Appendix: Proof, Simulation Details, and
Supplementary Contexts

Shicheng Liu & Minghui Zhu
School of Electrical Engineering and Computer Science
Pennsylvania State University
University Park, PA 16802, USA
{s£15539,muz16}@psu.edu

This appendix consists of three sections: section 8 provides some basic notions and notations that
will be used in the proof, section 9 presents the proofs of all the lemmas and theorem in the paper,
and section 10 gives the simulation details. At last, we provide some extra explanations to help
better understand the paper.

8 Notions and notations

We define the concatenated reward feature vector as ¢, = [((bL”)T, e ,(QS[TNE])T}T and the
augmented reward feature under w, as ¢,,. = [}, ,c,,]T. The augmented reward feature ex-
pectation starting from state-action pair (s,a) under policy m is uZ, (s,a) £ ¢ro.(s,a) +

Y Jyes P(s'ls,a)ul,, (s")ds" and the augmented reward feature expectation starting from state s
N A T T
is pr,, (s s) = faeA (a|s)u:7wc(s,a)da. Moreover, we denote (i, (1) = [(pr (7)), Jow, (7)] .

The empirical augmented reward feature expectation vector is defined as ji,.,, = [, ,b,,]" and
its estimate from learner v is defined as M[TULC £ [(ﬂtrv])'r7 I;BC]]T For a given vector 7], we de-

fine the augmented Q-function as Q7 ,, (s,a) = 7' My, (8, a) and the augmented value-function
as V', (s) = 71" uT,,.(s). The concatenated cost feature expectation starting from state-action
pair (5 a) under policy 7 is u7(s,a) £ ¢.(s,a) + Y [yes P(s's,a)uf (s")ds" and the concate-
nated cost feature expectation starting from state s is ,uc( ) £ [ caT(als)ul (s, a)da. We de-
note ji.(m) = ES Al ie0 Y ®e(Si, Ar)]. The empirical concatenated cost feature expectation
is oo & L Z;”:l Zfoo'yt(;bc(s{7 a{) The causal entropy staring from (s,a) under policy 7 is
H™(s,a) = —Inn(als) + v [,.q P(s'|s,a)H™(s")ds’ and the casual entropy from state s
H7(s) = [,c47(als)H™(a|s)da. We define the state-action visitation frequency as ¢/ (s, a)
E™ (3020 v11{S; = s}1{A; = a}] and state visitation frequency as ¢)™(s) £ E™[>_72 v 1{S; =
s}], where 1{-} is the indicator function. It is obvious that ¢ (s) < ﬁ for any s € S and
fs cs YT (8)ds = ﬁ We use 0,,,«,, to denote an m X n matrix whose entries are all zero.

T ) 117, (s, 0) ]

> &

Lemma 4. For any (s,a) € S X A, any w. € Q., and any ,
and ||u7 (s, a)|| are bounded.

c (),

Proof. We know that u:{wc(s,a) = ¢rw.(s,a) + B A[Zt 1Y brw. (S, A)|So = s, Ag
al. Since ||¢rw, (s,a)|] < \/z lr 1)—|—(Zizll¥]d2) ), we know that ||uf, (s,a)ll

- V\/ZNE a2y + (2N 1d,)2). Because uf,, (s) = [, m(als)uk,, (s,a)da, we can
see that ||u7, (s)|| is bounded given that ||u], (s,a)|| is bounded. Analogously, ||u7(s)|| and
|7 (s, a)|| are also bounded. O
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Constrained soft Bellman policy. We provide the formula of the constrained soft Bellman policy
under continuous state-action space and the policy can be approximated through soft Q learning [1]:

exp( ?702) (S’a)) soft / Soff
Tw, (a]s) = ——— 22— 2 M (s) =In exp(QY (s,a))da),
n ( | ) eXp(V,;;"itc(S)) 75 C( ) ( wcA ( 73 C( )) )
Ng
ot (s,a) = (@) Tell(s, a) + Aew, (s, a) + 7 /  Plls, a) Vi (s ds”
i=1 s'€

It is obvious that the constrained soft Bellman policy is continuous in (w,, ) as it is a composition
of continuous functions of (we,n).

9 Proof

This section focuses on the continuous state-action space and has seven subsections. Subsection
9.1 includes some preliminary results for the later subsections, subsection 9.2 presents the proof
of Lemma 1, subsection 9.3 provides some intermediate results for the remaining subsections, sub-
section 9.4 proves Lemma 3, subsection 9.5 presents the derivation of LGA, subsection 9.6 proves
Lemma 2, and subsection 9.7 presents the proof of the theorem.

9.1 Preliminary results

In this section, we prove two lemmas which serve as building blocks for the remaining subsections.

Tiwe Tniwe

Lemma 5. The gradient V, Inm,.,, (als) = i (s,a) — prloo® ().

Proof. Define Zs ;... = exp(V;;";‘C(s)) and Zys . = exp( ;‘;iﬂc(s,a)), therefore Zg|s o, is

smooth in 7) because it is a composition of logarithmic, exponential and linear functions of 7. From
Leibniz integral rule, we know that V,, [ Z, (s .o da = [V, Z4s 1.0, da. Therefore,

faeA VaZa)smiw.da
Zs miw,

Vo Ze e, = — [ mtdsprsren [Pl

VolnZg p. ds’} da,
- / ww(a|s>{¢r,wc<s,a>+v / P(s']s,a) / T (@]5') [eﬁr,wc(sca’)
acA s'eS a’e A

+ 'y/ P(s"|s',a")V, In Zsu,mwcds”} da’ds’}da.
s""eS

Continuing the expansion, we can get:

Valn Zs . = ES5)7 Grw (Si, Ar)|So = 8] = priic=(s),

t=0
vn In Za|s,77;wc = (bT,UJc (57 CL) + Eg:ich [Z 7t¢r7wc(5t7 At)‘SO =S, AO = CL] = N:L'fc (57 CL).
=1
Therefore, V,, In .. (als) = VyIn Zyjs pw. — Vi In Zs . = prtic® (s, a) — pr e (s). O

Lemma 6. The gradients Vi, (Tn:.) = [,cs 0™ (8) [, c 4 VT, (als) (uric (s, a)) T da
ds, Vi H (s, ) = fses P (s) faE.A T (a]$)Vy Inmy, (als)(H™we (s, a) — 1)dads.

Proof.

Vot o) = [ Piso) [ [vnwn;wc<ao|so><uf,zszc<50,ao»T
0ES ag€EA

S



+ T (@0]80) Vi pir 5 (S0, ao)} dagdso,
= PO(SO)/ Vo (aols0) (e (s0, a0)) T + Ty, (a0l 50) Vi (érw. (50, a0)
SoES ap€A L

—|—’y/ P(s1]80, a0) e (sl)dsl)]daodso,
s1€ES

- / Polso) / Vs (@0]50) (4252 (50, 20)) T+ Ty (a0 ]0)7 / Plsi]so,a0)-
S0ES ag€A L s1ES

Vb (Sl)dsl] dagdsg,

- / Po(so) / {Vnﬁn;wc(ao50)(H:,Z3:C(Soaao))T+77Tn;wc(a0|50) / P(s1s0, a0)-
soES ap€EA

s1E€S

/ {Vnwwc(alsl)(u?ﬁfc (s1,a1)) " + Wn;wc(aﬂsl)/ P(32|81,a1)vnﬂfflif°(52)d82]
a1 €A

s0€S

dayds, }daodso.

Keep the expansion and we can get:

Y tinon (T, ) = / e (5) / Vs (als) (U2 (s, ) dads,
seES ac A
— [ ) [ @l g (als) (T (5,) dads,
seS ac A

Analogously, we have that

Vo H (T, ) = / Po(so) / [vnm,;%(aowo)(ﬂw<30,ao))
0ES agEA

S

+ T (@0]S0) Vi (*lnﬂn;wc(‘10|50) JF’Y/ P(51‘507QO)HW”"NC(51)d51) daodso.
s1E€S

Keep the expansion, we have:

VnH(Wn;wC)Z/ z/J’T’““’“(S)/ T (a]$) Vi Iy, (als) (H™#< (s, a) — 1)dads.
seS acA

9.2 Proof of Lemma 1

The Lagrangian of problem (2) is L(m, n;w.) = H(w) + Ef\fl (wq[j} )T(u[ri] (m)— ,&Li]) +A(Jy, (7) —
by, ). To find the maximizer of max,cr L(m, n; w.), we remove the constant terms and formulate
the following problem:

fe%e) Ng
arg rrrllaxz V' ES 4 [Z(wk])—l—qﬁw(&, Ap) + Aew, (St Ar) —Inm (AL Sy) | %)
i i=1

From [1], we can see that the continuous constrained soft Bellman policy is the optimal solution of
(5) by setting the hyperparameter v = 1 in equation (2) in [1].

Let p* be the optimal value of the primal problem (2) and d* be the optimal value of the dual
problem min,, G(n; w.). We know that p* exists (proof of Lemma 2 in [2]). For any 0, G(n; w.) is
an upper bound of p* because any optimal solution of the primal problem (2) is a feasible solution
of max e L(7, n; w.), therefore, d* is finite.

We change the policy 7 to be time-dependent but force it to be stationary, then
OL(m, n; we)

ort(als) = —4'P(S; = s)(Inw'(als) + 1)



o0

P(Sy = $)E% 5[ Y =y Ina"(A;]S,)[S: = 5, Ay = a] + P(S; = s)-

T=t+1
NEg
<’yt Z(w’) ol (s,a) + Mteu, (s,a) + Eg 4 Z Z Wl Tolil(s,, A,)
=1 T=t+1 i=1

+ )‘cwc(S‘rvAT)‘St =54 = a}),

=7'P(Sy = s)[H"(s,a) = 1+n" 7, (s,a)], (6)
where P(S; = s) is the probability (density) of state s being reached at time ¢.

From the formula of the constrained soft Bellman policy, we know that .. (a|s) > 0 for any
OL(m,mwe)

s € Sand a € A, thus 7, is an interior point of II. Therefore “or(als) = 0 at 7., and from
(6) we have that for any (s,a) € S x A such that P(S; = s) # 0 for at least one time ¢:
H™we (s,a) — 140" prtiee(s,a) = 0. (7

Now, we derive the gradient of G(n;w.) = H(mypw,) + Z & (w ]) (uL](wWC) - ﬂ[ﬂ]) +
Ao (Tyieo.) = b, )t
VnG(nywe) = VyH (myw.) + Vikrw, (Tpw)n + (Brw. (Tpw.) = Brw.),
/ e ( / Tneoe (a]8) Vi In T, (als) (H™ (s,0) — 1+ (urii (s, ) "n)dads
+ (rw. (Tyw.) = firw, )

= Hrw, (Wn;wc) = fr e s

where the second equality follows from Lemma 6 and the third equality follows from (7) and
the fact that ¢p™m«e(s) = 0 if P(S; = s) = 0 for all time ¢. Notice that ji, ., (Tpy.) —

firwe = [(r (o) = fir) s T, (M) — bo.] . Analogously, we can see that V,,G1" (1; w.) =

[ (o) = )T T () = BN
As G(n; w,) attains its minimum at n*(w.), given that min,, G(n; w.) is unconstrained, the gradient
of G(n; w.) with respect to 1 should be 0 at this point (i.e. ji,(7p,) — fir = 0 and J,, (7y;0.) —

ch = 0). It implies that 7, is a feasible solution of the primal problem (2). Thus, we have:
H(T"n*(wc);wc) =G (we)iwe) =d* > p* > H(T"n*(wc);wc)a

Therefore, we know that p* = d* and p* is obtained at 7, (.. )0, -

9.3 Intermediate results

In this section, we prove three lemmas which will be used in the remaining subsections.

Lemma 7. The dual functions G(n; w.) and G [v] (n; we) are both strictly convex in ) for any nonzero
cost weight vector w.

‘We know that
meG(n; we) = Vi trw, (Tnw, )

:/ wﬂmwc(s)/ Wn;wc(a|s)v7, In 7y, (als )(MTUZC( ))Tdads,

seS ac A

= [ e | mwmm@w%<> mm%ﬂw&%<>fma
seS ac A

where the second equality follows from Lemma 6 and the last equality follows from Lemma 5.

For any nonzero vector 7, we have:

7' Vi G we )iy = / T (s) / Amc,n(GIS) [77 prse (s,a) =07 prd (s)
ac

seS

4



- (pr e (s, a)) Tidads,
:/ 1/)”"‘“6(5)/ T, (als) {QZ?&Z”(&@)V”TZ:Z’C(S) (Qqle (s, a))dads,
seS acA

- / e (5)Var(QI (s, ) ds,
sES

Tswe

7,We

Tnswe

T at state s.

where Var( (s,-)) is the variance of the augmented Q-function Q)

We know that Q775 (s,a) = 77" pr57° (s, a) and p,; 73 (s, a) is in essence a discounted cumula-
tive sum of ¢, ;. Because each component of ¢, can be chosen independently, the variance
Var(Qp"se (s, +)) = > i 777 Var(p, 52, (s, -)). From the formula of the constrained soft Bellman
policy, we know that whatever n and w. are, m,,,, (als) > 0 for any a € A at state s. There-
fore, the variance Var(u:fgjjj(s, -)) is zero only under the situation that H:&f} (s,a) is a constant
almost everywhere over A and we can choose ¢, ,, ; whose values always vary over a to avoid this.

Therefore, Var(y) " (s, -)) > 0 and thus Var(Q 7% (s, ")) > 0.

T\We,J ,We

Because ¢™we(s) > 0 for all s € S and [ g9 ™ (s)ds = ﬁ, the measure of the
set where 1™we(s) > 0 is strictly greater than 0, otherwise fs€$ Yp™we (s)ds = 0. Thus,

Jocg ™mee (s)Var(Qprre (s,-))ds > 0 and V2 G(n;w.) is positive definite. ~Analogously,
v, G [vI(1; w,) is also positive definite. Therefore, G/(1; w,) and Gl (n; w..) are both strictly convex
for any nonzero w,.

. . o Ng lil
Lemma 8. (i) There is a positive constant CVWG[U] such that for any w. € Q. andn € RE1 0+

it holds that ||m!")v,G" (n;w,)|| < Cy,qw and [[mV,G(n;we)|| < Cv, ¢ = Zf)v:Ll Cy, -

(ii) For any w. € Q. and n € RE 1, G (n; we) and G(n; w,) are continuously twice differen-
tiable in (we,n).

Proof. (i) From Lemma 1, we know that [|[V, G (niwo)l| = ||trw, (Tyw.) — AL <
o o (T )| + Hﬂ[TULL , thus from Lemma 4, we know that ||m["1V, GI"(n; w,)|| < Cy,qw for
some positive constant Cy;, g1 Therefore, |[V,mG(n;we)|| = || ZiV:Ll mlIv, G (n;w,.)|| <

SN ImlIV G (s we) || < SN O, g 2 Oy,

(i1) From the proof in Lemma 7, we know that:
V3G = [ o) [ ) [um:c (s,0) — e <s>] (U (5, )T dads,
SES ac A
— By [w?;u:fc (S, A) — e (S)) (e (S, A))T] .
Thus,
V3 Gliw) = EYye {vn [mm:c (S, A) — pee (S)) (uiziee (S, A))T] }

= Eghye [Q(Vnuf;’a’&f“ (S, A)) (prsze (S, AN T — (Vpprsee (8)) (e (S, A)) T
e (S) (Vg (S, A))T} ,

Tnswe Tniwe

where the formula of V1, %52 (s) can be found in Lemma 6 and the formula of V, %52 (s, a) can
be derived in a similar way to Lemma 6.

With similar process, we can also get the formulas of V3 G(nwe), V3, o G(nywe),

WeWeWe NWeWe
3 . 3 . . ; : : :
Vinw.G(swe), and Vi, G(n;w). Therefore, G(n;w,) is three-times differentiable. Analo-
gously, G1"I(n;w,) is also three-times differentiable. Thus, they are both continuously twice dif-
ferentiable. O



Lemma 9. There are positive constanis 7v2 ¢ and Tyz g such that V2, G(we,n* (wl)) =

vz, cl, meG(wc,n[ Nwe)) = TvgmGI, \% G[” (wc, (W) = Tyz gl and
V%UG[”] (we, M (we)) = Tyz, gl for all w, € QC\{O}

Proof. The proof of Lemma 9 is divided into two steps where the first step shows that
V2, G(we, n* (wl)) = Tvz I and the second step shows that % G(wc,ﬁ[”] (we)) = 7v2, 1. The

part for VWG vl can be derlved analogously.

Step (i). Lemma 7 shows that G(n;w,) is strictly convex in 7, thus there is a unique 7*(w.).
Since the problem min,, G(n;w.) is unconstrained and V, G(n*(w.);w.) = 0 holds for any w, €

RZﬁiEl l[ci], taking derivative with respect to w. on both sides renders
V%MCG(T *(we);we) + meG(n*(wc); we) V' (we) =0 = V' (we) = =M (w,, n*(wc))T (8)
where M (we,n) £ V2 _,G(n;we)[V2,G(n;we)]

weMn

Since n*(w’) is differentiable (equation (8)) and V2 G(n; we) is continuous in (w.,n) (Lemma 8
(i), V3, G(n*(w.);w.) is continuous in (wc, w.). Slnce Q. is compact, . x €2 is compact (Ty-
chonoff’s theorem, Theorem 1.9.7 in [3]), then the image of V7, G(n* (w.); w,) is compact (Theo-
rem 4.14 in [4]). We denote the eigenvalues of V., G(1*(w.); wc) by Ai(we,w.,) and we know that
Ai(we, w) > 0 for any w, and w/, because V2, G(n*(w!.); w.) is positive definite and symmetric.

Now, we prove that the image of every \;(w¢,w’) is compact. The characteristic polynomial of
v%nG( *(wl) Wc) is ()‘ - Al(wc,wé)) st ()\ — /\d(wc,wé)) = )\ + pdil(wc,wé))\d_l + -+
p1(we, C))\ + po(we,w?), where \;(w.,w’) is the root and p; (wc,wé) is the coefficient. Each
pi(we,w,,) is in essence a polynomial function of the entries of V7 G/(n*(w,); w.) and the entries of
V2, G(n* (w.); w.) are continuous in (w.,w,) as V3, G(n*(w..); wc) is continuous in (w.,w’,), then
i (wc, ') is continuous in (w.,w.) (Theorem 4.7 in [4]). Then \;(w.,w.) is also continuous in
(we, wl.) (Theorem 3.9.1 in [5]), thus the image of \;(w.,w) is compact.

According to Heine-Borel theorem (Theorem 2.41 in [4]), the image of \;(w.,w?) is closed
and bounded. Therefore, min \;(we,w’) exists and belongs to the image of \;(w.,w?),
then min \;(w.,w)) is positive.  Thus, we can choose a positive number Tvz Ge =

min{min Ay (we, w?), - -+ , min Ag(we, w’)} and V?mG(n*(w(’:); we) = vz, 1.

Step (ii). For the distributed gradient descent in Algorithm 2, we know that (equation (5) in [6])
Ny, k—1 N,

N we k) = D [@(k = 105 (0) = D als = 1) D [@(k — 1,9)]3-

v'=1 s=1 v'=1
ml IV, G N (we, s — 1);we) — a(k — DmV, G (") (w,, k — 1); w.),
where ®(k, s) & W(s)W (s + 1)--- W (k) is the state transition matrix and [®(k, s)]?, is the entry
at the v-th row and v’-th column.
We define y(we, k) 2 1= SN2l 1(0) =325 a(s—1) zij L, G (gl (e, s~ 1)),
then y(we, k + 1) = y(we, k) — 22 S0 ml1v, G (nle (wc,k),wc).

Following the proof of Lemma 5 (a) and proposition 3 in [6], we can get
ly(we, k +1) =" (w -)||2

< ly(we, k) = 0" (we)l1? + Z vt [y (we, k) =0t (we, k)|

2
= 22Oy e Rps) G(n*(wa;wc)} vlhee o, ©
L L
/ k‘ 2
<y B) — 7" @) 7 + oyamllylee B) = 1o B+ S0z
v'=1 (10)



1 — Do
e B) = 1 (e )] < 255 (1 oy ZW

1 —¢eBo
v'=1
- 1+eBo Bk | alk—1)
+ ; 2a(s — 1)CV7,G@(1 —€"°) Bo 4 TL(CVT/G + NLCV,,,G[“]),

where By = (N, — 1)B.
We can find ¢, such that >>%, |[*)(0)|| < ¢,,. Therefore,

/ 8a(k)Cvy, ey 1+ e Do k=1
_ V'l n&n _ B
P ||y((JJC7 ) n (chk)” S NL 1_ GBO (]_ € 0) Bo
—Bo B k—1—s
ZCVG/]ZQQS—lcv”G —(1— %)
v'=1
4o
LT Z Cy,c(Cv,c + NeCy, ),
_ 2 k—1 _B
_ Sa(k)CV"GC" Lt emnytt  BOe N o TEE
Ny, 1 — ebBo Ny, = 1—€B
da(k)a(k — 1)C C + N..C v
N (k)a(k —1) an(Qan 1Oy, al ])' an
N
L
Notice that the second term in (11) does not exist if £ < 2.
Claim 1. Y0 2600 SN0 0y (e k) — 1 (we, K| is bounded for any K.

40¢(/€)

Zv’ 1 v, cionlly(we, k) — 0" (we, k)|, i.e., formula

(11), is positive, it suffices to show that oy 4a(k) S Cy, i |[y(we, k) — N (we, k)|| is
bounded.

Proof. Because the upper bound of

Now, we prove that the summation of each term in (11) is finite one by one.

- k7 o} - k7
F{rst’ Z;’;l 8a(k)JC\;LCan lffeBiO (1 _ eBU)TDI < WlﬁeBBoo ZZO:]-(I — GBO)TOI =
8@CWNCV77G 1te B0 —— is bounded.
E (1—€B0o)[1—(1—ePo) Bo]
Second,
2 k-1 - 2 -B
i 2B%.s > a(s— 1)&(1 — Py = 8¢5, e+ ™)
N 1 — eBo N (1 —ebo)
k=2 s=1
> a k_ld k—1—s
o Z(1 — By B
Sy s
_ —__— & i
Let S, = Z’z;ll a(1 — o) Bo , then £5, ; — Etlg, - %ij%(l — €Bo) o
- s k—2—s k—2-s
BELYILa( = eBo) m = SEIPE(L - eBo) R - SRR - eBo) Ee =
fan & k—2—s
Zk—Q k—s (1 €BO) B, —(k+1)(1_630) By :Ek_3 k—s 1—630) By +(k—2)2( —

Because (1 —€50) 5o decays faster than Wll)(kﬂ) there exists a positive integer K such that
G — (k1) — ) o % > 0if k > K. Therefore, Ak — EHS, > 0if k> K. We
can find a positive number M such that %Sk < M for any k > 0. Then
> nes 51 Sk is finite.

) k+1Sk < (k+1)2 and



da(k)a(k—1)Cv,c(Cv,a+NLCG L)) 40v,c(Cv,c+NLCy )
Third, "7 ! i Vn = n < akalk —
CZ’“‘QC oM w7 it ak)a(
4Cv,c(Cv,c+NL [v] o
1)< —- 2 Y702 %5 is bounded. 0
L

Equation (10) shows that ||y(we,k + 1) — 77*(02.)5)H2 < ly(we k) — n*(wo)|]? +
R S0 Co, o lly(we, k) =0 (we, Bl + 2-C% g

Telescoplng from k = 0to K — 1, we have:

[ly(we, k) = 7" (we)|I? < [ly(we, 0) — 7™ (we)|1* + Z v, o[y (we, 0) = 1 (0)]]
ES - : & @W)CR g
LS o gullylen ) =1 e )l + 3 G <
k=1 Loz k=0 L
— _ * 2 40/ N _ [v']
where Dmax = Hy(wc,O) n (Wc>|| + NL Ev’fl CV G[v ||y(wc70) n (0>|| +
(a(k)) WG i
Dhet NL Zv/ 1Cv cn|ly(we, k) — (wm )|+ > Oivc is finite.
Therefore,
171 (wes k) = n* (@)l < [0 (we, k) = y(we, K| + [ly(we, k) — 77 (we)l,
14 Boy it - 14 ¢ Bo By kol=s
< 207]17(1 — € 0) Bo 4 ;QOVWGCM(S — l)ﬁ(l — € 0) By
alk—1
+ (TL)(CV,,G + N.Cy, c1) + V Diax,
1+e Bo 14 ¢ B 3 g kmims  a(Cv,¢ + NCy, gui)
§2Cn71_630 +2CVTIG71_EBO ;a(sfl)(lfe 0)"Bo 4 N
+ DmaX7

a(Cy,c + N Oy, gi)
Np, ’

k—1
1+ e_BO B 1+ e_BO k—1—s
< 201717 QQCvﬂGﬁ E (1 —EBO) Bg —+
s=1

Jr DII’]&X S DHI&X?

Where Dmax - 207717 + QQCVWG%BBOO Zs 1(1 - 630) 71075 + a(cvnc—:}\jﬁcvnc[v])
V/Dimay is finite. Because 1* (w,.) is bounded within a compact set and || (w,, k)|| < ||7* (we)|| +
Dinax. we know that nl"}(w,, k) is also bounded within a compact set. Then, ||7"}(w.)|| =
||E],_o ?((_kzn ](wc,

Z]‘:O a(k)
within a compact set. Following the same idea of n*, we can find a positive constant 7¢ - such that
V2, G(7 M (we);we) = 76,1 forall k > 0.

|| < maan[”] (Wes DN < |0 (we)|] + Dimax so that ﬁ[“] (w.) is also bounded

Then, we can find the positive constant V2, G = mln{Tvz G+, TG, +- With similar derivation, we

nn

can find the positive constant gz gil. O
nn

9.4 Proof of Lemma 3

From Claim 1, we know that there is a positive constant ¢y, ax such that ZkK:o 20(k) S0, Cy,civ

[|ly(we, k)—n[vl](wc, E)|| < Cmax forall K > 0. From (9), we know that ||y(we, k+1) —1* (w.)||? <
||y(wc, k) (Wc>||2 + 4a(k) Zv/ 1 CV,,G['U] Hy(wca k) - 77[1}] (ww k)” - % [G(y(wca k)7 wc) -



G(n* (we);w )] + (a C% o then we have:

K—1
2 QQJ(v]?m { ylee, k)sese) = G<?7*<Wc>awc>} < Ny, 0) = 1*(@e) |12 = [1y(wes k) — 0 (we)l?
K-1 40z(k Nr K-1 (a(k))QC%,,G
~ N Z v, a1y (we, k) —nl (wc,k)||+kz:%)N7%7
Zk:OIQ( )mG( (e, k)i we) - mG We);w <L W 0) — n* (w)I?
= ZkK Ola(k‘) (" (we); we) < 225:_()104(143)|‘y( e, 0) = 0" (we)l|
Np,
ZK 1 Z 2a(k) Z Cy,arnlly(we, k) — nlv’] (we, B)||
k=0 a v'=1

(e DR
Zk 0 a( ) kZ:o 2NL ’

N, . 9 1 C%nngdQ
< ml\y(wmo) — 1" (we)]| +m(0max+w)7
Zk 0 a( ) (wwk) * Zk 0 O‘( )mG( (wa ) WC)
mG 1) — mG (N (we);we) < 1
T SR Ty e ) = ST ak)
- mG(U* (WC)Q Wc)v
N e, L G era?
> QZkK:_Ol Oé(k‘)Hy( caO) n ( C)H + Ei(:_ol a(k)( max T 12N,
1 [Nply(we, 0) — 77 (we)|? C3,gm’a
_logK[ - 2a + Cmax o }
Zk 0 a( )y(we, k) w2 < 2 Zk 0 a( )Y (wmk),w
- kK:01a<k) el TV%nG[ ( Zk o a(k) )
G () w»],
2 Ni|ly(we, 0) = n* (w2 C3 em’a
- mTvgmclogK|: 2a + Cmax + 12Ny, ]
Then,
(i oW e k) L0 T ol we k) | iy alkywe k)
zf‘ol (k) - Yo alk) Yiso k)
Y heo a( y(wek) o
+] S Tah) 7 (we)ll,
i alk) | (we, k) = y(we, K| | Sy ak)y(we k),
< — we)ll.
8 S alk) = Sera, T

We know that &= > 37/ a (k) S0k, Oy, gl [y(wes k) = 0"l (we, k)| = Oy g iy
a(k)||y(we, k) — 0 (we, k)||, then

|| 22(:701 Oé(k)ﬁ[”] (wc, k) _ ( H 1 Cmax
sz701 a(k) “ log K 2Cg, Gl
) 2 [Nglly(we ) — @l , C%naﬂ@
TV?,,]G IOgK 200 max 12Ny, ’



_ 1w 1 [NLHy(wc, 0) =@l | 2maxCF,6™0
log K 20y, g VIog K mryz GO mryz ¢ 6m7'V%ngNL7
NL (0 . _
o 1 Cmax 1 NL”NLL Zv LO yi() )( ) =" (wC)HQ + 2Cmax + C%”GTK'QQ
log K 2Cy, g V0og K mryz GO mryz G 6m7‘v72mC;NL'

nn

N ) _
We let C{U] _ QCC%and ng] _ \/NLHNILZULOyv (z)—n* (we)l|? N Yo n C2vnc7r2a

v,Gll mry2, a® mrv2,c GmTV?mGNL

9.5 The derivation of learner v’s LGA

Using the chain rule, we know that:
VF(we,n" (we)) = Vo, Fwe,n"(we)) + [(VHF(Wmn*(WC)))Tvn*(WC)]Ta
= kuF(Wm 77* (UJC)) - M(ch 77* (wC))VTIF(wa 77* (WC))>
where M (w.,n) is defined in (8).
Lemma 10. The gradient VF(w,n*(w.)) = Vi, F(we, 1% (we)).

Proof. The global likelihood function is:

F(we,n Z'y mPp(Sy = s, Ay = a) Inmy.,, (a|s)dads,
acA

where Pp(S; = s, Ay = a) is the empirical probability of (s, a) occurring at time ¢ in the demon-

strations D:
m

1 ) )
Pp(Sy=s,4,=a)2 =) (1{s] = s}1{a] =
p(St = 5,4 =a) m le( {si = s}1{a} = a}),
From the proof of Lemma 5, we know that 7.,  can be formulated as:
Za|s, JWe
Tw. (als) = Tnnwc’
NEg
I Zg)s . = Z(wf])Tgby](s, a) + Ay, (s,a) + 7/ P(s'|s,a)InZg ., ds’,
i=1 s'eS
InZ; 0, = ln/ Zalsmiw.da.
acA
Thus,
Vo F(we,n Zv / mPp(Sy = 5, As = )V (In Zy )5 1. — 0 Zs 0. )dads,
ses JacA )

= Z’Yt/ / mPp(S; = s, Ay = a){@%(s a) + Egye | Z Y b, (Sry Ar)]
=0 seS

T=t+1

Sy =s,A; =a] — ngA““ [Z Y o, (Sry Ar)| St = s]}dads,

T=t

where the last inequality follows from Lemma 5. Here,

/ / p(Sir1 =58, A1 =a )ES"A”“ [ Z YT B0, (Sry Ar) St = s}da ds',
s'eS Ja'eA

T=t+1

= 'Y/ PD(St+1 =S )Esn Ac [ Z ’YT_t_lqsr,wc (S‘MAT)|St+1 = SI:| d5/7
s'eS

T=t+1
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= ’y/ / Pp(S; =s,A; = a)/ P(s'|s,a)-
s€S JacA s'es

Engc |: Z T_t_1¢r,wc (S‘r; A‘r)|5t+1 B SI:| ds’dads,

/ / Pp(S; =s,A; =a)Eq "“C[ Z VY b, (Sry AL)|Sy = s, Ata]dads.
s€eS JacA

T=t+1

Therefore,

Vo F(we,n Z'y / mPp (S, = s, Ay = a)dr ., (s,a)dads

€S JacA
/ / mPp(Sy = s,Ag = a)ES"A”C [Z’y Orw. (St, Ar)|So = s} dads,
€S JacA t=0

= m(lu’Tawc - urvwc (ﬂ-n;wc))'

The above derivation shows that V,,F(wc,n) = —mV,G(n;w.). Therefore, we have that

VF(we,n*(we)) = Vi Fwe, n* (we)) — (wc,n (we)) Vi F(we, n*(we)) = Ve F(we, 1" (we)) +
M(Wcan*(WC))Van(n* (we);we) = Vi, Fwe, 1% (we))- O

However, we cannot obtain the gradient VF(w.,n*(w.)) because each learner v does not find
n*(w.) but its approximation 7[*! (w.). Therefore, we propose a surrogate gradient to approximate
VF(we,n*(we)): ?F(wc,ﬁ[”] (we)) £ V%F(wc,ﬁ[“] (we))-

Notice that this surrogate gradient is global, to decompose it, we propose a local gradient approx-
imation from learner v: VF"(w,, 7" (w.)) £ V,,, F")(w,, 71")(w.)). This local approximation
aims to approximate V F'¥ ](wc,n ( Q) =V, Fl ](wc, *(w )) Notice that VF(we, n*(w.)) =

Ve F(we,n*(we)) = E VwcF (Wc, n*(we)) = Z VF ! (WCv *(we))-
Similar.to the derivation of V,, F'(w,, 1), we can get the gradient V,,, ") (w.,n) = 3° Cieph] >ido
Yepe(sl,al) — m[”]ng’X“ (> 207 Pe(St, Ar)]. We still use this approximation when w, = 0.

Lemma 11. The approximation error ||vF[”] (we, T(we)) — Al (we, 7*(we))|| is upper bounded
and decreases to zero at the rate of O( \/1;?)

Proof. At first, we first prove the following claim showing that bounded gradient can imply Lips-
chitz condition of a function if the domain of the function is convex.

Claim 2. Suppose a function f : E C R"™ — R™ is differentiable on the convex set E, and

IVf ()]l <

(b) — f(a)|| < M|[b - al| for any a,b € E.

Proof. Let y(t) = (1 — t)a + tb where ¢ € [0,1] and h(t) = foy(t). Let z = f(b) — f(a)
and define v(t) = 2" h(t). Then v is real-valued and differentiable on (0,1). By the mean value
theorem, there exists £ € (0,1) such that v(1) — v(0) = v'(t) = [|f(b) — f(a)||* = (f(b) —
F) T (Vy fly))T (0 —a) < (1) = fa)ll - IVyf D] - [Ib = all = |If(b) = fla)]] <
M]||b— al. O
Claim 3. For any w. € Q., V,, F [v] (we, n) is Lipschitz continuous (w.r.t. ) with positive constant
Ly, pw.

Proof. From Claim 2, it suffices to show that ||V, , FI*)(w,,7)|| is bounded. Following similar

derivation in the proof of Lemma 10, we can get V,, F"}(w., 1) = ml")(fi. — Mie(m.0.)). Then
following the similar idea of the proof in Lemma 7, we can see that

V2 ) = =) [ s [ A[vnwnm(as)(Au’éW(s,a))T+m;wc<a|s>
SE ae

11



'[OZNEz[ xS NE L //T' (s a)]T}dads
= ml / e / Ao (a]) 552 () — 1255 (5, @)) (W™ (5, 0)) T dads

_ mlv] Tnswe . ) Tnswe T
m s (] (s) /aeA Tswe (a|8)[02ﬁvfl 5o NE g1 fhe (s,a)]’ dads.

Tnswe

Because ¢7mwe (s), Ty, (als), pri?c(s), puriie(s,a), pe”c(s), and pe"°(s,a) are finite
(Lemma 4), and [ _sds = Sand [,_,da = A are finite, we know that ||V, F[*)(we,n)|| is
bounded and thus Lv% Flv] EXists. O

Tnswe (

Therefore, the approximation error is

HVF (Wm N(we)) — ?F[v](wm H(we))ll = ||VWCF (Wm N(we)) — V%F[v](wcaﬁ*(wc))\l’

< Ly, rlli(we) —n"(we)ll-
From Lemma 3, we know that ||7(w.) — n*(w.)|| decreases to 0 at the rate of O(—— —), thus
IV EPN(we, 7(we)) — VFM (we, n* (we))|| decreases to 0 at the rate of O( \/T) O
9.6 Proof of Lemma 2
Learner v’s LSCA problem at w s argmax,, o F[(w,; W ]) where FI)(w,; wév]) needs to sat-
isfy the followmg four conditions (Assumptlon 3 14 in [7D:
() VIV (we; wl) = NV at wl
(i) —F")(w,; w?]) is strongly convex in w,.
(iii) F) (w,; Wk ]) is continuously differentiable in w,.
@iv) vV FlY] (we; wL ]) is Lipschitz continuous in w£ I,
To satisfy these assumptions, we choose the function F[* ](wc,w?]) = —%||lwe — wgJ]H2 +

(N VDT (w, — wl™.
-
Then o) = argmax,, .o —35||we — wl? H2 (NLV[”]) (wc - w@). Now, we prove that

(:)E)] = Project,_ <w£”] + NV ). Because w,. € €., by the property of the projection operator,
we know that @”) = argming, cq_ ||wc—w£ —N V|| = argmin,, ¢ |lwe— —wl S YAYRIIEE

-
argmin,, cq_ ||r,ucfcu£v]||2+HNLv[”]H2 2<NLV[”]> (w —wl ]> = argmax,, ¢, —3|lwe—

-
wy)]H2 + (NLV[”]> <wc — w([;”]).

9.7 Proof of Theorem 1
With the the result of LSCA in subsection 9.6, SONATA (Theorem 4 in [8]) can prove that

[v] '] _
(consensus) nh_)rrolovnvlaexvﬂw (n) —w!(n)|| =0,

(convergence) lim ( ZVF[”] (@ n), 7PN WP ) T (we — wlP(n)) <0

n—oo

v=1
Then,
lim sup(V F(w" (n), 7" (Wl (n)))) T (we — wl (n))
n— o0



= limsup(VF (w0 (n), 0" (@i (n))) = Y VFE @ (), 7 (Wl (1)) T (we = wl (n))

n—oo v=1

Np
+limsup(Y | VFPI @l (n), g (@l (n))) T (we — wl(n)),

n—oo

v=1
Ny,
<limsup(VF (Wl (n), n* (wll(n))) = > VFIN @l (n), 7 (@l (n)) T (we = wl (n)),
n— 00 1
N
< limsup ||VF (Wl (n),n* (@[ (n))) = > VFPH W (n), g N @l (n))]] - [Jwe — wl(n)]],
n—00 it

Ng Ny,
<limsup2 Y 11> (VFM (Wl (n), n* (@l (n)) = VP @ (n), 5 (@D (n)))) ]
nTeo o v=1

Ng Ny,
< lini sup2 Y 1S T [VFP W (n), n* (W (n))) = VEPN @ (n), gl (W (n))]
oo =1 =1

Ng Np,

<limsup2) 1Y " Ly, pulln* (@l (n)) — "N (@l ()],
i=1 v=1

n—roo

where the last inequality follows from Claim 3 and ||n* (w£”] (n)) — p! (wy)] (n)|| = O(—==)
(Lemma 3). Then, we have

lim sup(V (Wl (n), 7" (@l (1)) T (we = w(n)) < NI

where M is well-defined because zL"] and Lv% F[] are both positive constants.

10 Simulation details

In this section, we provide the simulation details. The Python3 code was run on a laptop with one
Intel Core 17-9750H 2.60GHz CPU and 16 GB of RAM under Ubuntu 18.04 operating system. Due
to the well-known curse of dimensionality, the reinforcement learning (or dynamic programming) of
multiple experts is hard to compute. To alleviate this issue, we model the experts as separate MDPs
for most of the time and only model them as an MG when they are close to each other.

10.1 Synthetic grid world

The inner communication network for the four learners has two stages: in stage 1, learners 1
and 2 can communicate and learners 3 and 4 can communicate; in stage 2, learners 1 and 4 can
communicate and learners 2 and 3 can communicate. Thus the adjacency matrix in stage 1 is

05 05 0 0 05 0 0 05
05 05 0 0 . i [0 05 05 0
0 0 05 05|dndinst@agezis| o g5 g5 o
0 0 05 05 05 0 0 05

The outer communication graph also has two stages, as we need to ensure N/(n) = A/, the adja-
cency matrix in two stages are respectively:

0.49999 0.49999 0.00001 0.00001 0.49999 0.00001 0.00001 0.49999
0.49999 0.49999 0.00001 0.00001 d 0.00001 0.49999 0.49999 0.00001
0.00001 0.00001 0.49999 0.49999 | *™ 10.00001 0.49999 0.49999 0.00001 "

0.00001 0.00001 0.49999 0.49999 0.49999 0.00001 0.00001 0.49999
i
c,j°

identified as a part of the ground truth constraint, i.e., Cj[-i] is identified as a part of the ground truth

The discount factor is 0.9. For each w,";, we also need a threshold w,  to judge whether CJM is

constraint if wyj > we th and is not if otherwise. The principle of choosing the value of w, g, is that
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the probability of entering C ][-i] when wg]j = we,m 18 less than 1% of the probability when wg]j =0.

In this example, we choose w4 = 0.1.

10.2 Drones motion planning with obstacles

The simulator is built in Gazebo based on a package called hector_quadrotor [9].

In this experiment, there are only two learners who obtain, respectively, four and five pairs of demon-
strated trajectories. The inner and outer communication graphs are the same and only have one stage.

_ .. 105 0.5
The adjacency matrix is {0. 5 0.5

and we choose w. ¢ = 0.05.

} . The discount factor is 1 and the drones fly at most 500 steps

11 Supplementary contexts

11.1 Intuition of the bi-level formulation

The intuition behind this bi-level formulation is inspired by hyperparameter learning [10] and an
IRL literature [11]. Paper [11] interprets IRL as an bi-level problem where the outer level is to learn
the reward function and the inner level is to learn the corresponding policy. In our case, we treat the
constraint as a hyperparameter in our learned environment and we need to recover the corresponding
reward function and policy given current constraint. Therefore, in our problem, the outer level is to
learn the constraints and the inner level is to learn the corresponding reward function and policy.

11.2 Derivation of centralized bi-level problem and decomposition to the distributed bi-level
problem

The global log likelihood of the global demonstration set D = {¢7}72 is Fi(we) = Y_7" 1 327"

Inm,, (alls]). To solve this MLE problem, we need to find a parametric policy model of m,,_. To
find such a model, we use an optimization problem (2) based on MCE scheme. Notice that this
optimization problem (2) is parameterized by w,., thus its optimal solution is also parameterized by
we. Its optimal solution is the policy model we want in the likelihood function F'(w,.). Following
well-established MCE IRL literature [2], we can see that the optimal solution of this optimization
problem is the constrained soft Bellman policy - (.. )., » Where 7" (w..) is the optimization solution
of the problem min,, G(n;w.). To fully define the MLE problem, we also need the optimal solution
n*(w) of the problem min, G(n;w.). Therefore, we formulate the MLE problem as a bi-level

optimization problem: max,, F(we,n"(we)) = 32721 37207 Ty (w0)00 (al]s]) st ¥ (we) =
arg min, G(n;w.). Now, we finish the derivation of the centralized bi-level problem.

As no learner knows the global demonstration data D and no learner can formulate F' and G, the
centralized bi-level problem cannot be directly solved. Therefore, we need to decompose the central-
ized problem into an equivalent distributed problem that the learners can solve even if each learner
only knows its local demonstration. Therefore, we decompose F into multiple F'*! and G into mul-
tiple G (], In remark 3, we show that the distributed problem (3)-(4) is equivalent to the centralized
bi-level problem we derive here.

11.3 Explanation of the theoretical results

In our setting, each distributed learner only has a portion of the global demonstration data set and
one goal of our distributed algorithm is that the distributed learners can learn as good as a central-
ized learner who obtains the global data set even if the distributed learners do not share their local
demonstration set. In Lemma 3, it is shown that given a cost feature estimate w,, the distributed
learners can converge to a consensus and the consensus is the optimal solution of the inner prob-
lem, i.e., their consensus is the best solution the centralized learner can achieve. In Theorem 1, it
is shown that the distributed learners can achieve consensus on the cost weight w, which belongs
to the stationary point set of the outer problem. Combining Lemma 3 and Theorem 1, we can see
that the distributed learners will converge to the consensus on both the reward function and cost
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function where the learned cost weight belongs to the stationary point set of the outer problem and
the learned reward weight is the optimal solution of the inner problem.
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