Appendix

In the appendix, we provide the missing proofs and derivations from the main manuscript, as well as
proposing a general variant of the OGDA algorithm where different learning rates can be employed
in primal and dual updates.
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A Proof of Convergence in Nonconvex-Strongly-Concave Setting

A.1 Proof of Convergence of OGDA

Here we present the convergence proof for the OGDA algorithm in the NC-SC setting as detailed in
Algorithm 2. Note that it is clear from context we abuse the notation and use y; instead of y*(x;).
In the following, we provide a proof sketch, making our analysis easier to follow.

Algorithm 2 shows the deterministic and stochastic variants of the OGDA algorithm in detail.

Algorithm 2 (Stochastic) OGDA

Input :Initialization (x_1 = xo,y_; = Y,), learning rates 7, 7,
fort=1,2,...,Tdo

Ty =21~ N Vel (®-1,Y_1) + (Vo f (Ti-1,Y;_1) — Vo f(®i-2,9;,_5)),

Yo=Y+ (Vyf(@io1,9i-1) =y (Vyf(@i—1,91-1) — Vyf(Ti—2,9,5)). #OGDA

Tt =Tp—1 — NyGp -1 + ny(gz,tfl - gz,t72)’

Y = Y1 MGy -1 — M(Gyi—1 — Gyi—2)- # Stochastic OGDA
end

Proof sketch. We provide a sketch of key technical ideas. Specifically, we develop three key
lemmas to prove the convergence. First lemma is primal descent, in which we use the x¢-smoothness
property of ®(x) at point x; and x;_; to find an upper bound for E[®(x;) — ®(x;_1)], and then by
taking summation on this upper bound for all t € {1, ..., T} we are able to show the following:

T-1
E[®(er)] - ®(@1) < -5 > E[|VE(2)[?] + O(1.¢)

i=1

T-1 T-1
+0(nat?) (Z IELy; — i 1%+ > Ellly; — yHIIQ]) (6)
i=1

T-2 - 2
- 1-00u) S EllgiI*)+0 (w37

where g; = 2V, f (@i, y;) — Vaf(@io1, ;1)

The second key lemma is dual descent. To derive this lemma, first note that OGDA alternatively can
be written in view of Past Extra-gradient algorithm (PEG) as defined in [23]:

Y =2 +NyGy -1+ Zt41 = Zt T yGy (Dual update)

where z; =y, 1 +1,(g, -1 — gy.1—2)- Also, we have the following primal update:
Ty =Wt~ NaGpi—1 > Witl = Wi~ NaGyy (Primal update)
where wy = @1 —12(g, 41 — g —2)- This view of OGDA is presented in [23, 13, 39]. Motivated

by this interpretation of the OGDA algorithm, we define the following potential function to derive the

dual descent. Let 7y = ||z441 — y; 1> + 1y — y¢_1]|*, and n, = 4, then we show that:

0.2
Bird < (1 = gz )Blrea] + O2)Ellg,ol) + Ol2wElla 1P +0 (77 )

We built on the top of OGDA analysis in [39, 23] in strongly-concave-strongly-concave setting to

prove the above lemma, which helps us directly find an upper bound for Z?:_ll lly; — y;_1]|? in
Equation 6.

Our third key lemma aims to upper bound ZiT;ll E[||y; —y;||?] in terms of Zg;l E[r;]. Particularly
we show that:
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T-1 T—1
> Elly; —vil’] < (yo —yil> + ) Elri] + n2s? Z E[llg; )% EQM )
i=1

=2

Now note that using second, and third lemma both 37" E[|jy; —y;_, |1, and /" E[|ly; — v ||?]
terms can be upper bounded in terms of ZiT;lQ E[||g,|1?], and by properly choosing 7, we show that
ZiT:_f E[||g,||?] term can be ignored, which entails the desired convergence rate.

A.1.1 Useful lemmas

Lemma A.1 (Lemma 4.3 in [30]). Let ®(x) = max, f(x,y), and y*(x) = argmax, f(x,y).
Then, under Assumption 4.1, ®(x) is kl + (-smooth, and y*(x) is k Lipschitz.

Lemma A.2. Let {a:}$2, {b:}52 be the sequence of positive real valued number, and vy € (2, 00)
such that ¥Vt > 1:

<(1-Yar 1+, ()
0

then the following inequality holds for any t1 > t5 > 0:

to [2)
> ai<van +v Y bi ®)

=11 i=t14+1

Proof of Lemma A.2. Unfolding the recursion in Equation 7 for ¢ — ¢; steps we have:

a < (1-= ”lat+z “b ©)

i=t1+1

Now taking summation of above equation we have:

ta
Zat<z _i>+ )3 Z t’b (10)

t=tq t=t1 t=t14+1 i=t;+1

However note that, we can write:

to to—i to 1 (1 Lyte—itl
Z Z tzb_ Z bzl_i = Zbi 1,(1V,l)
t=t1+1 i=t;+1 i=t1+1 i=ty+1 ¥ an
ta
<7~ Z b;
i=t1+1
O

—(1=Lyt2—t1+1
1—(1 7)

1-(1-3) S 7. we

to ta
Y ar<qa, +v Y b (12)

t=ty i=t1+4+1

Plugging this back to Equation 10, and noting that Eiitl (1- %)t—tl =

have:

Lemma A3. Lety, ., = y, + 1,9, where g, is the unbiased estimator of V., f(x,y;). If
Ny < i, we have:

lyeor —will® < @ —nyu)lly, — yiI* + 2001167117 + 20, (67, y, — u7) (13)

where 8] = g, , — V, f(x,y,).
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Proof of Lemma A.3. Using the update rule for y, , ;, we can write:
ey = w217 = llye = yi +mygyoll* = Iy = w7 12 + mgllgy oI + 2y ye — 97, 9,0)  (14)
Now replacing g, , = 0} + V, f(x¢,y,), and using Young’s inequality we have:

1y — Ui 1P < llyy = Ui 12 + 20201V f (e, g )II? + 20y (Vy f (@0, 9,), ¥, — Y7)

‘ (15)
+ 20187117 + 20, (87, y, — i)
However, note that since f(x, .) is p-strongly-concave, and ¢-smooth, we have:
* 1 2 Eﬂ’ * (12
(Vyf (@0, 90),9: —v:) < =57 IV f @0,y )" — 77— lly: — il

1 1 *
< *27||Vyf(mt,yt)H2 - 5“.% —y; |,

where in the last inequality, we used the fact that x > 1, which means that ¢ > p. Plugging
Equation 16 back to Equation 15, we have:

* X 1
e =i I* < (U= pmy)lly, = wi 17 = my (5 = 2m) Vo f (@0, 90|

(17
+ 2021|167 (|* + 2, (87, y, — u)
Since 7, < 2%, we have:
lypen =y 1* < (U= pmy)lly, — ui 1>+ 2001167 + 20, (87, ¥, — v) (18)
O

A.1.2 Key lemmas, and proof of Theorem 4.2, and 4.4 for OGDA

For the sake of brevity, we only present the convergence proof for the stochastic version of OGDA
(Theorem 4.4), since by letting ¢ = 0, we can recover the proof for the deterministic algorithm
(Theorem 4.2). Our proof is built on three key lemmas. First, we prove the following lemma, which
we call primal descent:

Lemma A4. Let (x) = maxy f(x,y), and y*(x) = argmaxy, f(x,y). Also, let g, = 2g,, ; —
9.,i—1- Then for Algorithm 2, we have:

B0 (2)] < E[(@1)] ~ LEIVO(z )] - L0~ 260n.)E]lg, 17 + Sn2Ellg, o
2

3 N 3 o
+ S Bl — v P+ 3 CEly ) — v+ 10

19)

Proof of Lemma A.4. First, let 67 = g, ; — V. f(x;,y;). By definition of g, ;, we have E[67] = 0,
forall i € [T.

Using the fact that ® () is 2x¢ smooth, we have:
B(xy) < B(we_1) + (VO(xs 1), — x¢1) + Kl||Ts — 228 1|
= ®(@e1) = 1{VO(@e-1),9; 1) + Kbz ]l ge 1|
Nz Nz Nz
= ®(@1) = SNV = gl + S IVE(@1) = goa|* + 6007l g |

= Blaer) — LIV )P (0 2mtn)lgi [P V@) — gy
(20)
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Now using ¢-smoothness of f, and x-Lipschitzness of y*(x) (Lemma A.1) we have:

IV®(xi-1) = o1l = [VO(24-1) = Vo f (@11, Y1)
- (fo(“’t—layt—ﬁ = Vif(xi-2, yt—Q)) — (267, — tw—2)||2
<3[VP(2-1) = Vaf (@1, ye—)II” + 3V f (-1, ¥-1)
= Vo f(@i2,y,0)1 + 3207, — 67|
<3y (@e-1) =y |I” + 3@y — @e—a® + 36 y,y — yy|®

+24]07 11 + 6167 ”
21)

where in the first and second inequalities, we used Young’s inequality.

By combining Equations 20 and 21 we have:
P(a) < P(ai-1) - *IIV<I>($t DI? - (1 — 26015)]|g, 1 |1?
3 .
+ o meCllyioy =yl + *nx€2||wt71 — a2 + inxﬁllyH ~ Yol
+ 120|074 |I* + 312167 2||2

3
< P(xpa) - *IIV‘D(% DII? - (1 = 2600) 9o |I* + 5721l 1®

+ 5%8 lyi 1 =y al® + 57796€2||yt71 Yeool® + 1202167 [ + 3n 167
(22)
We proceed by taking expectations on both sides of Equation 22 to get:

E[®(2,)] < E[®(21)] - TE[|VO(2:1) 2] - "2 (1 - 260, )Elllg, |?] + gn§f2E[llgt_zll2]

2
§£2E*— 24 2 P —yyl?] 4 15m
+ S CE[lyi—1 — Yo ll7] + 5 CE[ly -1 — Yo —ol[7] + 157,
(23)
where we used the fact that E[||67]|?] < 1‘\77 foralli € [T].
O
Lemma A.5. Letn, = 6@, then the following inequality holds true for OGDA iterates:
t+1 t+1 2
9 36 2T o
Z]El\yz i I’ < ZElly, — il +*Z]Esz y; |I°] 2Zﬂillsh\l 5
7 ~ 72 M,
(24
Proof of Lemma A.5. Using Young’s inequality and x-Lipschitzness of y* (), we have:
Hyt+1 - y:+1||2 <2y — y?”Q +2(|yii1 — y:||2 (25)

<2y — yil? + 263 |21 — a2

Now, we try to find an upper bound for ||y, ; — y;||*>. Let 2,41 = y; +1,(9,+ — 9, 1)> and
0! =g, — Vyf(xi,y,). Then we have:

1Ye1 — yi 11 = 12001 — yF + 0G4
<2llze1 — yi 17 + 203 llg, 41
<2z — Y 1P+ 4 |V f (e, y)lI? + 40|67
<2z — Y 1P+ 4 Clly, — yi |17 + 42|67 |12

(26)
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where in the first and second inequality, we used Young’s inequality, and for the last inequality, we
used smoothness of f. Now, replacing replacing the choice 7, = é in Equation 26 yields:

* 1 * *
||yt+1 — Y ||2 < §Hyt ' ||2 +2[|ze01 — Yy ||2 + 55 Y7 H‘ssz 27

Now plugging Equation 27 in Equation 25 we have:
91 = vl < Sl — il + dllzees — il + 267 wers — 2l + 1807 @8)

Now taking expectations from both sides of Equation 28, we have:

20 2

Elly 1 —yial?] < [Ilyt i IP1H4E]|ze01 — y7 IP] 4+ 267 E | e 1 — ] *] + 021, (29)
Using Lemma A.2, it can be easily shown that:

t+1 6 L t 2

2T o

Z]EHyz yill’] < [||y1 il ZE Iz — ;%] o6 Y EllgillP’] + =

i=1 Y

(30)

O

By extending the analysis in [39] for OGDA from SC-SC to NC-SC, we derive the following lemma:

Lemma A.6. Let z; 11 =y, +77y(9y7t _gy,tfl)’ re = ||ze01— Y H2 + i ly: =y s ||2 and ny =
Then OGDA iterates satisfy the following inequalities:

1 2.3 oy, 2 g
Bird < (1= g ) Blria) + 122°B la o 2]+ T2Bllac o+ gz OD)
and
t t—1
dko?(t —1
S Elr] < 126E[r] + SrElle: — ol + 14502 S Ellg, |+ U= 6y
=1 i=1 Y

Proof of Lemma A.6. Let 8] = g, ; — V, f(xi,y,), and note that we have z;1 — z; = 1,9, ;. We
have: ‘

Ize01 — yilI® = 120 — yi + nyg, . lI°
= llze =y 1? + 20y (g 1 2¢ — ¥5) + 02l |
=zt = yi 1> = 205(9y.05 9y —1) + 200(9y0o v — Y1) + 511Gy
= lze =y 1> + m3llgy. — 9y erll® + 20(9y.00 v — y7) = 02llgy
<llze = yi I + 301V f (e, y,) — Vi f (1,9, 1) |12
+ 20, (Vy (@6, 9,), 9 — Y1) — 1 llgy 0 |1
+ 30167117 + 3 167, 1I” + 21, (87, y, — v;)
<llze —yi 12+ 30, 2 — x| + 30y, — v I — 20y ully, —
— 01y i1 II” + 3167117 + 3np 167 1* + 21y (67, y, — vF)

*HQ

(33)

where the last inequality follows from the smoothness of f and strong concavity of f(x;,.). Now
note that using Young’s inequality, we can write:

2
l

1 *
Iy = yill* = Sllze = yilPP = nyllgy—al (34)

Now plugging Equation 34 back to Equation 33, we have:

yil? < Q= myllze = yill* + 3050 |l — e |* + 3050 |y, — v, |12

— (1 = 2ny)[|gy 1 I + 302167117 + 321674 17 + 20, (67, y, — yi)
(35)

|11 —
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Now note that we have the following:
Iy =yl = 15ll9y.0-1 + g1 — Gyaall?
< 203llgy -1 + 205119, 01 — 9y 2
< 205llgy 1|1 + 6m IV f (@1, 90 —1) — Vi f(@i—2,9,0)I°
+ 6,107 |17 + 6m 167,12
< 20519y 1|17 + 6mg 0 [[e—1 — @oo” + 6150y, — v,
+ 61671 |1* + 6m 167, |1

(36)

Now adding 972¢* ||y, — y;_,|? to both side of Equation 35, and using Equation 36 we have:
lze1 =y 12+ 902y, — yoa |12 < (0= ny)llze — yilI” + 30502 |2, — 2012
— 1y (1= 2y — 241 6%) g, 1 |17
+ 7200 @1 — @ ||* + 7200 [y, — Yo
+ 3 (1 + 240502) (|67 (| + 3 (1 + 24m %) || 67, ||
+2n0y(07. Yy, — Y1)

(37
We proceed by plugging 1, = & into Equation 37:
* (|2 1 2 1 * (|2 1 2
|zt+1 — yil|” + EHyt —yqll" < (1 6 (”zt -y ) + EHyt—l |
1 5 1 9 (38)
+ EH% —@a” + ﬁ“xt—l |
1 1 2 .
+ @H‘S?HQ + @Il(ﬁ’_ﬂl? + @@5?7% —y;)

Taking expectations from both sides of Equation 38, we have:
. 1 1 . 1
B e~ il + gl - wealP| < (1 g2 ) Bl - wi17] + fgBlls - ol

1 1
+ Ellze = 2l + Bl - 2]

+ o
302M,
(39)
Also, using Young’s inequality, we have:
* 1 *
lze = yil* < L+ —o)llze — yiaI” + (1 + 126)57 @0 — 201 ]1%, (40)

12k

where we used the fact that for any @ > 0, |z + y[|*> < (1 + o)||lz|®> + (1 + 2)||ly/?, and
k-lipschitzness of y* (). Plugging Equation 40 back to Equation 39, we have:

sy 1 1 . 1
E e — w72+ = weal?] < (1= g ) B I3 - w0l + Bl — vl

1
+ 126°E [z — @ |*) + gEllee — zes|’]

0.2
* 30,
(41)
Therefore, if we let 7, = ||z¢41 — y7 || + /|y, — y,_1[|%, then we have:
Brd < (1- = ) Biri] + 1226°E g, JP) + ZBllg, )+ =5 @)
"= 12¢) 0 @ -1 18 7tz 302 M,
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We can derive the following equation by applying Lemma A.2.

t t—1 t—2

2
Y Elr)] < 126E[r] + 144036" Y E[l|gl|*] + 3W€Z]E llgal?] + N]E[le — o] |?

i=1 i=1 = (43)
4ko?(t — 1)
+ - 7
2M,
Or equivalently, we have:
t t—1
4ro?(t —1
ZE[Tz] < 125E[r] + HE[H‘Tl — xo|]?] + 14503k 4Z]E llg:lI”] + # (44)
i=1 i=1 y
O

Proof of Theorem 4.2, and Theorem 4.4 for OGDA. We begin by taking summation of Equation 19
(Lemma A.4) from ¢t = 2 to t = T which yields:

T—1
fgilww$@mmS@@n—E@uwn+§mﬂml—mw

T-1
(1 26,) > Elllgi|?] 362 ZE lg:11%]
P 45)
5 T-1 3 T-1
+ 5%52 Z ly; — yilI* + 5%52 Z Elly; — i1 ?]
i1 i—1
(T —1)0?
151, ———
+ 157 L

We proceed by noting that if 7, < -, then we can drop [|g;_;||* term in above equation. By
considering this, and multiplying both sides by nl we get (also let Ap = max(P®(x), P(x1)) —
ming ®(x)) :

ZE [V (x;)]]?] +3€2||a:1 — xo|?

T—2
— (1= 2kln, — 3020%) > El|lg,]|°]
i=1

T-1 T-1

(T —1)o?
(46)
We can replace Zz:ll ly; — y,||? with its upper bound obtained in Lemma A.5 to get:
T—1
204 27 *
Do IVe(@))? < = + 36 &1 — ao|* + 7€2Hy1 -yl
i=1 r
— (1= 2, — 30202 — —n2K20?) Z E[l|g;]*]
T— T—1
108 1)o?
#1080 S s, - %m<mwzﬁml%numéjf—
i=2 i=1 r
6 (T —2)0”
7 M,
(47)
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Now note that 22 E[||z;11 — y||?] + 3 ST By — yia]2] < 15.5E[r;]. Therefore we have:

27 x
Z IV®(z;)|* < +3€2H$1 — zo|® + €2Hy1 -yil?
T2
— (= 2wty — 3020 — ) S Bl 8)
i=1
= (T - 1)o? LT —2)o?

+155€22Em 1430

=1

M, 7 1,

Furthermore, using Lemma A.6, we can find an upper bound on Zz:ll E[r;], and replacing it in
above equation yields:

Z IVe ()| <

27 .
Elri] 4+ 1166%||@y — @o||* + 36%||@1 — x| + *f2||y1 —yi|]?

T—2
54
— (1= 2rtn, — 3020 — 7 TR — 224802k 0) E :E lg:11%]
1=1

62r0%(T — 2 T—1)? 6(T—2
L 0T =2) L (T-1)o*  6(T 20
M, M, 7 M,

(49)

By letting 17, sz, it holds that —(1 — 2kfn, — 3n202 — Snlk?(?
2248n? 462)2 E[llg;[?] < 0. Therefore, with the choice of letting rate 7, = =iz
and simplifying the terms, we have:

;| T

T E[||V®( <1
1 D ElIVe(E)) < 1005

EAq) HZ€2
. + 186T lyr — i +ny(g,1 — gy,0)||2

k2

K l?
+ 47—l — yol? + L @1 — 2ol 0
27 €2 12 4 63r0 o?
to o Ty —will” + M, +30E
Using Young’s inequality and /-smoothness of f, we have:
* * 1
lyr = w1 +my(9,.0 = 95.0)I1” < 2llys = will* + 5lly —woll* + 3 ||931 —xol* (5D
Plugging this into Equation 50, we have:
T—1
1 K KA(} 62
—— Y E[|Ve(z,)|’] <1 &
1 ; (V@ ()] < 10027 +376T Iy, = wil
K02
—yol?+ 25— e~z O
63/—@0 o?
30—
M, + M,

2 2
Now by letting M, = %, M, = %5 and Dy = max(|ly; — yi[|*, 21 — z0|?, [ly1 — yoll*), we
have:

T-1
1 2 I€2£Aq> + HEZDO 2
- . < == =7
77 2 BlIVe@I) < 0123 + 0 (53)
which completes the proof as stated. O
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A.2 Proof of Convergence of EG

In this section, we present the convergence proof of the EG algorithm as detailed in Algorithm 3. We
start by providing the proof sketch.

Algorithm 3 (Stochastic) EG

Input :Initialization (x_1 = xo,y_; = Y,), learning rates 7, 7,
fort=1,2,...,Tdo

Tiy1/2 = Tt — ﬁwif(wuyt) ; Yit1/2 = Ye —+ nyvyf(wtayt>

Tyl = Tt — nxvxf(mt+1/27yt+1/2) Y1 =Y T nyvyf(mt+1/2ayt+1/2) 5 #EG

Tit1/2 = Lt — NzGgt s Yir1/2 = Yo T MyGy s 5 )

Tip1 =Ty — NaGzty1/2 5 Yir1 =Y T M9y e11/2 5 # Stochastic EG
end

Proof sketch. We highlight the key ideas here. The first step is to derive to find an upper bound
on ®(x;41) — ®(x;). Using kl-smoothness property of ®(x) at point x4 1, and ; we bound the
®(x141) — O(x4) term, and then taking summation over all iterates, we derive the following primal
descent lemma:

T-1
E[®(zr)] — ZE IV@(2:)]|”] - ( O(n2)) Y Elllg,..|I°]
t=0

(54)

= o?T
00 ) Y Elly, - w7 FI0(m)
t=0

We also show the following dual descent lemma to directly bound ZtT:_Ol ly, — y;||? term in above
inequality:

. 1 . 202
Elllyesr = yial?) < (1= 152)Elly, — %P+ O(=*ndEll g, | + 77

where we assumed 7, = ﬁ. Combining the primal and dual descent lemmas yields the desired result
on the convergence of EG to an e-stationary point.

In what follows, we provide the formal key lemmas, and the complete proof of Theorem 4.2, and
Theorem 4.4 for EG algorithm. Similar to OGDA, for the sake of brevity, we only present the
convergence proof for stochastic version of EG (Theorem 4.4), since by letting o = 0, we can recover
the proof for deterministic algorithm (Theorem 4.2).

Lemma A.7. Letn, = 4{, and M = max(M,, M,). Also assume 1, < @, then the iterates of

Algorithm 3 satisfy the following inequalities:
2

X 1 . o
Elllyes — vl < (1 - o )Blly, — i 1)+ 182 g, )12 + 2275 59

T-1 T-2

* " 24/-@02(T -1
S Elly, —wil?] < 126l vl +2162" Y Bllg, 17+ 22T s
1=0 =0

Proof of Lemma A.7. Now we turn to convergence analysis for EG. The deterministic and stochastic
variants of the EG algorithm are detailed in Algorithm 3.

To prove this lemma, we built on top of analysis in [39]. We start by noting that:
e =y l? = llye — v I
—ye1 — yt+%”2
Yz —yell? (57)
+2ny(gy t5 Yirl — Yir1)
+20y(Gy 0415 Yer1 — Yipa)

24



Letd} =g, ; — V, f(xi,y;). We have:
20y(Gy,0: Y172 = Yerr) + 20 (Gy 410 Yo — Y1)
= 277y<9y,t T 9y i+ Y12 — Y1)+ 277y<vyf(mt+1/27yt+l/2)vyt+1/2 - y:+1/2>
+ <6i!+%’yt+1/2 —Yii1/2)
<N Yrrye = Yera 1P + 1501950 = 9ys 2 12 = 202911 /2 — i 2l
+ <5ty+%ayt+1/2 —Yit1/2)
< ||yt+1/2 - '!Jt-s-1||2 + 277;||V f(xe,y,) =V f(ﬂﬂt+;’yt+%)ll2 - 277yﬂ||yt+1/2 - y:+1/2||2
+ <6$+%vyt+1/2 yt+1/2> + 477y||6y||2 + 477y||5t+1 ”2
< |Yg1/2 — Yo ll® + 277y£2||53t+1 — x|’ + 277y£2||yt+1 —y,lI? =20yl Y1 /0 — ?JI+1/2||2

00, 1 Yerryo — Yivayo) + Ay IOYI + dnglley, |
(58)

where in the first inequality, we used p-strong-concavity of f(a,.), and in the second inequality,
we used Young’s inequality, and in the last one, we used the smoothness property. Now plugging
Equation 58 back to Equation 57, we have:

Y1 — '!/L-l/QH2 <y, — yr+1/2H2 (1- 2ﬂ2€2)llyt+1/2 - yt||2
+ 2050 | @ g2 — @0 |1? = 20y pallY i1 2 — Yiga ol (59)
+ <5g+%7yt+1/2 yt+1/2> + 477yH5yH2 + 4773,”6 1 H2
Using Young’s inequality, we can rewrite Equation 59 as follows:

91 = Uia ol < (U=nmym)llye = i ol = (U= 2000 = 200 Y112 — yel?

+ 2773,5 € e41/2 — ol” + <61t/+%’yt+1/2 —Yiy1/2) t 47773“5“2 (60)
2|18V |12
Assuming 7, = ﬁ, using Young’s inequality, we have the following equation:
lys = yigapoll® < (14 7)||yt yil? + (L +166)lyi 2 — wi (61)

1 * * *
Y —yral? <1+ Ton Y1 — yt+1/2H2 + (1 +165)|yiqq0 — yt+1/2||2 (62)

Combining Equations 60, 61, 62 and using the s Lipschitzness of y*(.), and noting that 1 — 21, 1 —
2n20% > 0, we get:

1 ; .
lyerr = yinl® < (U= llye = will* + 1762 @12 — @e” + 1767|200 = 00|

P, Yrsaje — Vi) + 50U+ g8, P
Using Young’s inequality, we have:
i1 — Tiyl 1> = 7737”91,1‘,-5-% - gz,t”Q
<2 Vaf (@3 Yes) = Vaf (@e,y) 17 + 402167, 1 17 + 4021671
Sy — @l + 2000 Yy g — v+ Al10Y |17+ 2] 671
<20y g — w402 Yy — yi P+ 42y, — i
+Ang )67, 1|17 + 02|67 |2

2
* 77;1,’ x
<20y g = @+ 80z ly, — yilI* + SN6Y 17 + 4|6 4 17

+ 42|67 + 2020(8Y  y, — yi)
(64)
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where in the last inequality, we used Lemma A.3. Plugging Equation 64, in Equation 63, and
assuming 7, < @ gives:

s~ wiall < (1= =)y — 12 + 1882 e o — 20l
Py B y:+l>+@<6%,yt—y:> (65)
27 + 587, 17+ 1 ll8% 412+ 11071
or equivalently:
Iy~ yialP < (1= <)y, — gl + 18026% g, P
P2, vy y;;%>+@<6%,yt—yr> (66)

1 x
B+ 187, P+ 167,y 1P+ 7 107

Taking expectation from both sides of Equation 66 yields:

2

1 N o
Bllyes — vl < (1 52 ) Bllye - 917+ 18026%E g, )+ 257 60

Now using Lemma A.2 we get

T-1 T-2
N N 24k0%(T — 1
S Elllys — wi %) < 1261y — w3l + 21602" S Bllg, 7+ 2T )
=0 i=0
as stated in the lemma. O

Lemma A.8. Let &(x) = max, f(x,y), and ny = ﬁ. Then the iterates of Algorithm 3 satisfy the
following inequality:

E[®(x:11)] < E[@(z)] — S E[|[VE(2)[”] — 1 T (1~ 2n,k0 — 80202)E||lg,, ,|1%]
o2 (69)
+ 57]x£2]E[Hyt - y:”Q} + 7"7wM

Proof of Lemma A.S. Let 67 = g, ; — V. f(x;,y;).Using smoothness property at ;1 and x;, we
have:

B(@i41) < D)) - nx<v<1><mt> 9. t+1> g s |2

= ®(zy) - ||V<I>(96t)||2 (1 — 2ei) g 0y 17 + 2 S IVe(@) = 9oy |
< B(x) - —||V<I>(a:t)||2 (1 = 20260) (194 4 31
+ 0|V (xy) = V f(wt+1ayt+l)|| + 721107, 2 &
< O(x) - *IIV‘P( -2 o (U= 202b0) s I* + 1l g — 2]
+nelllyy s —yil* + %Hfs 4|2
(70)
Using Young’s inequality, we have:
19205317 2 5190417~ 192153~ 9l an
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Plugging Equation 71 back to Equation 70, and assuming 7, < ﬁ results in:
D(@i1) < () - *HV‘P(%)IIQ 1 L (1= 200501 | + Py — ]
+ 001y s —yr P+ *Ilgz et = Gall® 007 4 |
< O(zy) - *HV@(wt)IIQ Z(l = 2006010 oI + 00l gy — o

1 Cllyery = i+ el Vo f(@ 1 ya1) = Vaf (@ y)|1? (72)
20,1167, 3 |12 + 202 167 |2 + 7. 107, 4 1
< Ba) — o[ V@) = 21— 2mord)llg |7+ naly g — ]
+ 1oy = ui I+ ey — @il + oy y — vl
2, 167, 3 12+ 20 07 12 + e 97, 41

Using Lemma A.3 and Young’s inequality, we have:

ey = yil? + 1y s — vll® < 3llyey —will* + 20y, — il

* (|2 Y112 Yy * (73)
<5y, —yill +8€2H5 1=+ 2€<6t7yt Yi)
Plugging Equation 73 in Equation 72, we get:
Na *
(@i 41) < P(xy) — *HV@(%)HQ 7 (L= 2nent — 872 ) 19,1 + 510 ly, — i |12
74)
3 * X x xT (
+ ganéi}Hz + 577z€<6%7 Yy —Yi) + 27793”6154-% H2 + 21,67 H2 + an‘st-o-% H2
Taking expectations from both sides of Equation 74, we have:
E[®(zi41)] < E[@ ()] — SE[IVO(@0)|] - T (1 2,0 — S120)E]g,, 0|2
, , o2 (75)
N L E -y 7 x—
+ 51, CEly, — y7 ) + T T
O

Proof of Theorem 4.2, and Theorem 4.4 for EG. Equipped with the above lemmas, we can prove the
theorem as follows. We start by taking summation from ¢ = 0 to ¢ = 7" — 1 of Equation 69 in
Lemma A.8, to get:

T—1 T—1
Uz
E[@(zr)] < D(z0) — 5 Y ElIVe(e)|®] - *(1 20,1l = 8030%) D Elllg, ,II°]
t=0 t=0
- . (76)
+ 50 Y Elly, — wi )+ Tne
t=0
Replacing ZtT:_Ol E[||ly, — y;|?] with the upper bound in Lemma A.7, we have:
E[@(@r)] < 60n.1¢2 [y, — 3> + ©(0) %Z [IVe ()|
=0
T-1
= (1= 2t — 89207 — 4320267 6%) 3 Ellg, | an
t=0
120n,k0(T — 1) o*T
TN
M e
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Let 1, = =—5;. Then 1 — 2n, k¢ — 8n20* — 4320n2K*(* > 0. After rearranging and simplifying the

terms of Equation 77, we have:

T-1
2A 240k0%T  140°T
STE[VE(z)|?] < T2 + 120682y, — il + + (78)
= Ny M M
Replacing 1, = ﬁ in Equation 78, we have:
T-1
1 1506%0A + 120602 ||y, — y5l|>  240k0? 1402
= E[|Ve(x,)]?] < 0 =0 : 79
T; [IV®(e)II*] < - e R ()
Now by letting, M = ”’6—22, and Dy = ||y, — y§||%, we have:
T-1
1 9 K20Ag + K2Dy 9
7 2 EllVE(E)|f) < 07—+ 0(c) (80)
O

A.3 Tightness Analysis

In this section we provide the complete proofs for Theorem 4.5 (Subsection A.3.1), and Theorem 4.6
(Subsection A.3.2), showing the tightness of the obtained upper bounds given our choice of learning
rates.

A3.1 GDA

Proof of Theorem 4.5. Recall that we consider the following quadratic NC-SC function f : RxR —
R

f@,y) = —30a® + bry — Sy,
We know f is nonconvex in z (it is actually concave in x) and p strongly concave in y. Assume

k:={/p > 4 and choose b = /(¢ + 24,)/2 for some 0 < u, < £/2 to be chosen later. Then we
know b < ¢/2 and it is easy to verify f is £ smooth. Note that the primal function

®(z) = max f(z,y) = Lz

is actually strongly convex. This also justifies the symbol for p,,. We use GDA to find the solution
for min, max, f(z,y). Actually for this problem the optimal solution is achieved at the origin. The
stepsizes are chosen as 7, = ;35 and ), = % for some small enough numerical constants ¢; and c;

such that ¢ = ¢y /ey > 1. Also denote r = 1, /1, = ck? as the stepsize ratio. Then the GDA update

rule can be written as
Th41 [ M) - Tk 81
<yk+1> ( Nl ) (yk) ’ ( )

me= ()

We note that the above update is a linear time invariant system. We need to analyze its eigenvalues.
Let A\; and )5 be the two eigenvalues of M, we have

1 1 1 1\?
= — = - = :I: - - = - 4 xT-
)\172 5 <w“ 2€> 2\/<,u7‘ 2€> L

2

where

Note that if we choose 1, < ¢/8, plugging into r = cx*, we can bound

 (2en—1)0 dckpiy
ST

2¢K by
- ck—1/2 7

—4 .
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Let 51 be the corresponding eigenvalue of I 4 1, M, for small enough ¢; < 1, it satisfies

deypg
ap <s1=14n1 <1

0<1- == <

We adversarially choose the initial point (xg, yo) such that it is parallel to the eigenvector of I + 1, M
corresponding to s;. We can always choose xy > 0 for simplicity. Then we have

$k+1 _ I M T [ o _ T [ o
(yk+1) (I'+n:M) (yo> °1 <y0> ’
2

so we can compute the magnitude of zp as xp = sfxo. Also note that Ag = ®(xg) = % Pz Tf.
Note that if Ag = 0, this lemma is trivially true. Therefore we can assume Ag > 0. Choosing
Uz = €2/Ag, we have

461 Mo ) g

V(@) = et 2 > para (1 - 4

dee2\7T
:\/§€<1_ Cle > 9

K,QA@

where T > x7 because xg > x1 > --- > 7 and Z is sampled from this sequence. Then we know
2
that to achieve |V®(Z)| < €, we must have T' = Q (%) as stated.

O

A3.2 EG/OGDA

Proof of Theorem 4.6 for EG. We consider the same quadratic hard example f and notation used in
the proof of Theorem 4.5. For simplicity, denote w = (z,y). Then EG satisfies

Wy y1/2 =1 + n.M)wy,
Wrt1 =Wg + N Mwy 10
=(I +n:M + n2M?)wy.

Therefore, similar to GDA, EG is also a linear time invariant system. The transition matrix for EG is
(I + 1M + n2M?). Its eigenvalues are

si =140 +0202 > 14,0, i=1,2.
The rest of analysis is the same as that of GDA.
O

Proof of Theorem 4.6 for OGDA. We consider the same quadratic hard example f and the notation
used in the proofs of Theorems 5.1 and 5.2. The dynamics of OGDA is
Wit1 = Wi + 20 Mwg — 7, Mwy .

If we initialize wq parallel to the eigenvector of M corresponding to A\; and let w; = wg, we know
every wy, is parallel to it, i.e., wy, = zpwq for some scalar z; which satisfies

Zht1 = 2k + 2Nz A2k — Nz A1 2k—1.
The general solution of the above recurrence relation is
2, = aa + ba*

for some constant a, b and

1
a=g (1 + 20, A1 4 4/1 +4ngA%) ;
! 2)\2
625 14200 —/1+4n2)7 ).
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We have
1+ <a<l, nA <B<L0.

Using the initial condition z_; = 2y = 1, we can get the constants

al—pg) 1 1
0=t S s
a—p 2 2y/14+4n2)3 /

po_ Bl-a) VIFAEA -1 _
a—p 2y/1+4n2X\2

=
8N
>
[l V)

We can bound

1
o] 2 5 (14 mda)” = fnaAa 42

() daps T
-2 K2 4’

where we use the fact |, A\;| < 1/2. Similar to the analysis for GDA, choosing p1,, = 50€2/Ag, we
have

_ _ 1 4deq iy |
D(Z)| = popZ >pprr > ppro | = (1 — _Z
IVO(Z)| = paT >z > po xo[2< 2 ) 1

1 deq iy S|
=10e | = |1 — ——1.
6[2( K2 ) 4

Therefore, if |[V®(Z)| < €, we must have

B Proof of Convergence in Nonconvex-Concave Setting

B.1 Proof of convergence of OGDA

In this section, the convergence of OGDA in NC-C setting has been established. Before presenting
the complete proofs, here we briefly discuss the proof sketch.

Proof sketch We start from the standard descent analysis on Moreau envelope function [9]. Let
o = ®(x¢) — f(=x4,y,), then we can show:

T

1 B op(@g) — B jop( 1 &
S IVPyjae(ai)* < y2(®0) = Duyplers) S5 | + oG
t=0 T + 1 t=0

T+1

T+1

1 T
+ 77 2 OUVef (@i y) = Vel @1y 0)IP).

t=0

It turns out that the gradient norm depends on two terms, difference between gradient at time ¢ and
t — 1 and d;: primal function gap at iteration ¢. To bound the first term, we can utilize smoothness of
V f and reduce the problem to bounding ||y, — y;_4 ||*:

T

T T T T
Sollyy =y al? <D0 [ 020> @) | 60+ O | min2?G* Y (2n2e?)
t=0 t=0 t=0

=0 =0
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Here we reduce difference between dual iterates to primal function gap d;. Now, it remains to bound
d;. We have the following recursion relation holding for any ¢ and any s < ¢:

O(xy) = f(@e,y,) < O(na(t — 5)G?) (lye—y =y @) =y, =y (@) |* + 03y ¢G?

L
2y
1 1 .
+ §||yt—1 — Yo’ - §||yf —yal?) + (Vyf(@e—1,9-1) = Vyf(@t-2,Y¢_2), i1 — Y (xs))
- <vyf(mta Yy) — vyf(mt—la Yi1):Y: — Y (x4)). (32)
If we let s stay the same for some iterations, (1/7 + 1) Zf,T:o d; vanishes in a telescoping fashion.

In the following, we present the key lemmas, and complete convergence proof of OGDA. First let us
introduce some useful lemmas for deterministic setting.

B.1.1 Useful Lemmas

Lemma B.1. For OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {y,} during algorithm proceeding and any y € Y:

1 1
ly, — y”2 <Y1 — yH2 - §Hyt - yt71||2 + §Hyt71 - yt72H2 + 277y<yt - Y, Vyf(wt, Yi))

+ Wﬁ%a =20y (Vyf(@e,Ye) = Vo f(@i-1,Y:-1), Y1 — )
+ 277y<vyf($t—1, Y1) — Vyf(@i—2,Y1-2): Y1 — Y).
(83)
Proof. According to updating rule of y:
Yy, =Py (yt—l + 277yvyf($t—17 yt—l) - vayf(mt—m yt—2)) .

Following the analysis in [40], we let ;-1 = n,(Vyf(®,y,) — Vyf(®i—1,¥:1)) —
Ny (Vy f(@i—1,Y,_1) — Vy f(2i—2,Y,_o)) and re-write the updating rule as:

Yy =Py (Y1 + 0y Vyf (e, y,) —€11)
Then, due to the property of projection onto convex set we have the following inequality that holds
forany y € V:

(y — yt)T(yt Y1 — vayf(mh Y;) +et-1) > 0.
Using the identity that (a, b) = 1(|la + b||* — [|a|*> — ||b]|*) we have:
0< lly —viy =y VS @e, ) + el = lly = yoll® =y — vy — 0y Vi f (@, ;) + 20a |
<Ny =i l? =y = yel? = lye — eI + 20y, — 90, Vo (20, 9,)) — 20y, — v, 601)
Now we plug the definition of £;_ into above inequality to get:
12 <lly =y i l® = llys — veall® + 20y (¥ — v, Vo f (21, y,))
- 277y<yt - Y, (Vyf(mtayt) - vyf(mt—17yt—1))>
+ 277y<yt - Y, Vyf(wt—la Y1) — Vyf(i’»'t—z, Yi—2))
<lly - yt—1H2 —ly, — yt—1||2 + 277y<yt - Y, vyf(mtayt»
- 277y<yt - Y, (Vyf(wtvyt) - vyf(mt—hytfl)»
+ 277y<yt71 - Y, Vyf(wt—la Yio1) — Vyf(fﬂtfm Yi_2))
+0yl(lye =yl + l2e—1 — @2l + |y,1 — ¥4—o]?)

ly — vy,

1 1
<lly- yt—1H2 - iHyt - yt—1||2 + 5Hyt_1 - yt—2H2 + 277y<yt - Y, Vyf(mta Yi))

- 277y<yt - Y, (vyf(mta yt) - Vyf(wt—la ytfl)»

+ 20y (Y1 — Y Vo f (@1, Yi_1) — Vi f(@i—2,Y_0)) + nyn2lG?,
(84)

which concludes the proof.
O
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Lemma B.2. For OGDA (Algorithm 2), under the same assumptions made as in Theorem 4.8, the
Sollowing statement holds for the generated sequence {x:},{y,} during algorithm proceeding:

Dy jo0(x) < @y yop(@i—1) + 202l (D(wi—1) — f(®i-1,9,_1)) — *||V‘I’1/2e(ﬂ3t DI? +3m2G?

U
+ %”sz(-’lft—hyt—ﬁ — Vo f(®i2,y, o)

Proof. Let &;_1 = arg mingcpe ®(x) + £||z — x;_1||*. Notice that:

Dy jo0(e) < Pyyoe(Be—1) + @1 — 24|
< @y op(®4—1) + (|| &1 — o1 ||?
+ 21,2V f(®i—1,Y1) — Vaf(®i—2,Y;_2), Ze—1 —T41) + 37792cG2)

According to smoothness of f(-,y), we have:
N N l.
(@i—1 —xi—1, Vo f(@1-1,Y1)) < f(@e-1,Y41) — f(@1-1,Y41) + §||$t—1 - $t71||2

L.
< O(xp—1) — f(Tr—1,Ys-1) — §Hwt71 - wt71||2~
So we have

Py jo0(@r) < Pyyop(Bp—1) + | @1 — 24|
< Dy op(&4—1) + L@t — &4

V4
+ 2,4 (@(mt—l) — flxe—1,y, 1) — *||mt 1= T 1|2) + 32 G?

1 .
+ 0zl <%||fo($t—17yt—1) = Vaf(xi—o, yt—2)||2 + §||$t—1 - mt—1||2>

< By op(@i—1) + 200l (P(we—1) — f(Te-1,Y4_1)) — + 30n2G?
n
+ ?vaxf(mt—layt—l) - wa(mt—%yt—Q)”Q-
Using the fact that ||&,—1 — @—1]| = 55 || V®1 j2¢(@;—1)]| will conclude the proof.
O

Lemma B.3 (Iterates gap). For OGDA (Algorithm 2), under Theorem 4.8’s assumptions, the following
statement holds for the generated sequence {y,} during algorithm proceeding:

T T
Doy —yalP <> 2% )| Al (2(@e) — f(xe,y,))
t=0 t=0 \j=0

) 27792617;526'2.

_|_
M*ﬂ
TM%

l\D

§

Proof. Observe that

lye = e |? = 2 2V f @1, 90m1) = Vo f (@2, 90|
<22 [V f@enye )|+ 202 1V f (e 1,wm0) — Vo f (@i, y)|
<42 (Do) = f(@i1,9,-0) + 2026 (ke — @il + |y — vio])

<220 ||y, — yoo||” + 4020 (®(@i1) — fl@i1,y,1)) + 2020203 G.
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Unrolling the recursion yields:

t
[y — yoa 12 < Cn?) " |yo — —1||2 + Z(2U§£2)t_j477@2/ (1) — f(®j-1,9;-1))
=1

t

—I—Z(ZnyEQ)t Ion? 772526'2

j=1
Since y, = y_;, we have:
t t
v, — v, Z 20y 0%) 7420 (D(@5-1) — f(®5-1,9,-1) Z (22 0%) T m2n2? G2,

Finally, summing the above inequality over ¢ = 0 to 7" yields:

T T T
ZH%‘?Jt—l”ZSZ 22% )! 477J€(( x:) — f(ze,yy))
t=0

t=0 \j=0
T T
+ Z Z 252 2773775626”2.
t=0 \ j=0

O

Lemma B.4. For OGDA (Algorithm 2), under Theorem 4.8’s assumptions, the following statement
holds for the generated sequence {y,} during algorithm proceeding and Vs < t:

1 N N 1
Bee) - f@) < 2 )6+ 5 (s =" @I = Iy~ 7P = Sl - P
Y
1 1
# 5 (G1s = valP + nRIGY) = (T (o)~ VS @i )
Yo — Y (@) H(Vyf(@i-1,9-1) = Vo f(@i-2,Y12), Ys1 — Y7 (xs)).

Proof. Observe that:
O(xe) — f(@e,y,) < [,y (w) — f@e,y" (@) + f2s, 47" (26)) — [0, y" ()
+ f(wta y*(ws)) - f(wh yt)
<2t = s)1.G® = (y, — y, Vyf(ze,m1)),
where in the last step we use the concavity of f(x, -).

Plugging in Lemma B.1 will conclude the proof as follows:
O(at) — flae,y) < 2(t = 5)n.G?

1 ) :
+ % (ytl = yl* =l =yl = Slye = v I+ S lyes - yt2||2>

+ ﬁﬁy%gGa <Vyf(wtvyt) - Vyf(wt—l,’yt—l)ﬂt - y)

<Vyf($t—17yt—1) - Vyf(mt—% Yi2) Y1 —Y)-
O

Lemma B.5. For OGDA (Algorithm 2), under the same assumptions made in Theorem 4.8, the
following statement holds for the generated sequence {x.},{y,} during algorithm proceeding:

1 El 1
Z O(xy) — f(@r,y,) < 3 (277l.]32c:2 T

71 — (D +nytD?) +2(3n,G* + D)D> .
t=0

Ty
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Proof. Let S = (T +1)/B, and we choose s = jB, j = 0, ...,.S. Then by summing over ¢ on the
both side of Lemma B.4 we have:

1 T S (j+1)B-1
mZ‘M%) = f(xe,y) = 72 > oo f(xe, )
t=0 t=jB

S
1 22 1 * 2 1 2
<EiI g [2mB @t g (lij_l ~y (@) [* + 3 llyim 1~ vl
1

+T+1

( < yf( G+1)B-1,Y (j+1)B71)_vyf(w(jJrl)Bf%y(j+1)Bf2)a

<. o
I Mm
[e)

Yi+1e-1 — Y (@ip)) + (Vyf(@jp-1,¥p-1) = Vyf(®jB-—2,Yjp_2),Yjp_1 — ¥ (T;B)

IN
N

S
1 1
— (2779532(;2 + — <D2 + D2) + 2(3n,G* + D)D>
1 = 2ny 2

IA
@

1

_|_

1 1

<2nx32a2 + T (D* + nytD?) +2(3n,G* + D)D) .
Yy

B.1.2 Proof of Theorem 4.8 for OGDA

In this section we are going to provide the proof of Theorem 4.8 on the convergence rate of OGDA in
both deterministic and stochastic settings.

We start by establishing the convergence rate in deterministic setting. Before, we first state the formal
version of Theorem 4.8 here:

Theorem B.6 (OGDA Deterministic (Theorem 4.8 restated)). Under Assumption 4.7, if we choose
4

ne = © (min {35, 75, gtz | ) My = . then OGDA (Algorithm 2) guarantees 1o find e-
stationary point, i.e., ﬁ Zf,T:o V@1 /20 (2)||? < €2, with the gradient complexity bounded by:

2 A 292
O(m A, m{ﬂﬂ})
€ €

Proof. From Lemma B.2 we have:

1
T+1 Z HV(I)l/QZ(wt)

o P 1 T-1
2 < 1/2/(%)77 2@ 160k 3 (@) — flary,) + 240,02
€T

t= 0

+472Hv f xt,yt fo(:zt,l,yt,1)||2,

T+1

Dy /20(20) — ‘1>1/2z ) — )
= T 67 ; F @) + 24n,G
g DQ (312G + ly, —yoa IP).
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Plugging in Lemma B.3 yields:

T
1 Dy /20(x0) — P1yoe(i)
‘|V‘I>1/2£(«’Et)||2 <
T+1 =0 an

160 Z f(xe,v,)) + 24n,0G? +12020%G?
1 T T [T

+47T+1g2 So@uey | Angt (@(xe) - flxe,y)) + D | D@02 | 2 PG |

t=0 \j=0 t=0 \ j=0

since we choose 7, ¢ < %, we know that:

§=0
Hence we have:
1 & 5 _ Pi1j2e(x0) — @1/%(%0 2,3 d
mzuv‘bl/%(wt)” < s + (16€ + 32, £°) Z f(ze,y,))
t=0 z t:O

2 22 42 42
+ 240, 0G* + 12, 0°G* + 16771,17y€ G~.

Now we plug in Lemma B.5 to replace ®(x;) — f(x¢, y,):

T

1 Dy /20(x0) — Py y20(t)

e (0] 2 <
T+1 ;HV 12e(x)[|” < T
1
+ (160 + 32n,0%) & (anBng 2 (D? + nytD?) + 2(3n,G* + D)D)
Y
+ 240, 0G? + 12020°G? + 1602 0" G2
Choose B = O (Gm) =0 (mm { el £G22, D2G42£3 }), Ny = %, and then we guarantee

that 7+ S IV®y jae(,)]|% < € with the gradient complexity is bounded by:

2 A 292
o (EG A max{l,DfD _
€ €

Stochastic setting.

We now turn to presenting the proof of OGDA in stochastic setting. First let us introduce some useful
lemmas.

B.1.3 Useful Lemmas

Lemma B.7. For Stochastic OGDA (Algorithm 2), under the same assumptions made in Theorem 4.9,
if we choose n < 1/4¢ the following statement holds for the generated sequence {y,} during
algorithm proceeding and for any y € Y:

1 1
Elly — vl*<Elly = yoall” = JElye = yer|” + {Ellyes = veall” + 200 {y, — 3, Vo f(21,9,)

+ynil(G® + %) + 6n20” — 20, (y, — y, Vy f(we,y;) — Vyf(Tio1,9;, 1))
+ 277y<yt—1 - Y, yf(mt—layt—l) - yf(mt—2yyt—2)>'
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Proof. The proof is similar to deterministic setting. Here we use &;_; to denote the random sample
at iteration ¢. According to updating rule of y:

y, =Py (yt—l + 20,V (@1, Yy, 1:&-1) — nyvyf(wt—%yt—2§€t—1))
Similarly to deterministic setting, we let
€1 =1y (Vyf(@e,yy) = Vyf(@e-1,¥i-1:6-1)) =y (Vy f (@1, Y, 15:&-1) — Vy [ (@2, Y _9:&-1))
ee—1 =1y (Vyf(@e,yy) = Vyf(@e—1,9,-1)) = my(Vyf(@1-1,94—1) — Vy f(@t-2,9;_2))
and re-write the updating rule as:
Yy =Py (Yo1 + 0, Vyf(@e,y,) — Ei-1)
Due to the property of projection we have:

(y—v) (Y — i1 — Vi f(xe,y,) +E-1) >0

Using the identity that (a, b) = 1(|la + b||* — [|a|* — ||b]|*) we have:

0<lly = vy —nyVyf@e, ) + Gl = lly = wll? =y — vy — 0y Vo f (e, ;) + Ea|
=lly =y l? =y =y l* = llys — w1 I* + 20y, — ¥, 0, Vo f (1, y,))
+2(y — Y1, 8e-1) — 2(Yy — Y41, E-1)-

Notice that

—2(y; —Yi_1.6—1) = —2(Yy — Ys_1.60—1) — 20Ys — Yy_1,E4—1 — €1—1)

IN

1 -
—2(Y, — Yy_1,6-1) + gHyt - '!thl”2 +2[|&p—1 — 5t71||2

So we have:
0<|y—y,_1 — nyvyf(37t7yt) + 5t—1||2 My =y " = llye —y,—1 — nyvyf(mtayt) + ét—1||2
=lly =y, I? = ly —ull” = llys — e |I> + 20y, — ¥ 0y Vy f (@0, 9,))

I

F 20y~ g1, E1) — 2~ Yoo ei) + gy~ w7 + 20— sl
Taking expectation over &;_; yields:
0<Ely —ye1l? —Elly — v.l° - %Ellyt —yall® + 20y, — ., Vy f(=0,90))
—2(y, — y,e0-1) + 67)302.
Now we plug the definition of €;_; into above inequality:
Elly -yl <Elly =y, = Elly, — g lI” + 20y (ye — 4. Vy f@e,90))
=20y (Y, — Y, Vyf(@e,y) — Vo f(@e-1,94-1)) + 677502
+ 20y (Y — Y, Vy f(®e-1,Y 1) = Vi f(®i-2,9,5))
<Ely =yl — Elly, =y + 20y, — y, Vi f (@0, 9,)
—20,(y, — 4, Vyf (@0, y,) — Vyf (@i-1,y,,)) + 607
+ 20y (Y1 — Y, Vo f(@i—1,Y,-1) — Vyf(Ti-2,Y:2))
+ 0y l(Elly, — yt—1||2 +Efjai—1 — wt—2||2 +Elye_y — yt—2||2)
< Ely — P~ By~ el + TE e vl

+ 20y (Y, — Y, Vyf(@e, ) + Wyngg(GQ + 52) + 6775‘72
- 2ny<yt - Y, vyf(mhyt) - Vyf(xt—17yt_1)>
=+ 277y<yt—1 - Y, Vyf(mt—hyt—l) - Vyf(mt—% Yi_2))

where in @ we use the fact that 7, ¢ < i and hence can conclude the proof.
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Lemma B.8. For Stochastic OGDA (Algorithm 2), under same assumptions as in Theorem 4.9, the
Jollowing statement holds for the genserated sequence {x:},{y,} during algorithm proceeding:

E[®1 20 ()] < E[®1/20(¢—1)] + 20 0B (®(2e-1) — f(T1-1,Y4_1)) — %quﬁ/zz(ﬂ?pl)w

+32(G? + 0?) + %”JEIIsz(wtfl,yt_l) — Vo f(®i2,y,0)|*

Proof. Let &;_1 = arg mingcpe ®(x) + £||z — x;_1||%. Notice that:
E[®1/20(x1)] < E[®1)00(B¢-1)] + (B[ @11 — x|
S E[®q/90(2¢-1)]
+ U(E w1 — @1 ||* + 20 2Va f(@e-1, Y1) — Vo f (Tr—2,Yy_o), Teo1 — &4-1)
+302(G” + 0%))

According to smoothness of f(-,y), we have:
N A l
(@1 — @1, Vo f(@i-1,9,1)) < f(@e-1,9-1) — fl@e—1,91) + §||$t—1 — x|

< W)~ f@r, i) — lEe - @l
So we have
E[®1/90(2+)] < E[®1/20(d—1)] + (B[ &1 — 4|
< E[®1/20(8¢—1)] + (E||lwe 1 — &1

0.
#2008 (D(@0) — Fler1,U) - 5B — i) + 302G + 0%

1 l .
+ nal <2£]E||fo($t—17yt_1) — Vo f(xi_o, yt—2)||2 + §E||33t—1 - ﬂft—1||2)

2
< ]E[(I)l/2é($t—l)] + 277sz ((I)(wt—l) - f(wt—l,ytfl)) - 7)15

+3m2(G* + %) + %E”sz(mt—la Yi_1) = Vaf(@i2,9,_0)|°

O

Lemma B.9. For Stochastic OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {y,} during algorithm proceeding:

ZEHyt Y 1||2<477§£Z Z 277y E[®(zt) — f(2t, y,)]
t=0 \ j=0

T
+ Z Z 282 (67717]32162 (G* + %) + 617502)
t=0 \j=0

Proof. According to updating rule of stochastic OGDA:

Elly, — g,
< nyEHQVyf(CCf 1 Y15 6e-1) — f(mt—27yt—2;§t—1)||2
2BV (21, y— )P+ 2000% + 200V f (@1, Y1) — f(®i-2,Y,0)|I” + 4107
< A B[ (1) — f(@e—1,Yy—1)] + 205 (El|le—1 — z—2|* + Elly,_1 — y,_5]?) + 650
< A lE[®(@e—1) — f(@e—1,y,-1)] + 20502 (303 (G* + 0%) + Elly,_y — y,_o|*) + 6n507.
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Unrolling the recursion yields:

t—1
t—1—j
Elly, -y, o[> < 4n20> " (2020%) " 7 E[®(x;) — flxj,v;)]
=0
t—1 b1
) (2n27) T (620202 (GP + 0®) + 6n20%) + (202 Elly — vy |1

J

Il
=)

Since y, = y_;, we can conclude the proof via summing ¢ from 0 to 7" — 1:

T
ZEIIyt Yy, 1H2<4n§€Z @) | Bl@(ae) — f(ze, )]
t=0 =0
T T
£33 @2y | (onnze e + o) + o).
t=0 \j=0

Lemma B.10. For Stochastic OGDA (Algorithm 2), under assumptions made in Theorem 4.9, the
Sollowing statement holds for the generated sequence {y,} during algorithm proceeding and Vs < t:

E[®(x:) — f(zi,y,)] < 200t — 5)GVG? + 02 + nygx (G2 + %) + 3,02

1 . . 1 1
+ 5 (Elves = v @I = Bl = 0" @I = 1Bl — vl + 1Bl — vl
My 4 4

+ (Vyf (@, y:) = Vyf(@i-1,91-1), Y — Y (x5))
- <vyf(‘13t—17yt—1) - vyf(mt—Q, Yi_2): Y1 — Y (xs)).

Proof. Observe that:

E[®(x:) — f(ze, y,)] S E[f(ze, y" (21)) — f@s, ¥ (21))] + Elf (25, ¥ (25)) — [ (21, Y (5))]
+E[f(xs, y" (xs)) — f(1,9)]

<20t = 8)GV G2+ 0% =By, —y, Vy f (21, 4,))-

Plugging in Lemma B.7 will conclude the proof. O

Lemma B.11. For Stochastic OGDA (Algorithm 2), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,} during algorithm proceeding:

T
1
Z fany)] < & (2anQG\/G27+02+ 2 L 2(30,GV/G? + 0% + D) >

2y
4 772172790 (GQ +02) +377y02
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(T 4+ 1)/B, and we choose s = jB, j = 0, ..., S. Then by summing over ¢ on the

Proof. Let S =
both side of Lemma B.11 we have:
1 T—-1 S (j+1)B-1
T11 ZE[‘I’(th) = f(@ey,)] = Z z;g = f(me, )]
S ’ 1
e (U <ij>||2+4||ij—ij-1|2)]
= y
+ 77ygﬂ%(cﬁ +0?) + 3n,0?
138
+ T [_<Vyf(w(j+1)B—l7y(j+l)B—1) \Y f( (j+1)B—2>Y(j+1)B— 2),Y Yi+1)B-1 _y*(ij»
j=0

+(Vy f(fBjB—l,ij_l) —Vyf(®iB-2,Y;5 ), Yjp1 — v (x;B)]

S
<7 Z [2%320\/6*2 + o2 + — + 2(3n,G\/G? + 02 + D)D
7=0

+772 (G? + 0?) + 3n,0°

1
S E |:277IB2G G2 + 0'2

GVG?+ 02+ D)D}

2¢
+77y;]z (GQ+02)+3%02

B.1.4 Proof of Theorem 4.9 for OGDA

In this section we are going to provide the proof for Theorem 4.9, the convergence rate of OGDA in

stochastic setting. We first introduce the formal version of Theorem 4.9 here:

Theorem B.12 (OGDA Stochastic (Theorem 4.9 restated)) Under Assumption 4.3 and

6

4.7, if we 2choose N = O(min{ Z(G2+02) DZEJGS T T 25\/02 — D,on, =
(min{ﬁ, 752 1), then Stochastic OGDA (Algorithm 2) guarantees to find e-stationary point, i.e.,

TL—H Zf o EIV®y 90(x)||* < €%, with the gradient complexity bounded by:

(DQESG\/GQ T o2 { o2 })
O maxq 1, — .
€

€6

Proof. Similar to the proof in deterministic setting, first according to Lemma B.8 we have:

T
1 o _ P1j20(z0) — Py ye(Tr11)
T <
T+1 ;Ellvqh/y(wt)ll = (T + 1)
L Z
222 2 2
+ IGEmZ(q)(:rt) — f(ze,y,)) + 120202(G? + 02) + 2460, (G* + o?)
T+1 T
+ 462 47]1/6 Z Z 2771; E[é(mt) - f(wta yt)]
— \izo

v [T
+ Z Z 277y j 6n§n5€2(G2 +0?) + 677502).
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Since we choose 7, < i, it follows that:
T

Z 262

=0
As aresult, we can further simplify the bound as:

T
1 Py /20(z0) — P1/20(TT41)
72 :E ) <
T+1 2 v 1/24(93t)|| > ne(T + 1)
T
+ (16 +32050") =~ > (@) - f(@,y,))
t=0

+ 12020%(G? + 0%) + 2400, (G* + 0%) + 80% (6m2m; 0% (G? + 0°) + 6107) .
Plugging in Lemma B.11 yields:

1
T+1

D1 20(x0) — Py j2e(®T41)
(T +1)

T
Y EVEae(x)|* <

t=0

+ (16¢ + 32m20%) — 5 (277:5320 G? + 0?2

GVG? +0% + D)D)

1yt
+ (164 + 3277363)( Y2 (G? + 0?) + 3ny0?)
+ 12020%(G? 4 0?) —|— 2401, (G? + %) 4 8¢* (6nin§£2(G2 +0?) + 67];02) .

— et o

D : 2
W)’ e = Oin{geizey, ppeverrs prrcveTs))
ny = O(min{;, e%})’ and then it is guaranteed that %HZE:OE\\V¢1/24(wt)||2 < €2 with
the gradient complexity is bounded by

<D2€3G\/G2 T o2 { o2 })
0] max .

Choose B = O(

1. —
,62

€6

B.2 Proof of convergence of EG

In this section, the convergence of EG in NC-C setting has been established. Before presenting the
complete proofs, here we briefly discuss the proof sketch.

Proof sketch ~ Similar to OGDA, we have the following lemma on ®; /9,:

T

1
Z V@120, 1) |” < @y yoe(2_

T+1 ) _(1)1/25(:13T+%)

1
2

1
3 22
+O(C +n2e%) | Z Sy +O(n3G?).
Now we need to examine J,_ 1 To bound this term, we have the followmg recursion:
CI)(:EH—%) - f($t+%,yt+%) < O((t — 5)1.G?)

1 ; ) 2
o, <||yt —y @I~ e —y @I+ 5 ).

which is derived by the descent property of EG on concave function. Similar to OGDA, here we also
obtain neat recursion, which will yield our desired complexity bound.

In the following, we present the key lemmas, and complete convergence proof of EG. First let us
introduce some useful lemmas for the deterministic setting.
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B.2.1 Useful Lemmas
Proposition B.13 ([5], Proposition 4.2). If p = Py(r —u), ¢ = Py(r — v), and
lu —[|* < CFllp —r||* + C3,

then for any z € RY we have:

1 Ct C3
=) <l =2l — la -1 - (5- 5 ) I - ol + 2.

Lemma B.14. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {y,}, {yt+%} during algorithm proceeding and any y € Y:

22
Ypar — yll? < lly, — vl +2 YV C(LomE _ 2
Y1 —ylI" <lly, —yl” + 77y<yt+% Y, yf(fct+%ayt+%)> 2 9 ly: yt-&-%“
eyt G
5 .

Proof. According to Proposition B.13, we set r = y;, ¢ = Y, .1, P = Yitl and v =
=y Vy f( @41, Y1), w=—nyVy f(ze,y,). We can verify that:

[ —w|* = nﬁllvyf(wt+%7yt+%) - Vyf(wtvyt)||2
<y (Cllypy —ll® + Cllag g —ae?)

<y (C|p —rl* + £2G?),

so if we set CF = 7)562 and C2 = 779267)3526‘2, we have the following inequality holding for any
yey:
1 ,,72£2
<*77yvyf($t+%7yt+%)vyt+§ —y) <y, —yl* - Y1 — y|* - <2 - y2) ly: — yt+%H2
oy G
5 .

O

Lemma B.15. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {xi},{y,},{® 1}, {y,1 1} during algorithm proceeding:

Na
Pyyop(py 1) < Pojogle, 1) + 2n.f (‘I’(-’BF%) - f(wtféyyt7%)> - §||v¢1/2€(wt7%)||2 + 300 G?

+ L Vet (@0 y,) = Vol @1,y I

Proof. Letd, y = argmingegs ®(x) + £l — z,_1 . Notice that:
(I)l/2é(mt+%) < ¢1/2£(‘it—%) +€||:i:t—% - xt-}-%”Q
< @1/26(@7%) + 6”:%1&7% — Xyl 12
+ Z(2nm<vwf(wt7%7yt7%) + (va:f(wta Y — vzf(wtfh ytfl)vi'tfé - wt7%> + 77560)
= ‘b1/2£(it—%) + E(”it—% — Tyl 1>+ 277x<va:f(xt—%ayt—%)a :it—% - mt—%»
+ 2€nx<vzf(mt7yt) - vxf(wt—hytfl)v ﬁjt—% - xt—%> + ngﬂGQ
According to smoothness of f(-,y), we have:
N . C .
<33t7% - $t7%ﬂvmf(wt7%7yt7%)> < f(a:t,%7yt,%) - f(:l:t,%7yt,%) + §Hwt7% - wt7%”2

l .
< @(wtfé) - f(wtf%ﬂ'/tf%) - gHwtfé - wtf%llg'
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So we have

(1)1/26(1315-{-%) < (I)l/%(wt—%) +€||wt—% - ﬁ’t—%w
l .
+ 21,4 (‘P(ﬂ?t_;) @y g y) = Sl By — @y ||2> + 307, G
1 , ! o
+ 1ol ﬁ”vxf(wt»yt) = Vaf(@e—1,y,-0)I" + 5”5'%7l - *’Btle
< Qoo 1) + 2l (‘I)(wtfé) - f(wtféaytfé)) 1-x 1 1 + 30n3G°

+ %Hvzf(wtvyt) — Vo f(@im1, )|

O

Lemma B.16. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {x.},{y,},{@,, 1},{y,, 1} during algorithm proceeding and
Vs < t:

(I)(wt+%) - f(wt+%ayt+%) <2(t—s+ 1)%02

1 . . 2G>
tg,- (IIyt —y (@ )|? =y — ¥ (@) P+ 25— ).
My 2

Proof. Observe that:
(I)(xt+%) - f(mt+%ayt+%) < f(xt+%ay*(mt+%)) — f(zs, y*(mt-&-%)) + f(zs, y" (x5))
- f(:I:H%,y*(ms)) + f(wt+%ay*($5)) - f($t+%,yt+%)
<2(t—s+ 1)773002 - <yt+% - Y, Vyf(mt+%,yt+%)>
Plugging in Lemma B.14 will conclude the proof:
CI)(‘DH-%) - f(mt—l-%ayt—&-%) <2t —-s+ 1)77:,:G2
1 ; ) ;G
# g (=9 @I = e (@)l + ).
O

Lemma B.17. For EG (Algorithm 3), under Theorem 4.9’s assumptions, the following statement
holds for the generated sequence {wi},{y,}, {®, 1}, {y4 1} during algorithm proceeding:

T
1 1 D?  Bn2G?
—— N3 1) — ) 1) < = (20, B*G? + — z
TSP f vy <5 (2 + D B )

Proof. According to Lemma B.16:

Z wt—— mt——vyt——)

=0

5 (k+1)B—1

Z > @ y) - f(®e1,y, 1)
j 0 t=kB

RS 2 2, L * 2 . 5 M2G?
< o1 2B"n,G" + n, 1Yes — ¥ (@)° = 1Ys1yp-1 — ¥ (@)[I" + ——

+1 = y 2
1 D?  Bn3G*?
< — |20, B*G? + z .
- B [ ! 277y - 2 }
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B.2.2 Proof of Theorem 4.8 for EG

In this section we are going to provide the proof for Theorem 4.8, EG part, the convergence rate of
EG in deterministic setting. We first introduce the formal version of Theorem 4.8, EG part here:
Theorem B.18 (EG Deterministic, formal) Under Assumption 4.7, if we choose n, =
0] (min {%, %7 Wzﬁ}) Ny = 22, then EG (Algorithm 3) guarantees to find e-stationary
point, ie., %ﬂ Z?:o V@1 j20(x¢)||? < €2, with the gradient complexity bounded by:

2 A 22
0 (KG 4A<1> max{l,Df}> )
€ €

Proof. According to Lemma B.15:

T T
1 2 P10 1) 1 )
T—HZHWW(@_,)H T 0) +T+1;86(4%@_;)—f(wt_;,yt_p)+12nw£G
T
HSo > IVed (@) = Vol @r v

For ||V f(2t,y,) = Vo f(2i-1,y;,-1)|% notice that:

IVaf(@e,ys) = Vo f @1,y )II° < Cllaee — e l* + 21y, — y, 4 |12
<SPG+ IV f (@ yy, )P

< 2GR+ 220 (B, y) — f(@,oyy,y))
So we have:

P -1 L R 1
1 T
+ 7T 2B 2 (Blaiy) = @y piy) + 120G 4 B
t=

Now we plug in Lemma B.17:

T
1 q’1/2£( ) ‘51/25(1371 1)
_ P 2 <
D2 2G2
+ (80 +2n20°) (zancﬂ + o0 B + "“2 ) + 1201, G? + 8202 G*?
Yy

2 64

Choose B = O (G\/W) Mz = O (min{%, 7675 W}), Ny = 212’ and then we guarantee
that T—_H tho |\V<I>1/Qg(mt_%)||2 < €2 with the gradient complexity is bounded by:

2 A 202
O(m A, m{le
€ €

Stochastic setting.

In this part, we are going to present proof of EG in stochastic setting. First let us introduce some
useful lemmas.
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B.2.3 Useful Lemmas

Lemma B.19. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {y,},{y,, 1 } during algorithm proceeding and any

yey:

_ul2 < _yll2 49 P vé _ 1_3773[’2 _ 2
1Yeer =9l” < llye = ylI” + 20y (Y113 =y, Vi f(@ 1. 9000)) = 5 5 ) 1y =yl

1
+ 5(3nin§€2(G2 +07) + 61,07).

Proof. According to Proposition B.13, we set r = y,, ¢ = Y, 1, P = Yir1 and v =
—nyvyf(:ctJr%,yH%;f), u = —n,Vy f(2, Y, §). We can verify that:
lu— )2 = 21V f @ yr 336 — Vo @y I
< 37773”vyf(xt+%7yt+%) ~Vyf(@ey)|? + 377;||Vyf(wt+%vyt+§§§) - vyf(wt+%’yt+§>||2
+ 31V f (e, y4:6) — Vo f (e, y,) |
<3(PNyery —yul? + Pl y — @) + 30 Var(Vy f(@e, y,5))
=+ 377§VCLT(Vyf(CBt+%7yt+%;€))
<33Py — yllP + 122G+ 02) + 30 Var(Vy f(ze, y,:€))
+ 3 Var(Vy (@1, 9i415€))
so if we set Cf = 3n2f* and C3 = 320 l*(G* + 02) + 3 Var(Vyf(ze,y,;: ) +
3n§Var(Vyf(a:t+% Yyl €)), we have the following inequality holding for any y € Y-

(= Vo f (@1, Y001:€) Yo =) <y = yllI* = Y40 — vl
1 2, O3
~(3-F) we-valt+ .

Taking expectation on both sides yields:

(= Vyf (@ 1,Y01),Yers — ) <Elly, -yl — Ellyyy — vl

1 32 1
N (2 o ; Ely, - Yitrl ||2 + 5(377925-77552(G2 + 02) i 67750'2),
O

Lemma B.20. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,},{x\; 1 },{y,y 1} during algorithm proceed-

ing:
e
E[®1/20(@y 1 1)] < E[@1y00(xy_ )] + 200E[P(2y 1) — f(®y_ 1,9, 1)] = gE“vq)l/Ql(wtf%)'F
+ 37735(6'2 + 02) + 277wEvaf(wt7yt) - wa<wt717yt—1)||2'

Proof. Letd, i = argmingegs ®(x) + £l — z,_1 . Notice that:

]E[(I)l/%(mt-i-%)] < ]E[(I)(ﬁjt—%)] + Z]E”fi:t—% — Lyl [
<@y yop(#y1) + 3070 + G?) + LE||2y_ 1 —ap 1|
+ 27790€E<v93f(wt7%ayt7%) + Vo f(@e,y,) = Vo f(@e-1,Y11), 53#% - wt7%>)
=E[®(#,_ 1) + UE|#_1 — 21 |> + 20 E(Vo f(®y_1, Yy 1), &1 — ®_1))
+ 200, E(V o f(®e,y,) = Vo f (@1, 4-1)s By — @y_y) + 3024(0% + G?)

1
2

44



So we have:

E[®1/20(2y11)] < E[@(&,_1)] + (Ellz,_y — 2,1
l .
+ 2n,/E (@(wté) = fl®1,y1) — §Hwt7% - wt%H?) +3020(G? + 0?)

1 L .
.t (%Envxf(wt, Y) = Vel @y )P+ 5B,y — @) ||2)

N2 l?
S E[®y)20(x;_1)] + 2024 (‘P(wtf%) - f(%ﬁ;%ﬁ)) — 3

+ 320(G2 + 0%) + EE|Va f (@1,9,) = Vo (@19, %

E”i:tf% — &1 &

Using the fact that |, 1 — &, 1| = iHV‘I)l/Qg(sct_%)H will conclude the proof.

O

Lemma B.21. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {@¢}, {y,},{® 1}, {y, 1} during algorithm proceed-

ing and Vs < t:
<I>(mt+%) 7f(:13t+%,yt+%) < 2(t75+1)nxG2
1 . . 1
* o <”yt — Y @)~y —y (@)l + 5By 2(G* + 0%) + 677502)) '
y

Proof. According to Lemma B.21:
<I>(a:t+%) - f(mt+%ayt+%) < f(mt—i-%ay*(mt—l-%)) — f(=s, y*(wm—%)) + f(xs, y* (xs))
- f(wt+%7y*(ws)) + f(wt+%ay*(ws)) - f(mw%’yur%)
<2t —s+ 1)771G2 - <yt+§ - v, vyf(wt—i-%ayt-i-%))
Plugging in Lemma B.19 will conclude the proof:
(I>(a:t+%) - f($t+%,yt+%) <2t-s+ 1)77mG2

1 N N 1
+ g (1= 0 @17 = s — v @) IP 4+ SEEREG +0%) 4 6020?)).
Y

O

Lemma B.22. For Stochastic EG (Algorithm 3), under Theorem 4.9’s assumptions, the following
statement holds for the generated sequence {x.},{y,},{x\; 1 },{y, 41} during algorithm proceed-

ing:

T+1 Z(I)(wtfé) — @1,y 1) < B 2, B*G? + ot
t=0 My

- 1( D? Bngcﬂ)

45



Proof. Summing over ¢ = 0 to 7" on both side of Lemma B.21 yields:

T

1

T11 Zﬁ(wt_%) —flxi_1,9-1)
t=

s (k+1)B—1

\ \
M

q)(mt—%) - f(mt—%vyt—%)
j=0 t=kB

Mm

_|_
1

1 i \
[2327795@2 4 (ks = 9" @) = [y~ 9" (@)
j=0 Y

LG+ o?) + 677502))}

IA

1 D? 1
o, B2G2 23m2202(G2 4 o2 2 2
B(n G +2ny+2(3nxny (G +0%) +6m,07) |,

which concludes the proof. O

B.2.4 Proof of Theorem 4.9 for EG

In this section we provide the proof for Theorem 4.9 on the convergence rate of EG in stochastic
setting. We first introduce the formal version of theorem here:

Theorem B. 23 (EG Stochastlc formal). Under Assumption 4.3, and 4 7, if we choose n, =

6
T DIfgiC e 1,y = O(min{ 4, £ }) then Stochastic EG

(Algorithm 3) guarantees to find e-stationary point, i.e., T+1 tho E||[V®190(¢)||* < €%, with the
gradient complexity bounded by:

D?PGVG? + o2 o?
O 5 max .
€

6

O (min{ e(G2+a2) ETET

1. —
,62

Proof. According to Lemma B.20:

T
1 9 E[@l/ze(mfl) - @1/2€(wT+l)]
7T+1§E‘|V(I)l/2l($t—%)” < 2 T 2
2 2
+ 16€m ZE xt—— f(a:t—%ayt—%)] + 241, 4(G” + 07)

1
#1675 S EIV. f @0 w) - Vel @ v I
t=0

Observe that:

E|V.f(@e.y,) = Vo @190 < CE|(@0y,) = @13,
= CEll2; — @112 + CElly, — y, |
2
< OGR4+ 0% + Pl |V, f@ gy

< PGP+ 0%) + CiE [0z, y) — flm, )]
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So we have:

T
1 E[®/00(x_1) — Pyjoe(Try1)]
— Y E|ve 2 < 2 2
1 T
2 2
1607~ ;E[‘I’(%—%) = fle 1y, 1)l + 240, 0(G” + 07)
1 T
1607 DB Bl y) — Sy )] + 16692 o)
t=
E[®1/20(w_1) = 1 y2e(ry 1 )] 1
< T1 +16(¢ + 52772)7174_1 ZO]E[‘I’@CF%) = f(®_1,y,-1)]
t=

+ 160202 (G? 4 0°) + 24, 0(G* + o)

Plugging in Lemma B.22 yields:

T
1 ]E[‘I’l/%(m—l) - ‘1)1/26(1'T+l)]

— E E|V® 2 < 2 2

T+14% IV eI < T+1

1 D?  Bp2G?
2, 2 22 x
+16(0+ 2n2) = (277353 G? + D )

+ 166°12(G? + 0°) + 24n,L(G* + o?).

4 E6
G242 D2€3<T2G\/G2+0'2 })’

€

. . 62
Choosing B = O(# W>’ Ny = O(mln{e(g2+02)7 D23C
1y = O(min{%, %}), guarantees that 71 S E[ V@ 90(2:)]|? < € holds with the gradient
complexity is bounded by:
<D2£3G\/G2 +o%Aq { o2 })
(0] 5 max .
€

1. —
,62

which completes the proof. O

B.3 Tightness Analysis

In this section, we provide our tightness analysis showing our obtained upper bound is tight given our
choice of learning rates. In subsection B.3.1, we introduce our hard example, and show the lower
bound on convergence of this example, and then in subsection B.3.2, we extend the tightness result to
EG/OGDA using the same hard example.

B.3.1 GDA

Proof of Theorem 4.10. Let L > 0 be some constants to be chosen later. Inspired by [ 1], we
consider the following function f : R x [-D, D] — R:

f(x,y) = h(z)y

where
%1’2 lz] <1
h(z) =S L—%(jz[—2)? 1< |z[<2
L |x] > 2.

It is easy to verify that f is nonconvex, 2L D smooth, and LD-Lipschitz. We choose L =
+ min{//2, G} to guarantee that f is ¢ smooth and G-Lipschitz with respect to z. The primal
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function is ®(x) = Dh(x) attained when y = D. After standard calculations, we know that when
|z| < 1, the Moreau envelope @, /5,(z) satisfies

LDt
T LD+

By definition, we also know ®1 /5¢(x) > 0 for any = € R.

Dy /90() lz] < 1.

We first claim that if we choose |xg| < 1, yo > 0, we have for any ¢ > 0, |z;] < 1 and y; > 0. We
verify this claim by induction. First note that when ¢ = 0, the claim holds for sure. Let us assume it
holds for ¢t = k. Thenfort =k + 1,

Tpy1 = T — Mo Lkyr = (1 — 0z Lyk) T
Since 0 < yp, < D, we have 0 < 1 — 0, Lyy < 1. Therefore |z;11| < 1. For yx11, we have
Yk+1 = P—p,p)(yr + nyh(xr)).
Since h(xy) > 0, we know that y;11 > 0, which verifies the claim.

‘We can also bound

T—1
o] = | [ (0 = naLys)zo| > (1 = neLD)7 ||
t=0
Since V&4 /9/(z) = L?DL_%ZI, choosing =y = Lfggee, we have € > [V, o (zr)| > 2¢(1 —
n.LD)T. Also noting Ag = %62, we have

1 Ag LD¢
r=9a (nwLD> =9 (nwLDeQ ' LD+2£>

BG2D2Ag

B.3.2 EG/OGDA

Proof of Theorem 4.11 for OGDA. We use the same hard example f(z,y) = h(z)y as in proof of
Theorem 4.10. Similarly, we first claim that if we choose 0 < zg < 1 and yo = D, the following
statements hold for any ¢ > 0:

(a) 0 <2y < land @y > 24-1/V2,(b) ye = D,
where we define x_1 = zg and y_1 = yo.

Now we prove the above claim by induction. First, when ¢ = 0, the claim holds for sure. Then, let us
assume it holds for ¢ < k. Then for ¢ = k + 1, we have

Tpq1 = g — 20, LDxpyr + N LDxp 1Yk
=(1-2n,LD)xy + Ny LDxp_1.

Since 0 < zg,x5—1 < land 0 < 1, LD < 0.1, we have
(1 —=2n,LD)xy < xpq1 < (1 —ngLD)xy + neLDxp—1,
which implies 0 < x1,/v/2 < 0.8z, < x441 < 1. For y41, we know
Ye+1 = P—p,p) (U + 2nyh(zy) — nyh(zk-1)).

Since h(z) = £2? when |z < 1, and z, > %mk,l, we know that 21, h(xy) — nyh(zr—1) > 0 so
yr+1 = 1. Till now, we have proved the claim.

Then, we are going to bound the magnitude of x7. According to the updating rule we have:

Tir1 = T — 20, LDxy +ne LDz 1.
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Solving the above recursion we get the solution for x; as follows:

t

(1 1 ) 1—2n,LD+ VA

= |=+ Lo
2 2VA 2

t
(1 1 > 1—2n,LD — VA
+ |z - Zo,
2 2V/A 2

where A = (1 — 21, LD)? + 4n,LD.

Letor = (3 + gyz). o0 = (3 =gy ) amd = (202 0 = (1) we

observe the following facts:

ay > %,Cm <nL*D?
1—=ngLD <X\ <1,-n,LD < X <0.
Now, we can bound the magnitude of z
|xr| = |a1/\1T + az)\QT’ xo > ||a1)\1T| - |a2)\g|’ T

1
> (2(1 — 2, LD)" — (nwLD)T“) 0.

. _ 2LDf . _ LD+2¢
Since V&, /50(x) = T 202, by choosing zg = =757 - 4e, we have

1 1
€ > |V, j50(xr)| > 8e€ (2(1 —99,LD)T — 4) 7

which yields (1 — 21, LD)T < 3/4. The rest of proof is similar to that of Theorem 4.10. O
Proof of Theorem 4.11 for EG. We use the same hard example f(z,y) = h(z)y as in proof of

Theorem 4.10. Similarly to our previous proofs for GDA and OGDA, we first claim that if we choose
0 <z < 1andyg = D, the following statements hold for any ¢ > 0:

(@)0 <z <1;(b) ye = D,Yypq1/2 = D.

We prove this claim by induction. First, when ¢ = 0, the claim holds for sure. Then, let us assume it
holds for ¢ < k. Then for t = k + 1, we have

Tyl = Tk — NoLlYry1/2Tk11)2
= ok — N Lyrg1y2 (L — 0z Lyg) o,
= (1=, LD +n2L*>D?)xy.

Note that since 0 < 1, LD < 1/2, we know
0<1-n,LD+n’L*D*<1,
which implies 0 < x4 < 1. Regarding y, note that
Yr+1 = P—p,0) Uk + nyh(Tr41/2))),
Yk+3/2 = Pl—p,D](Uk+1 + nyh(2r41)))-

As h(241/2), h(zr11) > 0and yp = D, we have Y11 = yi13/2 = D. Till now, we have verified
the claim.

Note that
1 =(1 = ne LD + 13 L2D?)zy, > (1 =, LD)ay.

Hence we can unroll the recursion and lower bound the magnitude of V® /5¢(27), which is similar
to the proof of Theorem 4.10. O
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C Proof of Stepsize-Independent Lower Bound Results in
Nonconvex-Strongly-Concave Setting

In this section, we prove general lower bounds on the convergence rate of GDA/EG/OGDA for the
NC-SC setting. In subsection C.1, proof of theorem 5.1 is established giving the lower bound for
GDA in NC-SC, and in subsection C.2, the proof of Theorem 5.2 is established, proving the lower
bound of EG/OGDA for NC-SC problems.

C.1 Lower Bound for GDA

Theorem C.1 (Theorem 5.1 restated). For GDA algorithm, given n, = ©(1/£), for any 1, there ex-
ists a £-smooth function that is nonconvex in x and p-strongly-concave in 'y, such that for || ®(z7)|| < e,

we must have:
T=0 <“€§¢>
€

Proof. Combining Proposition C.2 and C.3 will conclude the proof. Proposition C.3 shows that when
Ny € (ﬁ .00), GDA diverges, and Proposition C.2 shows the lower bound on the convergence rate

when 7, € (0, L. O

iy

Proposition C.2. For GDA algorithm, given n, = ©(1/{), for any 1, € (0,3, there exists a
L-smooth function that is nonconvex in x and p-strongly-concave in y, such that forKlf@(a:T) | <e we

must have:
T=0 (”£§¢>
€

Proof. Recall that we consider the following quadratic NC-SC function f : R x R — R

fz,y) = —3a® + bry — Spy®.
Recall that f is nonconvex in z (it is actually concave in x) and p strongly concave in y. Assume

k= {/p > 4 and choose b = /(€ + p) for some 0 < p,, < £/2 to be chosen later. Then we
know b < ¢/2, and it is easy to verify f is £ smooth. Note that the primal function

() = max f(z,y) = Lz

is actually strongly convex. This also justifies the symbol for .. We use GDA to find the solution
for min, max,, f(z,y). Actually, for this problem, the optimal solution is achieved at the origin.
The stepsizes ratio is chosen as r = Z—y and n, = % for some numerical constants c. Then the GDA

update rule can be written as
TRAL) — (T4 M) - (7F
(yk+1) (I+n:M) <yk> ’ 85)

¢ =b
M := (rb ,ur) ' (86)

Note that (85) is a linear time-invariant system. We need to analyze its eigenvalues. Let A; and A\ be
the two eigenvalues of M, we have

1 1 5
M = = (o = €)% 5 (or — 0 — dryu.

Note that if we choose 1, < £/8, plugging into r = ck, we can bound

02/\1:_(2/€—1)€<1_ {— 4611,%.)

where

(ur — £)?
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Let 51 be the corresponding eigenvalue of I + 7, M, for small enough ¢; < 1, it satisfies

()Sl_&zl_
r/ TKy

S51=1+T]3;)\1§1.

We adversarially choose the initial point (xg, yo) such that it is parallel to the eigenvector of I+ 7, M
corresponding to s;. We can always choose xy > 0 for simplicity. Then we have

Te+1) _ (1 M)T [0} = 4T (%0
<yk+1> (L+n.M) <yo> °1 <yo)’
Kl

so we can compute the magnitude of zr as xp = slTxO. Choose p; = 57, and thus we have:

1\* 1\ 2T 1
IV | = llezoll = o (1 - ) 2ol 2 1 (1 - ) 2ol > 1z exp ( ) o] >  pialao]
TRy REg KKy 2

where we use the inequality that 1 — 2 > exp(z1n 3) and exp(zIn §) > 3 for z € [0, 1]. Recall that

QA—‘I’, we have:
e

1 KEA
IV8(r)] 2 5v/20A =0 <\/T> ,

which means to guarantee that | V®(z7)|| < €, we must have T > Q (55,

we choose x¢ =

O

Proposition C.3. For GDA algorithm, given n, = ©(1/0), for any n, € (3, 00), there exists a

£-smooth function that is nonconvex in x and pi-strongly-concave in 'y, such that:
IVO(zr)| = ¢

where c is some constant that does not vanish as T’ increases.

Proof. Recall the transition matrix in (86). We notice that
trace(M) = Ay + Ay = L — pr.
Since r < k, then A1 + A2 > 0, which means that max{Re[\1], Re[A2]} > 0, so:
1T+ ne M) > max{|1 +neal, [T+ 1202} > a”
where « is some constant larger than 1. If we choose the initialization to be [z, 0], the gradient

IV@(@7)]| = pal|(T+ 12 M)" ||zo diverges. O

C.2 Lower bound for EG/OGDA

Theorem C.4 (Theorem 5.2 restated). For deterministic EG/OGDA algorithm, given 1, = ©(1/0),
for any n,, there exists a {-smooth function that is nonconvex in x and ji-strongly-concave in y, such

that for ||®(x1)| < € we must have:
T=0Q (“qu’)
€

Proof of Theorem C.4 for EG. We consider the same quadratic hard example f and notation used in
the proof of Theorem 5.1. For simplicity, denote w = (x,y). Then the updating rule for EG can be
written as:

Wiy1/2 =+ n.M)wy,
Wiyl =wg + N Mwy /0
=T+ 7.M + 112M?)w.

51



Therefore, similar to GDA, EG is also a linear time-invariant system with the difference that the
transition matrix now becomes as M’ = (I + 7, M + n2M?).

The rest of the analysis is the same as that of GDA in Proposition C.2. Then, we are going to show
that when 7,, € (=%, +00) for some c,, the EG method diverges. Consider

Catil?
fx,y) = —50a® + bry — Spy°.
Then according to Proposition C.2, we have:
trace(M’) = trace(I + 1, M + n2M?)
=14 0.0 — pr) +n2(02 + p?r? — 2rb?) (87)
=1+ 0o (0 — pr) 3 (€= pr)* = 2rppz)

2
Now note that since r < k, to show trace(M’) > 1, it is enough to have u, < %. However,

by choosing i, = ©(€?), and by choosing the small enough ¢, we can satisfy the condition that

2
e < %, thus we can conclude that under this situation trace(M’) > 1, which means that

same step as the Proposition C.3 can be taken to prove the divergence of || V®(zr)]|?.

O
Proof of Theorem C.4 for OGDA. Assuming the same setup as the proof of EG, the update rule can
be written as follows: The dynamics of OGDA is
Wiy1 = Wi + 2n,Mwy, — n,Mwy_1.

If we initialize wq parallel to the eigenvector of M corresponding to A\; and let w; = wg, we know
every wy, is parallel to it, i.e., wj = zpwq for some scalar z; which satisfies

Zht1 = 2k T 2Np A28 — NpA12k—1.
The general solution of the above recurrence relation is
2k = aa® + ba*

for some constant a, b and

1
a=; (1 + 201 + /14 4773/\§) :
1 2)2
525 L4200 — /1 +4nzA7 ) .

‘We have
1+ <a<l, nA <B<L0.
Using the initial condition z_; = 2y = 1, we can get the constants

al-8) 1 1
a=——"t = >1/2,
a—pB 2 2\/1+4n2)\2 /
b:_ﬂ(l—a)_v1+477§>\f—1< 2)2,

a—f 21+ 42N =1
‘We can bound

20 > 5 (L+meA)” — [ [FF2

L deus T
K 4’
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where we use the fact |, \;| < 1/2. Similar to the analysis for GDA, choosing p1,, = 50€%/Ag, we
have

2 I 4

1 4deq iy T
=10e | = (1 - =) — .
e [2 ( K ) 4
Therefore, if [V®(Z)| < €, we must have
T:Q("‘) :Q(“Aj’).
Ha €

Now, we will show that Proposition C.3 also holds for OGDA. Consider the following 4 x 4 matrix
M’

1 deyp \ T 1
\VO(Z)| = pal >pexr > papTo l (1 — Cm) — ]

r_ |
M= {1+2an._%M ”””” ] (88)

It can be easily shown that, the OGDA dynamic can be written as follows:

wipr | _ [ (T4 29, M)? ¢ =y (T4 20, MM | [ wpy (89)
wy, Wg—2

Now similar to proof of Proposition C.3 for GDA, it suffices to show that the trace(M’) > 1 given

the conditions on the learning rate. To this end, note that we can write:

trace(M’) = trace(—7, M) + trace(I + 41, M + 4n>M?)
=1 — 0,0 — pr) 4+ 40, (0 — pr) + 402 (0% + pr? — 2rb?) (90)
= 14302 (€ — pr) + 403 (€ — pr)? — 2rpp,)

2
Now note that since 7 < &, to show trace(M’) > 1, it is enough to have p, < %. However,
50€>

note that we let u, = thus by choosing the small enough ¢, we can satisfy the condition that

Ag
2
B < %, thus we can conclude that trace(M’) > 1 holds. Consequently, similar argument as

the Proposition C.3 can be made to prove the divergence of | V®(xr)||2. O
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D Extension to Generalized OGDA

In this section, we analyze the convergence of generalized OGDA (Algorithm 4) where we utilize
different learning rates for descent/ascent gradients and correction terms. Specifically, we propose to
use different learning rates for V, f(z¢, y,), and Vo f (2, y,) — Vo f(2e—1,y,_,) terms, and also
Vyf(ze,y,), and Vy f(x,y,) — Vy f(21—1,y,_1), in order to make the algorithm more stable. We
believe this algorithm is more convenient in practice due to the more flexibility it provides in deciding
the learning rates. We demonstrated this stabilizing effect of generalized OGDA in our empirical
results in Section 6. Also, note that if we let 1, 1 = 7, 2, and 1,1 = 71y 2 in Algorithm 4, it reduces
to stochastic OGDA. Theorem D.1 establishes the convergence rate of generalized OGDA in NC-SC.
However, it still remains open to analyze this algorithm in C-C/SC-SC and NC-C settings.

We remark that the analysis of generalized OGDA was only known for the restricted bilinear functions,
which is established in [39], and convergence analysis beyond these simple functions previously was
unknown that we provide here.

Algorithm 4 Generalized Stochastic OGDA
Input: (z0,y,). stepsizes (1z,1, 7,2, 1y,1, y,2)
fort=1,2,...,T do
Tt i1 — No,1950-1 — M2,2(Gui—1 — Gui—2)
Yi < Y1 T My19y -1+ ’7y,2(9y,t71 - gy,t72)

end for
Randomly choose & from x1, ...,z
Output:x
_ 1 1 _ Nz,2 _ Ny, .
Theorem D.1. Let 1, = 5020 M2 = g7 Also, let a = el and 3 = 173:—2 Then assuming

B <1, and o < 2k2+\/B, under Assumptions 4.1, and 4.3 for Algorithm 4 we have:
K2UA  (k+a®)?D  ko? (14 a?)o?
+ +—+ 7)

T BT M, M, On

E[IVe@)|* < o(

where D = max(|ly; = yill% lyr = Yol llzr — @ol?), and A = ¢(x1) — ming ().

A few observations about the obtained rate are in place.
Corollary D.2. Let o0 = 0, and pick an o < \/k. Then deterministic generalized OGDA converges
to e-stationary point of ®(x) with gradient complexity ofO(’:—j).

2

Corollary D.3. For any o = O(\Vk), and any p < B < 1, if we choose M, = O(k% ), and
M, = O(%), then stochastic generalized OGDA converges to e-stationary point of @(x) with

gradient complexity OfO(I:;)
Remark D.4. Theorem D.1 establishes the convergence rate under broad range of primal learning

rates ratio (0 < a < O(k?)), and it shows that as long as o < +/k, we can achieve the same
convergence rate as OGDA if we assume p < g < 1.

D.1 Nonconvex-strongly-concave setting

We follow exact same steps as Lemma A.4, to derive the following lemmas.

Lemma D.5. Let ®(x) = maxy f(x,y), and y*(x) = argmax,, f(x,y). Also, letg; = g, ; +
(Gy; — Gyi1), Where a = % Therefore, we have x; = x;_1 — 13.19;. Then for Algorithm 4,
we have: Y

E[®(x:)] < E[®(@i—1)] — T E[|VO(2e-1)|?) — 221 (1 - 256n,.1)El|lg, |

= 2
§ 3 W20°R 2 § CENy* . — 2 § 202 . 2
+ 5z (llg:—all"] + 51 llyiy =y lI*] + 5100 lye—1 — Yi—oll”]
2 o?
+ 3((1 +O‘) + 1)%@1@

92)
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Proof of Lemma D.5. Proof is pretty much similar to proof of Lemma A.4, and we only include this
proof for sake of completeness. First, let 7 = g, ; — V. f(x;,y;). By definition of g, ;, we have
E[07] = 0, forall ¢ € [T].

Using the fact that ®(x) is 2k¢ smooth, we have:
D(xy) < @(wt D) F(VO(z 1), 2 — 1) + Kby — 2412
O(a—1) — 10,1 (VO(@11), 9o—1) + KL, 1[G |°

l@i-1) — V()| - T + 2 VO (@i-1) — g P
g oy
= B(@e-1) = S VO(@e1) |2 — T (1 - 26ns) g |
+ VO (@) — g,
Now using ¢-smoothness of f, and k-Lipschitzness of y*(x) (Lemma A.1) we have:
IV@(xi-1) = g |I” = [VO(@e1) = Vo f(@e-1,9-1)
—a(Vaf(@e—1,9,21) = Vaf(@i-2,91-5)) — ((a + 1), — ;)|
<3|VO(@i—1) — Vo f (@1, 4, 1)|I? + 362 Vo f(@i-1,Y4-1) = Vaf (-2, 90)[1? 94)

+3[l(a + 187y — 87|l
<3y (@e-1) =y |® + 302 @ey — @] + 307 C |y, _y — y, o
+6(a+1)%[107_, 1 + 6]167_, 1
where in the first and second inequalities we used Young’s inequality.

By combining Equations 93 and 94 we have:
(@) < O@i1) — T [V (@)

77:6,1
5 (1= 26b0:1)llg, 1 [1”

3 . 3 3
+ 51 ClYig = Yo P + Snea0®Cllay = 2o® + Smeae®Cly, o — o
+ 3,1 (a + 1)%)|67 1H2+377m1||5 ol?

771,1 77:6 1 3
< O(z-1) — o= [VO(ai—1) I — == (1 = 2600,1)|ge—1 > + e, 2107 lge s |?

3 3
+ SNaa l? ||yt L= Yeall? + %152 “Nye1 = yooll® + 30w (e + 12|67 |2

+ 31211107
95)
We proceed by taking expectation on both side of Equation 95, to get:
Nzx,1 Nzx,1
E[®(2/)] < E[®(@;-1)] = E[[VO(@:1)[*] = = (1 = 26021 )E[llg,—. ]
3 3 *
+ 508102 CE g, ] + St CEllyi — i) 96)
2 1102 E - 2 L+ a)? 4 a2
+ 5710 CE[ly .y =y, 7]+ 3((1 + )" + Doy o7
where we used the fact that E[d7] < ]"M—i foralli € [T].
O
Lemma D.6. Letny > = & then the following inequality holds true for generalized OGDA iterates:
t+1 9 t+1
> Elly; —yil’] < < By, - Yill°] ZE Iz — y;lI°] += meZE lg:11%]
i=1 i=1 97)
2T o2
702 M,
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Proof of Lemma D.6. Using Young’s inequality, and x-Lipschitzness of y*(x) we have:

Hyt+1 - y:+1||2 < 2||yt+1 - y?”2 + 2||y:+1 - y;:k”2 98)
<2(|y;1 — yr|1? + 267 |zeg1 — )

Similar to Lemma A.5, we try to find an upper bound for ||y, ,, — y;||*. Let 2¢41 =y, +17y,19, + —
Ny,29y.t—1, and 8! = 9y.i — Vyf(xi,y;). Then we have:
1Yerr = yill® = llzesr — y7 +1y.29,.°
< 2|z — yi 1 + 20559, .17

* (99)
< 221 — yilIP + Ay oIV f (e o) |1 + 4oy 51671
< 2|z — yy 12 + 40y 2P lly, — ilP + 40 o)1 07 )12
The rest of the proof is exactly same as proof of Lemma A.5. O

Similar to Lemma A.6, we have:

Lemma D.7. Let z¢11 = Y, + Ny 19y — My,29y 41 Tt = zer1 — yill? + gllyt — ;4 |* and

Ny,2 = é. Also let % = B, and assume B < 1. Then OGDA iterates satisfy the following
’ g Y,

inequalities:

Efr,] < (1 2B 1202 3K 2 Pliag 2 B (100)
rd < (1= LBl + 1202,°B g 17) + 222 Bl 1P+

t 2 .4 t—1 2
12k 2 ) Mok 9 | 4ra(t —1)
Y E[ri] < 5 E[r{] + gﬁE[\\wl — 0" + 145T ;=1E[||gi|| ]+ oM, (101

i=1
Proof of Lemma D.7. Let §¢ = 9y.i — Vyf(xi,y;), and note that we have 2,11 — 2 = 1,19, -
We have:
lzer1 = yi 12 = 20 — yi +1y.19,.0
=z = yilI” + 20y,0(9y 0, 2 — y1) + 051119,
= llze = yil? = 20yamy.209y 4 Gy 1) + 204,109y 0, Ye — ¥7) + 1151119,
= llze =yl + nyamy2ll9y = 9ye—1ll* + 204009y 59 — ¥0)
- 7797177972||gy,t71 H2 =y (My,2 — 77yJ)HQ;,,t||2
< |zt — ZUZF”2 + 30y 2|V f (e, y,) — Vyf(mt—lvyt—l)HQ
+ 20y 1 (Vy f(Te,Y0), Y — Yi) — 77y,177y,2||9y,t—1||2 — Ny 1(Ny,2 — Wy,l)”gy,tnz
+ 31y,10y,2 ‘55;/“2 + 377y,177y,2||6§—1”2 + 277y,1<5%/7 Y — Yi)
< llze = yilI? + 3myamy 2 l|@e — e l* + 30y, 20 1y, — v
=20y 1pillye = YiI® = myany2llgy -1l = 01 (g2 = 0y,0) 19617
+ 377y,177y,2H5tyH2 + 377y,177y,2||6?71”2 + 21,1067, Y, — yi)

(102)

where the last inequality follows from smoothness of f, and strong concavity of f(x;,.). Now note
that using Young’s inequality we can write:

ly, — yillI* = %Hzt —yi1? =05 2llgyeal® (103)
Now plugging Equation 103 back to Equation 102, and letting 1, 1 = /31,2, we have:
lzes1 = yill® < (1= Bngamlize — yilI* + 3605 2|2 — e ||* + 3605 2|y, — yo I
= Bty 2(1 = 20y 21)llgy 11 |I* = By 2(1 = B)llgy 1|
+ 3015 o167 17 + 38mg o167 [I* + 26my,2(87, y, — y7)

(104)
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We can also write:
ly, —y, 1 |1? = 17y.19y.4—1 + My.2(9y -1 — gy,t—Q)Hz

< 2775,1 19y.t—1 12+ 277;3,2||gy,t71 - gy,t72||2

< 2775,1 ||gy,t—1 H2 + 6775,2||Vyf(mt—17 Y1) — Vyf(@i-2, yt—2)||2
+ 61 5167 |17 + 61 o[ 67_, |2

< 2775,1”9?;,1571 I + 6775,262”5”#1 —z ol + 677@2;,262Hyt71 I
+ 6m o671 [|” + 6175 [ 67_ 2

= 2»32772,2”9;;,#1 17+ 6775,262“%71 -z o+ 6775,262”%71 — Yol
+6m 51671 |17 + 61 o671

(105)

Now adding 9677 ,*||ly; — y,_,||* to both side of Equation 104, and using Equation 105 we have:

1Ze1 = yi 1P + 9805y, — v * < (1= Bny o)1z — i 1> + 360, 12| — a1 ||
— By (1 = 2ny 0 — 24B%1; 5 0)|1g, 11> = B0 2(1 = B)llgy..?
+ 7280, o |1 — @i2|” + 7281, oY1 — Ysol?
+ 3577572(1 + 2477;,232)”6?”2 + 35775,2(1 + 2477;,252”5?—1 ||2
+28ny,2(0¢, y; — y7)

(106)
Now plugging 7, o = & into Equation 106, and assuming 3 < 1 we have:
. B B . B
2o =yl + Tlye =y l® < (0= ) (20 = w7 1%) + gllyer — veal?
B
+ D~ w4 D~ mal? (107)
B 2 ﬁ 2 2ﬂ *
+ @”‘S?H + @H‘St{ﬂ\ + @wty,yt - Yi)

Taking expectation from both side of Equation 107, we have:

. B B x B
E llze0 = w7l + Jllye —weall?| < 0= B [llze = w7 I°] + Ellye—s — yioll”]

+ LRl — 2|2+ ZE[s — sl

12 18
2
420
302 M,
(108)
Also using Young’s inequality we have:
. B . K
lze = yil* < U+ o)llze — g 1+ (L + 1256l — a2 |? (109)

12k 8

where we used the fact that for any a > 0, |z + y|> < (1 + a)[z]* + (1 + L)[y[% and
r-lipschitzness of y*(x). Plugging Equation 109 back to Equation 108, we have:

a2, B 8 " p
E llze0 =97l + Zllye —woall?| < (0= 5B llze = w1+ JEllyes — yioll”]

F1RE e — a2 + LBl — o)

Bo?

+
302 M,

(110)
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Therefore, if we let 7, = || z11 — y}||*> + 5[ly, — y;_, % then we have:

ﬁ 2 3 2 57711 60'2
Blr < (1= gy JElren] + 1202 6 °Bllg, |7+ e Ellor ]l + 5y (1D
We can derive the following equation, by applying Lemma A.2.
t 2 At t—2
12k 2 2
> Elr] < 5 —EEr] + 144725 B > Ellg:l’] + mmZEllgzll J+ SRE[|l21 — o]
i=1 =1 =1
4ro?(t —1
| Aot —1)
2M,
(112)

Or equivalently we have:

t 2 4 t—1 2
12k 2 Ny 1k 4dro“(t — 1
SEfr] < 25 Elr ] + 2E{le — zol?] + 1451 SE[g, 7 + B EZD 13

v 3 3 B M,

Proof of Theorem D.1. We begin by taking summation of Equation 92 (Lemma D.5) from ¢ = 2 to
t =T which yields:

T—1
. 3
Bl S BV, < Blar) - Bb(an)] + on,10*Car —
=1
77 T—1 T—2
S (1= 2mbn2) Y Ellgsl®) + nm 51070 " Ellgil]
im1 i—1 (114)
3 T—1 3 T—1
+ 5%,152 Z ly; — yilI” + 5%,1@262 Z Ellly; — yi—1?]
=1 =1
T —1)02
F3((1 4+ )2 4 1), LoD — )o

Now note that if 7, < 55 then we can drop ||g_;||? term in above equation. By considering this,
and multiplying both sides by ﬁ we get (also let A = ®(x1) — ming ¢(x)) :

ZJE IV (2;) | < +3a2£2||w1 ~ zo|?
T—2
— (1= 26ln, 1 — 302 ,0°0%) Y Ellg;|]
i=1 (115)
T-1 T—1
+30C ) Ellly; - yillP1+ 30 Ellly; — v, |1?]
=1 i=1
T —1)0?
6((1 241 T —1)o”
+6((1+a)°+1) YA
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We can replace ZiT;ll lly: — y;||? with its upper bound obtained in Lemma D.6 to get:
- 2 _ 24 22 2 2
Z [VO(x;)[|” < - +3a” |zr — o |” + 75 ly, —

1:7

il

i=1

54
— (1= 28l 1 — 302 1022 — 7773,15%2) > Ellg:l]
=1

(116)
108 . T=1 T—1
+ 2 S Bl — 17436 Y Ellys — i
i=2 i=1
9 (T —1)o? 6 (1 — 2)0?
+6((14+a)*+1) A tz M,

Now note that 22 E[|| 2,41 — y;[?] + 38 ZiT;Ql E[|ly; — ¥;_1 %] < 15.5E[r;]. Therefore we have:

Zuw 2| < +3a2m|w1—mo||2 2y, - w3l
54 T-2
— (1 —2Kny 1 — 37]9207104252 - 7775,15232) Z E[|lg;]%] (117)
i=1
T-1
T—-1)0% 6(T—2)o?
15.5¢> Y Er; 1 +a)? 1) =
+15.502 Y E[ri] +6((1+ )’ +1) VAR v

i=1
Furthermore, using Lemma D.7, we can find an upper bound on . ;" E[r;], and replacing it in

above equation yields:

= 2A K2
DIV < ; 5 [r1] + 116671 — a0 + 302 ||zy — 20|
S z,1
27 o 2 2 2 94 Rt
+ 7£ lyy — yill” = (1 = 26lnyy — 3ng 10707 — LAl e 22487736 1" 5 Z E[llg;*
62k0%(T — 2) , (T —1)0% 6(T—2)0?
2ERe T2 L6 1 2
+ M, +6((1+a)”+1) YA 7
(118)
By letting 7,1 = T\{Ee’ and 1), 2 < 5i7, it holds that —(1 — 2kln, 1 — 302 0202 — 22 | K207 —
VB and
50r20

[llg;]I?] < 0. Therefore, with the choice of letting rate 7,1 = =%

224812 1 557) Y, ' E
51mp11fy1ng the terms, we have:

1 ) K2UA e )
—_— E[||lVO(x; <1 1 -y -
11k 4 3a?)¢?
P78y gl + B
27 €2 5  63ko? 9 o?
-~ —y* 1 1)—
o gl = il S 6 ) )
(119)
Using Young’s inequality, and /-smoothness of f, we have:
— Y1l + 2llny.2(9,1 — y0) + 1,28 — gyl

ly, —y7 + Ny,19y,1 — 77y,29y,0||2 < 2[|y,
N 1 1 1-7
<2y, -yl + §||x1 —zo|* + §||3/1 —yoll® + TH%
(120)
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Plugging this into Equation 119, we have:

T-1

2IA 2

1 2 K K * (|12
— 2] < _
T—1 ;E[I\W’(%)II | <1007 + 376 77— lys — il
Kl 5 (32K + 3a2)¢? 9
+686(T—1)7Hy1 = Yol ‘*‘WH% — x|
63!%0’2 2 0'2
M, +6((1+a) +1)E

which completes the proof as stated.
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