A Heavy-Tailed Algebra for Probabilistic Programming
SUPPLEMENTARY MATERIAL

A Operations in the Generalized Gamma Algebra

In this section, we provide explanations, references, and new results for how operations on random
variables affect their GGA tails. A summary of this, useful for referencing, appeared in Table[T]

A.1 Ordering

A total ordering is imposed on the equivalence classes of G according to the heaviness of tails.
In particular, we say that (11,01, p1) < (v, 09, po) if (z"1e~71%") /(272e~72") is bounded as
(l‘ — 00. A)susual, we say (11,01, p1) < (v2,02, p2) if (v1, 01, p1) < (v2, 02, p2) but (1,01, p1) #
V2,02, p2).

A.2 Addition

Tails of this form are closed under addition. Combining subexponentiality for p < 1 [[1, Chapter X.1],
with [2| Thm 3.1 & eqn. (8.3)], we obtain the following Proposition[I]for exactness of the proposed
GGA addition operation.

Proposition 1. Denoting the addition of random variables (additive convolution of densities) by @,

max{(v1,01,p1), (v2,02,p2)} if p1 # pa or p1,p2 <1
(1/1,0'1,/)1)@(1/2,0'2,/)2) = (V1+V2+1amin{017012}a1) . ifpl = p2 = 1
(+va+1=5,(00 " +0y " ) Pp) ifp=p1=p2>1.
(3)

A.3 Powers

For all exponents 3 > 0, by invoking a change of variables z + z?, it is easy to show that
(v,0,0)° = (45 = 1,0,5).

A.4 Reciprocals

We define negative powers and reciprocals equivalently to positive powers in the case 8 < 0. This
equivalence cannot be proven to hold in general since we cannot determine tail asymptotics of the
reciprocal without knowledge of its behaviour around zero. Therefore, we implicitly assume that the
behaviour around zero mimics the tail behaviour, that is, Equation @) holds as  — 07. Note that
this can only hold provided (v + 1)/p > 0 and p # 0. To account for all other cases, including R,
we assume that the density of X approaches some nonzero value near zero. In this case, Lemmal[T]
defines the reciprocal to be R.

Lemma 1. Assume that a random variable X has a density p that is continuous at zero and p(0) > 0.
Then X1 = Ra.

Proof. From a change of variables, the density ¢ of X ! is given by ¢(z) = |z|™2p(z~!). By
assumption, as |z| — oo, g(x) ~ p(0)|xz|~2. Therefore, X ~! = Rs.

A.5 Multiplication

For any ¢ € R\{0}, it can be readily seen from a change of variables z — cz that ¢(v, 0, p) =
(v,0/|c|?, p). However, the case of multiplication convolution is not as straightforward. While
additive convolutions of generalized Gamma random variables are relatively well-explored, to our
knowledge, multiplicative convolution has not been examined at this level of generality. It turns out
that the class G is also closed under multiplication (assuming independence of random variables),
as we show in the following result. The proof requires some preliminary background on Mellin
transforms and the Fox H function, which we cover in Appendix
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Proposition 2. Denoting the multiplication of independent random variables (multiplicative convolu-

tion) by ®,
w A Tt ) —ﬁ> ifpr,p2 <0
1 v 12 1 1 .
(v1,01,p) ® (2,09, p2) = e \ow T 7 2) %% if pr,p2 >0
R ifp1 <0,p2 >0
Romin{|va] v} ifpr="0,p2=0
h _ lealtle2| g 5 — e aTeal
where p = \P1| + \02\ lpipa] T plolpr]) (2]p2) ’

Proof. The p1 <0, p2 > 0 and p; = pz = 0 cases follow from Breiman’s lemma [5, Lemma B.5.1].
Our argument proceeds similar to [2]. Assume that p1,p2 > 0 and let 0 < e < 1 be such that
0<a- <as <1, where

_(1+e)p R € 0

pr+p2 pL+p2

Then for p = p’if; if X = (v1,01,p1) and Y = (19, 09, p2), then

P(XY >z, X ¢ [2°,2%]) < P(X > 2%) + P(Y > z!7%)

—ozP1o+ Vg(l—a,)e—Uzw‘DQ(lia*)

~ c1z" % e + cox

(1+e)p

_ — mi P
< (C1$V1a+ +02x1/2(1 a,)) e min{o1,02}x — o(x”e ox )7

for any v,0 > 0. Hence, it will suffice to show the claimed tail asymptotics for the generalized
Gamma distribution. In this case, since a_ > 0 and a4 < 1, the tail of the distribution for the product
of X, Y depends only on the tail of the distributions for X and Y.

Therefore, assume without loss of generality that py(z) = cxz’'e """ and py(z) =
cyx?2e~92%"% Then
—vi/p1 _—va/p2

Mq[pxy] = exey L p1 o (Ui/plaé/m)_ér <V1 + 8) I (1/2 + s) .

P2 P pP1 P2 P2

Consequently,

—vi/p1 _—va2/p2

_ o O9 2,0[ 1/p1 _1/p .
pXY(Z)—CXCY o o HO,2 |:O'1 102 ’z (Pi Pl)(P2 p12 ]
Computing the corresponding 3, d, i1 for the asymptotic expansion, we find that
1 1 - -
ph=—+— 522_1_&_1’ ﬁzpll/ppoUPQ.
p1 P2 pr - P2

Consequently, for some ¢ > 0,

pxy (2) ~ czin(GH0) exp( B ()" 1/p2)"2*‘),

which completes the p;, p2 > 0 case. The final case follows by composing the multiplication and
reciprocal operations. Note that

(v1,01,—p1) " ® (v2,02,—p2)~

—

—vi —2,01,p1) @ (—v2 — 2,02, p2)
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A.6 Product of Densities

We can also consider a product of densities operation acting on two random variables X, Y, denoted
X&Y, by pxgy(z) = epx(z)py (z), where ¢ > 0 is an appropriate normalizing constant and
Px,Py,Px&y are the densities of X, Y, and X&Y', respectively. In terms of the equivalence
classes:

(1 +v2,01,p1) if p1 < po
(v1,01, p1)&(v2, 09, p2) = (1 +vo,01+02,p) ifp=p1=p2
(11 +v2,02,p2) otherwise,

which follows directly by taking the product of the generalized Gamma tails in eq. (I)). Note that this
particular operation does not require either px or py to be normalized — only the tail behaviour is
needed. We may also use this to work out the tail behaviour of a posterior density, provided the tail
behaviour of the likelihood in the parameters is known.

A.7 Exponential and Logarithm

Tails of the generalized Gamma form are not closed under exponentiation or logarithms. Indeed, if
both X and exp X have generalized Gamma tails, then X is exponentially distributed (and exp X
has power law tails). As a workaround, we can consider an upper bound on the tail by projecting onto
the nearest possible exponentially distributed / power law tail. If p > 1, then a change of variables
shows the density of exp X satisfies

o—1

Dexp x (T) ~ g(logx)” exp (—o(logx)?) < gexp (—o(logz)) =cx™ 77", asx — 0.

The inverse of this operation sends R 1 to (0, o, 1). With this in mind, we define the exponential
and logarithmic operations according to the following: exp(v, o, p) = Ry41 if p > 1, otherwise Ry;
log(v,0,p) = (0,|v| —1,1) if v < —1 and p < 0, otherwise L.

A.8 Lipschitz Functions

There are many multivariate functions that cannot be readily represented in terms of the operations
covered thus far. For these, it is important to specify the tail behaviour of pushforward measures
under Lipschitz-continuous functions. Fortunately, this is covered by Theorem [2 below, presented in
[31), Proposition 1.3].

Theorem 2. For any Lipschitz continuous function f : R — R satisfying || f(z)— f(y)|| < L||z—yl|
for z,y € RY, there is f(X1,...,X4) = Lmax{Xy,..., Xq}. More generally, for any Holder
continuous function f : R? — R satisfying || f(x) — f(y)|| < L||z — y||* for x,y € RY, there is
f(X1,...,Xq) = Lmax{X{,..., XJ}

A.9 Power Law Approximation

There are many cases where power laws arise not from a single operation of random variables, but
cumulatively, through many successive operations. In these cases, p becomes small while o becomes
large, such that ¢ = O(p~1). To see how this regime induces a power law, note that as z — oo,

v, —o(zf—1) v 7pr/’—1 v _—oplogx v—op

P ~ ~ ~ ~
7T = ¢cxve =cxVe o ~cxte =cx ,

pix) () ~ cx’e”
where we have used the approximation logz = p~2(z” — 1) + O(p?). Consequently, we can
represent tails of this form by the Student ¢ distribution with |v — op| — 1 degrees of freedom. In
practice, we find this approximation tends to overestimate the heaviness of the tail.

Alternatively, the generalized Gamma density (2) satisfies EX" = o~/ pF(%}”) / F(VTH) for
r > 0. Let « > 0 be such that EX® = 2. By Markov’s inequality, the tail of X satisfies
P(X > z) < 2z~ . Therefore, we can represent tails of this form by the Student ¢ distribution with
a + 1 degrees of freedom (generate X ~ StudentT(«)). In practice, we find this approximation to be
more accurate, and is hence used as our power law candidate distribution in Section
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A.10 Posterior Distributions

Suppose that a random variable X is dependent on a parameter § and a latent random element Z
through a function f by X = f(Z;0). Letting 7 denote a prior on 6, since p(6|z) x px (z|0)w(0), it
will suffice to find the tail of px (x|@) in 6, as we can incorporate the tail of 7 with the & operation.
Assuming that f is invertible with respect to both Z and @ with respective inverses f~!(z;6) and
©(x; ), a change of variables shows that

pxalt) =27~ @i0) | i)

Note that z = f~1(x;0(x;2)) and so ©~1(0;z) = f~1(x;0), where ©~1(x;0) is the inverse of
z +— O(x; z) at 0. Therefore, the density of ©(x; Z) is

po(b.a) =l (wi0) | 351 (wi0).
Consequently,
px(x]0) = pe(0, ) R(z, §),

where R(z,0) = |%f*1(93; 9)|/|%f’1(z; 0)]. Since the inverse of a composition of operations
is a composition of inverses, the tail of pg is relatively straightforward to determine by tracing
back through the computation graph and sequentially applying inverse operations, i.e., ¢ (addition)
becomes © (subtraction), etc. For example, if X = p+ Z, then f(z,u) = p+z, f~Ha;p) = 2 —p,
and R(z,u) = 1. Therefore, u|X = = = (v — z) & 7. Similarly, if X = ¢Z, then f(z,0) = oz,
fYx,0) =x/0o,and R(z,0) = 07! /(x072) = 0. Therefore, u|X =z = (x/Z) & (1,1,0) & 7.
If X = Z/o, then f(Z,0) = z/o, f Y (x,0) = oz, and R(z,0) = 0/z = 0.

B List of Univariate Distributions

To demonstrate the scope of our algebra and facilitate implementation in a general PPL, Table[5]lists
many families of one-dimensional densities and their corresponding tail class.

Table 5: List of univariate distributions

Name Support Density p(z) Class
Benktander Type II (0, 00) e%(lfwb):ﬂbfz(a:ﬂb —-b+1) (2b—2,%,b)
Beta prime (0, 00) %LﬁFIO +a) o p Rp+1
Burr (0, 00) cka®= (1 4 x¢) k-1 Rek+1
Cauchy (—00,00) (7)1 [1 + (wfo)Q] - Ro
Chi (0, 00) st e /2 (k—1,1,2)
Chi-squared (0, 00) maﬁ_le—”? (% -1, %, 1)
Dagum 000 EETE )T Rt
Davis (0, 0) o« (x —p)~t=n/ (eﬁ - 1) (-1 —=n,b,-1)
Exponential (0, 0) e~ A® (0,A,1)
F (0,00) o /27 (dya + dp)~(hrtd2)/2 Ry /241
Fisher 2 (—00, 00) x (dlemi;fdﬁdz)/z (0,do, 1)
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Frechet
Gamma
Gamma/Gompertz
Generalized hyperbolic

Generalized normal

Geometric stable
Gompertz
Gumbel
Gumbel Type II
Holtsmark
Hyperbolic secant
Inverse chi-squared
Inverse gamma
Levy
Laplace
Logistic
Log-Cauchy
Log-Laplace
Log-logistic
Log-t
Lomax
Maxwell-Boltzmann
normal
Pareto
Rayleigh
Rice
Skew normal
Slash

Stable

(w—m)*lfa 67(%)—01

A
%%Exa—le—ﬁx
bsebxﬁs/(ﬂ -1 + elw)s-‘rl

o Ple—1) K120 /FHG—0?)

(32 +(z—p)2) /=272
B
B |z—p|
2al(1/8) &XP (_( o ) )
no closed form

onexp(n +ox —ne’®)

Ble—(B7 w=p)e™? 71

—
aﬁx—a—le—ﬁm
no closed form

lsech (%)

2—k/2 p—k/2—1,—1/(2x)
TwED)”
ﬁ —— - xr
T e

— )73 mm

Vg (@
% exp (_ |7J;H\>

e~ (@—n)/X
N1te @-m/x)2
Z ((logz — p)* + o2)
L exp( log.z— m)

2(2)"" (

2 2
2 o=a?/(20%)

L exp (_7(7422;/2)) Io (%)

no closed form

_ 1,2
l—e 27

V2mx?

no closed form
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Student’s ¢- (—00, 00) %g;g) (1 + ‘%2) s Ru+1
5
Tracy-Widom (—00,00) no closed form (—% -1, %, 3)
Voigt (—00, 00) no closed form Ro
Weibull (0, 00) £ ()7 e/ (p—1,A7",p)

The following densities are not supported by our algebra: Benini distribution; Benktander Type I
distribution; Johnson’s Sy;-distribution; and the log-normal distribution. All of these densities exhibit
log-normal tails.

C Theoretical Examples

To verify that our GGA yields accurate predictions of tail behaviour, we work out some explicit GGA
computations on several standard distributions using operations in Table[T] By doing so, we recover
some common probability identities.

Example 3 (Chi-squared random variables). Let X1, ..., X} be k independent standard normal
random variables. The variable Z = Zle X2 is chi-squared distributed with k degrees of freedom.
Using the GGA, we can accurately determine the tail behaviour of this random variable directly from
its construction. Recall that each X; = (0, 1/2,2), and by the power operation, X? = (—1/2,1/2,1).
Applying the addition operation k times reveals that Z = (k/2 — 1,1/2,1) and implies that the
density of Z is asymptotically cz*/2~1e=%/2 as & — co. In fact, it is known that the density of Z is
exactly pz(x) = cpz®/?~'e=*/2, where ¢, = 27%/2/T'(k/2).

Example 4 (Products of random variables). To demonstrate the multiplication operation in our
algebra, we consider the product of two exponential, Gaussian, and reciprocal Gaussian random
variables. Traditionally, asymptotics for the distribution of the product of two random variables would
be found analytically. For example, consider the following Lemma 3]

Lemma 3. Let X1, Xo ~ Exp(\) and Z1, Zo ~ N (0,1) be independent. As x — oo, the densities
()leXQ, Z1Zyand Z = ]./Zl . 1/22 satisfy

N2 o 1 1
z) ~ —22/z ~ — z) ~ ——— /Il
pX1X2(‘E) $1/4 € ) pZ1Z2(I) Gy ) pZ(‘E) \/%|Z|3/26 .

With ease, our algebra correctly determines that X X, = (—i, 2], %), AV R= (—%, 1,1) and

Z = (—%, ,—1). We now demonstrate how one would ascertain these asymptotics manually.

Proof of Lemma |3} The proof relies on the following integral definition [56| pg. 183] and asymptotic
relation as z — oo [56, pg. 202] of the modified Bessel function K, (z) for z > 0 and v > 0,

_1 Z\¥ > —v—1 22 ™ —z
K, (z)= 3 (§> /0 u exp (—u - 4u) du ~ ,/2—26 . 4)

We also make use of the known density for the product of two independent continuous random
variables: if X and Y have densities px and py respectively, then Z = XY has density

pz(2) :/DQPX(x)py(Z/x)|x|_ldx.

* Density of X; X»: Recalling that the density of X ~ Exp()\) is px () = Ae ™ for x > 0,
for Z = XY where X ~ Exp(\1) and Y ~ Exp()\z) are independent,

pz(z):/ xil)\lef)‘lx)\gef)‘zz/xd:c:)\1)\2/ x e ME Az T gy
0 0
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Since 2K¢(2y/z) = [, u~ " exp(—u — £)du, let u = A1v, so that du = A\ dv,
2Ko(24/ A A2z) = / utexp (—)\111 - )\23) dv
0 U
Therefore, letting A = /A1 Ao,
pZ(Z) :2)\2]{0(2)\\/2) ~ \/7?)\3/22_1/46_2>\21/2.

* Density of Z;Z,: Recalling that the density of X ~ N(0,1) is px(z) =
(2m)~1/2 exp(—3$2?), for Z = XY where X,Y ~ N(0,1) are independent,

/\xl Lem3v®em32%/2% gy

2 2
= — x_le_W -32°/2% 4y
™ Jo

1 o -1 2 2
= — g~ lem 32" 3 /2% gy
™ Jo

pz(2)

Letu = %IQ so that du = xdx and

K(z)—z”/oox_QV_leX —le—i dz
= PA72% T2 )

In particular, for any z € R,

Ko(|2]) /Ooxfle 1x2 & dz 3
= X _—— —_— —
0 0 P 2 222 )

and so

* Density of Z: Finally, by a change of Variables we note that the density of X ~! where X ~
N(0,1) is px-1(z) = (2m)"Y/?272 exp(— 525 ). Therefore, the density of Z = 1/(XY)
where X, Y ~ N(0,1) are independent is glven by

) / 1 a2 2l d
z) = e 2z e 22 —AdXx
bz R V2mx2 V222 ||
12
= % / 6729%27222 1 dx
2722 Jn ||
]. o _1 7m2 ].

= e 222 222 7d
722

:7}(0 (2| 1/ |Z| 3/2,—1217"

where we have once again used (3).

Example 5 (Reciprocal distributions). Perhaps the most significant challenge with our tail algebra is
correctly identifying the tail behaviour of reciprocal distributions. Here, we test the efficacy of our
formulation with known reciprocal distributions.

* Reciprocal normal: X ~ N(0,1) = (0,1/2,2),and X! = (-2,1/2,-2).
e Inverse exponential: X ~ Exp(\) = (0,\,1),and X1 = (=2, )\, —1).
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o Inverse t-distribution: X = R,,and X! = R,.

e Inverse Cauchy: X = R, itis known X ~! has the same distribution and our theory predicts
X t= Ro.

Example 6 (Cauchy distribution). A simple special case of the Student 7" distribution is the Cauchy
distribution, which arises as the ratio of two standard normal random variables. For X ~ A/ (0,1),
X =(0,1/2,2) and X ! = (-2,1/2, —2). Hence, the multiplication operation correctly predicts
that the ratio of two standard normal random variables is in Ro.

Example 7 (Student 7" distribution). Let X be a standard normal random variable, and V' a chi-
squared random variable with v degrees of freedom. The random variable T = X//V/v is
t-distributed with v degrees of freedom. Since V' = (v/2 — 1,1/2,1), multiplying by the constant
1/v reveals V/v = (v/2 — 1,1/(2v),1). Applying the square root operation, /V/v = (v —
1,1/(2v),2). To compute the division operation, we first take the reciprocal to find (V/v)~1/2 =
(-=v — 1,1/(2v),—2). Finally, since p = —2 < 1 for this random variable, the multiplication
operation with X = (0,1/2,2) yields T = R, ;1. Thus, the density of 7' is asymptotically cz~"~1
as x — oo. In fact, it is known that the density of T satisfies pr(z) = ¢, (1 + 22 /v)~“T1/2 where
¢y = T(42) /T (%) (vr)~1/2, which exhibits the predicted tail behaviour.

Example 8 (Log-normal distribution). Although the log-normal distribution does not lie in G, the
existence of log-normal tails arising from the multiplicative central limit theorem is suggested by our

algebra. Let X7, Xo, ... be independent standard normal random variables, and let Z;, = X - - - Xos
for each k = 1,2,.... By the multiplicative central limit theorem, letting 7 = exp(Elog |X;|) =~
1.13,

XX\ Y o
() — Z asn — 0o,
-

where Z is a log-normal random variable with density
1

V2w

pz(x) = exp(—2(logz)?).

Therefore, the same is true for Vi, = (Z/ T)Tkﬂ. Using our algebra, we will attempt to reproduce
the tail of this density. Letting Z; = Xok - - - Xok+1, we see that Zy 1 = Zi 2y, and Zy,, Zj, are iid.
Let Zi = (v, 0k, pr), by induction using the multiplication operation, we find that

1 (QVk 1) Pk
Vg1 = — |\ — — 5| =V — —
T\ 2 4

2 2
Okr1 = p(Opr)"or = o (okpr) = 20%

_1 o
Pk+1 y 5
Since pg = 2, 09 = 1/2, and vy = 0, we find that p,, = 2'~F and 0, = 2"~'. Furthermore,
Upy1 = vp — 27 Land so v, = —1 4+ 27, Therefore

Zp = (—1427F 2k=1 9l=ky and,
Vi=(—1+ 2—k/2’2k—17_—21”‘721—k/2)’

and letting ¢, = 27%/2, the tail behaviour of the density of V}, satisfies

-2
—14e€g Ek 2e
pr(x) ~ ez * exp (_27—%% x ")

1 « —1\° 1
~cpr e exp | ——— r-- ~cpr texp | —=(logx)? ),
27~ ¢, €k 2
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as x — oo, where the approximation improves as k gets larger. The quality of this approximation is
demonstrated in Figure 6]

] —— log-normal - ———
1.5 k=1 10-2] .
-—- k=5
k=10 T 10754
= N
Q 10-8{ — log-normal
k=5
10-114 ==~ k=10
--- k=15
102 102 107!  10° 10 102
X X

Figure 6: Estimation of the log-normal density (blue) by the representative density chosen by the
GGA applied to Vi, for k = 1, 5, 10 (orange, green, red, respectively), as presented on a log-linear
scale (left) and a log-log scale (right).

D Additional Details for Experiments

The targets in Table 2] and Table ] are analyzed using the GGA in Appendix [C] Note that Inverse
Gamma (“IG”) corresponds to the inverse exponential. We selected closed form targets so that the
Pareto tail index « is known analytically and the quality of theoretical predictions as well as empirical
results can be rigorously evaluated. All experiments are repeated on i7-8700K CPU and GTX 1080
GPU hardware for 100 trials. 1000 samples from the model (as well as the approximation in VI) were
used to compute each gradient estimate. Losses were trained until convergence, which all occurred in
under 10* iterations at a 0.05 learning rate and the Adam [27] optimizer.

E Mellin Transforms

Recall that the Mellin transform of a function f on (0, co) is given by

M= [ e,

0

Letting pxy denote the density of the product of independent random variables X, Y with respective
densities px and py, M[pxy] = M[px]Ms[py]. There is

B —v/p
MlexVe™ "] = @ o~s/Pr <V + S) .
P PP
To facilitate the proof of Proposition 2] we define the Fox H-function

(a1,A1),..., (ap,Ap)}
(b1,B1),...,(bqg,Byq)

m,n
Hyg {Z

as the inverse Mellin transform of
H;n—1 L'(bj + Bjs) -+ H?:l (1 —a; —Ajs)

O(s)=2""° — .
;I':m+l I'(1—0b; — Bys) §:n+1 T(aj + Ajs)

An important property of the Fox H-function is its asymptotic behaviour as z — oo. From [34,
Theorem 1.3],

AL, (ap, A 1 _
Hgft(z) {Z (&BBEZ:B:)) ~ x0T M exp(—p B i), as & — 00,
for some constant ¢ > 0, where § = H?Zl(Aj)_Aj ‘]1,:1 ij, W= ;1_:1 Bj — E§:1 A;, and
6= 3 05-1bi = Xjaa + 5t
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