 (s), m) < ¢/H is O (H?dymax/€) where dpax is the maximum

degree of underlying graph G. Consequently, the overall iteration complexity is O (H 3dmax|S|/ e).
Note that these results are in terms of last-iterate convergence.
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Algorithm 7 OMWU for zero-sum NGs with 7-entropy regularization [S1]
(0) ~(0)

Choose 7, ’, 7, as uniform distributions for all i € N/
Define 7 = 1/(nmax;ecnr log|A4;|) and p = 1/(8n 7] )
for timestept = 0,1, ..., do
Update the policy 7\ as 7" (a;) o 7" (a;)!="" exp (nlr;w®],,) forall i € A and
a; € AZ
Update the policy 7710’“) as 7ri(t+1) (a;) x ﬁgtﬂ)(ai)l*’” exp (nr;w®],,) forall i € M and
a; € ./41
end for
Regularization Regularization-free
_ OMD [54]:
O(1/€?) best-iterate
Optimism _OMWU [51]: Asymptotic last-iterate

O(1/e) last-iterate
_ (14 11501116 154]:
O(1/¢) average-iterate + Marginalization

_ Algorithm |9

4 B
O(1/€") last-iterate __Any no-regret learning algorithm with

Optimism-free O(1/€%) average-iterate + Marginalization

_ Algorithm
O(1/€%) last-iterate
Table 1: Tteration complexities for finding an ¢-NE for a zero-sum NG with (G =
(N, E), A, (i) i.5)ee) with different NE-ORACLE subroutines. O(-) omits polylog terms and
polynomial dependencies on 7, ||7|| max, R.

Example 2. Optimism & Regularization-free: OMD algorithm [54]. According to [54, Theorem
3.4], if we apply Algorithmto (G, A, (Qn,i j(5))(i,j)ee,) foreach h € [H],s € S, the required

number of iterations for Matrix-NE-Gap(Q7 (s),m,) < ¢/H is O (H?n/¢?). Consequently, the

overall iteration complexity is o (H in|S|/ 62). Note that these results are in terms of best-iterate
convergence.

Algorithm 8 OMD with KL-distance generating function for zero-sum NGs [54]

© 7?(0) as uniform distributions for all i € A/

Choose 7; 7, 7,

Define n = 1/(4n ||r|.)

for timestept = 0,1, ..., do

(t+1) (t+1)

®

Update the policy m;' "~ as m, " (a;) o 7 (a;) exp (n[riw®],,) forall i € A and a; € A;
Update the policy ﬁgtﬂ) as ﬁgt“)(ai) o ﬁgt)(ai) exp (n[riwt+Y],,) for all i € N and
a; c A1

end for

Example 3. Optimism-free & Regularization: MWU algorithm. We provide MWU for zero-
sum NGs with regularization in Section[F2] According to Theorem [7]and Theorem 8] if we apply
AlgorithmE] or Algorithmto (G, A, (Qn,i.(5))(,j)ee,) for each h € [H], s € S, the required

number of iterations for Matrix-NE-Gap(Qj (s), ) < ¢/H is O (H®n/e*) or O (H'¥n? /%),

respectively. Consequently, the overall iteration complexity is O (Hn|S|/e*) or O (H'n3|S|/¢%),
respectively. Note that these results are in terms of last-iterate convergence.
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Regularization Regularization-free

Algorithm[6[+ OMD [54]:
2 .
Algorithm|[§+ OMWU [51]; O(1/€7) best-iterate
O(1/€) last-iterate _ Algorithm|[f]+ [TT4 15| [[16, 54]:
O(1/e) average-iterate + Marginalization

Optimism

Algorithm 6|+ Algorithm |9
O(1/€*) last-iterate

Algorithm (6] + Algorithm
O(1/€®) last-iterate

Algorithm 6|+ Any no-regret learning algorithm

Optimism-free with O(1/€*) average-iterate + Marginalization

Table 2: Iteration complexities for finding an €-NE for a zero-sum NMG with different NE-ORACLE
subroutines. O(-) omits polylog terms and polynomial dependencies on n, H,|S|, R, ||7||

F.2 Analysis of MWU for zero-sum NGs with regularization

F.2.1 Fixed regularization

First, we provide an algorithm that has a fixed coefficient for entropy-regularization (Algorithm J).
Recall that 0 < r; < R for some R > 0, forall; € .

Algorithm 9 MWU for zero-sum NGs with 7-entropy regularization

Choose K = [2R/7T + log(max;cnr |Ai])) ]
Choose Wfo) as a uniform distribution for all i € N/
for timestept = 0,1,... do
Define ") = 1/(7(t + K))
Update the policy as 7" (a;) o (7" (a;))1=7"" exp (n®[riw®],,) forall i € N and
a; S AZ
end for

|~ii| exp (—%) for all a, 6«41} and gZ(t) _

Claim 12. Define §; = {m € A(A;) | mi(a;) >

rin® — 7log TI'Z(t)

holds for all i € A and t > 0.

~—

in Algorithm Then, 7ri(t+1 i

= argmaXq.eq, (WiTg(t) - ﬁKL(M,WEt)))

Proof. The equation ﬂ'EtH)(ai) o (71'1@ ()17 exp (n®[r;w®],,) implies that

1
7T£t+1) = argmax (ngft) - WKL(W“ Wf”))
T EA(A;) n

by a simple algebra. The remaining part to establish is that 7r§t+1) € 2, holds true for all £ > 0 and
(0)

for every i € NV. To prove the remaining part, we use induction. As 7, ’ is chosen to be a uniform
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(0)

i

(®)

distribution, it is clear that 7w, ’ € ;. Under the assumption that w,;~ € §2;, we have

(7P (@)= exp ([Drw®],,)
Sorea (10 (@) =107 exp (O rm®], )
1—n(t)7'
R
(P exp (- 2))
O Ygrea, (77 (@) =197 exp ([n®rim®],, )
1—n®r 1—n®r
R
(Fhyexp (-2)) (Fyexp (-2))
> >

|
(i) exp(n®R) Za'.eAi (W(t) (a5))1=n97 (i) exp(n® R)|A; |77

_ 1 _R
T AP

thereby concluding the proof of our claim. In the above, (7) is derived from exp ([n(t)rm(t)]a ) >1

" (a;) =

NG

and the induction hypothesis; (i4) is the result of exp ([p®r;7®],,) < exp(n® R). Finally, (iii)
+ 1,77(0.,-
comes from 3, 4 (ﬂgt)(ai))l_"( T < | A (ﬁ DaicA, Wgt)(ai)) , by Jensen’s inequal-

ity. O

In the forthcoming analysis of Algorithm [9] and Algorithm [I0] our first step bounds KL(7%, 7).
Following this, we employ Proposition [T1]below to bound the term Matrix-QRE-Gap, . Finally, we
leverage Lemma[2]to bound the Matrix-NE-Gap.

Proposition 11. For any 7 > 0, m, and r, the following holds:

Matrix-QRE-Gap, (r,7) < O ((T max log | A;| + R) KL(7%, 7r)> .

Proof. For any 7, 7, and r, we have

Matrix-QRE-Gap,. (v, 7)

=max | max E mr T+ TH(m) | — g i 575 + TH(m;)
iEN | mien(A;) | . . i
| JEEri JEEri

/ / / !
=max )| max > mirgmr + THT) Y mirm = Y W
ic wie : . ’ ) . ’
L * ¢ JEEr JEEr: JEEr

— Z 7TZ‘T‘,*7J'7T]‘+TH(7T/L‘) ‘|

JEEr

< mN[mU 2w+ U |+ 3 Rl -,
i) i Y\GEEN; JEEr

—~

— Z 7Ti’l“i7j7Tj+TrH(7Ti) ]

JEEr
/ * / * *
S mex | max Y wirigmr +THE) | = | DD mhrgmr + TH(m)
) i * JEEr JEEN:

2y Rnw:,jnlmumw:ﬂvnl]
JEE
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=0 (R KL(@,@)

!/ * / * *
+max | max g i T+ TH(T) | — E iy + TH(m)
ieEN ﬂiGA(.Ai) . .
JEEN; JEEN

(iﬁv) (@] (R KL(W;,W))

‘ JE€E
_ Z T i+ TH(T ) |+ V37 log | Ail 4 /KL(77 ;, m)]
JEEri

<O ((T max log |A;| + R) KL(W;J)) ,
ieN

where (7) and (47) are due to the definition of R. Meanwhile, (4i¢) holds by the Pinsker inequality,
and (iv) holds by bounding the difference in Shannon entropy via KL divergence, [L17, Theorem
2]. O

Lemma 3 ([83, 51]]). For any zero-sum NG with (G = (N, &;), A, (i) (,j)ee, ). for any joint
product policies u, v, the following holds:

> (ripisvei) +ri(vi, pi) = 0,
€N
By Lemma[3]and the definition of 7, ; (Equation (25)), we can derive
> (rra(el?mr ) + (7)) = o (37
iEN
Analogous to the method used in Claim we can show that the QRE, 77, belongs to Hie N Q;.
Furthermore, we can bound gft) (a;) foralli € A and a; € A; by

1 R
600 < =700 < 1= i (e ()
-

| Al
= 2R + 7log(]A;])

so that n(t) ggt) (a;) < 1foralli € N, a; € A;, and ¢t > 0. Therefore, we can apply Lemma@below.
Lemma 4 ([118], Theorem 2). For a convex set Q C A(A), nu < 1 € Rl and any 7 € €, define

~ 1.
7! = argmax <7TT/,L - KL(7T,71')> .
TeQ n

Then, for any v € 2, the following holds:
KL — KL d
(v—myrg < ST ZKLGT) L) S g a2,

N acA

Now, we state the theorem on the iteration complexity of Algorithm [9to obtain an e-NE.

Theorem 7. The last iterate of Algorithm@requires no more than O (nR4 / 64) iterations to achieve
an ¢-NE of (g, ./4, (Ti,j)(i,j)egr)-
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Proof. First, we bound the difference between 7. ; (7 rlt )) and 7, ; (7)) as follows:

7'77

= (= 7®) in® 7 ( S @) logr (@) — 30 ﬂ,xaz—)logﬂ%i(ai))

a;€EA; a;€EA;
T
— (rt ) ) 0 )

B KL (W*, w(t)) ;:){L (ﬂz,wftﬂ)) 4 g Z WEt)(ai) (gi(t)(ai))Z KL (W:” Z(t))

a;EA;

KL (3, 7") = KL (72, m"+Y

TZ’ Z

2
) +n® <2R + Triré%clog(lAiD) — 7KL ( (t)> .

Here, the penultimate inequality holds by LemmaE| since 7, ; € ; and n® ggt) (a;) < 1 holds for
all ¢ > 0 and a; € A;. Therefore, we have

KL (F:,iv Wz(tJrl))

< (1=nO7) KL (w357 ) £ 0O i@ ®) = (1,71

2
+ ()2 <2R+Tné&}\>f<log(|v4i|)> .

forall € N and ¢t > 0. If we sum (38) over i € NV, we have

KL (71':, 7r(t+1))

2
< (1 — n(t)r) KL (ﬂ:,w(t)) + n(n®)? (2R + Tr_rg}\)/{log(LAi))

+ 3 9O (7 ®) — (s, 7))
ieEN

2
= (1 —n®r ) KL (7r W(t)) +n(n™)? (2R + TI}é%\)f(lOgdAi))

2 0Ol 7 ) = real) (39)
iEN
2
<(1-nW * o) (t))2 _
< (1 n T) KL (7T7.,7T ) +n(n'™) (2R+Trlréz}\>fclog(|u41)> (40)
for all t > 0 where (39) holds due to (87) and >~ \ -, ((r®) =3,y rei(mE) = 0, and @0)

holds due to that 7% is the NE for the game that having the payoff r, ;. If we recurswely apply @0),
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we have

KL ( (t+1))

t 2t
< H(1 _ n(l)T)KL(ﬂ';, 71-(0)) +n (QR + Tmaxlog |A;]) ) Z H (1- 77(8)7')

1=0 1=0 s=l+1

t
— 0 =1/ + K)KL(rz, =)

1=0

2.t t
K)?
+n<2R+Tmaxlog |,4|> ;; K)?) Hl(l—l/(s+K))

< K/(K + t)KL(x*, 7))

2
+n <2R+T€%%<log(|Ai|)> %log((t—i-K—i- 1)/(K))(1/(t + K))

=0 ((KZlog |A;]) + nmax (RQ/T maxlog (|A; ))) /)

ieEN
A 2/.2 2 )
=0 (nmax <R /T ’I}é%dog (AzD) /t> :

Therefore, if we iterate Algorithm [0 for 7" times, by Proposition [ITand Lemma 2] we obtain an

%) _ . 2 /72 2(1 A,
o <T£%%clogAz| + <T€%%<10g|AZ| +R> \/nmax <R /T 7riré:}e[(log (|A1|)) /T)

approximate NE. Therefore, if we want to obtain an e-NE (e > 0) for the matrix game in the last
iterate, we need to have O (nR*/¢*) iteration. O

F.2.2 Diminishing regularization

One might also consider the algorithm with a diminishing choice of 7. We provide Algorithm [I0] for
this case.

Algorithm 10 MWU for zero-sum NGs with diminishing entropy regularization

Choose K = (R + 2 max;cn log |A;])?
Choose 7T( ) as a uniform distribution for all i € N
for tlmestept =0,1,... do
Define 7 = (t + K)~'/6 and ") = (t + K)~'/?
Update g(t) = — 70 1og Wgt) foralli € N/

Define Q" {m € A(A) | mi(a:) = e foralla; € Ai}

Update the policy as 7r( ) = argmax_ o (71' gz(t) m KL(7;, 7 (¢ ))) foralli € N/

’L

end for

Let 7*,, be the unique NE in the policy space [ [;c Qgt) for the game that has the payoff ) ; as
(t) (t)
E ) = alrm £ T ORm) = Y ().

e e 1€l

v i(m) = ri(m) + TOH(r) —
jee,

Moreover, we can bound g( )(az) foralli € A and a; € A;:

9 (a;) < R— (t + K)"Y%logn{”(a;) < R+2(t + K) ™Y/ log(|Ai|(t + K))
<R+ 2r,rézji\>fclog(\¢4i|),

so that n(t)ggt)(ai) <1foralli € N, a; € A;, and t > 0. Therefore, we can apply Lemma
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Theorem 8. The last iterate of Algorithm [10| requires no more than O (n®R'2/¢5) iterations to
achieve an e-NE of (G, A, (i ;) (i.j)ee,.)-

®

Proof. First, we bound the difference between 7, ;(77 ) ;, 7)) and roc ;(7®) as follows:

P20 (T 5y 1) = T 5 (1)

= (W:“),i - wgt))Trivr(t) +7® < Z 7ri(t)( )logw(t) Z T 4(a;) log 7l (al)>

a; €A, a; EA;
T
= (W:m,i - 771@) gz( ) WKL (77 ) 5 z(t))

t+1
KL ( T(t) .10 Z( )> KL ( T(t) 177[-5 )>

<

n(t)
2
A 0 (1) 8 )
aieAi
KL (W:U)m”z( )) KL( Tow 7W§t+1)>
<
- n(®)

2
+p® <R +2(t+ K) 7O maxlog(| A (¢ + K))) (KL ( T a0 wfﬂ) .

Here, the penultimate inequality holds by LemmaE| since 7.1 ; € Qz(-t) and n(*) gl(t) (a;) < 1holds
for every t > 0 and a; € A;. Therefore, we have

KL (ﬂ-:(ﬂ'l),i’ 7T§t+1)>
< (1 - n(t)T(t)> KL (7T ® 4 1( )) +n® (TT(”,i(ﬂ-(t)) =770 i (T 4 779)) (41)
2
+ (n")? <R+2( +K)” 1/6maxlog(|A (t+K)))
+ KL (ﬂ':(t+1)}i7ﬂ'§t+1)) Kl ( TU) 1,71_2(754’1))
foralli € N and ¢t > 0. If we sum @T)) over i € NV, we have
KL (W:<t+1)77"(t+1))
2
<(1- n(t)T(”) KL (w:<,,),w<t>) +n(n®)? (R +2(t + K) ™/ maxlog |4 (¢ + K)))

+ Z n T(” )) —Tr®y ( T(t) T ( ))) + KL (W:<t+l)7ﬂ-(t+1)) — KL (W:(t)vﬂ(t+l))
iEN
2

= (1 - n<t>r(f)) KL (77;,,),77(&) + n(n®)? (R +2(t + K)~/6 ri%g}\}/(log(LAi\(t + K)))

(42)
+ Z n(t)(rf(t),i(ﬂ—z(t)v W:m,_i) - 7“T<t>,i(77:<t>)) + KL (W:wl) ) 7T(t+1)) — KL (ﬂ(t) ) 7T(t+1)>
iEN
2
< (1 - n<t>7<t>) KL (w:m, (t >) +n(n®)? (R +2(t+ K) /O maxlog(| A, (¢ + K)))
LKL (W;(Hmﬁmn) _ KL (W:m , 7r(t+1)) , (43)
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for all t > 0 where (@2) holds due to (37), and (@3) holds due to that 7% is the NE for the game with
the payoff r ) ;. If we recursively apply @3), we have

KL (W*<t+1> ) 7T(H1)>

t
n®r l) YKL(7%, 7-‘-(0))

=0

2t
+n <R+2( +K)~ 1/6nlauclog(|A |(t + K)) ) Z (n)? H (1 —n®)7re)
1=0 s=l+1

+ zt: ﬁ (1- n(s)T(S)) (KL (ﬂ:(t+l),7r(t+1)) _ KL ( X T (t+1))>

o+

2t t
+n<R+2(t+K)_1/65¥3\>filog(|Ai(t+K))) d/+E) [ - 6+E)27)
=0 s=l+1

+ Et: ﬁ (1—(s+K)?7?) (KL (W:<t+1>7”(t+1)) - KL (W:a),w(t#)))

=0 s=l+1

< O<nmaX(R malog(|A;[) Ut + K)~ 1/3+maxlog (JA ) (t + K)~ 1/3)
(i)

=0 (nR2t71/3) .
Here, (i) holds because

t

_ / « (0 — O v
gl (t + K)"23KL(rx, 7(?) O(exp( t13))

holds,

Y /a+K) I (= (s +E)7>%) = O((t + K)7%)

1=0 s=I+1
holds by [119, Lemma 4], and

t t
3 H (1= (5 + K)722) (KL (720, D) = KL (w2, 704D )
1=0 s=I+

gnéaﬁlog (Al ¢+ F)) ¢+ ) 7/

holds by [119, Lemma 4, Lemma 15]. Therefore, if we iterate Algorithm [I0] for 7" times, by
Proposition[TTand Lemma[2] we obtain

o (Tl/6 m%(log |A;| + <T1/6 m%(log |Ai| + R> vV nR2T1/3)
1€ 1€

approximate NE. Therefore, if we want to obtain ¢-NE (e > 0) for the matrix game, we need to have
O (n®*R'?/€°) iterations. O

G Experimental Results

We now present experimental results for the learning dynamics/algorithms investigated before.
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G.1 Fictitious-play property of zero-sum NMGs

We present an experiment for the fictitious-play property in Section E} We experimented with an
infinite-horizon ~y-discounted zero-sum NMG (G = (N, &g), S, A, P (r )ien',7Y), where N' =

{0,1,2}, § = {0,1}, A; = {0,1} forall i € N, P(s'|s,a) := Fo(s'|s,a0), Fo(0]0,1) =
1 2
Fo(O‘l,O) = 0.8, ]Fo(0| 1,1) = F0(0|0,0) = 0.2, 7‘071( ) = -7 0( )T 4 3 . 7‘072(0) =

—12,0(0)7 = B ﬂ ro1(1) = —r10(1)7 = [;l ﬂ ro2(l) = —ro0(1)7T = Lll z] a

tolw , By = 075 L, and ~ = 0.99. We iterated 228 times for the experiments. The result is demonstrated
in Figure 3] (a). Note that the gray and black lines indicate the sum of the values for states 0 and 1,
which asymptotically go to 0.

0.8
—— OMWU
—— player0-s0 0.7 \ OMD
800 —— player0-s1 \ — MWU
—— playerl-s0 0.6 \
£ 600 —— playerl-sl \
S 0.5
) —— player2-s0 o
T 400 —— player2-s1 6‘0_4
-8 —— sum-s0 %
= 200 N .
2
§ 0 0.2
200 ~ 0.1
S e 00
-400 r T T - . : 0 1000 2000 3000 4000 5000
5 10 15 20 25 30 Epoch
log(stages)
tomr—i ™
(a) Value function estimates plot (b) max;en,ses (Vl,i (s) — V1li(s) ) plot

Figure 3: (a) Fictitious play experiment. The red and dark red lines indicate player 0’s value function
estimates for states 0 and 1, respectively. The green and dark green lines indicate player 1’s value
function estimates for states 0 and 1, respectively. The blue and dark blue lines indicate player 2’s
value function estimates for states 0 and 1, respectively. The gray and black lines indicate the sum of
each player’s value function estimates for states 0 and 1, respectively. z-axis denotes the logarithm
with base 2 of the number of iterates (stages) and y-axis denotes the value function estimates. (b)
Value-iteration-based algorithms with (OMWU, OMD, MWU) NE-ORACLE subroutines. The

blue, orange, and green lines indicate max;car ses <maxw§€ Aap Vi (s) — foT(s)) value of

the OMWU, OMD, and MWU NE-ORACLE, respectively. z-axis denotes the number of iteration of
NE-ORACLE subroutine, and y-axis denotes the NE-Gap.

G.2 Value-iteration with different NE-ORACLEs

We present an experiment for zero-sum NMGs with different NE-ORACLEs in Section [6]
We experimented with a zero-sum NMG (G = (N,&q),S, A, H, (Pp)heim), (Thi) el ien’)
where N' = {0,1,2}, &o = {(1, ) (1,0),(2,0)}, S = {0,1}, A, = {0,1} for all ¢ € N,
H =5, Pu(s'|s,a) = > ,cnFi(s ( | s, al), Fo(s'|s,a0) = 0, F1(s'|s,a1) = 1P1(s'|s,a1),
Fo(s'|s,az) = 2Py(s'|5,a2), P1(0]0,1) = P1(0]1,0) = P2(0]0,1) = P5(0]1,0) is determined
randomly, IP; (0 fl, 1) =P1(0]0,0) =P2(0]1,1) = IP’Q(O | 0,0) is determined randomly, and 7, ;
is determined randomly such that it makes (G, A, (rh,i(8))ienr) a zero-sum NG for every h. We set
7 = 0.05 for both OMWU and MWU. We set ) = 1/(36 H) for both OMWU and OMD. We iterated
the algorithm for 7" = 5000 times. The result is plotted in Figure [3(b).
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H Limitations and Broader Impact

Limitations and future directions. One main focus of our paper is on introducing the new
model of multi-player zero-sum Markov games, and studying the performance of basic learning and
(centralized) computation algorithms. We did not intend to develop more advanced decentralized
multi-agent RL algorithms with finite-sample/iteration guarantees, which would be one of our
immediate next steps. Our convergence guarantees for fictitious-play dynamics in the infinite-
horizon setting only hold for the star-shaped structure, and it would be interesting to explore other
network structures that possess the fictitious-play property, and how they mirror the conditions for
the computational hardness result.

Broader impact. Our work mainly focuses on the theoretical aspects of multi-player Markov games
with networked local interactions. We expect no negative social impacts from our results.
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