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Abstract

In stochastic zeroth-order optimization, a problem of practical relevance is under-
standing how to fully exploit the local geometry of the underlying objective function.
We consider a fundamental setting in which the objective function is quadratic, and
provide the first tight characterization of the optimal Hessian-dependent sample
complexity. Our contribution is twofold. First, from an information-theoretic point
of view, we prove tight lower bounds on Hessian-dependent complexities by intro-
ducing a concept called energy allocation, which captures the interaction between
the searching algorithm and the geometry of objective functions. A matching upper
bound is obtained by solving the optimal energy spectrum. Then, algorithmically,
we show the existence of a Hessian-independent algorithm that universally achieves
the asymptotic optimal sample complexities for all Hessian instances. The optimal
sample complexities achieved by our algorithm remain valid for heavy-tailed noise
distributions, which are enabled by a truncation method.

1 Introduction

Stochastic optimization in the zeroth order (gradient-free) setting has attracted significant attention
in recent decades. It naturally arises in various applications such as autonomous driving [12], Al
gaming [22], robotics [[14], healthcare [23]], and education [[13]]. This setting is particularly important
when the gradient of the objective function cannot be directly evaluated or is expensive.

An important case of interest in the zeroth order setting is the bandit optimization of smooth and
strongly-convex functions. Although there are ample results regarding the minimax rates of this
problem [[1} 8] 211 |6l 3| [24], little is known about how its complexity depends on the geometry of
tlhe objective function f near the global optimum z*, as specified by the quadratic approximation

1(x —2*)TV2 f(2*)(x — 2*). As an initial step, we investigate the following natural questions:

* For zeorth-order bandit optimization problems of quadratic functions of the form %(m —
xo) " A(x — x¢), what is the optimal instance-dependent upper bound with respect to A?

* Is there an algorithm that universally achieves the optimal instance-dependent bounds for all
quadratic functions, but without the knowledge of Hessian?

As our main contributions, we fully addressed the above questions as follows. First, we established
the tight Hessian-dependent upper and lower bounds of the simple regret. Our bounds indicate

asymptotic sample complexity bounds of Trz(A_%) / (2¢€) to achieve e accuracy. This covers the
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minimax lower bound of £2(d?/e) in [21]]. Second, we prove the existence of a Hessian-independent
1

algorithm with a matching upper bound of O (Tr2 (A=z2)/ e). Thus, we complete the theory of
zeroth-order bandit optimization on quadratic functions.

Related works beyond linear or convex bandit optimization. Compared to their linear/convex
counterparts, much less is known for finding optimal bandit under nonlinear/non-convex reward
function. A natural next step beyond linear bandits is to look at quadratic reward functions, as studied
in this paper and some prior work (see reference on bandit PCA [15] 4], its rank-1 special cases
[L8L [11], bilinear [10]], low-rank linear [[19] and some other settings [9} 5} [16]).

When getting beyond quadratic losses, prior work on non-convex settings mainly focuses on finding
achieving e-stationary points instead of e-optimal reward [17]], except for certain specific settings
(see, e.g., [[7, 125,126} 120, 1261 20]).

2 Problem Formulation and Main Results

We first present a rigorous formulation for the stochastic zeroth-order optimization problem studied
in this paper. Given a fixed dimension parameter d, let f : B — R be an unknown objective function
defined on the closed unit Ly-ball B of the Euclidean space R, which takes the following form for
some positive-semidefinite (PSD) matrix A.

1
flx) = i(m —x0)TA(x — x). (1)
For each time ¢ € [T'], an optimization algorithm A produces a query point ; € 5, and receives
ye = fxe) + wy. 2)

The algorithm can be adaptive, so that A is described by a sequence of conditional distributions for
choosing each x; based on all prior observations {x, ¥, }-<¢. Then we only assume that the noises
{w;}1=;! are independent random variables with zero mean and unit variance, i.e., E[w¢|z;] = 0 and
Elw?|x] < 1.

For brevity, we use F(A) to denote all functions f satisfying equation (T for some xo € B. We are
interested in the following minimax simple regret for any PSD matrix A.

R(T; A) :=inf sup E[f(zr)]. 3)
A feF(a)

The above quantity characterizes the simple regrets achievable by algorithms with perfect Hessian
information. We also aim to identify the existence of algorithms that universally achieves the minimax
regret for all A, without having access to that knowledge.

Our first result provides a tight characterization for the asymptotics of the minimax regret.
Theorem 2.1. For any PSD matrix A, we have

1

1 2
limsupR(T;A) - T < = (Tr(Aii)) ) @)

T—o0 2

1 ) 1 . o ..
where A~z denotes the pseudo inverse of Az. Moreover, if the distributions of w; are i.i.d. standard
Gaussian, the above bound provides a tight characterization, i.e., there is a matching lower bound
that the following equality is implied.

1 1.\ 2
lim R(T;A)-T = - (Tr(A*E)) .
T—o00 2
We prove Theorem [2.1]in Section 3] More generally, we also provide a full characterization of
R(T'; A) for the non-asymptotic regime, stated as follows and proved in Appendix
Theorem 2.2. For any PSD matrix A and T > 3 dimA, where dimA denotes the rank of A, we have
(=) . .
O —F—— + =41 | ifE* <dimA
R(T; A) =

© (W) otherwise



where \; is the jth smallest eigenvalue of A and k* is the largest integer in {0, 1, ..., dim A} satisfying
B -3 B -2

T=> (Zk:l Ak 2) (Zk:l Ak 2)'

Remark 2.3. While our formulation requires the algorithm to return estimates from the bounded

domain, i.e., x7 € B, our lower bound applies to algorithms without this constraint as well. This

can be proved by showing that the worst-case simple regret over all f € F(A) is always achievable

by estimators satisfying xp € B. Their construction can be obtained using the projection step in
Algorithm[l] and proof details can be found in Appendix[A]

Finally, we provide a positive answer to the existence of universally optimal algorithms, stated in the
following Theorem. We present the algorithm and prove its achievability guarantee in Section 4}

Theorem 2.4. There exists an algorithm A, which does not depend on the Hessian parameter A,
such that for A being any PSD matrix, the achieved minimax simple regret satisfies

limsup sup E[f(zr)] .Tzo((Tr(A—%)V).
T—oo feF(A)

3 Proof of Theorem

To motivate the main construction ideas, we start by proving a weaker version of the lower bound in
Theorem 2.1} We use the provided intuition to construct a matching upper bound. Then we complete
the proof by strengthening the lower bound through a Bayes analysis and the uncertainty principle.

3.1 Proof of a Weakened Lower Bound

Assuming A being positive definite, we prove the following inequality when the additive noises w;’s
are i.i.d. standard Gaussian.

lim inf %(T; A) - T > Q ((Tr(A*%))Q) . )

T—o0

Throughout this section, we fix any basis such that A = diag(A1, ..., A\q). We construct a class of
hard instances by letting

(S5

5T 2),% € [d]

xg € Xy £ (xl,l’g, ...,Id)

We investigate a Bayes setting where the objective function is defined by equation (I and x is
uniformly random on the above set. For convenience, let ; = (214, ..., 24,+) be the action of the
algorithm at time ¢. We define the energy spectrum to be a vector R = (Ry, ..., Rq) with each entry

given by
T
R,=E lz xiﬁt] .
t=1

Intuitively, our proof is to show that an allocation of at least Rj, > Q()\,fx,;?) energy is required
to correctly estimate each x; with ©(1) probability. Note that for any entry that is incorrectly
estimated, a penalty of Q(\,z%) is applied to the simple regret. This penalty is proportional to the
required energy, which is due to the design of each x;. Meanwhile, the total expected energy is upper
bounded by 7', which is no greater than the summation of the individual requirements. Therefore,
an (1) fraction of the penalty is guaranteed, resulting in an overall effect of {2 (Z & )\kxi) =

Q ((Tr(A‘%))Q/T> on the simple regret.

Rigorously, consider any fixed algorithm, we define the estimation cost of each entry as follows.

1
Ek =E |:2)\k($k,T — Ik)2:| .



For brevity, let s, = sign(zy). The above function is minimized by the minimum mean square error
(MMSE) estimator (e.g., see [2, Sec. 4.6]), which depends on the following log-likelihood ratio
(LLR) function.

P [Sk = 1|{$7—, y‘r}T<T]
P [Sk - 71‘{:177'; yT}T<T]
Specifically, the MMSE estimator is given by Ty 7 = |2 tanh %, and the resulting error condi-

tioned on any fixed {x,, ¥, } <7 has an expectation of xi . sechQ%. Hence, we have the following
lower bound for each cost entry.

Ly, £ log

1 1 L
E,>E [QA,C@M - xk)ﬂ = §Akx2 -E [sechQJ} . (6)

By the Gaussian noise assumption, the conditional expectation of LLR can be written as follows.

— Da(mpe — 20)?)° — I 2)?
E[Lk|8k]—E[Z(yt 2 k(f;’t 7i)’) + (e =3 k(a;k’t+xk)) ‘Sk

= 25k )\kl'k lz ijf ] .

The above quantity equals the KL divergence between the distributions of action-reward sequences
generated by s, = £1. Clearly, it has the following connection to the energy spectrum.

t

E [Lksk] =2 )\klk [Z T t] = 2 )\kxk) R . (7)
Recall inequality (6), it also implies the following lower bound of the mean-squared error.
L L 4E
E [Lisi] = E[LxE [si|Ly]] = E | Lytanh =" | > 2 — 2E [sech® =X | >2 - =% (g)
2 2 )\kl‘k
Combine inequality (7) and (8], the overall simple regret can be bounded as follows.
Z Ep> = Z AewiRi) e} ©)

Note that the definition of Xz implies that the value of each x2 i 1s fixed. Hence,

Fftenl= (Zf%z) (Z al ) > JZW) :(Tr(ﬁT”f

where the last inequality uses the fact that the total energy is upper bounded by the number of samples.

Finally, when T is sufficiently large, we have ||xo||o < 1 almost surely, which implies that our
hard-instance functions belong to the set of objective functions F(A). Therefore, E [f ()] provides
a lower bound of the asymptotic minimax regret, and we can conclude that

lim inf 93(T; A) - T > = (Tr(A—%))2
imin ; 23 .

_1 _3
Remark 3.1. The validity of the hard-instance functions requires T' = §2 ((Zk AL 2) (Zk A ® ) ),
which is consistent with the transition threshold in Theorem[2.2]to the non-asymptotic regimes.

3.2 Proof of the Upper Bound

Now we provide a proof for equation (@), which is implied by the following result.

Proposition 3.2. For any PSD matrix A, let k* be the rank, A1, ..., A+ be the non-zero eigenvalues,
and ey, ey, ..., ex~ be the associated orthonormal eigenvectors. Then the expected simple regret
achieved by algorithm|[I|satisfies

limsup sup E[f(zr)] - T <
T—oo feF(A)

(Tr(A 5))2. (10)

N)M—l



Algorithm 1 Hessian Dependent Algorithm

procedure HESSIAN DEPENDENT ESTIMATION(A1, Ag, ..., Ag=, €1, ..., €=, 1)
fork:(—ltok:"‘do1

Let Ry = —5— - (T —2d — 1), t) = [Ry/2].
];;1 )\j 2
Let aj, = — 55— (Sample(ey, t),) — Sample(—ey, t)). > Obtain an unbounded estimator
end for '
. E* 2 L
return xp = argming g > . 4 A\ (o — T - ey) > Projection to B

end procedure

procedure SAMPLE(x, t)
return the average of ¢ samples of f at x
end procedure

Proof. Consider an eigenbasis of A with e, ..., eg+ being the first k* vectors. For each k € [k*], the
algorithm allocates Ry, energy to estimate the kth entry of x(. The value of Ry, is chosen such that
the hard instances in the earlier subsection maximizes (modulo a constant factor) the lower bound in
inequality (9) (i.e., Ry satisfies 27 < 1/(A? Ry)) while ensuring the total number of samples does
not exceed 7' — 1. By the zero-mean and unit-variance assumptions of the noise distribution, we have

_3 k* _1
2] _ 1 < Ak - Z]:l Aj :
ot = T—2d—1

E[(Oé}C i 6k)

This essentially provides an unbounded estimator Z = Zl,zzl agey, that satisfies

o
~ . 1
limsup sup E[f(Z)] T = limsup sup = Z ME[(ag — o - €x)?] - T
T—oo feF(A) T—oo xo€EB 2 1
Ky —5)?
(ZoxF)
= 2 e T—2d—1
1 1.\ 2
- 5(Tr(A—a)) . (11)

Then, to obtain &7 within the bounded constraint set, Z is projected to 53 under a pseudometric
defined by matrix A. Due to the convexity of set /3, we have f(Z) > f(xr) with probability 1 (see
Appendix [A]for a proof). Therefore, inequality (I0) is implied by inequality (TT).

3.3 Proof of the Lower Bound with Tight Constant Factors

To complete the proof of Theorem 2.1] it remains to show that for standard Gaussian noise, we have
1 2
lim inf %(T; A) - T > = (Tr(A’%)) . (12)
T—o00 2

Notice that the object function and reward feedbacks depend only on the projections of x( and query
points onto the column (or row) space of A. Hence, it suffices to focus on algorithms with actions
that are constrained on this subspace. This reduces the original problem to an equivalent instance that
is defined on a (possibly) lower dimensional space and by a non-singular A. Therefore, we only need
to prove inequality for those reduced cases (i.e., when A is full-rank).

We lower bound the minimax regret by comparing them with a Bayes estimation error, where x has
a prior distribution that violates the bounded-norm constraint. Formally, for any fixed algorithm A,
we can consider its expected simple regret E[f (21 )] over an extended class of objective functions
where f is defined by equation (T)) but x, is chosen from the entire Euclidian space. Then for any
distribution of x(, the overall expectation is upper bounded by the following inequality.

Ea, [E[f(@r)l] < Plwo € Bl - sup E[f(xr)] +E |1(zo ¢ B) - sup f(=)|, (13)
fer(4) xzeB



where the first term on the RHS above is obtained by taking the supremum over all objective functions
that satisfies xy € B3, then the second term is obtained from the adversarial choice over all estimators
for ¢ ¢ B. Compare the RHS of inequality (I3)) with equation (3], a lower bound of the minimax
simple regret PR(7; A) can be obtained by taking the infimum over algorithm A on both sides. Hence,
it remains to characterize the optimal Bayes estimation error on the LHS.

To provide a concrete analysis, let ¢y be a Gaussian vector with zero mean and a covariance of

T3 -1 4, where I; denotes the identity matrixEI Under this setting, conditioned on any realization of
queries x1, ..., x7—1 and feedbacks yi, ..., yr_1, the posterior distribution of x is proportional to

o <_ leolly T3 _ 5= (e =yl = o) Alw - a:o))2> |

2 P 2

Clearly, the Bayesian error can be lower bounded by the expectation of the conditional covariance,
which is further characterized by the following principle (see Appendix [B]for a proof).

Proposition 3.3 (Uncertainty Principle). Let Z be a random variable on any measurable space and
0 be a real-valued random variable dependent of Z. If the conditional distribution of 0 given Z has
a density function fz(0), and In fz(0) has a second derivative that is integrable over fz, then

1
E[-2,Infz(0)]

E [Var[d| Z]] >

Hence, by taking the second derivative, the squared estimation error for the kth entry of = is lower
bounded by the inverse of the following expectation.

. T—1
T3 + (Z A(xs — xo) (T — x0)TAT — Awt> 1
kk

- T-1
(Z Az, — o) (Tt — :co)TAT>
kk

t=1

E

=T3 +E

b

where (-)x denotes the kth diagonal entry of the given matrix. Recall that we chose a basis where A
is diagonal. The overall Bayes error is bounded as follows

T-1
Ea, [ELf(@r)] > 30 5/ (Tﬁ + APE KZm — o) (21 - wo>T> D 7
kk

k t=1

where A\, = (A)yg is the kth eigenvalue of A. By Cauchy’s inequality, the RHS above can be further
bounded by

L) )  (te(ah)’
S (T2 E (X1 @~ wo)@r — o)) |) THTRA2) + S5 E [l - oll3]

Note that by triangle inequality

kk

1

o] < £ o] < (1o o)) = ()"

where d is the dimension of the action space. We have obtained a lower bound of E, [E [f(xT)]]
that is independent of the algorithm. Formally,

1 1 2 1 2
inf Eq, [E[f(2r)]] > 5 (Tr(A‘f)) /(T (1 + daT-%) +T§Tr(A—2)>.
We apply the above estimate to inequality (I3). By taking the infimum over all algorithms,

liminf R(T; A) - T > lim inf inf Bay [Elf(@r)]] = E[L(@o £ B) - supyep f(@)]
T—00 ’ ~ T—oo P[CBQ S B}

T

"For the purpose of our proof, the covariance of @ can be arbitrary as long as their inverse is asymptotically
large but sublinear w.r.t. 7T'.



Observe that for our Gaussian prior,
lim P[w() S B] =1,
T—o0

lim E []l(wo ¢ B) - sup f(a:)] ‘T =0.
T—o0 xreB

Hence, all terms above can be replace by closed-form functions. and we have
hTHl)IOIéfm(T, A)-T> hTHigéf lﬁf Exo [Elf (z0)]] - T

T—o0

= %(Tr(A_%))Q.

> liminf% (Tr(A—%))Q/((l + d%T—%)Q + T—éTr(A—2)>

4 Proof of Theorem 2.4

To prove the universal achievability result, we need to develop a new algorithm to learn and incorporate
the needed Hessian information. Particularly, the procedure required for achieving the optimal rates is
beyond simply adding an initial stage with an arbitrary Hessian estimator, for there are two challenges.
First, any Hessian estimation algorithm would result in a mean squared error of (1/7") in the worst
case, which translates to a cost of (1/7") in the minimax simple regret. This induced cost often

introduces a multiplicative factor that is order-wise larger than the desired O ((Tr(A_ B ))2) Second,

to utilize any estimated Hessian, the analysis for the subsequent stages often requires the estimation
error to have a light-tail distribution, which is not guaranteed for general linear estimators when the
additive noise in the observation model has a heavy-tail distribution.

To overcome these challenges, we present two main algorithmic building blocks in the following
subsections. The first uses o(7") samples to obtain a rough estimate of the Hessian, and achieves
low-error guarantees with high probability through the introduction of a truncation method. The
second estimates the global minimum with carefully designed sample points to minimize the error
contributed from the Hessian estimation. We show that this sample phase can be written in the form
of a two-step descent. Finally, we show the combination of two stages provides an algorithm that
proves Theorem[2.4]

4.1 Initial Hessian Estimate and Truncation Method

Consider any sufficiently large T', we first use Ty = [T98] samples to find a rough estimate of A.
Particularly, we rely on the following result.

Proposition 4.1. For any fixed dimension d, there is an algorithm that samples on Ty predetermined

points and returns an estimation A, such that for any fixed o € (0,0.5), B € (0,+00), and PSD
matrix A,

lim sup P|||A— Al > T(;a} T =0, (14)

To—o0 fEFaA

where || - ||r denotes the Frobenius norm.

Proof. We first consider the 1D case. Let y4, y_, and y each be samples of f at 1, —1, and 0,
respectively. When the additive noises are subgaussian, we have that (y4 + y— — 2y) is an unbiased
estimator of A with an error that is subgaussian. By repeating and averaging over this process |7y /3]
times, the squared estimation error is reduced to O(1/7}), and the normalized error is subgaussian,
which satisfies the statement in the proposition.

However, recall that in Section [2| we did not assume the subgaussianity of w;. A modification of
the above estimator is required to achieve the same guanrantee in equation (I4). Here we propose
a truncation method, which projects each measurement (y, + y_ — 2y) to a bounded interval

T3, T3-°]. Specifically, the returned A is the average of |7p/3] samples of max{min{y, +
y_ — 2y, T95}, —T9-5}, which provides a guaranteed superpolynomial tail bound. A more detailed
discussion and analysis for the truncation method is provided in Appendix



For general d, one can return an estimator that satisfies the same light-tail requirement, for example,
by applying the above 1D estimator repetitively poly(d) times to obtain estimates of all entries of A.
Then the overall error probability is controlled by the union bound. O

4.2 Two-Step Descent Stage

Let A be any estimator that satisfies the condition in Proposition foraw = 0.4 and g = 1.6.
Asymptotically, this implies the eigenvalues and eigenvectors of A are close to that of A. We choose

an eigenbasis of A and remove vectors with vanishingly small eigenvalues to approximate the row
space of A. Then, we estimate the entries of g in these remaining directions following an energy

allocation defined based on A.

Specifically, consider any fixed realization of A, let A1, Ao, ... be its eigenvalues in the non-increasing
order, €1, €, ... be the corresponding eigenvectors, and k* be the largest integer such that A\« >
T2, We present the detailed steps in Algorithm [2, where T} denotes the remaining available
samples, i.e., T' — Tj.

Algorithm 2

procedure QUADRATIC SEARCH(A1, Mg, ..., A+, €1, .ory €4x, T1)
for k < 1to k* do )

by 2
Letpy = —F—,tp = [pi - (T1 — 4d = 1)].
43k N2
Let ay = —fTruncated Diff(ey,, —ey, tr).
k
end for

*

Letz = Zﬁ:l are, & = -min{1,1.5/||z||2} > Projecting to a O-centered hyperball

for k + 1to k* do

Let B, = — %Truncated Diff(%, #, tr)- > Obtain an unbounded estimator
k
end for b~ )
return oy = argming,_s~ 4 5 e D it Mk (Be — 0k) > Projection to B

end procedure

procedure TRUNCATED DIFF(xg, 1, t)
for k < 1tot do
Let y,,y_ be a sample of f at x¢, 1, respectively
Compute the projection of the difference 3, — y_ to the interval [—t%-% ¢0-5], i.e., let
2 = max{min{y, —y_, "%}, —1"°}
end for
return 1 37| 2
end procedure

We use the eigenbasis of A and let Aj be the diagonal matrix given by diag(A1, Az, ..., Ag=, 0, ..., 0).
In the first for-loop, we essentially estimated Ax(, and then computed the first £* entries of its
product with the pseudo-inverse of Ay (note that the rest of the entries are all zero). Since Ay is a
good estimate of A with high probability, we use it to compute the optimal energy spectrum similar
to the instance-dependent case, and allocate the measurements accordingly.

Recall the proof in Section[3] By the analysis of the truncation method in Appendix [D.I] the variable
Z could have served as an estimator of xg if /TO = A, where the estimation process reduces to the
Hessian-dependent case. However, A\o relies only on O(T°-8) samples, which generally leads to
an expected penalty of ©(T~%%) = w(1/T) in simple regret if used in place of A. We reserve a
fraction of samples for a second for-loop to fine-tune the estimation in order to achieve the optimal
Hessian-dependent simple regrets.



4.3 Regret Analysis

Recall our assumption on the Hessain Estimator and Ty = O(T°#). The probability for ||A —
Allp > T7%32is o(1/T). As our algorithm always returns @7 with bounded norms, the simple
regret contributed by this exceptional case is negligible. Hence, we can focus on instances where
14 - Alle < 77052,

Under such scenario, any non-zero Xk is close to a non-zero eigenvalue of A. Specifically, we have
A — M| < T-932 for all k, where each Ay, is the kth largest eigenvalue of A. Recall the definition
of Ag. It implies that for sufficiently large T, k* equals the rank of A, and all non-zero eigenvalues

of Ay are bounded away from zero. Consequently, ||A\51HF = ||A7Y|r(1 + o(1)), which does
not scale w.r.t. T, where M ~! denotes the pseudo-inverse for any symmetric M. We also have

~_1

(Tr(Ag *))2 = 0 ((Tr(A=))2).

The closeness between A and A also implies information on the eigenvectors of ﬁo, Recall that Eo is

obtained by removing the diagonal entries of A (in their eigenbasis) that are below a threshold 7792
For sufficiently large T, the removed entries are associated with the d — k* smallest eigenvalues,

which are no greater than 7~9-32, Hence, as a rough estimate, we have ||A\0 — Allg = o(T793).

These conditions can be used to characterize the distribution of Z. As mentioned earlier, from the
analysis of the truncation method, each «, concentrates around /ékAJ 1Aw0. Hence, & concentrates
near Ay L Az, and the truncation method ensures that

El(z- /TglAmo)T Ay (% - 45" Azo)| = 0 ((Tr(ﬁg%)f)/:r =0 ((Te(a=4))?) /T, (5)
p [Hi—ﬁglAmoHZ ZT*O-‘*} —o(1)T). (16)

Note that the Lo-norm of ga ! Az is no greater than 1 + o(1) under the condition of Hgo —Allr=
o(T~%3). Formally, by triangle inequality

| A5 Aol < [|Ag ! Aool|2 + || A5 (Ao — A)zollz < 1+ [|Ag | - || Ao — Allr = 1+ o(1).

We can apply inequality (T6) to show that the Lo-norm of Z is no greater than 1 4+ o(1) with
1 — o(1/T) probability. Under such high probability cases, the projection of Z to the hyperball of

radius 1.5 remains identical. Hence, by the PSD property of Ag, which is due to the convergence of
its eigenvalues, we can replace all Z in inequality (I3) with & and obtain that

E [(a& - EglAmo)T A (i - EglA:co)} 0 ((Tr(A’%))2> IT. (17)

The same analysis can also be performed for each 3, which concentrates near €k21\5 LA(2z — 7).
Formally, let Zr = Y, Bx€y, we have

e [(&r - 45 A2, - @)T Ay (@1 - Ay' Az - )] = O ((Tr(a=3))?) /7. (18)

The above results for the two descent steps can be combined, using triangle inequality and Proposition
.2] below, to obtain the following inequality (See Appendix [D]for their proofs).

E [(.%T —2)T Ay (@ — z)} -0 ((Tr(A—%))Q) JT. (19)
—~ - 2
where we denote z £ <2Aa ta— (Aa 1A) > x for brevity.

Proposition 4.2. Let ﬁo, Z,y be variables dependent on a parameter T' € N, where 20, Z are PSD
matrices and y belongs to the column space of Ag. Iflimsupy_, . || Ay *||r < oo and limp_ o, || Z —
AOHF =0, then

YT Zy < (1+ ||Z — Aolle]| A5 M [r) (yT Aoy) = (1+ o(1))(yT Apy).



Assume the correctness of inequality (T9), the remainder of the proof consists of two parts. First,
we show that the vector z can be viewed as a Taylor approximation for a projection of x( onto the

column space of fTO, hence, 1 could achieve the needed simple regret. Then, we show that the
projection of Z7 to the unit hypersphere to obtain 7 induces negligible cost, so that the validity
constraint can be satisfied the same time.

For the first part, let P; denote the projective map onto the column space of 20, ie., P, = A\OA\E !
(here and in the following, Ea ! denotes the pseudo inverse of Eo). We consider the Hessian of f
on this restricted subspace which is given by A; £ P, AP;. Note that the definition of 20 implies
Ay = P AP;. We have HAO —Alg = HPl(A AP g < HA Allg < T7932, Then recall that
the non-zero eigenvalues of Ay are bounded away from 0, i.c., AG e = o(T932). We have that A,
is invertible within the column space of A\o (i.e., A; Afl = P) for sufficiently large 7.

The pseudo inversion of A; provides a point of equivalence to & within the column space of A\().
Particularly, let zp £ A ' Az, we have Pz = z and f(x) = (x — z0)TA(z — z¢) for any & € R?
and sufficiently large 7. The second equality is due to A(zg — z0) = (A — AAT A)xy = 0 for
sufficiently large T', which is implied by the following proposition (see Appendix for a proof).

Proposition 4.3. For any symmetric matrix A and any symmetric projection map P (i.e., P? = P, =
PJ), if Ay 2 PLAP; and A has the same rank, then the pseudo inverse A7 " satisfies A = AAT'A.

We show that the error z — 2 is bounded by o(T~%-5). Observe that P Ay ' = Ag Py = A;' and
ATTPy = AT, we have

2 -z = (A;lA - <2251A - (ﬁo‘lA>2>) zo = A7 (Ao - 1) 251)2 Awm.

From || 4, — Aylp < 7702 A |E = [JA7|r - O(1) and the fact that A, is restricted to the

column space of Ay, we can derive that || A7 ||p = [|A~|| - O(1), which also does not scale w.r..
T'. Therefore, the above equality 1mplles that [|z — zo||2 = o(T~"%). As a consequence, we have
following inequalities due to inequality (19) and triangle inequality.

E|(@r — 20)" Ao (Br — zo)} ~0 ((Tr(A ) ) /T, (20)

For the second part, we first note that the L2 norm of z is bounded by the spectrum norm of AflA.
Specifically,

[1zoll2 = | AT " Ao|l2 < [|azol2 - [| AT Al| < [|AT A,

where || - || denotes the spectrum norm. Recall the definition of A;, we have Al_lAAl =
A_lplAplAl = A_lA A1 HCIICG

AT Al = [| A7 424 1||—HA A1+(A Ap))? H—HP1+A (A— A)A1H
<1+ [ ATt (4 - 40 a7

Note that HA — A1||F < HAQ — AlHF + HAQ — AlHF < O(Tio'B). By the fact that ||A1_1HF =
[|A7|g - O(1), we have || A7 P A2 < 14 o(T7%6), and ||zg||2 < 14 o(T~°9).

Therefore, we have mingep(zo — @)TAg(zo — @) = o(T~1-2). The projection of Z7 to the unit
hypersphere guarantees the following bound (see Appendix [A]for a proof).

E [(er — 20)T Ao (@1 — zo)} <E [(iT — 20)" Ay (@ — zo)} Fo(T1?) =0 ((Tr(A ) ) JT.

Note that both 7 and z( belong to the column space of Ao From Proposition . we can substitute
AO by A for the above inequality and obtain

E[(zr — 20)T A(zr — 20)] = O ((Tr(A ) ) JT. 21

Then the theorem is proved from the fact that f(xr) = (7 — 20)TA(xT — 20).
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A Projection Lemma

Proposition A.1. For any PSD matrix A with dimension d, any closed convex set BB in the Euclidian
space RY, and T € RY, let

x* = argmin g(Z, x)

zeB
where
g(u,v) & (u—v)TA(u — v),
then
g(x*, zo) < g(Z, z0) Vg € B.
More generally,
g(x*, z0) < g(Z, z0) + gleiIBlg(zo,ac) Vz, € R%.

Proof. We first provide a proof for &y € B. For any a € [0, 1], let
To 2 azx* + (1 —a)xo.

By convexity, we have x,, € B for any «. Note that g(Z, ) is differentiable. By the definition of
x*, we have

10
*_)TAx — x0) = = —g(T <0.
(" —2)TA(x" — xp) 26ag(az,a:a) - 0
Therefore,
g(x",xo) = g(T,®0) + 2(z" — Z)TA(z" — o) — g(z",Z) < g(Z, z0),

where the last inequality uses the PSD property of A.

Now we consider the more general case and let « be any vector in B. Following the same steps in the
earlier case, we have

(" —2)TA(z" —x) <0

Hence,
g9(x*, z0) — 9(Z, 20) = 2(z" — 2)TA(z" — 2z0) — g(z", Z)
<2z —Z)TA(T — 20) — g(z", T)
=g(zp,x) —(x—2z0—"+Z)TA(x — 20 —* + )
< g(ZO7$)

Note that the above inequality holds for any « € B. The proposition is proved by taking the minimum
over .

O

B Proof of Proposition 3.3

Proof. We first prove for the case where Z is deterministic. Let 11z denote the conditional expectation
of f. By Cauchy’s inequality,

E[(Q—#Z)Q|Z]'EKaagmfz(@))Q z ZEH(H—uz)-gelnfz(Q)HZr- @2)
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The quantity on the RHS above can be bounded as follows.

e[[0 -z sz 2] = [|0- 2 10 s20) sz00a0

= / ‘(GHZ) : aaefz(a)‘da

T
> lim sup / 0—pz)- gfz(g)da
T—4o0 |J-T o
= timsup|((6 - pz)f2(0)[;—" ) — Plo € [-T.7)|Z]
T—4o00
=1,

where the last inequality uses the integrability of fz, which implies

. . 0=T
_ <0.
%I_I}_Eg 0 —nz)fz(0)|,__,<0

Then we evaluate the second factor on the LHS of inequality (22). Recall that 802 In fz(9) is
integrable, the following limit exists.

82 T 82
202 Infz(0)|Z :TETm[sz(a)wlnfz(e)dQ
Then by positivity, we also have

E[(gglnfz( )>2 :Tl_l)ffoo/ fz(0 < In fz(0 )>2d9~

If we focus the non-trivial case where the first limit is not —oo, the above two equation implies the
existence of the following limit.

02 B 2
lwlnfz() +E (aelnfz(e)> Z]

. o ?
=i [ gat0 (aeglnfzm (aalnfzw)))de
0=T
=Tgr£oofz<> lnfz<>\9:_T

0=T
7TLHE %fz( )‘esz'

The result of the above equation has to be zero, because the limit points of 5[z (0) must contain
zero on both ends of the real line, which is implied by the integrability of f. Consequently, we have

£ Kaaelnfz( ))2

Then, the special case of Proposition [3.3|with fixed Z is implied by inequality (22)).

Z

o2
E[ 53 In fz(0) ] (23)

When Z is variable, we simply have

E [Var[0| Z]] > E [1/5 [(5@ In f2(6 )) Z

1
5 .
EE[(Zmrz)|2]]
Then the proposition is implied by equation (23). O

Y
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C Proof of Theorem 2.2

We first investigate the lower bounds. Observe that the proof provided in Section only fails
when the constructed hard instances have ||z¢||2 > 1. Hence, we have already covered the 7' >

1 _3
(ZZ=1 Ak 2) (ZZ=1 Ak 2) case, i.e., when k* = dimA = d. It remains to consider the other
scenarios, where k* < d is satisfied.

* 1 * -3

By the assumption that 7" > (Z:Zl AL 2) (Z:Zl AL 2 ), one can instead set the entries of x( in
the earlier proof with indices greater than k* to be zero, so that ||xg||2 < 1 is satisfied. Formally, let
the hard-instance functions be constructed by the following set.

A

Ty € Xy (l‘l,l‘g,...,xk*,o,...,O)

N
Then by the identical proof steps, we have R(T; A) = Q ((ZZ_1 A ;) /T) .

Next, we show that R(T'; A) = Q (Ag+11). We assume the non-trivial case where A\p«1 # 0. Note
that JR(7T'; A) is non-increasing w.r.t. 7. We can lower bound 93(T’; A) through the above steps
but by replacing 7" with any larger quantity. Specifically, recall that k* is largest integer satisfying

T> (22;1 /\;%) (Zi;l /\;%), which implies T' < ( Z:{l /\,;%) ( ﬁ;‘;l )\,:%> We have,

k*41 ) E*+1 s
%(T;A)z‘)%((z /\k2> ( )\k2>;A>.
k=1 k=1

Notice that this change of sampling time allows us to apply the earlier lower bound with k* incre-
mented by 1.

2
k* 1, —%
(o)
E*+1y—3 k*4+1 y—5
( k=1 Mk )( k=1 Mk

k*+1 /\f%
== Q (k_l k ) = Q(}\k*+1).

k*+1y—5
k=1 Mk

R(T; A) > Q

To conclude,
R(T;A) = Q | max (

which completes the proof of the lower bounds.
The needed upper bounds can be obtained by only estimating the first £* entries of x.

Remark C.1. The requirement of T' > 3 dimA in the Theorem statement is simply due to the integer
constraints for the achievability bounds. Indeed, when Agima is large, it requires at least )(dimA)
samples to achieve O(1) expected simple regret.

D Proof Details for Theorem

D.1 Truncation Method and Its Applications

The truncation method is based on the following facts.
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Proposition D.1. For any sequence of independent random variables X1, Xo, ..., X,, and any fixed
parameter m satisfying m > maxy, |E[Xy]|. Let Z = max{min{ Xy, m}, —m} forany k € [n], we
have

1 Var[X
2] - ELX| < - e @
Var[Zy] < E [(Zk - E[Xk])ﬂ < Var[Xy]. (25)
Moreover, for any z > 0, we have
Var[ X
P>z =Y EXy] Zzlgzexp<zm(?7lar[|£(k]|)—;>. (26)
k k k

Proof. The first inequality is proved by expressing the LHS with piecewise linear functions. Note
that by the definition of Z, we have

|[E[Zk] — E[Xk]| = |E[max{—m — X}, 0}] — E[max{X} — m, 0}]
< |E[max{—m — Xk, 0}]| + |E[max{X}; — m,0}]|
= E[max{| Xy| — m,0}].
We apply the following inequalities, which holds for any m > |E[X}]|.

1| Xy — E[X,])?
Xi| —m < | X, — E[X]| — E[Xy] < - ———+~——.
[ Xkl —m < [Xp — E[Xi]| —m +E[Xx] < 7 m —E[Xy]
Therefore,

1 [ Xk — E[X4))?

m

|E[Z)] — E[X3]| <

_ 1 Var[Xy]
4 m— EXG]]

The second inequality is due to the following elementary facts,
E[(Zi — E[Xu])2|<E[(X — E[X,])?] = Var[X,],
where the inequality step is implied by the definition of Zj, and the condition m > maxy, |E[Xk]|.
To prove the third inequality, we first investigate the following upper bound, which is due to Markov’s
inequality.
P 2 Y e > | < E Z;*Z’“ i
k k

Elem (Zk—E[Xk])
I Bl ) o

em

3o

The equality step above is by the fact that Z;’s are jointly independent. For each &, using the fact that
Zy, is bounded, particularly, Z;, — E[X}] < m + |E[X}]|, we have the following inequality

1 m(mEEX]) 1 - L E[X
HCAEND 1 (7, X)) < (Z — ELX])? - 2 (m -+ [E[Xi])
m

(m + |E[Xk]])?

For brevity, let § = % We combine the above bound with inequality and to obtain that

1 1
E[ei(zk—E[xk])] —14+E [(Zk — E[Xk])] +E [e,;(zk—E[Xk]) —1——(Z — E[Xk])]

m m
Var[ X] 1 eltt —2 9)

<l4——k (D (g 2T 28

<1+ e (1400 S e
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Recall that § < 1 as assumed in the proposion. From elementary calculus, we have
N Var[ X}]
E[ei(zk E[Xk])} <14 —w
m(m — |E[X4])
< exp ( Var[ X} )
< ex _ ]
m(m — [E[X}][)
Therefore, recall inequality (27)), we have

Var[X] z
;Zk_;E[Xk] Zz] <exp (Zm_m> )

k

P

By symmetry, one can also prove the following bound through the same steps.

Var[Xk] z
;Zk*;E[Xk] < Z] < exp (;m(m—E[Xk]D _ m> )

Hence, the needed inequality is obtained by adding the two inequalities above. O

P

Now equation for the 1D case is immediately implied by Proposition[D.1] Recall the construction
of A in the proof, for any sufficiently large Tj, we have

P HE—A‘ ZTJQ] < 2exp (3— Tg§a> :0(;{?).

Remark D.2. Instead of projecting to a bounded interval, the same achievability result can be
obtained if the we average over any functions that map the samples to [—T3-5, T3-?] while imposing
an additional error of o(T~%) everywhere. This includes ©(InT')-bit uniform quantizers, which
naturally appear in digital systems, over which exact computation can be performed to eliminate
numerical errors. We present this simple generalization in the following corollary.

Corollary D.3. Consider the setting in Proposition Let Y1, ..., Y, be variables that satisfy
|Yr — Zi| < bfor all k with probability 1. We have

Var[ X ] z—bn
;Yk—§EM ZZ]SQGXp@m(m—IEFXkU_ " )

D.2 Proof of Proposition 4.2

P

Proof.
YT Zy —yT Aoy = yT(Z — Ao)y < ||1Z — Aoll¥llyll5 < |1Z — Aollr||Ag " |Ir(yT Aoy).

O
D.3 Proof of inequality (T9)
We apply Propositionto inequality and let Z = A/Tg ! A. Note that
17 = Aollr < 2/|A = Aol + [|(A — Ag) Ay (A = Ag)|r = o(1),
which satisfies the condition of Proposition Using the fact that 26 121\021\6 t= A\a !, we have
E {(/TglA (55 - EglAmODT Ao (ﬁglA (a - ﬁglAa:()))]
—€[(a- XglAa:O)T 7 (% - A5 Awo)| = 0 ((T(a~4))?) /T, (29)

Then by the triangle inequality for the PSD matrix 20, the combination of the above inequality and
inequality (I8) gives

E [(5T —2)" Ay @r — z)] =0 ((Tr(A*%))2) JT.
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D.4 Proof of Proposition 4.3

Proof. When A; and A has the same rank, the map P; is invertible over the column space of A.
Under such condition, there exists a matrix X such that A = X P; A. Note that AlAfl = P. We
have XP; = X P, Ay AT = AA[!. Therefore, the needed A = AAT ' A is obtained by multiplying
A on the right-hand sides in the above identity. O
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