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Abstract

Wasserstein distributionally robust estimators have emerged as powerful models
for prediction and decision-making under uncertainty. These estimators provide
attractive generalization guarantees: the robust objective obtained from the train-
ing distribution is an exact upper bound on the true risk with high probability.
However, existing guarantees either suffer from the curse of dimensionality, are re-
stricted to specific settings, or lead to spurious error terms. In this paper, we show
that these generalization guarantees actually hold on general classes of models, do
not suffer from the curse of dimensionality, and can even cover distribution shifts
at testing. We also prove that these results carry over to the newly-introduced
regularized versions of Wasserstein distributionally robust problems.

1 Introduction

1.1 Generalization and (Wasserstein) Distributionally Robust Models

We consider the fundamental question of generalization of machine learning models. Let us denote
by fp the loss induced by a model parametrized by 6 for some uncertain variable £ (typically a data
point). When ¢ follows some distribution P, seeking the best parameter 6 writes as minimizing the
expected loss

min Ep[fo(&)]-

We usually do not have a direct knowledge of P but rather we have access to samples (&;)7
independently drawn from P. The empirical risk minimization approach then consists in minimizing

the expected loss over the associated empirical distribution IADn = % > 0, (as a proxy for the
expected loss over P), i.e.,

min Ec_p, [o(€) (: ,ﬁzfe@)) -

Classical statistical learning theory ensures that, with high probability, Ep[fs] is close to Eg [fs] up
to O(1/+/n) error terms, see e.g., the monographs Boucheron et al. (2013); Wainwright (2019).

A practical drawback of empirical risk minimization is that it can lead to over-confident decisions
(when Eg [fo] < Ep[fp], the real loss can be higher that the empirical one (Esfahani and Kuhn,
2018)). In addition, this approach is also sensitive to distribution shifts between training and ap-
plication. To overcome these drawbacks, an approach gaining momentum in machine learning is
distributionally robust optimization, which consists in minimizing the worst expectation of the loss
when the distribution lives in a neighborhood of P,;:

min  sup  Eeq[fo(§)], (D
0cO Qeu(ﬁn) e~Ql/e
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where the inner sup is thus taken over Q in the neighborhood U (P,,) of Py, in the space of probability
distributions. Popular choices of distribution neighborhoods are based on the Kullback-Leibler (KL)
divergence (Laguel et al., 2020; Levy et al., 2020), kernel tools (Zhu et al., 2021a; Staib and Jegelka,
2019; Zhu et al., 2021b), moments (Delage and Ye, 2010; Goh and Sim, 2010), or Wasserstein dis-

tance (Shafieezadeh Abadeh et al., 2015; Esfahani and Kuhn, 2018). If P € U/ (ﬁn), distributionally
robust models can benefit from direct generalization guarantees as,

sup  Eevq[fo(§)] = Eeor[fo(S))- @)
QEU(Py)

Thus, for well-chosen neighborhoods U/ (13n), distributionally robust objectives are able to provide
exact upper-bounds on the expected loss over distribution P, i.e., the true risk.

Wasserstein distributionally robust optimization (WDRO) problems correspond to (1) with
UP.) ={QePE): WP, Q) <pf .

where W(ﬁn, Q) denotes the Wasserstein distance between ﬁn and Q and p > 0 controls the re-

quired level of robustness around 13n_ As a natural metric to compare discrete and absolutely contin-
uous probability distributions, the Wasserstein distance has attracted a lot of interest in both machine
learning (Shafieezadeh Abadeh et al., 2015; Sinha et al., 2018; Shafieezadeh-Abadeh et al., 2019; Li
et al., 2020; Kwon et al., 2020) and operation research (Zhao and Guan, 2018; Arrigo et al., 2022)
communities; see e.g., the review articles Blanchet et al. (2021); Kuhn et al. (2019).

WDRO benefits from out-of-the-box generalization guarantees in the form of (2) since it inherits the
concentration properties of the Wasserstein distance (Esfahani and Kuhn, 2018). More precisely,
under mild assumptions on P, (Fournier and Guillin, 2015) establishes that W(ﬁn, P) < p with
high probability as soon as p ~ 1/n'/% where d denotes the dimension of the samples space. Thus,
a major issue is the prescribed radius p suffers from the curse of the dimensionality: when d is
large, p decreases slowly as the number of samples n increases. This constrasts with other distri-
butionally robust optimization ambiguity sets, such as Maximum Mean Discrepancy (MMD) (Staib
and Jegelka, 2019; Zeng and Lam, 2022), where the radius scales as 1/1/n. Moreover, the existing
scaling for WDRO is overly conservative for WDRO objectives since recent works (Blanchet et al.,
2022a; Blanchet and Shapiro, 2023) prove that a radius behaving as 1/4/n is asymptotically optimal.
The main difference with (Esfahani and Kuhn, 2018) is that they — and us — consider the WDRO
objective as a whole, instead of proceeding in two steps: first considering the Wasserstein distance
independently and invoking concentration results on the Wasserstein distance and then plugging this
result in the WDRO problem.

1.2 Contributions and related works

In this paper, we show that WDRO provides exact upper-bounds on the true risk with high proba-
bility. More precisely, we prove non-asymptotic generalization bounds of the form of (2), that hold
for general classes of functions, and that only require p to scale as 1/y/n and not 1 /nl/ 4, To do
s0, we construct an interval for the radius p for which it is both sufficiently large so that we can go
from the empirical to the true estimator (i.e., at least of the order of 1/y/n) and sufficiently small so
that the robust problem does not become degenerate (i.e., smaller than some critical radius, that we
introduce as an explicit constant). Our results imply proving concentration results on Wasserstein
Distributionally Robust objectives that are of independent interest.

This work is part of a rich and recent line of research about theoretical guarantees on WDRO for
machine learning. One of this first results, Lee and Raginsky (2018), provides generalization guar-
antees, for a general class of models and a fixed p, that, however, become degenerate as the radius
goes to zero. In the particular case of linear models, WDRO models admit an explicit form that
allows Shafieezadeh-Abadeh et al. (2019); Chen and Paschalidis (2018) to provide generalization
guarantees (2) with the radius scaling as 1/4/n. The case of general classes of models, possibly
non-linear, is more intricate. Sinha et al. (2018) showed that a modified version of (2) holds at the
price of non-negligible error terms. Gao (2022); An and Gao (2021) made another step towards
broad generalization guarantees for WDRO but with error terms that vanish only when p goes to
Zero.



In contrast, our analysis provides exact generalization guarantees in the form (2) without additional
error terms, that hold for general classes of functions and allow for a non-vanishing uncertainty
radius to cover for distribution shifts at testing. Moreover, our guarantees also carry over to the
recently introduced regularized versions of WDRO (Wang et al., 2023; Azizian et al., 2023), whose
statistical properties have not been studied yet.

This paper is organized as follows. In Section 2, we introduce notations and our blanket assumptions.
In Section 3, we present our main results, an idea of proof, and discussions. The complete proofs
are deferred to the appendix.

2  Setup and Assumptions
In this section, we formalize our setting and introduce Wasserstein Distributionally Robust risks.

2.1 Wasserstein Distributionally Robust risk functions

In this paper, we consider as a samples space = a subset of R? equipped with the Euclidean norm
I-|l. We rely on Wasserstein distances of order 2, in line with the seminal work Blanchet et al.
(2022a) on generalization of WDRO. This distance is defined for two distributions Q, Q' in the set
of probability distributions on =, denoted by P(Z), as

1 1/2
W,(Q,Q) = inf E¢ oyor | =€ — 2}) 7
Q)= (il Beoes [51
where P(=Z x E) is the set of probability distributions in the product space E x =, and 71 (resp. m2)
denotes the first (resp. second) marginal of 7.

We denote by f : = — R the loss function of some model over the sample space. The model may
depend on some parameter 6, that we drop for now to lighten the notations; instead, we consider
a class of functions F encompassing our various models and losses of interest (we come back to
classes of parametric models of the form F = {fy : § € ©} in Section 4).

We define the empirical Wasserstein Distributionally Robust risk ﬁpz (f) centered on P, and simi-
larly the true robust risk R 2 ( f) centered on P as

Rpe(f) = sup  Eeuq[f(6)] and  Rpe(f)= sup Eeglf()]. )
QeP(®) QeP(E)
W3 (Pn,Q)<p? W3 (P,Q)<p?

Note that ﬁp2 (f), which is based on the empirical distribution ﬁn, is a computable proxy for the
true robust risk R 2 (f). Note also that the true robust risk R 2 (f) immediately upper-bounds the
true (non-robust) risk E¢p [f(£)] and also upper-bounds E¢..q [f(§)] for neighboring distributions
Q that correspond to distributions shifts of magnitude smaller than p in Wasserstein distance.

2.2 Regularized versions

Entropic regularization of WDRO problems was recently studied in Wang et al. (2023); Blanchet
and Kang (2020); Piat et al. (2022); Azizian et al. (2023) and used in Dapogny et al. (2023); Song
et al. (2023); Wang and Xie (2022); Wang et al. (2022). Inspired by the entropic regularization in
optimal transport (OT) (Peyré and Cuturi, 2019, Chap. 4), the idea is to regularize the objective by
adding a KL divergence, that is defined, for any transport plan 7 € P(E x E) and a fixed reference
T € P(ExE), by

flogSZdm whenm <7

+00 otherwise.

KL(x[) = {

Unlike in OT though, the choice of the reference measure in WDRO is not neutral and introduces
a bias in the robust objective (Azizian et al., 2023). For their theoretical convenience, we take
reference measures that have Gaussian conditional distributions

le—¢li?

o (dC|€) x Leeze™ 202 dC, forall§ € =, 4)




where ¢ > 0 controls the spread of the second marginals, following Wang et al. (2023); Azizian
et al. (2023). Then, the regularized version of R 2 (f) (WDRO empirical risk) is given by

Rea(f) = swp  Eeon, [f(6)] —eKL(x|rl)  with 77 = Po(d€) m,(dcle) (5)
TEP(EXE),m1=Py
E(e.oomn |3 16—CI%]<p?
and similarly, the regularized version of R 2 (f) is given by
Rig(f) = sup Eer, [f(§)] —eKL (7|75 ) with 7w, = P(d¢) m,(dC|€). (6)

reP(EXE),m1 =P
E(e,cymn |2 1E—CI2]<p?

These regularized risks have been studied in terms of computational or approximation properties,
but their statistical properties have not been investigated yet. The analysis we develop for WDRO
estimators is general enough to carry over to these settings.

In (5) and (6), note finally that the regularization is added as a penalization in the supremum, rather
than in the constraint. As in Wang et al. (2023), penalizing in the constraint leads to an ambiguity
set defined by the regularized Wasserstein distance, that we introduce in Section 3.2. We refer to
Azizian et al. (2023) for a unified presentation of the two penalizations.

2.3 Blanket assumptions

Our analysis is carried under the following set of assumptions that will be in place throughout the
paper. First, we assume that the sample space = C R¢ is convex and compact, which is in line with
previous work, e.g., (Lee and Raginsky, 2018; An and Gao, 2021).

Assumption 1 (On the set ). The sample space = is a compact convex subset of R¢.

Second, we require the class of loss functions F to be sufficiently regular. In particular, we assume
that they have Lipschitz continuous gradients.

Assumption 2 (On the function class). The functions of F are twice differentiable, uniformly
bounded, and their derivatives are uniformly bounded and uniformly Lipschitz.

Finally, we assume that f’n is made of independent and identically distributed (i.i.d.) samples of P
and that P is supported on the interior of = (which can be done without loss of generality by slightly
enlarging = if needed).

Assumption 3 (On the distributions). ﬁn = % Z;L:l d¢, where &1, ..., &, are i.i.d. samples of P.

We further assume that there is some R > 0 such that P satisfies supp P +B(0, R) C Z.

3 Main results and discussions

The main results of our paper establish that the empirical robust risk provide high probability bounds,
of the form of (2), on the true risk. Since the results and assumptions slightly differ between the
WDRO models and their regularized counterparts, we present them separately in Section 3.1 and
Section 3.2. In Section 3.3, we provide the common outline for the proofs of these results, the
proofs themselves being provided in the appendix. Finally, in Section 4, we detail some examples.

3.1 Exact generalization guarantees for WDRO models

In this section, we require the two following additional assumptions on the function class. The first
assumption is common in the WDRO litterature, see e.g., Blanchet et al. (2022a); Blanchet and
Shapiro (2023); Gao (2022); An and Gao (2021).

Assumption 4. The quantity inf s 7 Ep [||V f]|?] is positive.

The second assumption we consider in this section makes use of the notation d(&, A), for a set
A C Eand a point £ € =, to denote the distance between £ and A, i.e., d(§, A) = infec || — (||



Assumption 5.

1. For any R > 0, there exists A > 0 such that,
VfeF,V¢eZ, d((argmaxf)>R = f({)—maxf<—-A.

2. The following growth condition holds: there exist ;x> 0 and L > 0 such that, for all
f € F,§ € =Zand & aprojection of § on arg max f, i.e., §* € argming, oy 1€ — I,

L
FE) = £ @+ Sle &I = Zle— €1

The first item of this assumption has a natural interpretation: we show in Lemma A.7, that it is
equivalent to the relative compactness of the function space F w.r.t. to the distance

D(f.9) = lf — gl + Dp(arg max f, arg max g)

where Dy denotes the (Hausdorff) distance between sets and || f||oc = supgcz|f(€)] is the in-
finity norm. The last one is a structural assumption on the functions F that is new in our context
but is actually very close the so-called parametric Morse-Bott condition, introduced in of bilevel
optimization (Arbel and Mairal, 2022), see Section A.5.

We now state our main generalization result for WDRO risks.

Theorem 3.1. Under Assumptions 4 and 5, there is an explicit constant p. depending only on F
and P such that for any 6 € (0,1) andn > 1, if

1+1logl/d B 1+1logl/o
O<\/+Og/><p<p_@<,/+og/> 7
n 2 n
then, there is p, = O (\/ W) such that, with probability 1 — 6,

VieF, Rp(f)>Eeqlf(€)]  forall Qsuchthat WE(P,Q) < p(p—p,). (8)

In particular, with probability 1 — §, we have
VfEF., Rp(f)=Eewr [f(E)]. ©)

The second part of the result, (9), is an exact generalization bound: it is an actual upper-bound on
the true risk E¢p[f(£)], that we cannot access in general, through a quantity that we can actually

compute with P,,. The first part of the result, (8) gives us insight into the robustness guarantees
offered by the WDRO risk. Indeed, it tells us that, when p is greater than the minimal radius
pn < 1/+/n by some margin, the empirical robust risk R ,2(f) is an upper-bound on the loss even
with some perturbations of the true distribution. Hence, as long as p is large enough, the WDRO
objective enables us to guarantee the performance of our model even in the event of a distribution
shift at testing time. In other words, the empirical robust risk is an exact upper-bound on the true
robust risk R ,(,—p,,) (f) with a reduced radius.

The range of admissible radiuses is described by (7). The lower-bound, roughly proportional to
1/4/n, is optimal, following the results of Blanchet et al. (2022a). The upper-bound, almost in-
dependent of n, depends on a constant p., that we call critical radius and that has an interesting
interpretation, that we formalize in the following remark. Note, finally, that, the big-O notation in
this theorem has a slightly stronger meaning! than the usual one, being non-asymptotic in n and 4.

Remark 3.2 (Interpretation of critical radius). The critical radius p., appearing in (7), is defined by

2

'Eg., pn :(/)(1 / LW) means that 3C' > 0 such that p,, < C4/ Lngl/& foralld € (0,1)andn > 1.

1
2 .= inf Eeop | =d> .
pe = Inf Ee P[ (€, arg max f)




It can be interpreted as the threshold at which the WDRO problem w.r.t. P starts becoming degen-
erate. Indeed, when p* > Ee¢.p [%dQ(f, arg max f)} for some f € F that we fix, the distribution Q
given by the second marginal of the transport plan 7 defined by,

7(d¢,dQ) = P(d§)dcx(¢)(dC)  where (*(§) € argmin d*(¢,0),

(c€argmax f

satisfies

1 1
WE(P.Q) < Eqe |31 — G| = Bevr | 3e2l6.argmax )| < 2.

As a consequence, the robust problem is equal to
Rp2(f) = sup  Benq [f(§)] = max f(£).
QEP(2) geE
w3 (P,Q)<p?
Thus, when the radius exceeds p., there is some f such that the robust problem becomes degenerate
as it does not depend on P nor p anymore.

Finally, note that we can obtain the same generalization guarantee as Theorem 3.1 without Assump-
tion 5 at the expense of losing the above interpration on the condition on the radius. More precisely,
we have the following result.

Theorem 3.3. Let Assumption 4 hold. For any § € (0,1) and n > 1, if p satisfies (7), and if,
in addition, it is smaller than a positive constant which depends only on P, F and =, then both
conclusions of Theorem 3.1 hold.

This theorem can be compared to existing results, and in particular with Gao (2022); An and Gao
(2021). These two papers provide generalization bounds for WDRO under a similar assumption
on F and a weakened version of Assumption 3. However, these generalization bounds involve
extra error terms, that require p to be vanishing. In comparison, with a similar set of assumptions,
Theorem 3.3 improves on these two issues, by allowing p not to vanish as n — co and by providing
the exact upper-bound (9). Allowing non-vanishing radiuses is an attractive feature of our results
that enables us to cover distribution shifts.

3.2 Regularized WDRO models

The analysis that we develop for the standard WDRO estimators is general enough to also cover the
regularized versions presented in Section 2.2. We thus obtain the following Theorem 3.4 which is the
first generalization guarantee for regularized WDRO. This theorem is very similar to Theorem 3.1
with still a couple of differences. First, the regularization leads to ambiguity sets defined in terms
of Wy -(P,-), the regularized Wasserstein distance to the true distribution P, defined, for some
regularization parameter 7 > 0, as

W3 (P, Q) = inf {E,r EH{ — (2} +7KL(m|7,) :m € P(EXE),m =P, my = Q} ,

where 7, appears in the definition of the regularized robust risk (6). Besides, the regularization
allows us to avoid Assumptions 4 and 5 to show our generalization result.

Theorem 3.4. For o = ogp with og > 0, € = gop with g > 0 such that 50/08 is small enough
depending on F, P, E, there is an explicit constant p. depending only on F, P and E such that for
all6 € (0,1) andn > 1, if

[1+1og1/s pe 1 1 1+log1/5\"*
“TR P << ol — >
O( n )‘p— > ~N\vm) ™ re2OE T ’

then, there are T = O(ep) and p, = O (\/ W) such that, with probability at least 1 — ¢,

ViEF, Ro(f)>Eenqlf(€)]  forall Q suchthat W3, (P,Q) < plp—pn).  (10)

Furthermore, when o and o are small enough depending on P and Z, with probability 1 — 0,

VfEF, Roa(f)=EeurEenn, (o [F(Q)].



The first part of the theorem, (10), guarantees that the empirical robust risk is an upper-bound on
the loss even with some perturbations of the true distribution. As in OT, the regularization added to
the Wasserstein metric induces a bias that may prevent WQQ’T(P7 P) from being null. As a result, the
second part of the theorem involves a smoothed version of the true risk: the empirical robust risk
provides an exact upper-bound the true expectation of a convolution of the loss with 7,,.

A few additional comments are in order:

* Our result prescribes the scaling of the regularization parameters: € and o should be taken
proportional to p.

* The critical radius p. has a slighlty more intricate definition, yet the same interpretation as
in the standard WDRO case inRemark 3.2; see Section D.2.

 The regularized OT distances do not suffer from the curse of dimensionality (Genevay et al.,
2019). However this property does not directly carry over to regularized WDRO. Indeed,
we cannot choose the same reference measure as in OT and we have to fix the measure
T, introducing a bias. As a consequence, we have to extend the analysis of the previous
section to obtain the claimed guarantees that avoid the curse of dimensionality.

3.3 Idea of the proofs

In this section, we present the main ideas of the proofs of Theorem 3.1, Theorem 3.3, and Theo-
rem 3.4. The full proofs are detailed in appendix; we point to relevant sections along the discussion.
First, we recall the duality results for WDRO that play a crucial role in our analysis. Second, we
present a rough sketch of proofs that is common to both the standard and the regularized cases.
Finally, we provide a refinement of our results that is a by-product of our analysis.

Duality in WDRO. Duality has been a central tool in both the theoretical analyses and compu-
tational schemes of WDRO from the onset (Shafieezadeh Abadeh et al., 2015; Esfahani and Kuhn,
2018). The expressions of the dual of WDRO problems for both the standard case (Gao and Kley-
wegt, 2016; Blanchet and Murthy, 2019) and the regularized case (Wang et al., 2023; Azizian et al.,
2023) can be written with the following dual generator function ¢ defined as

_ supee={f(Q) = 2116 = <I?} ife =0
¢(f7£7)\7570) = { 510g(]E<NW(,(.\§) EXP(W)) ife> 0, (ll)

where ) is the dual variable associated to the Wasserstein constraint in (3), (5) and (6). The effect
of regularization appears here clearly as a smoothing of the supremum. Note also that this function
depends on the conditional reference measures 7, (:|) but not on other probability distributions.
Then, under some general assumptions (specified in Section 2.3 in appendix), the existing strong
duality results yield that the (regularized) empirical robust risk writes

Rie(f) = inf \p® + B [0(f.€. N €,0)] (12)
and, similarly, the (regularized) true robust risk writes

Ria(f) = inf Ap® + Eevp [0(f,€, N e,0)] (13)
These expressions for the risks are the bedrock of our analysis.

Sketch of proof. In both the standard case and the regularized case, our proof is built on two main
parts: the first part is to obtain a concentration bound on the dual problems that crucially relies on a
lower bound of the dual multiplier; the second part then consists in establishing such a lower bound.
All the bounds are valid with high probability, and we drop the dependency on the confidence level
¢ of the theorems for simplicity.

For the first part of the proof (Section B), we assume that there is a deterministic lower-bound A > 0
on the optimal dual multiplier in (12) that holds with high-probability. As a consequence, we can



restrict the range of X in (12) to obtain:
7/?\’;2 (f) - ;g& {)‘p2 + ngﬁ [¢(f7 57 >‘a & J)]}

E§NP[¢(f7 67 )‘7 57 U)] - Eg,wﬁn [¢(f7 57 )\7 Ea U)} }

A

EN ) 7)\/7 ] —-E; p ) 7>\/7 )
if;ﬁ{ApQ+Eg~p[¢<f,§,x,a,o)}—Asup bR e A M)]}

){Izlg {)\,02 + ESNP [¢(fa 57 )‘? &, U)} - A
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v

inf {0 + Eeop [6(/.€ A 2,0)] = App }

>R (f). (14)

In the above, we used that the inner supremum, which is random, can be bounded by a deterministic
and explicit quantity that we call p2, i.e.,

P2 > su Eep[o(f, &, X e,0)] — Ee 5, [0(f.6 X, ¢, 0)]
P = )\’EPA Y

with high probability.

Hence, we obtain an upper-bound on the robust risk w.r.t. the true distribution with radius p? — p2.
Moreover, we show that p2 = O(1/(\y/n)) which highlights the need for a precise lower bound A
to control the decrease in radius.

The second part of the proof thus consists in showing that the dual variable is indeed bounded away
from 0, which means that the Wasserstein constraint is sufficiently active. We have to handle two
cases differently:

* when p is small, i.e., close to p,, (Section C),

* when p is large, i.e., close to the critical radius p. (Section D). Note that the additional
Assumption 5 is required here: where we need to control the behaviors of f € F close to
their maxima (see (11) for € = 0 and small \).

In both cases we obtain that \ scales as 1/p for the respective ranges of admissible radiuses. As a
consequence 2 is bounded by pp,, with p,, = O(1/4/n) and (14) becomes

RE(f) = Ry (F) (15)

which leads to our main results.

Extension: upper and lower bounds on the empirical robust risk. The proof that we sketched
above actually shows that RS | (f) is alower bound of RS (f). This proof technique also yields

an upper bound by exchanging the roles of P and f’n.

Theorem 3.5. In the setting of either Theorem 3.1, Theorem 3.3 or Theorem 3.4 (with e = 0 or
€ > 0), with probability at least 1 — 0, it holds that

VfeF, R (f) SRS(f) < RS (f),

p(p—pn) p(p+pn)
with p, = (9(\/ W)

This result shows how two robust objectives w.r.t. P provide upper and lower bounds on the empiri-
cal robust risk, with only slight variations in the radius. Furthermore, when the number of data points
n grows, both sides of the bound converge to the same quantity 7'\’,;2 (f). Hence our generalization
bounds of the form (15) are asymptotically tight.

As a final remark, we underline that the proofs of this theorem and of the previous ones rely on the
cost being the squared Euclidean norm and the extension to more general cost functions is left as
future work. In particular, the Laplace approximation of Section A.3 in the regularized case and the
analysis of Section D.1 in the standard WDRO case would need further work to accomodate general
cost functions.



4 Examples: parametric models

Our main theorems Theorems 3.1, 3.3 and 3.4 involve a general class F of loss functions. We
explain in this section how to instantiate our results in the important class of parametric models. We
then illustrate this setting with logistic regression and linear regression in Examples 4.1 and 4.2.

Let us consider the class of functions of the form
F={¢— f(6,¢8):0 €0} with f: O x = — R (16)
where ©, the parameter space, is a subset of RP and =, the sample space, is a subset of R4,

For instance, this covers the case of linear models of the form f(6,&) = £((£,6)) with £ a convex
loss. This class of models is studied by Shafieezadeh-Abadeh et al. (2019); Chen and Paschalidis
(2018) in a slightly different setting, where they obtain a closed form for the robust objective and
then establish a generalization bound similar to (9).

Let us show how to instantiate our theorems in the case of (16).

 If f is twice continuously differentiable on a neighborhood of © x = with © and = both
compact, then Assumption 2 is immediately satisfied. Therefore, Theorem 3.4 can be read-
ily applied and its generalization guarantee hold.

* As for Assumption 4, it is equivalent to, for all § € ©, P(V¢ f(6,£) #0) > 0. Thus
disregarding the degenerate case of V¢ f(6, &) being null for P-almost every ¢ (e.g., when
the loss does not depend on &), we are in the setting of Theorem 3.3.

* Satisfying Assumption 5, needed for Theorem 3.1, requires some problem-dependent de-
velopments, see the examples below. Note though that the second item of Assumption 5 is
implied by the parametric Morse-Bott property (Arbel and Mairal, 2022); see Section A.S.

We discuss linear and non-linear examples of this framework. In light of the above, we focus our
discussion on Assumption 5. We first present the examples of linear models, Examples 4.1 and 4.2,
where the latter assumption is satisfied. We then consider several examples of nonlinear models:
kernel regression (Example 4.3), smooth neural networks (Example 4.4) and families of invertible
mappings (Example 4.5). In Section H, we also provide numerical illustrations for linear models.

Example 4.1 (Logistic Regression). For a training sample (x,y) € R? x {—1,+1}, the logistic
loss for a parameter § € RP is given by log(l + e_y@”’e)). It fits into our framework by defining
f06,6) = log(l + e<‘5>9>) with £ playing the role of —y X x. We assume that © is a compact set that

does not include the origin, and, for the sake of simplicity, we take = as a closed Euclidean ball,
ie, = = B(0,r). We are going to show that Assumption 5 is satisfied, and, for this, we need the

following elements. For any 0, the maximizer of f(0,-) over = = B(0,r) is reached at £* = HTTQH'
Besides, for any £ € =, it holds that
r? > lE)? = (€)1 + 267, € — €7 + 1€ = €717,
so that, since ||£*|| = r, we have
* * 1 * (|2
(€. -8=5lE-¢1°. (17)
We can now turn to the verification of Assumption 5.
1. Take some R > 0 and some & € = such that | — £*|| > R. Then, (17) yields
161 16]] 2 d(0,0)R?
0.6y — (0,6%) = Wlyer ¢ _ery < Ny e pwpz o _EEF)T g
0.6~ 0.6 =1 e ey < Wpe _grpp < Ay

Since u — log(1 + e*) is increasing, this yields that f(0,£) — f(6,&*) is bounded away
from 0 by a negative constant uniformly in 0 . The first item of Assumption 5 is thus satisfied.

2. Fix 6 € ©; by Taylor expanding u — log(1 + e*) around (0, £*) we get

£(0,) = f(0,¢) + (0,6 — &) +0((0,€ — €))7,

1+ e—(0.£*)



where the big-O remainder is uniform over 0 € ©. Using the first inequality in (18), we get
for & close enough to &*
1 16]] 2
0,6) < f(0,8") — ——F——-(0,6 =€) < f(0,) — —||E=€7)*.
This shows that the second item of Assumption 5 is satisfied locally around £*. It can be
made Lglobal by using the uniform Lipschitz-continuity of f, which introduces a term of the
form 1€ — &*I°.
Example 4.2 (Linear Regression). With samples of the form £ = (x,y) € RP x R and parameters
0 € RP, the loss is given by f(0,€) = 3 ({0, x) — y)?. Similarly to the previous example, we take ©

as a compact set of R? that does not include the origin and = of the form B(0,r) x [—r' 7). The
maximizers of f(0,-) on Z are £ = (r0/(|0||, —r") and & = (—r0/||0]|,r"). By symmetry, one can
restrict to the case of 7 and (0, x) — y > 0; the same rationale as above can then be applied.
Example 4.3 (Kernel Ridge Regression). Using a kernel k : X x X — R with X compact and k
smooth, for instance Gaussian or polynomial, we consider the following class of loss functions:

2
1 m
16,6 =3 (Z aik(a,z;) - y) + Bl
i=1

where £ = (x,y), E is some compact subset of X x R, 0 = (aq,...,0m,T1,...,Tm), © =
Ay X X, mis a fixed integer, A is a compact subset of R™, X, can be any closed subset of X™
and i1 > 0 is the regularization parameter. A typical choice for X,, would be the datapoints of the
training set. This class then fits into our framework of parametric models above. Finally, further
information on the kernel would be needed to ensure that Assumption 5 is satisfied.

Example 4.4 (Smooth Neural Networks). Denote by NN (z,0,0) a multi-linear perceptron that
takes x as input, has weights 6 and a smooth activation function o, for instance the hyperbolic
tangent or the Gaussian Error Linear Units (GELU). We choose £(4,y) a smooth loss function and
we consider the loss f(0, (x,y)) = (NN (x,0,0),y) with 6 € © some compact set. Provided that
the inputs (x,y) lie in a compact set =, this class fits the parametric framework above. Note that we
require o to be smooth, further work would be required for non-smooth activation functions.

Example 4.5 (Family of diffeomorphisms). Consider maps h: 2= — = and (0,£) € © X E —
90(§) € E and define the parametric loss f(0,€) = h(ge(&)). Assume that these functions are twice
differentiable, that h satisfies the second item of Assumption 5 and that, for every 6 € ©, gy has a
inverse g, Yvhich is also continuously differentiable in a neighborhood of © x Z.

As before, this setting fits into the framework above. We now show that Assumption 5 is satisfied.

1. Since h is continuous, h satisfies the first item of Assumption 5. It is satisfied by F as well
thanks to g, Y being Lipschitz-continuous in & uniformly in 6 by compactness of © x =.

2. Take C' such that both gy and 99_1 are C-Lipschitz in & uniformly in 6. Since
argmax f(0,-) = g, '(argmaxh), it holds that ming«cargmaxnllgo(é) — ¢*|| =
MiNg+ arg max £(0,)]196(§) — 99 (€*)|| which lies between C~* ming: carg max £(6,) 1€ — €|
and C'Mings carg max £(0,91|€ — | Combined with h satisfying the second item of As-
sumption 5, this shows that f satisfies this condition as well.

S Conclusion and perspectives

In this work, we provide generalization guarantees for WDRO models that improve over existing
literature in the following aspects: our results avoid the curse of dimensionality, provide exact upper
bounds without spurious error terms, and allow for distribution shifts during testing. We obtained
these bounds through the development of an original concentration result on the dual of WDRO.
Our framework is general enough to cover regularized versions of the WDRO problem: they enjoy
similar generalization guarantees as standard WDRO, with less restrictive assumptions.

Our work could be naturally extended in several ways. For instance, it might be possible to relax
any of the assumptions (on the sample space, the sampling process, the Wasserstein metric, and the
class of functions) at the expense of additional technical work. Moreover, the crucial role played by
the radius of the Wasserstein ball calls for a principled and efficient procedure to select it.
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Appendices

We provide here the proofs of our main results Theorems 3.1, 3.3 and 3.4, along with detailed
versions that include explicit bounds. We start, in Section A, by referencing preliminary results,
reformulate some of our assumptions, and introduce quantities that appear in the final bounds.

As sketched in Section 3.3, our proof is built on two main parts. The first part is to obtain a con-
centration bound on the dual problems (12) and (13) by leveraging on a lower bound on the dual
multiplier. This concentration result is presented in Section B where we assume that such a lower-
bound is given. The second part of the proof then consists in establishing the lower-bound. We
have to distinguish two cases: when p is small (Section C) and when p is close to the critical radius
pe (Section D). For the latter, we also need to treat separately the cases where the WDRO problem
is regularized or not (respectively Section D.2 and Section D.1): this is where the Assumptions 4
and 5, that are not required in the regularized case, come into play. Putting together these two parts,
we obtain our precise theorems in Section E and show how they imply our main results. Section F
then complements our theorems to obtain Theorem 3.5. Finally, some variations of known results
and technical computations are compiled in Section G as standalone lemmas and, in Section H, we
provide numerical illustrations for linear models.
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A Preliminaries

This section presents preliminary results before we start the proofs in Section B. In the first part of
this section Section A.1, we present a weaker and more detailed version of Assumption 2, namely
Assumption 6, that will suffice for all the proofs in the appendix. We also introduce several quantities
that will appear in the final bounds. Then, in Section A.1 we recall the dual problems introduced in
Section 3.3 and justify that strong duality holds. Preliminary approximation results on the dual are
then given in Section A.3. We then proceed to show the relative compactness of the class F w.r.t.
several metrics in Section A.4. These properties provide a convenient way of ensuring that quantities
involving F are finite, e.g., complexity measures or supremums over . Finally, we introduce the
so-called parametric Morse-Bott condition of Arbel and Mairal (2022) and show how it implies the
second item of Assumption 2 in a Riemannian setting.

A.1 Detailed assumption on the function class and important quantities

Here we present the precise assumptions that we will refer to in the proofs. While Assumptions 1
and 3 are used as presented in the main text, we slightly weaken Assumption 2 to Assumption 6. We
also introduce some quantities that we will be of interest for the proofs and the final results.

Assumption 6 (On the function class). Consider F a set of real-valued non-negative continuous
functions on =. We assume that:

* the functions f € F are uniformly Lo-smooth;

* the gradients are uniformly bounded, i.e.,

G :=sup sup [[Vf(§)|2<+o0
feF Eesupp P

* when € = 0, the supremum in (11) is finite, i.e.,
ﬁ(/\) ‘= sup sup sup f<+oc0o.

feEFE€supp P argmax{f—3l¢—-||?}
Note that the non-negativity assumption is without loss of generality since otherwise, it suffices to
consider F := {f —min f : f € F} and our results are invariant by addition of a constant.
The blanket assumptions for the remaining of the appendix will be Assumptions 1, 3 and 6.
The following finite quantities are relevant for the proofs and appear in the quantitative versions of
Theorems 3.1, 3.3 and 3.4.

1

C* = sup{2||§ —&?: ¢ esuppP, feF, & € argmaXf} :

1
Clo) = sup Ecur, () [2IIE—C||2} :
P

£E€supp

1
Cr(e,0) == sup sup B e 056 CI7,
’ fE€conv(F) {€supp P Cma(118) 2

1
and Var(e,o) = sup sup sup Var  ;onje—.j2s2 —l€ = ¢?,
feconv(F) E€supp P AS0  Cromy E (1¢) 2

where ¢ > 0, 0 > 0, and 7,, is given by (4).

A.2  Strong duality

As mentioned in Section 3.3, duality plays a central role in our proofs. Let us recall the central
notion of dual generator functions, introduced in (11): forany f € F,{ € Z, A\,e > 0and ¢ > 0,
the dual generator ¢ is given as

) SUPCEE{f(C)_%Hf—CHQ} ife=0
¢(f7£7>\,€,0') — { 510g<]EC~7r5(-\5) exp(W)> ife>0.
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Our proofs are based on the (strong) dual formulations of WDRO, as given by the following lemma
that summarizes results of the literature for the regularized and unregularized cases.

Lemma A.1. Under the blanket assumptions, for f € F, p >0, > 0and o > 0,
R (f) = WEA* + B p, [0(f,€, 0, €,0)]

and RZ:(f) = inf Ap® + B [¢(f,€, .8, 0)] -

Proof. See Blanchet and Murthy (2019); Gao and Kleywegt (2016) for the unregularized case and
Azizian et al. (2023) for the regularized case. O]

A.3 Approximation of the dual generator ¢

Important preliminary results for our upcoming concentration bounds (in Section B) are quantitative
approximations of the dual generator ¢, namely Proposition A.2 and Lemma A.3. In particular,
these results also imply bounds on ¢ in Corollary A.S.

Proposition A.2 (Bounding the distance between ¢ and f). There are positive constants A1, €1, 01,
c1, co which depend on G, R and d such that taking some A>A> A+ Lo, we have for any [ € F,
¢ esuppP, A € [\, N, e €[0,61] and o € (0,04]

6(f,& X e.0) = FOI < M(A N e, 0)
where
~ 1 d A1 A-Lp)F
M\ N e,0) = —G* + « log| — + = | +¢clog2+ ed|logo| + 8616762(A =2)°
2\ 2 e 02
The proof of this result is based on the following second approximation result which gives a precise
approximation of ¢ that will be used several times in the upcoming proof.

More precisely, we want to approximate ¢ by a Taylor development ¢ defined for any f € F,
EesuppP, A >0,e >0and o > 0 as

1
o(f, 6N 6,0) = f(§) + m“vf

o ed, (X 1 (27) %
O - 5 1og(2 + o ) +etor ot )
le—¢i3

where Z(¢,0) = fE e~ 202 d(. The distance between ¢ and ¢ is then controlled by the following
Laplace approximation lemma.

Lemma A.3 (Approximation of ¢). There are positive constants \1,€1, 01, ¢1, Ca Which depend
on G, R and d such that £1 < A\ and, when e € [0,e1], o € (0,01] and A > A\ + Lo, we have for
any f € F, £ € suppP

J— _ ()\+L2)% — _ (A*LQ)%
¢(f7£,)\+L2,E,O')_861€ 2 € §¢(f7§7>\a570—)§¢(f7§7)‘_L278ﬂ0—)+5016 2 €
Proof. Fix f € F, & € suppP, A > 0,e > 0and o > 0. To bound the error between ¢ and its
approximation ¢, we introduce an intermediate approximation ¢ defined as

N {glog(ECNWU(_E) eXp(f(£)+<v f(&)&;f)—k”g_q‘zp)) -

o(f.E N e,0) =
| 7 supcezlf(€) +(V f(€),¢ =€) — 3¢ = CII”] ife =0,

which corresponds to ¢ applied to the Taylor approximation of f at £ (instead of f itself). By
smoothness of the functions in F (Assumption 6), we readily have that,

(E(f7€7)‘+[/2a€70-) §¢(f7€a)‘7€70') ng(fvga/\_L%E?a)'

Now, all that is left to bound, is the error between qz and ¢. Consider first the case where £ > 0 and
let us rewrite ¢ by using the definition of 7,:

~ _ _ _ 2
60 600) = el Beur g LOH VL€ 20 2 NE = P2

—ctog( [[exo(2 (10 + (V50 - - (3 5) e~ <1 ) Jac) - clos z16.0).
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But, looking at the inner expression, we have that

HO+ VA~ - (3 + ) Gle <P = £19) + o

+2)

2 1 * 2
IV Nz = 5lIc = ¢ (3,
(20
where we defined L := A\ + 5 and (*(7) = { + 7V f(€). Hence,

5(]675, )‘7670> :a(fa€7>HEaU) +510g</3 exp<_2;_|< - C*(T)g)dC> - %log(2ﬂ-57—) .

Define )\, = fG and 71 := 5~ = 4% sothat A > )| implies that 7 < 5> = 7. Let us now check
1 1

that the COHdlthHS of Lemma G.1 are satisfied.
1. Since ¢*(0) = &, by Assumption 3, B(¢*(0), R) is contained in =.

2. For 7 < 71, we have that 72||V f(£)||3 < (Cf) = %2 by definition.

Hence, we can apply Lemma G.1 to get that, for any A > \]

clog(1— 6% %5 ) < 5(£,6, M 2,0) = B(f,6 0, 2,0) < elog(1+ 6727 ).

Now, using Lemma G.5, we get that there are positive constants €1, A1, ¢1,c2 depending on R, G
and d such that, if ¢ < &7 and A > Ay, then

~ _ 1
[6(£,605,0) = B(f,€ A2, 0)] < cere (2"
Moreover, €; can be reduced so that it is less than A; if it is not the case originally.

To finish the proof, let us now come back to the case ¢ = 0. First, note that (20) is still valid even
with € = 0 so that we have

BUEN0) = BF,EA,0) — - inf ¢~ (3.
But as seen above, for 7 = A7l < 7y, ¢*(7) is inside B(¢*(0), R) so that QNS(f,f,)\,O) =
o(f,& A, 0).

We conclude the proof by noticing that the obtained bounds are valid for any 0 < ¢ < g1, A
A+ Lo, f € Fand € € supp P.

v

The following lemma is needed for the proof of Proposition A.2.

Lemma A.4. There is a positive constant o1 > 0 which depends on R and d such that, for o €
(0,01) and £ € supp P,

Z(& o)
‘1og @n)i < d|logo|+log2.
Proof. Tt suffices to show that
Vo2 d/2
Cro )T < 2(6.0) < (2n0?)2, 1

for any o € (0, 07] with some o1 > 0 suitably defined. We prove the right-hand side (RHS) by
removing the constraint = in the integral defining Z (&, 0):

260 = [ acs [ 0= aroy.
R

For the left-hand side (LHS), we invoke Lemma G.1 using Assumption 3 to get that Z(¢, o) > o¢
when o < g7 with o1 > 0 satisfying
2

1_6d/2 % 2

M\H

17



We are now in a position to prove the main result of the section.

Proof of Proposition A.2. Applying Lemmas A.3 and A.4 and using the definition of G readily gives
us that

1 d A1 _ !
lp(f, €N\ e,0) — f(&)] < 5(:2 + €2|10g<€ + O_2)| + e(d|logo| + log2) + cZ(0) Fecie ()

Since ) is always greater or equal than ¢, log (% + 0—12) is always non-negative and, with \ belonging

to [A, A], we get that

1 d A1 A
—G?* + e log<5 + 2) + e(d|log o| + log 2) + ecle_cz(A =) ,
g

Wl

|¢(f7£a )‘7570-) - f(£)| S
which is the desired result. O

As a consequence of this result, we have the following bound on the dual generator.

Corollary A.5. Forany f € F, £ € suppP, A € [\, \], € > 0and o > 0, the bound
_G(A,X,E,O’) S ¢(f7§7 )\767 U) S ﬁ(A) )

holds where

0 whene =0
a(\, N\ e,0) = M\ N\ e,0) when) <e<e,0<o0 <0, A> A+ Lo
G\/2C(0) + (L2 + X) C(o)  otherwise.

with M (A, )\, €, o) the bounding term appearing in Proposition A.2, as well as 1, 01, 1.

Proof. For the upper-bound, it suffices to note that
B(F,6 M e,0) < B(£,61,0) < 6(f,6,1,0) < F())

by definition of F'()). Let us now turn to the lower bound.
When ¢ = 0, we have that ¢(f,&, \,e,0) > f(£) > 0.
When 0 < € < e and A > Ay + Lo, we have from Proposition A.2

¢(f7§7)‘7570) 2 f(é-) - M(A7X7an) Z _M(A7X7Ea0—>‘

Otherwise, the bound comes from the smoothness of f and Jensen’s inequality as

)+ V), ¢ =8 = (La+ M€~ C||2/2>>

3

(b(fv 6) )‘a g, U) 2 ElOg (ECN”TG('E) eXp(

> Econ, i) [1(6) + (V (61~ €) = (La + V3l ~<IP]

> —(G 2C(0) + (Lz + ) C(a)) > —(G 2C(0) + (Ly + X) C(a)) .

A.4 Relative compactness of the class 7 of loss functions

In this section we prove the relative compactness of the class F w.r.t. several metrics. First, we
show in Lemma A.6 that, under our blanket assumptions, F is relatively compact for for the infinity
norm over =, defined by ie., ||f|lc = supgcz|f(£)]. Then, in Lemma A.7, we establish the
equivalence between the first item of Assumption 5 and the relative compactness of F w.r.t. another
distance that we introduce, as mentioned below Assumption 5 in Section 3.1. Finally, we leverage
these compactness properties to ensure that the Dudley integral of F w.r.t. those metrics, a standard
complexity measure in concentration theory, is finite in Lemma A.10.
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Lemma A.6. F and conv(F) are relatively compact for the topology of the uniform convergence.

Proof. First, the functions of F are uniformly Lipschitz-continuous: fix £ € supp P, then, for any
CEENV Ol < Lal§—Cl[+G < Lasup(¢ ¢)ezll€—C||+G which is finite by compactness. Using
the compactness of = again, the functions in F are also uniformly bounded. As a consequence,
the functions in conv(F) are also uniformly Lipschitz-continuous and uniformly bounded. By the
Arzela-Ascoli theorem, see e.g., (Rudin, 1987, Thm. 11.28), F and conv(F) are then relatively
compact for the topology of uniform convergence. O

Recall that, for a set A C E and a point { € =, we denote by d(&, A) the distance between & and A,
ie., d(§, A) =infeeall§ — ¢
Lemma A.7. Consider the distance, defined on continuous functions on = by

D(f,9) = If — gllc + Dn(argmax f, arg max g)

where Dy denotes the Hausdorff distance between sets associated to d, i.e., for A, B C =,

Dy(A,B) = max(supd(f,A),sup d({,B)) .
EeA £eB

Under the blanket assumptions, we have that Item 1 of Assumption 5, i.e., that for any R > 0, there
exists A > 0 such that,

VfeF, V¢ eE, d((argmax f) > R = f(() —max f < -A, (22)

is equivalent to F being relatively compact for D.

Proof. ( =) Let us begin by showing that (22) implies the relative compactness of F for D, i.e.,
that the adherence of F is compact for D.

Take (f;)i=1,2,... a sequence of functions from F, and we will show that there is a subse-
quence which converges to some function in F for D. By compactness of F for the infinity
norm, Lemma A.6, there readily is a subsequence of (f;);=1,2, .. that converges uniformly
to some continuous function f : = — R. Without loss of generality, let us assume that
the whole sequence (f;);=1,2,... converges uniformly to f, i.e., that ||f — fi||[cc — O as
t — +00. As a consequence, it holds also holds that maxz= f; converges to maxz f.

We now show that Dy (arg max f;, argmax f) converges to 0. F satisfy (22) by as-
sumption. Hence, for any fixed n > 0, we can invoke (22) with R < 7 and it gives
us some A > 0. Now, since f is continuous, {¢ € E : d((,argmax f) > n}is a
closed set inside a compact and therefore is compact as well. Hence, f reaches its maxi-
mum over this set and it is strictly less than max= f by construction. Substituting A with
min(A, maxs f — max{f(¢) : ¢ € E, d(¢,argmax f) > n}) which is still positive, we
get that, for any ¢ € =, both,

d(§7argmaxf) 277 = f(C)*Hl&XfS*A,
and, foranyt =1,2,...,
d(¢,argmax fp) > n = fi(¢() —max f; < —A.

By convergence of the sequence, as mentioned above, there is some 7' > 1 such that, for
any t > T, ||f — ftlloo < A/3 and |maxz fi — maxz f| < A/3. These two inequalities

imply that, for any £ € argmax f,

A 2A

HlEaXftfft(g)Smgxf+§ff(£)+§:?.

Therefore, by definition of A, it holds that d(£, arg max f;) < 7. Similarly, when £ €
arg max f:, one shows that maxz f — f(£) < 2A/3 so that we have d(§, arg max f) <7
as well. Hence, for any ¢ > T', Dy (arg max f;, arg max f) is at most 7.

Therefore, we have shown that Dy (arg max f;, arg max f) goes to zero. Since || f — fi||oo
converges to zero as well by construction, this means that D( f;, f) converges to zero, which
concludes the proof.
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(<= Let us proceed by contradiction, i.e., assume that there is some R > 0, some sequence
(ft)t:l,z,__. of functions from F and some sequence (&)t:l,g’“_ of points from = such
that,

Vi=1,2,..., dlargmax f;,§) > R yet fi (&) —max f, > 0ast — +o00.

Since = is compact and since we assume J to be relatively compact for D, without loss
of generality, we can assume that (&;);=1 2,... converges to some { € = while (f;)i=1,2, ..
converges to some continuous function f for D. On the one hand, by definition of the
Hausdorff distance, we have that, forany ¢t = 1,2,.. .,
d(arg max f,£) > d(argmax f;,€) — Dy (argmax f;, arg max f)
> d(argmax f;, &) — (d(§, &) + Dy (arg max f, argmax f)) ,

so that, by taking ¢ — +o0o, we get that d(argmax f,£) > R. On the other hand, by
uniform convergence, one has that

f(§) —max f = t_1}+mooft(ft) —max f; =0,

which yields the contradiction since £ cannot belong to arg max f.
O

Note that, for parametric models (Section 4), this lemma gives a computation-free approach to veri-
fying the second item of Assumption 5.

Corollary A.8. Consider © a compact subset of RP and f : © x E — R a continuous function. If
the map 6 € © — f(0,-) is continuous from © to the space of continuous functions on = equipped
with the distance D defined in Lemma A.7, then F == {f(0,) : 0 € O} is compact for D.

In particular, this corollary allows one to easily check that Examples 4.1 and 4.2 satisfy the second
item of Assumption 5.

We finally introduce Dudley’s integral, which is a standard complexity measure in concentration
theory.

Definition A.9. Dudley’s entropy integral (X, dist) is defined for a metric space (X, dist) as

+oo
Z(X,dist) := Vg N(t, X, dist)dt

0

where N (t, X, dist) denotes the t-packing number of X, which is the maximal number of points in
X which are at least at a distance t from each other.

Lemma A.10. The Dudley integral of F w.rt. ||-||sc, that we denote by Z(F, ||-||o), is finite. Under
Assumption 5, the Dudley integral of F w.r.t. D, denoted by Z(F, D) is finite as well.

Proof. Lemma A.6 shows that F is relatively compact for the norm ||| o and in particular bounded.
Since Dudley’s entropy integral is finite for balls (Wainwright, 2019, Ex. 5.18) and F is now in-
cluded in some ball for |||, the integral Z(F,||-||co) is indeed finite. The second assertion is
proven using the same reasoning and Lemma A.7. O

A.5 Parametric Morse-Bott objectives

In this section, we discuss the quadratic growth condition of the second item of Assumption 5
and its relation to the parametric Morse-Bott assumption of Arbel and Mairal (2022). Indeed, in
the context of smooth manifolds and parametric models, we prove that the parametric Morse-Bott
assumption implies the quadratic growth condition of Assumption 5. In Assumption 7, we introduce
the Riemannian and parametric settings that are necessary to formulate the parametric Morse-Bott
condition and we then present a version of this condition adapted to our context. We refer to Lee
(2018) for definitions relevant to Riemannian geometry. The main result of this section is then
Proposition A.11, which relies on Lemma A.12 for its proof.

Assumption 7 (Parametric Morse-Bott). Let F = {£ — f(0,¢) : 0 € ©} where :
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* Z, © are smooth compact (connected embedded) submanifolds of R? and R” respectively,
endowed with the induced Euclidean metric.

* f: 0O x = — Ris thrice continuously differentiable on the product manifold.

» f is a parametric Morse-Bott function (Arbel and Mairal, 2022, Def. 2): the set of aug-
mented critical points of F, defined as

M = {(0,§) € © x = : grad, f(0,¢) = 0} .

is a smooth (embedded) submanifold of © x =\ bd = whose dimension at (¢,&) € M is
dimg(©) + dim(ker Hess¢ f(0,€)) .

Under this assumption Assumption 7, the following result thus guarantees that the quadratic growth
condition of Assumption 5 holds.

Proposition A.11. Under Assumption 7 and the first item of Assumption 5, the second item of
Assumption 5 holds, i.e., there exists p, Ly > 0 such that, for all 0 € ©, £ € = and £* € argmax f
a projection of € on arg max f, i.e.,, £* € arg min , it holds that

argmafog -
L
0.6 > £0.8) + Slle — €I = e — €71

To show this result, we rely on the following lemma that relates Assumption 7 to a local quadratic
growth condition.

Lemma A.12. Under Assumption 7, for any (6o,&0) € M such that & is a local maximum of
f(Bo,-) and any neighborhood W of (0y,&0) in M, there exists a neighborhood U of (0o, &) in
O x & and p > 0 such that, for any (0,£) € U, there exists £* € = such that (0,£*) € W and

F0.€7) = 10, + Sl — €11

Proof. By assumption, the tangent space of M at (6, £) is given by
T9,ey M = Ty © x ker Hess¢ f(6,€),

and so its normal space (in © x =) is equal to
Ng.ey M = {0} x (ker Hess¢ f(0,€))" C Tg© x T¢E.

Applying the inverse function theorem to the normal exponential map F : (0,£,(0,2)) € NM —
(0, exp¢(z)) following the proof of Lee (2018, Thm. 5.25), there exists 7 > 0 and a neighborhood
U, of M in © x & such that, with

Vy = {(0.€,2) £ (6,€) € M, = € (ker Hesse £(6,€))", ||2]| < n}

the normal exponential map £ is a diffeomorphism from V,, to U,,. Note that V,, is relatively compact
and, as a consequence, the third derivative of ¢ € [0, 1] = f(6, exp¢(tz)) is a continuous function of
t €[0,1] and (6, &, 2) € V,, and as a consequence is bounded uniformly by some constant Lz > 0.
Fix (09, &0) € M such that &, is a local maximum of f (0, -). Consider the map

v (6,€) > inf{ (2, — Hesse £(8,€)z) : = € (kerHess £(6,6))", |2 =1}

If (6o, &o) is +00, i.e., if ker Hess f(6o, &) is equal to the whole T¢, =, then, since the dimension
of a manifold is locally constant, there is a neighborhood of (6, &p) in © x = on which v is iden-
tically equal to 4+o00. Otherwise, if (6, &) is finite, then it is positive by construction. Hence, the
continuity of v implies there is a positive constant ;1 > 0 and a neighborhood of (6, &p) in © x =
on which v is lower-bounded by .

Hence, in both cases, there is ;1 > 0 and V' a neighborhood of (6, &) in © x = such that v is at
least greater or equal to 4 on V', Finally, take

U= Mn”E({(&&@ €Vy: (0,9 €V W, |z < 435}) |
3
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We are now in a position to prove the result. Take (0,&) € U. Since U is included in U,,, there
is some ¢* € Zand z € (ker Hess f(6,£))" such that (6,£*) € M NV N W, |z| < 43L“ and
expg.(2) = € Lety(t) == expg.(tz) for t € [0,1] denotes the geodesic curve going from £* to
&. Then, by the Taylor inequality applied to ¢t — f(&,~(t)) (see Boumal (2023, § 5.9)) and by
definition of Ls,

F(0.€) <F(0,€) + {arade f(0,€°),2) + 3 (Hosse [(6,6)z, )

L
+ 3 {arade £(6,6%),7"(0)) + 22l

But~"(t) is null since y is a geodesic and grad, f (6, §*) too by definition. Moreover, since (¢, £*) €

V' and z € (ker Hess¢ f(6,£*))%, the term (Hess¢ f(6,£*)z2, z) is bounded by —p|2]|2. But ||z]| is
also equal to ||¢ — &£*|| by definition of z so we get,

L
£0.6) <£0,€) = Slle— €712+ e — €|
<f(6.6) - Ll -1,

since [|z]| = ||€ — £*|| < 43L“3 , which gives the result. O

We are now ready to prove Proposition A.11.

Proof of Proposition A.11. We build upon the result of Lemma A.12. Fix (6y,&,) € M such that
&0 is a maximum of f(f,-) and let 7 > 0 such that B((6g,&0),7) N M is diffeomorphic to an
Euclidean ball. Invoke the first item of Assumption 5, with R «+ r/2 and let A > 0 be the
given positive quantity. Let ¢/, ;1 be given by Lemma A.12 invoked with W := E((@O, o), %) N
{(975) €EM: f(a,é) > maXEf(ov') - A}

Hence, for any (0, &) € U, there is £* € = such that (0,£*) € M N W and

0.6 > 10,6+ Slle =11 23)

But (6, ") also satisfies f(60,£*) > maxz f(6,-) — A so that d(§*, argmaxz f(60,-)) < 5 by def-
inition of A, i.e., there exists £** that is a maximizer of f(6,-) and that is at distance at most <

from £*. But then both £* and £** belong to B((fo, &), ) that is diffeomorphic to an Euclidean
ball. Hence, since the derivative of f(6,-) is null on M, f(0,£*) = f(0,£*) = max= f(0,-) so
that £* is a maximizer of f(0, -) too. Therefore (23) becomes

[0, = J(0.6) 2 J0.6) + 516~ €1 2 50.6) + a? argmax 10,9

The final statement of the proposition follows by compactness and uniform Lipschitz-continuity of
F (see the proof of Lemma A.6). O

B From empirical to true risk via duality

In this part of the proof, our objective is to show that: if the dual variable A in (12) can be bounded
uniformly in [\, A] with probability 1 — 4, then we can concentrate the empirical expectation in (12)
towards the one in (13). The concentration error induces a loss in the radius, fortunately, captured

by the variable p2 (6, A, \, €, o) that we take as

RN e 0) = %( (F 1 o) +max< (), a2\, e, a)) <1+ ./1og(15>> . (24)

where Z(F, ||| ) is the Dudley integral of  w.r.t. the infinity norm (Definition A.9), F is defined
in Assumption 6, and a(A, A, €, o) is the bounding term appearing in Corollary A.5.

The main result of this part is Proposition B.1, stated below, and the remainder of the section will
consist in proving it.
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Proposition B.1. for p > 0, > 0,0 > 0and § € (0,1), assume that there is some 0 < A < A<
400 such that, with probability at least 1 — %,

VIEF, Re(f)= inf M’ +E, 5 [6(f,& N e 0)]. (25)
ASALZA
then, when p* > p2 (8, \, \, €, 0), with probability 1 — 6,

Vf € ]:7 RZQ (f) > Riz—ﬁ%(é,g,x,e,o)(f) .

The proof of this result mainly consists in verifying that under our standing assumptions, we can
apply the concentration result presented in Lemma G.2 in order to concentrate 7'\’,;2 (f) towards
R2:(f) through their dual formulations.

We begin by showing that the dual generator divided by ) is Lipchitz continuous in f and in A~}

(for convenience, we use the notation 1 = A™1).
Lemma B.2. Fix some A\ > )\ > 0. For any & € 2, ¢ > 0 and o > 0 we have that

(a) for any X € [\ N], f = AN 'o(f, €\ e,0) is A\ -Lipschitz continuous w.r.t. the norm

” |oo’

(b) forany f € F, u— ud(f, & u=te,0)is maX(F(A), a(A, X,E,U))—Lipschitz continuous
on [X_l,yl]
Proof. Ttem (a). When ¢ = 0, f — ¢(f,§, A\, e,0) is a supremum of 1-Lipschitz functions and

is thus 1-Lipschitz. For e > 0, take f, g € F and, for ¢t € [0,1], define f; = f + t(g — f).
Differentiating ¢ — ¢(ft, &, A, €, 0) yields

Ecmr, (le) | (9(0) = F(O)e

- [AGENT=ALE) < g = flloo
By (16) [6 : }

which gives that f — ¢(f, &, A, &, 0) is 1-Lipschitz continuous w.r.t. the norm ||-||oo-

4
dt

ft<c>—xus—<u2/2}
15

¢(ft7£» )‘357 J)

Since this bound is uniform in \, we immediately get that f — A7 (f, &, N €, 0) is A_l—Lipschitz
continuous for all A > A.

Item (b). Fix f € F,£ € Z,e > 0,0 > 0 and define g()\) :== A = A 1o(f, &\, 6, 0).

Let us first begin with the case ¢ = 0. Take A\, € [\ A]. Without loss of generality,
we can suppose that g(A) > g()\). Since f is continuous and = is a compact set, choose

¢ € argmax;={f(¢) — 21€ — ¢||*}. Then, the claim comes from the fact that
0590 = 90) <A = gl — P = (N0 - glle- dI?) < - X FG.

where we use that since f is non-negative by assumption,

ﬁ(A)‘zﬁ(A)gﬁ@).

Let us now turn to the case where € > 0, for which g is differentiable on [\, \] with derivative

1 HO=Ale=¢l?/2
oy — L \ 1 Benr, (1) {§II€*C’|I26 : ]
9N = =350 A8 0) =3 - SN AE=C12/2
('~ (+1€) [e c ]
Since the claimed result is the Lipchitz continuity of A : u +— g(u~1), it suffices to bound its

derivative, i.e., to bound —A~2g’()) for all A > X\ > \. On the one hand, thanks to Lemma G.7, it
is bounded above as

| Egnn, (19| () = 316 = CIPe

f(C)—%Hﬁ—<H2/2} f(c)—ws—cu“'/z}
£ £

Egar, clg) |31 — CII%e

/
I <
)\29 (A) < f(c')ﬂ\\s—c’nzm} f(d)ﬂ\\sf(’\\?/q
€ €

E¢/nm, (1e) {6 E¢inmo(le) {6

< O(f,6,7,0) < F(A) < F()).
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On the other hand, invoking Corollary A.5 also yields that

1 F(Q=Ale=¢)?/2
—329 (N 2 elog <E<~m<-|§>6 : ) > —a(A, X e,0),

which concludes the proof. O

We can now apply standard concentration for bounded Lipschitz quantities to bound the difference
between the expectation of the dual generator over the empirical distribution P,, and true one P.

Lemma B.3. Forp > 0, > 0,0 > 0, € (0,1) and some 0 < A < X\ < 400, we have with
probability at least 1 — % that

{ngP[¢(f7 57 )‘1 g, 0)] - E,gNﬁIl [¢(f7 ga )‘7 g, J)] } < _92 -~

sup

(FNEFXAX A

Proof. Our objective is to bound the quantity

Eﬁ’VP[(b(f’ & Ae, U)] - Eng)n {(b(fv llsnv A, U)}
A

sup
(FVEF XA

= sup {ESNP [H¢(fv§7/”‘_175?0')] _EgNﬁn [M(b(fvga,u/_lﬂgaa)}}

~—1

(FweFx XA

= suwp {Een[X((f,1),6)] ~ Eep [X (), 6)]}

(fn)ex

where we used again the notation ;. = A~! and defined
— 1 _ _
Xo=F o [NAT] and X((£0),€) = no(f 6 e o).
Let us endow X with the distance,
dist((f 2), (', 1)) = A7V S = Flloo + max (F(2), (A X, 2,0) ) | — ]

We now wish to apply Lemma G.2 and check its three requirements:

1. Forany (f,pu) € F % [Xd@*l}, X ((f,p),-) is measurable since the functions of F are

continuous and thus a fortiori measurable;
2. By Lemma B.2, for any € > 0 and any £ € supp P, X(+, ) is 1-Lipschitz w.r.t. dist;
3. Thanks to Corollary A.53, for any (f,u) € X, € suppP, e > 0and o > 0, we have

_a(M\ e, 0) F(})

3 SX((fyu)»f)gT*.

As a consequence, applying statement (b) of Lemma G.2 yields that, with probability at least 1 — %,

ngp[gﬁ(f, §7 >\7 g, U)] - Eg,\,]gn |:¢(f7 ﬁnv )\7 g, U):|
A

sup
(F A EFXIAA]

487(X,dist) 2 /~ - log %
< .
Vn A (F(A’) a(*)\’A’E’UD \/ 2n

We now proceed to bound Z(X, dist). Exploiting the product space structure of X and dist with
Lemma G.3, one has that,

T(X,dist) < A7 I(F, |-oo) + max(F(2), a(A, X, 2,0) ) Z([0. 7], |

1+2log2)

<) (I(J—', Ille) + max (F), a(A, X 2, 0) ) ——
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where we used Lemma G.4. Hence, we have shown that with probability at least 1 — é,

{E@P[eb(f,&,k,s,o)} E. 5, [0(f.€. \e, a)]}

Sup é ﬁ?l((s? A’ X’ 67 U)

(N EFX AN A

where some numerical constants have been simplified. O

Proof of Proposition B.1. Building on Lemma B.3, we can now conclude the main result of this
section. Using our boundedness assumption on A, we have that, with probability 1 — §, the two
following statements hold simultaneously

o VfE€F, Rea(f)= inf M?*+E_ 5 [6(f.€Ne0);

ASALZA
{E5~P[¢(f,£,A,€,a)] Ec.5,[0(f:6 A e, o)]}

< 52 (6aA7>\7650) .

— ’n

° sup

(FNEF XA A

As a consequence, on this event, for any f € F,

Rea(f) = inf {A?+Ep [6(/,6 X0}

ASASA

- ) | Eerlo(f. 60 e0)] ~Ep [0(/.6.0.2.0)]
—Agug{m +Eenp [0(f, 6N 6,0)] — A Y
> it {4 e bl N )]~ 4 sup el PO EOBep, RGN 5]
= ACASX 1Y% IR EATES) Nen <X )\
> inf {Ap® +Eeup [6(f,€, N 6,0)] = ADL(6, A, N 6,0)}
A<ASX
ZRZ -p2 (JA)\EU)(f)
where p? — 52 (6, A, \, €,0) > 0 by assumption. O

Remark B.4. Note that the proof of Proposition B.1 actually gives us the slightly stronger result at
the penultimate equation: with probability at least 1 — 6, for any f € F,

Re:(f) > inf _{\p?* = P2(5, A, X, £,0)) + Eenp [6(f. 6 N e, 0)]}
A<A<A

that we will require later.

C Dual bound when p is small

In this section, we show how the condition (25) of Proposition B.1 can be obtained when the robust-
ness radius p is small enough. The results of this section cover both the standard WDRO setting of
Theorems 3.1 and 3.3 and the regularized case of Theorem 3.4.

In the following Assumption 8, we precise how small p has to be; we also take € and ¢ proportional
to p in order to get close to the true risk with p, € and o “small” at the same time. The main result
of this section is Proposition C.1, whose proof relies on Lemma C.2.

Assumption 8 (p is small). Take € = gpp, 0 = ogp wWitheg > 0, 09 > 0 and define
8inff€]:Ep||Vf||% 250d
(A5)? (A?)

Ny = eod + \/(50d)2 +8inf EplVfIF  u* =

Moreover, assume that €y and o satisfy



Assume that p > 0 is small enough so that,

* * (V)2 3\ * 7%
p < min 5717 Ao , H ()‘0) ’ c3Ag log 4096¢¢cq
€0 32(/\1 + L2) 4096 Lo 8¢ep M*()\S)Q N

where A1, €1, ¢1, co are positive constant given by Lemma A.3 and o comes from (4).

Note that A\§ and p* are both always positive, be it thanks to Assumption 5 or the regularization with
€o > 0. For such values of p, the main result of this section Proposition C.1 shows that the dual
variable of (12) can be bounded with high probability.

Proposition C.1. Let Assumption 8 hold and fix a threshold § € (0,1). Assume in addition that

it <wz<f, 1) + (F(0) + F(p))y/ 1 +log (15)

where Z(F, |||loo), F are defined in Section A.1 and M (), \, €, o), the bounding term appearing in
Proposition A.2, is used to define

— Ab Ab
M(p) = sup M<max<07)\1 +L2>a 07501)/’0'0/)/)-
p'€(0,p] 32p' 2p'

Then, with probability at least 1 — §, we have

VIEF, Re(f)= _inf N’ +E. 5 [6(f.€&Ne0)] .

A
0 <A<

|
| >
ANy =13

To show Proposition C.1, we need the following helper lemma.
Lemma C.2. Let Assumption 8 hold. Then,

Xy cop 2 A5 €op PE a2
<4p_02+L2 p”+Eeop |¢ f;fa?_?+L2;5 + (Ao)

4 1024

<min (202502 5N 2B o (g 0 2P
> 8p 252 2 E~P ) agp 202 2, )

Ay 2e0p 9 Ay 2e0p
Y L EN 3Gy 5 . La

(2/) sz Tle2)e §P¢f§2p 2 1l
AS A, eop Ay eop AG
d 20 N 4Ly )< 2 <0 L, <20
an max (32p’ 1+ 2> =8 202 2 < 1 o2 + Lo < 2

Proof. Fix f € F. Consider the function 1, : A+ Ap? +E¢p @(f7 E g, U)] where ¢ is defined
in (19). By Lemma G.8 invoked with a — p?, b < 1Ep[[|V f||3]. ¢ + & and r + 5, its unique

minimizer is
_ [Aa 50/?]
4, 2| -
4p 0% ],

2 *
where we used that € = gqp. And, since 225~ = £¢ < 2o by Assumption 8, A\* actually satisfies
o oo 8

eod + 1/(20d)? + 8Ep ||V £]|3 _ €op

A=
4p o?

+

<A< = (26)

Moreover, Lemma G.8 also shows that, on [0, 2X*], z/Tp is strongly convex with modulus

Ep [V fI3] eodp_ Ep[|V /]3] L L
(20% 4 Z9£)3 T 2(2)\* 4 22)2 (20 _ c0p)3  9(20 _ zopy2 T pB
[ea [ea 2/) o2 2/) o2
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Now, we notice that e = g9p < &1 by Assumption 8. Then, if A € [A\1 + L2, 2\* — Ls], then
Lemma A.3 (applied twice) and the strong convexity of 1, yield

)\,02 + E§~P [¢(f7 57 )\7 €, U)}
A+Lz)%

zAﬁ+E@q$ﬁaA+m@nﬂ—mwﬂﬂa

e

J(22E2)5

> NP2 + Eeop [B(f, €, 3,6, 0)] — p2Lo + 222 ()\* A+ Ly))* —ecre®

1 *
> N p2 + Eeopld(f, €, N + Lase,0)] — p2L2 + %()\* O+ L) —ecrem (PR o)
(27)

We first wish to choose A = 4- — Ly. By (26), since p < m by Assumption 8, this choice
of \is indeed greater than or equal to A1 + Lo and (27) leads to

(Az* — L2> p2 + E{NP |:¢(fa§7 g - L2’6’ U)

3, %

%()\*)2 — 6616_62(%)

=
ol

Z )‘*p2 + EﬁNP[¢(f7 ga )‘* + L27 g, U)} - IOZLQ +

N
Ao

* —c 20 )3
B () — 22cqe -(+%) . (28)

Z ()\* + L2)p2 + EﬁNP[¢(f7 67 )‘* + L?a g, O’)} - 2p
where we used (26) again for the last inequality.

To obtain the other inequality we pick A = 2\* — Lo, which is greater or equal to A\; + Lo by
Assumption 8 and (26) as above. Then, (27) yields
(2)\* - L2) P2 + EENP[¢(f’ 57 2)‘* - L27 g, U)]

3, %

> NP2 + Beop[(f, €, N + Ly,e,0)] — p2Ly + 21

1
2>\*)§

(%) — ecree2(%

e ((28)?
> (A + Lo)p” + Eep[o(f, &, X+ Lo, e,0)] — 20°Ls + 510 (/\0) — 2ecye 2(85”>
where we used (26) again, and degraded the constants to match those of (28).

Thus, we have that \* = —g — =2£ and

o=

.
Ao

()\0) 25016_02<85p>

(N + La)p? + Eep[@d(f, &, N + Lo, &,0)] — 2p° Lo 4+ PR 12

<in (5~ L) 4 Bevr 001,65 — Lai2i0) | (21" = L) 2 4 Beon 001,620 — Lz, 0)])

All that is left to show for the main result of the lemma is that
N

*ca(rof pr* 2
(/\0) — 2ecie Sz (M)

—920°L
Lot 5l = 1024

512

e (%) R
8cop < .
& 2pLy + 2gpcre < 1024 ()\0) (29)

This is a consequence of Assumption 8 which states that

* 3 * -3

I 2 C3AS 4096¢e0c1 2
<M d </ 1

p= 4096L2( 0)” an P> "8 <0g< w02 )],

xS 3 *
- (5570,)2) <
which imply that 2pLy < 2048 ()\0) , and 2epc1€ < 2048 ()2,
so that (29) indeed holds, concluding the proof of the first part of the result.
The supplementary bounds follow directly from (26) and our assumptions on p. O
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We are now in a position to show our main result when p is small, namely Proposition C.1.

Proof of Proposition C.1. Let us first take any A € [max 32p A 1+ Lo, on

Lemma G.2 with X (f,£) « ¢(f,& N\ e,0), (X,dist) < (F,||‘||s), whose requirements are
checked since:

] We want to instante

1. Forany f € F, ¢(f,&, A\, e,0) is measurable since the functions of F are continuous and
thus a fortiori measurable;

2. By the proof of Lemma B.2(a), we have that for any ¢ > 0, ¢ > 0 and any ¢ € suppP,
[ o(f,& A\ e,0)is 1-Lipschitz continuous w.r.t. the norm ||HOO

3. With Proposition A.2 with A < max (32 A1+ Lg) X« i forany f € F. & € suppP
and ¢ € [0,£1] (by Assumption 8), we have

_M(p) < f(g) - M(A,X,S,U) < ¢(f7£7)‘a€70) < f(g) + M(Aa )‘7670) < F(O) + M(p)
where M (p) is defined in Proposition C.1.

Since ;‘—i — 5% — Ly > A\ + L2 by Lemma C.2, we can apply statement (b) of Lemma G.2 with
A é\—g - % —Loand § + ¢ to have that, with probability at least 1 — % forall f € F
€op gop
E§~P|:¢ <f’£’0'2 L27€>:| 7E§~§n |:¢ (f’g’O'Q L2a€>:|
A8Z(F, |||l oo ~ — log 4
< BIFlow) |50y + 7701 182

- vn 2n

Similarly, we can apply statement (a) of Lemma G.2 with A < Z—E — £ + Lyand § < ‘S to get
that, with probability at least 1 — &, for all f € F,

A*
E. .5, [¢ (f,g, P L, )] —Ecp [¢ (f,g, v o +L2,s)}

_BIF ) | log §
— \/ﬁ N

Combining the two statements above and using Lemma C.2, we get that, with probability at least
— g, for any f € F,

Ay Eop 2 Ao €op
— —— 0L E > — ———-1L
(8p 952 2| p7+ B p, o\ f.& 8p 202 2,€

AS €op €op
> (28 - 20 Ly ) p? 4+ Een 2L
= <8p 202 2) 14 + 3 P|:¢ (fvg, 252 2,€

A8T(F, o) yomm o o, 1083
ey e G ORSHONE =
> (i‘*_EOp_’_L )P2+]E£~P |:¢<fv£a_€0p+L27s>:|
0 o2 o2
ot e AST(F o) mpn vy [log 4
Toga ) = T~ AEO) + M) =
A €0p Ay €op
2 (3 ) e Een [o (16 3 - )
ot o 96T(F | llo)  opm o r  [logd
Togg ) = T = SO + Mo
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Noting that the assumption on p in Proposition C.1 implies that

P a2 96Z(J v||||00)
>__ ~ 17
1024()\0) - Vn

we have proven that, with probability at least 1 — g, forany f € F,

log %

+8(F(0)+ M(p) ) | 5

where ¥, : A — Ap? + Ee o5, [6(f,€, A, e,0)]. Now, since 1, is convex, this means that its
minimizers on R are greater than

A5 €op > Ao

8p 202 =32
where the inequality comes from Lemma C.2.

Using the same reasoning, one can get that with probability at least 1 — g the minimizers are no
greater than

&—%J—FLQS&.
4p o2 2p

Thus, we have shown that with probability at least 1 — g, for any f € F,

Rix(f) = inf A® + B 5, [0(f,6, )., 0)]

= inf /\/)2 + E&,\,f)n [¢<f7 57 )‘7 & U)] .

D Dual bound when p is close to this maximal radius

Complementary to the previous section Section C, we consider the case where p is close than the
critical radius. Though the bounds of this section are much worse that the one of Section C when p
goes to zero, they hold for the whole ranges of p considered in the theorems.

As mentioned in Remark 3.2, as p grows, the Wasserstein ball constraint can stop being active,
leading to a null dual variable. Thus, it is essential that p be lower then the critical radius to stay in
the distributionally robust regime and to avoid the worst-case regime. In that case, we are able to
lower-bound the dual multiplier A.

We defined the critical radius in standard WDRO case in Remark 3.2 and we extend it here to cover
the regularized case:

pz(&?,a) = infrerEevp ngﬂg/i(,@ [%Hf - CHQH ife >0 (30)
inf rer Eeop [min{3 1€ — (|| : ¢ € argmax f}]  otherwise

where 79 (d¢|€) oc e9(©) 7, (d¢|€) is a conditional probability distribution parametrized by an = —
R function g, i.e.,

E¢orm, le) [¢7 9N Q)]
E¢/mm, (e [€9¢7)]

E¢nng (o) [P(E, Q)] =

For this part of the proof, the case when € = 0 differs from the regularized one ¢ > 0. We thus
present them in separate sections Sections D.1 and D.2.
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D.1 Standard WDRO case
The main result of this section in the standard WDRO case is Proposition D.1 below.
Proposition D.1. Let Assumption 5 hold and fix a threshold 6 € (0,1). Assume that
2B(0)

vn

p* < p2(0,0) —

with L — 16 supfengwp[%d2(§,argrnax f)]

W
and B(6) = 48Z(F,D) +2+/C*log1/é.

where Z(F, D) and D are defined in Section A.4, and Ao > 0 is a constant depending on Z, F, Ls,
wand C*.

Then, with probability at least 1 — §, we have

Vf e F, 7/?\,;2 (f) = ){I<1f;\ )\p2 + E{len [¢(f, 57 )‘7 0)}

where the dual bound ) is defined as

2 2
— : ,OC(O, O) — P
A== min ()\2, s )

Before proceeding with the proof, we need to prove the following lemma which leverages Assump-
tion 5.

Lemma D.2. Fix f € F and £ € supp P. There exists a constant Ay > 0 depending on =, F, Ls,
w and C* such that, for A € [0, 2],

min{;m ¢ ¢ e mgmax f - Jle - -||2} > (1 - 1“) min{ég P ice arggnaxf}.
= H =

Proof. Fix f € F and £ € supp P. Define, for convenience, =* := arg max f and
. [1 9 A 9
Y(A) = minq S[l§ = ¢lI° : ¢ € argmax f — S l€ — 7 ¢ -

Step 1: Localization in a O(1)-neighborhood of =*. For a fixed R* > 0 that will be chosen later, we
show that, for A small enough, Y () is equal to

1 A -
min{2||§ —(|?:Ce argrrll%zixf - 5“5 - |2} where (297 ={¢eZ:d(¢,E) < R*}.

(E")
Indeed, by Assumption 3, there is some A(R*) > 0 such that forall f € Fand ¢ € =\ (E*)R*,
A .
7€) = max f = Sl — C[1* < £(C) — max f < —A(RY),
while, for any £* € =7,

A A
FE) —max f = Sl€ — &)= L &? = -xc*.

Hence, for A < 280 ¢(¢) — 3l — ¢|? < —A(R*) + max f < —AC* + max f < f(£%) —
2|&€ — &*||%. This means that points jn =\ (E*)R* cannot maximize f — 3|¢ — || and so it suffices
to consider the arg max over (%)™ in the definition of Y'()).

Step 2: Localization in a O(\)-neighborhood of £*. Take ¢* € arg max(z.yn- f— 21 —-||*. Since
d(¢*,=Z*) < R*, the Euclidean projection of ¢* on =*, that we denote by £*, is at most at distance
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R*of (*and (*—&F € Nﬁg* (=*), see e.g., Rockafellar and Wets (1998, Thm. 6.12). By the growth
condition of Assumption 5, we get that

L-
FE) = £¢) + Bl =112 = e = €11 (3D
But, by definition of (*, we also have that
A A
F(E) =FlE= I = £(€) = Slle = €17
Plugging (31) we get that
Ls

A * 112 A * |2 Ko * 112 * *13
—_Ze = >_Zlg = L _ — _ .
o e T e I G '
Rearranging and developing 3| — £*[|? yields
L3yiw _ ox A+
2T =€ + M= ¢ =€) = S - IR,
which gives, by Cauchy-Schwarz inequality,
L A+
5 I =P+ AlE = CllIC =€ = —=le = ¢, (32)
We now wish to obtain a bound on u* := ||(* — £*||. If it is zero, there is nothing to do. Otherwise,
assuming that it is positive, (32) gives the inequation

A L .
ot < L) A= €

2
When w — 2LsA||¢ — £*]| is non-negative, this inequation is satisfied for

(1 +X) % V/(u+ A —BLA[E —e*n/s] |

u* ¢

L3/3

Hence, in particular, if u* < i—‘;, then v* must be less or equal than

(1 %)~ AP —BEAE = ET/3 _ 30+ X (| [ 8LMle—&l _ sAle—&
L3/3 L3 3(M+)\)2 - ,U/+)\

when % < 1,using that 1 — /1 — 2 < x forx € [0,1].

Thus, assuming that \ is small enough so that 8Lz \C* < 3(u)? and choosing R* = ?L’—’; so that
u* < %’j by construction, we have that for any (* € arg max z.yr- f — %Hf — -||?, there is a point
&* € Z* such that

¢ =&l <
Step 3: Conclusion. Defining the constant

_ (AR 3 p
/\2.m1n< G+ "SL;C*' 16

BAIIE — €l
e

and using the previous steps, we have for any A € [0, \2] and any ¢* Gargmangf%||§—~||2
1 *[12 __ 1 *12 __ 1 * |12 1 * * |12 * ek *
e = ¢ = e = P = S llE— €17 + Sl — IR - (g - €n, 6 — )
1 * * * *
> SlE= &P =g =€l = ¢
164\ 1
(1-2) Jle-er
uw )2

which concludes the proof. O

Y
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We can now turn to the proof of our proposition.

Proof of Proposition D.1. Let 0 < X\ < A. For f € F and A > 0, we define wAp A= A2 4
Ee 5, [o(f,&, A, 0)] and its (right-sided) derivative 0x1),. This derivative is given by,

R A
O, = 5 — B g, [min{ 5l — 17 ¢ € angamax  — 31—}

16\ 1
< p? - (1 - >E£N§ {min{”{ —(|*:¢e argmaxf}} (33)
W n 2 =
where we used Lemma D.2 with A < )\ < As.

We then instantiate Lemma G.2 with X (f,£) < 1d?(§,argmax f), (X, dist) < (F, D), whose
requirements are checked since:

1. Forany f € F, X(f,-) is measurable since the functions of F are continuous and thus
arg max f is a fortiori measurable;

2. By definition of D, for any £ € supp P, f — d(§,argmax f) is 1-Lipschitz w.r.t. this
distance so that X (¢, -) is v/2C*-Lipschitz.

3. By construction, the range of values X is included in [0, C*].

We can thus apply statement (b) of Lemma G.2 to have that, with probability at least 1 — 4, for all
fer,

1 1 B(6
E. 5, [2d2(§,argmax f)] > Eeop {2d2(§,argmax f)] - \/(ﬁ)
Hence, putting this bound together with (33) yields
~ 16 1 B(d
Nnp(N) < p? - (1 - M)E£~P {2052(57 arg max f)] + \/(ﬁ)
B(9)
< 2 2 L)
<p°—pot+ LA+ NG
which is non-negative for A < \. O
D.2 Regularized case
The main bound on X of this section are given by Proposition D.3.
Proposition D.3. Fix a threshold 6 € (0, 1). Assume that 9 > 0 and that
48+/Var(e, o) Z(F,||"lloo) log &
2 o 2 _ ) tllee) | 9 s
7 < e 0) R +2Cr (=, o)\

where Z(F, ||-||oc) is defined in Section A.1.
Then, with probability at least 1 — 6§, we have

VfEeF, Ra(f)= inf N’ +E, 5 [6(f,6 M€ 0)]
A, AN "

where the dual bounds are defined by

48+/Var (e, 0)I(F, |||lc0) log +
A - 2 2 ) 9 20 5
=" Var(e,0) pe(0) = p ev/n +2Cx(¢,0) on
¥ 12 su I£lloo
and X\ = max( R; log(2 x 6d/2),epfefspo) _
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Proof. Lower-bound: By Assumption 6, for any f € F,{ € suppP, A — o(f,&, A\, &,0) is twice

differentiable and its derivatives are for any A > 0

1
8/\¢(f7€7)\76,0) =-E f=Ale—-)2/2 [2”5 - C”Q]
€ -16)

(g

1 1
3/2\¢(f,§7)\75a0) = — Var f=Ale=-112/2 [5”5 - CHQ],
€ (T € (1)

and using Var(e, o) which is defined in Section A.1, we get that, for any A > 0,
1
0< a§¢(f7 57 /\7 g, 0) < g Val'(ff, O') .

Asa consequence,

on { WP+ B 5, 01,608, 0)} = p* + B, [030(/,6 A 2,0)

n

A
<P+ B p, [030(/:€,0,6,0)] + = Var(e, 0)

1 A
— 7~ Eep, [Benprcio | 3llE - 7] | + 2 vartero).

(34)

Now, we want to instante Lemma G.2 with X (f,&) = ]ECNWf/E(_‘E)%Hg — %, (&, dist) «

(F, ]Il ), whose requirements are checked since:

1. Forany f € F, Erle (o) £[1€ — ¢||* is measurable since the functions of F are continu-

ous and thus a fortiori measurable;

2. To show that f — X (f,&) is %\/Var(s, o)-Lipschitz, we take f,g € F and define, for

t€[0,1], fr = f+t(g— f). Since, || f — glloo < +00 and SUD¢ csupp P ECNFQ/EHS)%

g_

¢||> < +oo by compactness of =, Assumption 1, t — X (f;,&) is differentiable with

derivative,

d
FXURE) = TE e | 316~ <200 - £0)]

1
1

% ((9(Q) = F1O) =By _sure o) = 1) -

By using Cauchy-Schwarz inequality, we get that,

1
= 2B 316~ P Bennpr g l9(6) = )

_ 1 2 1 1112
~ B | (316 6P = By 316 - 1))

d 1 1
DX < L Voo 51— G171 Nar 00— 1

1 1
< LV e B~ P B e o [00) — 1O

1

S,
3

1
\/Varq~w£t/5(.|g)[2|§ - CHQ]HQ — flloo

which gives the desired Lipschitz condition;

3. The random variables X (f, £) lie between 0 and C' (g, o), which is defined in Section A.1.
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We can thus apply statement (b) of Lemma G.2 to have that, with probability at least 1 — 4, for all
ferF

1 1
Bevr [ np 316 | = Beap, [Beonpicro 316 - 1P

48/ Var(e, 0)Z(F, ||-]| ) log
< 2 . 35
> E\/ﬁ + C.F(gv J) m ( )
Combining (34) and (35), we obtain that with probability at least 1 — §
on {? + B g, [0(£:6,0,2.0)]}
A 48+/Var(g,0)I(F, |||lco) log &
< P2 _ EﬁNP I:ECNWf/E( o |: ”5 C||2:|:| + g Var(g’ o') + Eﬁ + QC]-‘(E,O') 5 5
A Var(e,0)Z(F, |||loo) log &
< 52 _ 2 - ) ’ 2 o
>p pc(ea O') + c Var(€7 U) + 5\/ﬁ =+ C].‘(E,O') 2

1
=z Var(s, U) ()‘ - An)
€
where )\,, > 0 1is as defined in the statement of the result.

Hence, for all 0 < A < )\, the derivative of A — A\p? + nglgn [o(f, &, A e,0)] is negative; and
since this function is convex, this means that its minimizers are greater than \,, with probability at

least 1 — ¢ which is our result.

Upper-bound:  Almost surely, for any f € F, let us begin by bounding the dx¢(f,&, A, €, o) for
A >0, f € Fand ¢ € supp P. Its expression is given by

2”5 <H2 —(2+%)5le—=<I? d¢
f~ e_( L) 3lE—=¢lI? dc¢ '
On the one hand, we lower-bound the denominator using Lemma G.1 and Assumption 3 as
1 A 1 d/2 ( 1) I 2 1 1
24— —(e+52)2llE=CP g > 1 — 69/2¢ —*(*‘*'*z) >
<2w>d/2<e+02) / ‘= =2
where we used that A > 222 log(2 x 69/2).

1
—O\o(f, &, N\ e,0) =E 4 Ale=-12/2 {25 - C||2] <e
-1&)

(7o

On the other hand, the denommator is upper-bounded as

LA, 1\ 2,—(2+2)3lle—C? A1\«
(27T)d/2<5+02> /*IIS ¢Pe(Ba0)% dg<2( +02> <o

Hence, we have shown that —0\¢(f, &, A, g,0) < = % and, as a consequence,
Iflloo €
p’ +E§N Ox6(f, & A 8,0)] 2 p* — e 1,
which is non-negative for A > e L e .
Hence, for
<. 12¢ d/2 suprerllfllo g
A>X:=m (R21og(2><6/) : p),

the derivative of A\ — \p? +IE§N§ [0(f,&, A\, e,0)] is non-negative, which means that its minimizers

are smaller than \. O

E Proof of the main results

In this section, we present our main results with explicit constants. In Section E.1 we treat the case
of standard WDRO, i.e., the setting of Theorems 3.1 and 3.3, while in Section E.2 we handle the
regularized setting of Theorem 3.4.
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E.1 Standard WDRO case

The main results of this section are Theorems E.1 and E.3 which are more precise versions of
Theorems 3.1 and 3.3 respectively.

Theorem E.1 (Extended version of Theorem 3.1). Under Assumptions 1, 3 and 6 and the additional
Assumptions 4 and 5, with p. = p.(0,0) defined in (30) for any § € (0,1) andn > 1, if

8192 ~ — 4
max (Pn, W (121(-7:7 lllloo) + (F(O) + M(Pc)) \ 1+ log 6)) <p

pe  96Z(F,D)+4,/C*logl/s
P o — -
2 Jn

and

where

J—— Ao 1 (A8)?
thres 8(\ + La)’ 4096Ls

1 b 302 Pt
e o (oo 222) 2% 00

0<p’ <pthres 32

n7 (1, ||~||m)+max(F(32,) a)(1+ R))

P Pthre
fmln( 27pthresA27 8L es)

Pn =

then, with probability 1 — 9,

VfeF, 7/?\,/,2 (f) > Eenq [f(6)] for all Qsuch that W3(P,Q) < p(p — pn) .
In particular, with probability 1 — §, we have

VfEF, Rp(f)>Eep [f(6).

The proof of Theorem E.1 relies on Lemma E.2 that combines the results of the previous sections,
namely propositions B.1,C.1 and, D.1.

Lemma E.2. Under the blanket assumptions Assumptions 1, 3 and 6 and with the additional As-
sumption 5, for any threshold 6 € (0,1), define

A* *(A*)2
)\(p) _ 32p lfP Pthres = m1n<32()\1?‘_L2)7 2096%2 ) (36)
- min ()\27 %) otherwise
_ A\*
Ap) = =2,
(p) 2
Assume that
8192 ~ — 4
127 o)+ (F M 1+log= |, 37
—f<>< (F. ) + (F(0) + <p>)\/+og5) G37)
and that
2B(0)
2 < 200.0) —
p~ < pz(0,0) NG
Then, with probability at least 1 — g,
VIEF, Rpe(f)= inf_ AP +E. 5 [6(f,€1,0)]

A(p)SASA(p)

and when p* > 52 (8, M(p), X(p), 0), with probability 1 — §, it holds,

Ro2 () 2 R 252 5.0(0) 3(00.0) (s -
Furthermore, with probability 1 — 6,

VIEF, Rpl(f)=sup{Eqlf]: Q€ P(E), W (P,Q) < p® —72(5,Ap), Mp),0)} .
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Proof. This result is a consequence of Propositions C.1 and D.1 both applied with § < §/4 and of
Proposition B.1. Note that the upper-bound on the dual variable given by Proposition C.1 holds for
any p since the optimal dual variable is non-increasing as a function of p. O

Proof of Theorem E.I. The proof consists in simplifying both the assumptions and the result of
Lemma E.2.

We begin by showing that A(p) can always be lower-bounded by a quantity proportional to 1/p.
Indeed, by definition of A(p), (36) in Lemma E.2, and using that p is in particular less than %, it
holds that,

*

1 . /\O 3P2pthres
> — — . el
A(P) = pmln ( 39 ) pthles>\27 8L (38)

Let us now turn our attention to the condition p?> > 52 (8, A(p), A(p), 0, 0), whose RHS was de-
fined by (24) in Section B. We have that, by definition (Assumption 6), sup,. ,<,. F'(A5/(32p)) =
F(X;/(32pe)) < +00 and,
~ 1 . )\8 3p2pthres )\8
sup G’Anpﬂ)‘p7070 S sSup a<m1n(>/}hres)\ 707 ' 7 070
0<p<pe ( (p): Xe) ) 0<p’<pthres  \P 327" ? 8L 14
=a < +o0o,

by definition and non-decreasingness of a in its first argument (see Corollary A.5) and (38). Hence,
the following bound holds

72(8,A(p), A(p), €, 0)

< \/%;p) (z(f, I llo0) +ma><<f<3;ic)’a) (1 ! \/@»

< Pnp,
where we plugged (38).

Finally, since p is in particular bounded by p., the condition (37) is implied by

8192 ~ — 4
> e (m(f, o) + (F(0) + M (p2)) 41 +log5> ,

with M (p.) < 400 by definition (Proposition C.1). O

Theorem E.3 (Extended version of Theorem 3.3). Under Assumptions 1, 3 and 6, for any § € (0,1)
andn > 1, if

8192 ~ — 2
max(pn, W (121(]:, Illco) + (F(O) + M(pc)) \/1+1og 6)) <p

pe  96Z(F,D)+4y/C*log1/s
2 Jn '

and p < min (pthresa

where

S 1 (AG)?

8(\1 + La)’ 4096 L

_ PYAD ¥ )

a = su a Yy 70 07 0
0<p'§§thm (320’ 2p

3TA4(T(F, | o) + max(F( 5528 ),a) 1+ log 1))
Pn = \/ﬁ)\é, )
then, with probability 1 — 6,
vVfeF, 7%,,2 (f) > Eenq [f(6)] for all Qsuch that W (P, Q) < p(p — pn) .
In particular, with probability 1 — 9, we have

VfeF, Rp(f)>Eewp[f(E)].

Pthres = mln(
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The proof of Theorem E.3 leverages results from the previous sections, combined in Lemma E.4.

Lemma E.4. Under the blanket assumptions Assumptions 1, 3 and 6, for any threshold § € (0, 1),
define

N N
’ o) =35,

p> \/7% <121(]—', llsc) + (ﬁ(O) + M(p)) \J1+log §> : (39)

* % *12 2
P’ < min(pi(0,0) _280) min<32( Ao 1 (AG) ) ) .

)\ =
Alp) 32,

Assume that

and that

\/ﬁ ’ A+ Lg)’ 4096 Lo

Then, with probability at least 1 — g,

VIEF, Rp(f)= inf_ AP +E, 5 [6(£,€1,0)]
A(P) A< (p)

and when p* > 52 (8, M(p), \(p), 0), with probability 1 — §, it holds,

Rp2(f) 2 Rz (5.0 X(0).0) () -

Furthermore, with probability 1 — 6,

VfEeF, Rp(f)=sup{Eqlf]: Q€ P(E), W5 (P,Q) < p* — 7, (6,Alp), A(p), 0)} .

Proof. This result follows directly from Proposition C.1 that we invoke with § < /2 and of Propo-
sition B.1.

Proof of Theorem E.3. The proof consists in simplifying both the assumptions and the result of
Lemma E.4 and follows the same structure as the proof of Theorem E.1.

We begin by examining the condition p?> > 72(3,A(p), \(p),0,0), whose RHS was defined

by (24) in Section B. We have that, by definition (Assumption 6), sup,,<,. F (A\5/(32p)) =
F(X;/(32pe)) < +00 and,

3 Ao AG _
sup  a(A,(p),A(p),0,0) =  sup a( ,,0,0) =a < +00
0<p<pthres ( ) ( ) 0<p’ < pthres 32p/ 2[)/

by definition (see Corollary A.5). Hence, we have that

(6, Alp), A(p),0,0)

< % (z(f, Illoo) +ma><<ﬁ<3;ic)’a) (1 i \/@»

< pnp,
by definition of p,, and with 117 x 32 = 3744.

Finally, m (39) is implied by

p> \/1% <121(]—‘, Hloe) + (F(0) + M (o)) m> ,

since p < pinres and M (penres) < 400 by definition (Proposition C.1). O
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E.2 Regularized WDRO case

Theorem E.5 (Extended version of Theorem 3.4). For o = ogp with og > 0, € = ggp with ey > 0
such that eg /o3 < \;/8, and for any § € (0,1) and n > 1, define,

pe = 1nf{pc (€0p’,000") : prnres < P < pe (E0Pthress T0Prhres) }

/ /
yE0pP , 00p

and
- bY; )2 [N (| (4096z0cy -3
Prbres = 20" 3200 + La) 4096L; "\ 820 \ B\ g2 /).
Var:=  sup Var(eop',00p")
Pthres <P’ <pe
Cr= sup Cgr(eop,00p)
Pthres <P <pe
sup ezl fllos
a 1 : ()‘8 SOpthreSQPE) )\6 1250pclog(2x6d/2) e Eoepthrcs €0
a = sup a */mln —, ——— |, max 5.7 B} ;
0<p’<pe P 32 4Var 2p R Pthres
117(1(]-',H~||oo)+max<ﬁ<3;‘—in),d) (1+1/10g%>)
pn = * :
v/nmin (;—37 LOPRZS:P% )
when
8192 ~ — 4\ 384VVarZ(F, |||l o)
max | pp, ——o—e 121']—',-00+(F0+MC) log = |, ’ <
<P M*()\E)Q\/ﬁ< (5 l-lloo) (0) (pe) g5> o i p
_ pe_ 38VVarZ(F, | |so)
=2 cop2 /i
A 1/3
192VVarZ(F, |-l — (log 4\ '/*
and pe > max 24/ Cr )
60\/5 2n

then, with probability at least 1 — 0,
VfeF, Rp(f)>Eeqlf(§)] Sorall Q such that W;T(p) (P,Q) < plp—pn),

ep

<
Where T(p) - £0Pthres”Pc
4Var

tion A.2), with probability 1 — ¢,
VfeF, Ria(f)>EerEenn, (o) [f(Q)].

The proof of Theorem E.5 relies on Lemma E.6 that makes the regularized Wasserstein distance
appear. It also uses Lemma E.7, to guarantee that a smoothed version of the true distribution is
inside the right neighborhood.

Lemma E.6. Fix a confidence threshold 6 € (0, 1), take € = €op, 0 = oop with g9 and oy positive
constants satisfying e0/00? < \j/8 and, define \,,(p) and X(p) as functions of p by

o If
3
. [ e A} wrA5)? BN 4096e0c1 \ \ 2
< il 1
P=T e 8200 + L) 4096157\ 820 \ P\ (02 )/, |7

then A\, (p) = % and \(p) = ;‘—E,

— 3 2). Furthermore, when oy < 1 and o < o1 (defined in Proposi-
32

e Otherwise,

48+/Var(ggp, Uop)z(fa HHOO)

gop
A(p) = 5—=——| peleop, 00p)® — p* — " + 2CF(g0p, 00p)

~ Var(egp, o0p)

_ 12 sup ezl flloo
Ap) = maX( ];Op log(2 x 69/2), e o 50) .
p
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Assume that

Pz (mw i) + (F(0) + 7(0)) /1 + log ;‘) , (40)

Then, with probability at least 1 — g,

VEEF, Re(f)=  inf _ M +E 5 [6(f,6Ne0)]
A, (P)SALA(p)

and when p* > 52 (6, \,,(p), M(p), €, 0), with probability 1 — 6, it holds,
Rea(F) 2 R g2 50,000 (0 ) ()

Furthermore, with probability 1 — §,

Vf € ]:a 7/?\';:)2 (f) 2 Sup{EQ[.ﬂ : Q € P(E) 7W22,7—(p) (P7 Q) < p2 - ﬁi(é,&n(p),X(/}),é‘, U)} ’

. _ eop
with 7(p) = Ano(p)'

Proof. The first part of this result is a consequence of the combination of Propositions C.1 and D.3,
both applied with 6 < §/4, and of Proposition B.1. For the second part, note that Remark B.4
implies that the above argument actually gives the slightly stronger result: with probability 1 — §,
for any f € F,

Rfﬁ(f) Z inf _ A(102 —ﬁi(&&n(p),X(p),a,a)) +E§NP[¢(‘IC?§7A’€’0)]
A, (P)SALA(p)

Next, take Q € P(Z) such that V[/22T(p)(P7 Q) < p? —p2(3,\,,(p),€,0). With a similar argument
as in the proof of Proposition B.1, we get that

~

Rf;?(f) 2 inf _ )‘(p2 _ﬁi(évén(p)vx(p)vsao—) +E§~P[¢(f7§7)\7570—)]
A, (P)SAZA(p)

:EQ[.ﬂ + inf _ )‘(pQ 7ﬁi(57&71(p)7x(p)a530—) 7{EQ[.ﬂ 7EE~P[¢(f)€7>‘7530—)}}
A, (P)SAL<X(p)

=Eq[fl+  inf _ Ap* = Ph(6,1,(p), A(p), €, 0)) — sup {Eq[f'] — Benr[d(f', & A e, 0)]} -
A, (P)SAZA(p) freF

We now proceed to show, and this will conclude the proof, that

;lelg—)‘{]EQ [f] - EENP[¢(.]C7 57 >‘a g, J)]} S )\WQQ,T(p) (P7 Q) )

for A > A, (p).

Indeed,
sup{Eq[f] — Ec~p[o(f,& A e, 0)]} < sup {Eq[f] — Ee~r[o(f, &, A e, 0)]}
feF fec(z)

FO=AE=¢lI?/2
= sup {]EQ [f] - ngp [log (ECNWU(-E) |:6 E :|>:| }
feC(E)

FO=le—¢l?/2
=X sup < Eq[f] = E¢up|log( Ecur, (j¢) |e </ .
fec®
(4D

where we performed the change of variable f < f/\. We now show the following equality that
will allow us to rewrite the RHS of (41).

F(O-SNE—¢|? e g(&)+F(O)—L1e-¢)?
—E¢p {log (ECNM(K) [e /X })} = sup Ep [g]—x (E(E,C)Nm {e </x } — 1) .

geC(E)
(42)

39



Solving the optimality condition of the concave problem of the RHS of (42) gives that its maximum

is reached for
F(O-SNE—¢|?
9(§) = log(Ecwams) [6 2 D

so that (42) holds. Hence, we get that

F(O—-S1E—¢)?
sup {IEQ [f] = Eenp [log (ngm(.g) [e =/ ])} }
fec(®)

€ 9(&)+F()-Fle—cI?
= sup {]EQ[f] + Eplg] — X (E(£7<)~w0 {e =X ] - 1)}

f,9€C(8)
= W3, (P,Q),
by the duality formula for regularized OT (Peyré and Cuturi, 2019).
Combining this equality with the bound of (41) gives

?EE{EQ [f] - EfNP[¢(f7 57 )\a g, O-)]} S )\WQQ,E/)\ (P7 Q) ’

which yields the result since W22_’7.(P, Q) is non-decreasing in 7. O

Lemma E.7. In the setting of Theorem E.5, when Q. denotes the second marginal of

P(d¢) mo (d(E) ,

and when o < o1, it holds
W22,7-(p) (Pa Qa) S 02 .

Proof. Consider the transport plan 7 = P(d¢) 7, (d(|€). To show this lemma, it suffices to prove
that
E.[d*] + 7(p) KL(r | 7) = O(c?) ,

ie., that B, [d?] = O(c?). Let us first fix £ € supp P and consider E¢r_ (1) [5]1€ — ¢[|?]. which
is equal to
lle=¢1®

1 _ e —¢|lPe” 2o d
B¢, (1g) {25 B CHQ] - J5 2”; _<||£€<2d< ‘ :
—e 202

The numerator can be upper-bounded as follows:
1 Ik 1 _le=¢)? o?
[3le-cre S ac < [ e - g ¥ ag = 2noty 2
E Rd
For the denominator, we have seen in the proof of Lemma A.4, and more precisely (21), that

_le—¢u? -1 2
(Ae 202 dC) S (27‘[’0’2)d/2 b)

when o < ¢7. Hence, we have the bound

1
E¢mr, (-16) [2”5 - C||2] <o?,

and integrating w.r.t. £ ~ P yields the result. O

Proof of Theorem E.5. Since we will only consider radii in particular bounded by p., the condition
(40) is implied by
o> 8192
= w0
2To get this exact result for a regularization w.r.t. an arbitrary measure, one can readily combine Paty and

Cuturi (2020, Cor. 1) and Feydy et al. (2019, Prop. 7). Also, note that we essentially reproved the semi-duality
formula of Genevay et al. (2016, Prop. 2.1) except that the regularization is taken w.r.t. a general measure.

(m(ﬁ o) + (F(0) + (s ) 1o ;‘) ,
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with M (p.) < +oo.

We now show that A, (p) can always be lower-bounded by a quantity proportional to 1/p, i.e., that

2.2
& £0Pthres pc

1
> —mi _ .
0(p) 2 5 min (55, S ) @

Let us discuss separately the cases where p < pgpres holds or not.

* When p < pihres, (43) holds by definition of \,,(p).

* When p > pinres, by definition, A, (p) is lower bounded as

cop | o o 48V VarZ(F, ||| o) — |log}
A > == —p* — 2C —
An(p) = o con s +207\ -

Applying Lemma G.9 with p < £ and ¢ < 48V VarZ (7 ]| o) VVT;OI\%”M, we obtain that, when

—_ 1/3
o (192VVarZ(F |||oc) /
Pec Z EO\/E

and

384V VarZ(F, ||-[loc)
80[22\/5

the following lower-bound holds,

_ 384V VarZ(Z, ||-[l)
gopzv/n )

Pe
< p< =
spsy

A ( ) > % % — 26]: log% > 50,0/’3 > <<30pthres2pg
0=\ g o | S et = Varp

2 — 4
where we used successively that %ﬂ > 2CF 102% and p > pihres- This concludes the
proof of (43). Note that it implies the bound on 7(p) in the statement.

Let us finally turn our attention to the condition p?> > p2(6,),(p), \(p),e,0).  Since
SUPg< <. F'(N5/(32p)) = F(A5/(32pc)) < +oc by definition (Assumption 6) and

sup a(An(p,)’ X(pl)a 5010/7 600)

0<p’<pc

- dy  Pwrerlflios
< sup a L in<)\8 Eopthrespc) max Ao 1220pc108(2 x 6 () et e eop, o0p’
N 0<p’<pe pl 327 4Var ’ 2,0/7 R2 ’ Pthres ’ ’

=a < 400

where we used the monotonicity properties of a (Corollary A.5) and (43).

In conclusion, along with (43), we obtain that

(8. A(p), A(p), €, 0)

< (e (75 ) 1+ )

< pnps

by definition of p,,. The last part of the statement then follows from Lemma E.7. O
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F Upper-bound on the empirical robust risk

In this section we prove Theorem 3.5 that complements the main results by providing both a Iwoer
and an upper bound on the empirical robus risk. In view of the previous section, the missing part is
ther upper-bound, that we establish in this section.

The proof of the upper-bound is similar to the proof of our main results, yet simpler. Indeed, the
bounds on the dual variable are required for the true distribution P, which is fixed, instead of the

empirical distribution 1311. We slightly modify our main concentration result (Proposition B.1) in
Proposition F.1. We simplify our bounds on the dual multiplier when the radius is close to the
critical radius (Propositions D.1 and D.3) in Propositions F.2 and F.5.

F.1 From empirical to true risk

Proposition F.1. For p > 0, > 0, 0 > 0and § € (0, 1), assume that there is some 0 < \ < \ <
+o00 such that,

VfEF, Rou(f)= inf Ao +Eeup [6(f,6,\c,0)] .
ASALZA

Then, when p? > p2 (5, A\, \, €, o), with probability 1 — §,
Vf € ]:7 Rfﬂfﬁﬁ(é,g,x,e,a)(f) < R;2 (f) .

Proof. This proof closely mimics the one of Proposition B.1 but switches the roles of P and ?n.

First, note that by following the proof of Lemma B.3 with and replacing P by ﬁn and vice versa
(and using statement (a) of Lemma G.2 instead of (b)) yields the following

{ ng\,ﬁn [(b(fv 57 )‘7 g, U)] - ngp [¢(f7 ga )‘a g, U)]

sup

} < ﬁi(67éaxa€7 U) :
(FAEFXAN] A

We can now follow the last part of the proof of Proposition B.1. On the event above, for any f € F,

Rf)z (f) = inff{)\pz +E§NP [Qf)(f,f,)\,é‘,a')]}
A<A<A

— inf {APQ + ngﬁn [¢(f; 57 )\7 e U)} . )\ngﬁn [¢(fa 57 )\7 g, U)} - EENP[QS(fa 57 )\» g, U)} }

A<AN A
E. s ) 7>‘/3570 — Een ) 7)\,7€a0
> inf{/\p2 +Eo 5. [6(f.6 0 e,0)] A sup P ¢ | = Beorlotds ) ]}
ASA<A " AN <X A

F.2 Standard WDRO case

Proposition F.2. Let Assumption 5 hold and fix a threshold § € (0,1). Assume that p*> < p2(0,0).
Then, we have,

VfEF, Rp(f)= inf Ap? +Eeor (6,6 A 0)

where the dual bound ) is defined as
2 _ 2
Am min(A% p<00L>ﬂ) ,

and L is defined in Proposition D. 1.
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Proof. Let0 < A < ). By Lemma D.2 and the dominated convergence theorem, one has that,

A
080, (N) = ~ B min{ 16 = I ¢ € angmaf = S — |1

< p?— <1 - 12)\>E§~P [min{é”{ —(|*:¢e arg;nafo

< p? = p2(0,0) + LA,
which is non-negative by definition of A and thus concludes the proof. O
We can now state analogues of Theorems E.1 and E.3. Note that the bounds A(p) that we obtained

in this section are better than the ones we got in the main proof. For the sake of simplicity, we give
up this additional precision and use the same bounds as in Theorems E.1 and E.3.

Corollary F.3. In the same setting as Theorem E. 1, with probability 1 — 6, it holds,

VfEF, Rp(f) = Rorpu)(f)-
Proof. This result is obtained as a combination of Propositions F.1-F.2, which gives the desired
result with probability at least 1 — g and a fortiori 1 — 4. O
Corollary F4. In the same setting as Theorem E.3, with probability 1 — 9, it holds,

VfEF, Rp(f) 2 Rorp(f)-

Proof. This result follows by combining Propositions F.1 and C.1, which gives the desired result
with probability at least 1 — $ and a fortiori 1 — 6. O

To conclude, in the context of Theorem E.1 (resp. Theorem E.3), Corollary F.3 (resp. Corollary F.4)
with p < p + p,, yields, with probability at least 1 — 9,

Vf €F, Rp(p+pn)(f) < R(p+pn)2(f) s
so that, since p > p,,

Vf € F, Rp2 (f) < Rp(p+3pn)(f) s
Combining this bound with Theorem E.1 (resp. Theorem E.3) completes the bound of Theorem 3.5.

F.3 Regularized case

In the regularized case, the bound simplifies as well compared to Proposition D.3.
Proposition F.5. Fix a threshold § € (0,1). When p* < p%(e, o), we have,

VfeF, Ry(f)= inf XAP2+Eg~p[¢(f>£7)\7E>U)]

A, <A<

where the dual bounds are defined by
€
A= ———(p2 —p°
A= Vareo) (pi(e.0) = p?)

_ 12 sup e 71 flloo
and M\ = max(R;s log(2 x 6d/2)7€f€f€p0> ’

and Xj, p* were defined in Assumption 8.
Proof. The proof of the upper-bound is exactly the same as in Proposition D.3 so we focus on the

lower-bound. Following the same reasoning as the one to get (34) in Proposition D.3 but with P
instead of P,, we get that

1 A
O\ AN + Eenp [0(f, € N €,0)]} < p* —Eenp {]Eng/eHg) [QHS - C||2” +2 Var(e, o)

A
= ,02 - PE(EJ) + gVar(e,a) )

which is non-positive when A < \. O
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Corollary F.6. In the same setting as Theorem E.5, with probability 1 — 6, it holds,

VIEeF, Ru(f)=RE, . (f).

Proof. This result follows by combining Propositions F.1 and C.1 and Proposition E.5, which gives

the desired result with probability at least 1 — % and a fortiori 1 — 4. O
To conclude, in the context of Theorem E.5, Corollary F.6 with p < p + p,, and ¢ + pi?[’)) , 1.e.,
€+ pi’[” x (p+ pn), yields,® with probability at least 1 — 4§,

VieF, Ryb, () SRYL, 2(f), andinparticular, RZ°(f) <RYD.. ((f).

Combining this bound with Theorem E.5 completes the bound of Theorem 3.5.

G Technical lemmas

In this section, we recall and adapt known results, as well as establish technical facts, all useful in
our developments. They are presented in self-contained lemmas and are arranged in four thematic
subsections.

G.1 Laplace approximation

Lemma G.1 (Restriction to =). Consider = C R%, ¢y, 71 > 0 and a map (* : [0,71] — = defined
by C*(1) = € + Tgwith € € E, g € RY and assume that there is a positive radius R such that,

1. The closed ball B(¢*(0), R) is included in =.
2. R 71 and ||g| satisfy &&= > 72||g]|
Then, for (e,7) € [0,e1] x [0, 7],
‘(QWET)—;] / exp(_w*“”@)dg _ 1’ < U2 T 7

= 2eT

Proof. The quantity to bound rewrites

4 _* 2 4 _* 2
(QWET)Z/EQX})(K 2i7_(7_)||2>d41‘_(2ﬂ'57')2 /Rd\EeXP(HC 2C€T(T)||2>d<’

so let us bound this integral. Since B(¢*(0), R) is inside =, this means that, for any ¢ ¢ =, [|¢ — ||
is at least equal to R. Hence, for any ¢ ¢ =, one has that

N 1
IC= @I = 1= €l* = Mgl

1 1 1

> = _ 2 *R2 *R2— 2 2

> 2l¢ —€l2 + SR + <R — r2lg|
1 1

> = _ 2 *R2

> SlC— )2+ S B2,

so that we get the bound

— Ad\:exp(||<<*<T>||§> 0 < e (mer)-t /Rd\:exp<||c<||§) i«

2eT

2
= 6d/26_ 1};57 .

3Though ¢ now formally depends on p’, the same bounds still hold and do not become degenerate since &g
lies [£0/2, €] that avoids zero.
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G.2 Concentration

We rely on standard concentration tools that we encapsulate in the following lemma for convenience.
Lemma G.2. Ler (X, dist) be a (totally bounded) separable metric space, P a probability distribu-

tion on a probability space = and f’n = % S 0e, with &,y ..., &, ~ P iid.. Consider a mapping
X : X x E — R and assume that,

1. Foreachx € X, £ — X(x,&) is measurable;
2. There is a constant L > 0 such that, for each £ € Z, x — X (x, &) is L-Lipschitz;
3. X almost surely belongs to [a, D).

Then, for any ¢ € (0, 1),

(a) With probability at least 1 — 0,

48LT(X,dist) log %
VeeX, E. p [X(2,8)]-Eer[X(2,8)] < —vn +2(b—a) o
(b) With probability at least 1 — 0,
48LT (X, dist) log 3
Ve e X, Eeur[X(2,8)] - Eq 5 [X(2,8)] < — +2(b—a) e
Proof. First, let us note that we can assume that E¢.p[X (z, )] = 0 provided that we prove the

bound above with the left-hand side divided by a factor two. Indeed, considering the random vari-
ables Y (z,£) = X(x,&) — Ecop[X (x,()], we see that Y satisfy the assumptions of the lemma,
albeit with the constants L < 2L, a <— a — b and b <— b — a. Moreover, we only prove the assertion
(a) since the (b) follows from (a) with X + —X.

Step 1: Bound on the expectation. First, we focus on bounding the expectation of the quantity

sup{E,_p, X(x,€)}.
reEX

By the symmetrization principle (e.g., (Boucheron et al., 2013, Lem. 11.4)), with s;,...,s,
1.1.d. Rademacher random variables,

E [sup {ngf,nX(x,f)}] <2E lsup 1 i:le(x,&)] .

n
zeX zeX i—1

Take 2,2’ € X. By the Lipschitz property of X, with £ ~ P, for any ¢ = 1,...,n, the random
variable
si(X(z,§) — X(2',§))
v/nL

and as such it is sub-Gaussian with parameter

by Hoeffding’s lemma (e.g., (Boucheron et al., 2013, Lem. 2.2)). As a consequence, by indepen-
dence, the random variable

(44)

is 4 e N2
is bounded, in absolute value, by dist(z,z’) dlbt(zﬁv )

n

si(X(2,§) — X(2',€))
v

2

is sub-Gaussian with parameter dist(x,«’)*. Since, in addition, it is zero-mean, we can invoke
Dudley’s bound (e.g., (Boucheron et al., 2013, Cor. 13.2)) to get that,

1 n
E|sup — s; X(x, &) | < 12Z(X,dist),
sup iy 2 Xl 6)| < 122, i)
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or, in other words, by (44), that

24LT(X, dist)
Vn '

Step 2: Concentration inequality. Since the functions X are uniformly bounded,

E {Sup{IEgngnX(x@)} < (45)
zeX ’

SUP,cx {ESA@HX(:C, §) }, seen as a function of (&1, ..., &,), satisfies the bounded difference prop-

erty with constant b — a. Therefore, the bounded difference inequality (e.g., (Boucheron et al., 2013,
Thm. 6.2)) readily yields that, with probability at least 1 — ¢,

sup {]E 5 X(z 5)} < Esup {E 5 X(z f)} + (b—a) log 5
zex U &Fn ’ T zex U &P ’ 2n
< 24LT( X, dist) +(b—a) 0g 5
N 2
where we plugged in (45), the bound on the expectation from the first step. O

G.3 Dudley’s integral bounds

Lemma G.3. Let (X1, disty) and (X, dists) be two metric spaces, and consider X = Xy x Xy
equipped with the distance dist := ¢y disty +co disty with c1,co > 0. Then

Z(X,dist) < 1 Z(Xy, disty) + coZ(Xa, dists) .

Proof. Note that, for any ¢ > 0, the inequality N(¢,X,dist) < N(¢, X1, crdisty) X
N(t, Xs, co dists) holds, so that, by subdadditivity of the square root,

“+o0
Z(X,dist) = v/log N (¢, X, dist)dt
0
+oo +oo

< Vlog N (t, X1, ¢1 disty )dt + Vlog N (t, Xy, ¢y disty )dt
0 0

+o0 too
/ Vg N(t/cy, Xy, disty )dt + / Vog N (t/ca, Xo, disty )dt
0 0

= 011(261, diStl) + CQI(XQ, diStz) s

where we performed changes of variable in to obtain the last equality. O
Lemma G.4. Forc > 0,

Z([0,¢], ) < 5 (1 +21og 2).

N o

Proof. Noticing that N(¢,[0,c], |-|) = 1 whenever ¢ > ¢, we get that
Z((0,el. 1) = | VIog N e, 0.l i
0

< [ (108N (e 0.6 .

Now, a rough bound on N (¢, [0, c], |-|) is 1 + ¢ which fits our purpose and yields

Z([0,d], | ) < c+/'1og(1 + %)dt = ¢(1+2log2) .
0
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G.4 Auxiliary results

We conclude these sections with auxiliary technical results.

The following lemma recalls basic inequalities with the logarithm function.
Lemma G.5. For0 <z < %, the following inequalities hold,
log(l —z) > —2x and log(l+z) <zx.

log(a+x) . . . w(1
8L822) s non-increasing on ([ V) — a]4, +00).

Lemma G.6. For a > 0, the function x —

Proof. Denote by f : z +—

1 (lera — log(z + a)). But the function z — —— — log(z + a) is non-increasing, goes to —oco at

W this function, defined on (0, +00). Its derivative is ' : x —

infinity and its only potential zero is eV () — « if it is positive,* which yields the result. O
Lemma G.7. For Z C R? a compact set, g € C(Z) and, Q € P(Z),

Eeqg(£)e?®]

99| <
log Benge"9] < Eeoq[e?®©]

Proof. Define ¢ : t — logE¢ q [etg(ﬁ)] which is convex and differentiable, since g is continuous
on the compact set =. Hence,

0=¢(0) > $(1) +¢'(1)(0— 1),
so that ¢’ (1) > ¢(1) which is the desired inequality. O

Lemma G.8. Fora,b,c,r > 0 fixed, consider the function defined on R by

o(A) =ar+ b —clog(A+7).

A+r
Then, for any X > 0, ¢ is strongly convex on [0, X] with strong convexity constant
2b c

= = + — .
B T Ot
and the unique solution to the minimization problem

Rup o)

is given by,

A=
2a

c+ 2+ 4ab ]
— — 7| .
+

Proof. ¢ is twice differentiable and its derivatives are, for A > 0,
b c
/ )\ — _ _

A A s e
2b c
/1 )\ — ,

SN = a T o
which shows that ¢ is strictly convex on R, and yields its strong convexity on compact intervals.
Then, the first order optimality condition ¢’(\) = 0 gives us that

aA+71)2—c(A+7)—b=0, (46)
which has an unique solution satisfying A + r > 0 which is given by,

c+ 2+ 4ab
7

2a
If A* > 0, then this is the solution we are looking for. If is not, this means that both roots of (46)
are non-positive and therefore ¢'(0) > 0 which means that 0 is the solution to the minimization
problem. O

A=

*W denotes the Lambert function, i.e., the inverse of the map x — ze’.
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Lemma G.9. Forc > 0, p > 0 such that p > (40)1/3, the inequality

2 p2 _ = Z 0
holds in particular when
2c < cs 2c
S SPSIPT
p P’

Proof. When 0 < p < 7, the inequation p? — p? — ¢ > 0is implied by

pp—pp°—c>0.
Solving the latter yields the interval

P —\/p(p® —4c) P° +\/p(p® — 4c)
20 ’ 2p

and the inequality 1 — u < /1 — u for u € [0, 1] yields the result. O

H Numerical illustrations

We present numerical experiments supporting our theoretical results. On logistic and linear regres-
sion models, we illustrate that, provided the radius is large enough, the robust loss on the training
distribution is indeed an upper-bound on the true loss. For f(6,&) as defined in Examples 4.1
and 4.2, we estimate the following probability, as in Esfahani and Kuhn (2018, §7.2.A),

P (Ro(F B, ) = Benr [ f0r,€)] ) where 6, = argmin Ry ((6,)),

and P®" denotes the distribution of the training set (&;)1<;<n With & ~ P ii.d..

We observe on the plots that, for p large enough, the above probability is close to 1, for both models
and for both standard and regularized cases (as guaranteed by Theorems 3.1 and 3.4).
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Linear Regression

1.0 { — Standard WDRO
—— Regularized WDRO
0.8
0.6
0.4 4
0.2
0.0 1
10-6 10 1074 10-2 10-2 10-1
Radius p

Estimates of the probability po" (7"5;2 (f(6n,-)) > Ep[f(n, 5)]) where 6., is the robust model with radius p for the linear regression

model (Example 3.7). 6 has dimension d = 10, n = 1000 synthetic training samples are used, o and € are chosen proportional to p
following Theorem 3.4. For each value of p, we sample 200 training datasets and solve the WDRO problem on each of them, to obtain an
estimate of the probability above. The solid line is the average over these 200 results, while the shaded area represents the standard deviation.
As predicted by Theorems 3.1 and 3.4, we observe that for p large enough, the probability that the robust loss on the training set upper bounds
the true risk is almost 1. We also observe that standard and regularized WDRO have almost identical generalization behaviours. The WDRO
problems are solved by LBFGS-B combined with the formulas of Example 2 of Wang et al. (2023).

Logistic Regression

1.0 { — Standard WDRO
—— Regularized WDRO
0.8 -
0.6 -
0.4
0.2
0.0 -
10-3 10-2 10-!
Radius p

Estimates of the probability P e (ﬁ:ﬁ (f(0n,)) > Ep[f(bn, & )]) where 0, is the robust model with radius p for the logistic regression

model (Example 3.6). 6 has dimension d = 5, n = 500 synthetic training samples are used, o and € are chosen proportional to p following
Theorem 3.4. For each value of p, we sample 100 training datasets and solve the WDRO problem on each of them, to obtain an estimate of
the probability above. The solid line is the average over these 100 results, while the shaded area represents the standard deviation. As for
the previous plot and as predicted by Theorems 3.1 and 3.4, we observe that for p large enough, the probability that the robust loss on the
training set upper bounds the true risk is almost 1. We also observe that standard and regularized WDRO have almost identical generalization
behaviours. The standard WDRO problem is solved using the algorithm of Blanchet et al. (2022b) while the regularized problem is solved
using LBFGS-B combined with an explicit expression of the inner integral in the robust loss.
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