A Introduction to exchangeable graph or graphon models

In the following discussion, we assume all graphs mentioned are undirected and have no self loops.
A graphon model refers to a probabilistic model on a graph on a countable set V C N, defined via a
graphon, which we define as a symmetric measurable function W : [0, 1]? — [0, 1]. To define the
law of the graph, for each vertex u € ), we assign an independent latent variable A,, ~ Unif[0, 1],
and then assign edges independently according to the law

Q| Ay Ay ~ Bernoulli(VV(x\u7 )\v)) (16)

independently for u < v, and then setting a,,,, = @, for u > v.

The Aldous-Hoover theorem [1] then gives the following equivalence between probabilistic models
of a graph on a vertex set V = N:

1. The law of the adjacency matrix is invariant to joint permutations of its rows and columns;
in other words, for any permutation 7 € Sym()’) we have that (G )u,v 4 (Ar(u)r(v))u,o-

2. There exists a graphon W such that the law of the adjacency matrix is equivalent to a
graphon model with graphon W.

The presentation above choosing the latent distribution of the vertices to be uniform is a canonical
one, but can be generalized. If we instead assign latent variables A, ey @ for some probability
distribution @@ C RP? and assign edges a,,, = 1 independently with probability W (., A, ) for some
symmetric function W, then the law of the graph is still exchangeable, and hence equivalent to a
graphon model as presented above.

One special case of a graphon model is known as a stochastic block model (SBM) [31]. The typical
formulation of a SBM defines a probabilistic model on a network given a number of communities
K, a probability distribution (7;);¢[.] on [«], and a symmetric matrix P € [0, 1]***. Foru € V, we
assign a community C'(u) € [k] with probability
P(C(u) = j) = m; for j € [K] (17)
independently for each u € V. Conditional on these assignments, we then form the adjacency matrix
of the network via connecting vertices independently with probability
]P’(auv =1 ‘ C(u), C(U)) = PC(u),C(v) = eg(u)Pec(,,) (18)
where e; € R” denotes the ¢-th unit vector in R”. This can be defined as a graphon model as follows:
forming a partition of [0, 1], say (A;);e[., for which [A;| = 7; for i € [k], then we can define a
graphon model by using latent variables \,, s Unif[0, 1] and a graphon function
W (u,v) = Po(u),c(v) for u,v € [0,1] where C(u) = jifu € A;. (19)
The law of the above graphon model is then identical to that of the SBM defined with 7 and P. Such

graphons are sometimes referred to as stepfunctions, which are graphons W which are piecewise
constant on a partition P x P of [0, 1]2, where P is a partition of [0, 1].

As presented, graphon models have some shortcomings. For example, by taking expectations,
if we have a graphon model on a vertex set V,, = [n], the average number of edges will be

n? fol fol W (z,y) dzdy. This means that graphon models give rise to dense graphs, which is not a
realistic assumption for naturally occurring networks. One way of accounting for this, particularly
when considering sequences of graphs, is to consider the sequence of graphs G,, on V,, = [n] where,
for each n, the generating graphon used is W,, = p,,W where W is a graphon function, and p,, is
a sparsifying sequence for which p,, — 0 as n — oo. Such graphs are referred to as sparisified
graphon models.

B Expanded derivations from Sections 1 and 2

B.1 Stochastic gradient descent and empirical risk minimization

We begin with considering the gradient updates of the form

Wy e wy — NV, L where L= Y Ip((wiwi))+ Y Iy({wiws))  (20)
(i,9)eP (i,§)EN
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performed at each iteration of stochastic gradient descent, where 1 > 0 is a sequence of step sizes,
and P and N\ are random subsets of V x V formed at every iteration of stochastic gradient descent.
Note that we can equivalently write this as

£=23 {1[(i.4) € Plep((wi,wy)) + L[(0.4) € N]w ({wi i)}, 1)
.7
where we use indicator terms to allow for the summation to occur over all pairs (i, j).

Recall that stochastic gradient descent, as introduced in Robbins and Monro [55], works by the
following principle: suppose we have a function of the form

F(9) :=Ex~q[f(X,0)] (22)

for some function f : X x ©® — R and distribution @) on X according to a random variable X.
Moreover, suppose that we have access to an unbiased estimator of the gradient Vo F' of F, say
g(z,0),sothat Ex.g[g(X,0)] = VgF. One can then show in various settings [see e.g 7, 12, 13, 23,
43, 55] that the optimization scheme

9t+1 = 975 — ntg(xt, 0) (23)
where x4 P owill converge to a local minima of F'(6), at least under some conditions on the step
sizes 7, > 0 and the curvature of F'(¢) about its local minima.

Applying this to the scenario in (21), we note that at each iteration, we sample sets P C V x V and
N CV x V at each iteration independently across iterations, according to some probability measures
Qp and Qar over V x V. With these sets, we perform gradient updates as in (23)

Vol =) {1[(4) € P]Vulp((wi,w) + 1[(6,§) € N]Vuln((wiw))} (24
4,J
for each embedding vector w, which is an unbiased estimator of VR where
R= {P((i,) € P)tp((wi,w;)) + B((i, 1) € N)lur({wi,wj)) } (25)
0,J
as a result of the fact that e.g. E[1[(¢,5) € P]] = P((i,j) € P). Consequently, the procedure
described in (20) attempts to minimize (25).

B.2 Embedding methods as implicit graphon learning

Write {p(y) = —logo(y) and lar(y) = —log a( y), and moreover suppose that P and A are
randomly drawn subsets from the sets £ and V x V C &, i.e that
P C{(u,v) : ayy =1}, N C{(u,v) : ayy, =0} (26)

Letting V = [n] for some integer n, note that in the model
A | Way, Wey ~ Bernoulli(a((wu7 wv>)) independently for u < v, 27

and setting a,,, = a,, for v < wu, the contribution to the negative log-likelihood of a single edge
(u,v) is of the form

U(1,0)) = =00 108 0 (w0, w0)) = (1 = @) 10g {1 — o ((wusw))}- (28)

(Recall that 0(—y) = 1 — o(y) for y € R.) Note that the a,,, are jointly independent conditional on
the collection of embedding vectors. Now, if we let £ (y) = —log o (y) and £xr(y) = —logo(—y),
as P is a subset of £ and V is a subset of V) x V\ &, the contributions to the stochastic loss take exactly
the form specified in (2), as £((u,v)) = €p({wy,wy) When a,, = 1, and £((u,v)) = Iar({wy, wy)
when a,, = 0.

B.3 Empirical risk when including regularization

We explain this using the weight decay formulation first, and then show that one has similar reasoning
when using the probabilistic modelling approach. Note that when considering stochastic gradient
iterations to only update individual parameters at a time, weight decay is applied per iteration to only
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the parameters to be updated (as otherwise all of the parameters will be shrunk towards zero while
waiting for the next bona-fide gradient update). Consequently, if we have a stochastic loss

L= Z Lp ((wi, wj)) Z O ((wis wj)) (29)
(i,7)€P (i,5)EN
and we write V(P U N) for the vertices which belong to either P or \V, the gradient updates for any
vertex u € V(P UN) take the form
Wy ¢ Wy = N(Ve, £+ 28wy) = wy — NV, [ﬁ + €ku||§] (30)

and otherwise w,, is kept as-is, meaning the gradient updates correspond to taking gradient updates
with the stochastic loss

Z {1[(u,v) € Pltp((wy, wy)) +1[(u,v) € ./\f]&\/((Luu,wv))}—l-fZl[u € V(PUN)]. 3

Consequently, following the same argument as in Appendix B.1 gives the form of (8). In the
probabilistic modelling formulation, we again note that the contributions to the negative log-likelihood
in the subsampling regime should again only arise from vertices belonging to V(P U N), and
consequently the same argument will give the form of (8).

B.4 Simplifying the risk for certain positive/negative sampling schemes

We note that in the setting where P C &, and N C (V,, x V,,) \ €, we can write S(G,,) = PUN,
and also
Uy, as3) = Lp(y)[ai; = 1]+ L (v)1[as; = 0],
P((i,) € S(G) |Ga) = P((i-5) € P|Ga)llasy = 1]+ P((i.5) € N'| G)1lay; = 0],

and as a result, we end up obtaining (10) from (8).

C Proof of Theorem 1

We follow the style of argument given in Appendix C of [21], introducing various intermediate
functions and chaining together uniform convergence bounds between these functions over sets
containing the minima of both functions; consequently, we break the proof up into several parts. Note
that we implicitly let the embedding dimension d depend on n throughout.

Before giving the proof, we state some results from [21] which will be used in the following proof.
Proposition 1 (Appendix C of [21]). Suppose that Assumptions 2 and 3 hold. Then we have the
following:

i) (Theorem 30 and Lemma 41 of [21]) For the functions

EN 1
Ralwn) = > falXis Ay aip)l((wi, w5), aij),

,j€[n],i#j

~ 1 -
]E[Rn(wn) |>\n] = ﬁ Z Z fn(Ai7/\j,$)£(<wz‘,Wj>,$)7
i,j€[n],i#£j z€{0,1}

we have that
sup Ru(wn) — E[Ry(wn) | An]

dQ+1/2 )
wn€([—4,4]4)"

:op(W .

ii) (Lemma 37 of [21]) For the functions

BIRE (@) Ml i= o S0 0 PEfal e A (), ),

ije[n] i#j x€{0,1}

B[Ry (wn) [ An] = — Z > P fnal (M A)(wis w;), @)

i,j€[n] z€{0,1}
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where P22 |] is the stepping operator defined in Appendix C.3, we have that

P 5P, d?
sup  [BIRE (wa) | A] = EIRL ) (@) | Al = 0y (£).
wnE([_AvA]d)n n

iii) (Lemma 42 and Proposition 44 of [21]) Suppose that X ~ Multinomial(n;p) where p =
(pi)ic|ar for some M > 0, where the p; > 0 and Zf\il p; = 1. Then we have that

n_le — P n_2Xle/ — pipr IOgM 1/2

7’, max | :Op((g. ) )

le[M] 2 LV e[M] pipr nming p;

We also require the following lemmas, whose proof are deferred to Appendix C.7.

Lemma 4. For each n € N, suppose we have a compact set O, C RP(") Sor some p(n) with 0 € ©,,.

Moreover, suppose we have non-negative random variables cE o € Z i " fori,j € [k(n)] and x € {0,1},
and c(n), En) fori € [k(n)], which satisfy the conditions
) c(n) _ é(n)
max % = O0p(rn), max‘ o) L ‘ = 0p(rp),
b Cija ! G

Z czgz - 1)7 chn) = OP(1)7
(VK i
for some non-negative sequence r, — 0, where in the above ratios we interpret 0/0 = 1. Define
non-negative continuous functions ¢ ™ e, — R such that EEZJZ (O),El(.n) (0) < C for each

ijxr e

1,j € [k(n)], x € {0,1} and n € N. Finally, define thefunctions

I HCHORD SERO! = S + A

1,5,2 i 4,J,T

for 0 € ©,,. Then there exists a sequence of non-empty random measurable sets ¥ ,, such that

P(argmin G, (0,) U argmin én(ﬂn) - \I!n) — 1, sup |G n(ﬁn)‘ =0
0,€0, 0,€0, 0,€V,
We note that the condition that c@ =1+ 0p(ry)) EJ gz holds uniformly over all 4, j, 2 implies that
(n) _ ~(n) _
Z Cz]a, - P = Z lJ-L -
4,5,% ©,5,%
and so it suffices for either ) . jT 552 =Op(1)or}_,;, gﬁ = Op(1) to hold, and similarly either

i = 0p(1) or 2,8 = 0,(1).
Lemma 5. For each n € N, suppose we have a compact set ©,, C RP™ for some p(n) with0 € O,

Moreover, suppose we have non-negative functions ay, ., n o - 10,12 = R and by, by, : [0,1] — R
forn e N, x € {0,1}, such that

b, — by,
by

an,z - an,z

max ’
T

= 0O(rp),

oo

Ap gz

/ e dldl' = O(1), / by dl = O(1)
[0,1]2 [0,1]

for some non-negative sequence r,, — 0. Define non-negative continuous functions ¢, : R — R for
x € {0, 1}, along with the functions

/[01 3 anall ol 0 ) il + /H bl
Gn) = [ S nalt OO @t + [ bl 1
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defined over functions n : [0, 1] — ©,,. For any fixed constant C > 1, define the set
U, = {n : Gu(n) < CGH(0) or G(n) < CGL(0)}.
Provided there exist minima to the functionals G, (1)) and Gy,(n), we have that

arg min G,,(n) U arg min (N}'n(n) cv, and sup |Gn(n) — én(n)| = O(ryp).
n n nev,

We now begin with the proof of Theorem 1. Throughout, we understand that an exponent p depends
on the choice of loss function, with ¢ = 1 for the cross-entropy loss, and ¢ = 2 for the squared loss;
these will then give rise to the values of p in the exponents within the theorem statement.

C.1 Replacing the sampling probabilities

To begin, let

= 1 Sre; 1 ~
Ral(wn) = —5 Do Fai Ay ai)l((wi,w)), i), RiE(w) = - > G will3- (32)
i,jE€[n],i#£] i€[n]

We then note that by applying Lemma 4 with

¢ 00 = ([-A, AN™, 0, = (w1, ..., wn) Withw; € [~A, A]%;

. 0532 = P((i,j) € S(Gn)|Gn) - lla;; = x] for i # j and 0 otherwise; Egﬁ =
n= fu(Nis Aj, 2)1[ai; = @] for i # j and 0 otherwise (so 3., 65;2 = 0,(1) by Markov’s
inequality and Assumption 2);

e " = P>i € V(S(Gn))|Gn) &™) = n"1Gu(\) (s0 33, ™ = 0,(1) by Markov’s inequality
and Assumption 2);

. Eljl = (((w“w]>,aj), Ty = Sp;

and so there exists a sequence of sets o, containing the minima of both R, (wy,) + &, Rn* (wy)
and R, (wy,) + &, Ryt (w,,) with asymptotic probability one, such that

{Ru(wn) + EREE(wn)} = {Rulwn) + EaREE @)} = Oplsn). (33)

sup
wn € \I/E),l)

C.2 Averaging over the adjacency structure

We now want to work with the version of the loss averaged over the realizations of the adjacency
matrix of the graph G,,, and so we introduce the function (writing A, = (A1, ..., )

ERu(wn) M= 5 3 0 Falh Ay )i, o). (34)

i,j€[n],i#j z€{0,1}

By Proposition 1a), we have that

sup {Ro(wn) + &R (wn) }

w, €([—A,A]4)n

di+1/2 ) (35)

(npn)!/?

Remark 3. This remark can be skipped on a first reading of the theorem proof. Here, we discuss
how we can obtain tighter bounds when imposing the additional constraint

mod(A2) = {wn € (RY™) : Qi = B(w;,w;) satisfies || < As}

— {B[Ro(wn) | An] + &R (wn) }| = Oy

to the domain of optimization of the embedding vectors w,, is imposed. This is particularly natural
when considering the squared loss, which corresponds to optimizing the risk when averaging (a;; —
(wi,w;))? over all pairs (i, j); as a graphon is bounded in [0, 1], there is no need for (w;,w;) to be
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outside of the range [0, 1] either. With the understanding that in this remark, we write ;; = (w;,w;)
for the gram matrix of the embedding vectors, we define the sets

Zn,d(Al) = {Q e R™*"™ . Qij = (wi,wj), ||Wz||oo < Al},
ZEO(AQ) = {Q e R™*™ max |Qi,j| < AQ}
Z’]

for the constraint set placed directly on the induced matrix ).

We now highlight that in the proof of Theorem 30 of [21] (from which the bound just prior to the
remark follows from), one looks to bound the variance term

1 1 ~ 2
v(An | An) < nz{nQ an(/\ivAjvaij)z(g(gijvaij) — (5, aij))
i)
1 ~ 2
+ e} Z]E{fn()\i» Ay aif)? (05, aij) — 0(Qij, ai5))” | )\n:| }
i

by some metric distance between € and ). To proceed, we use the alternative bound

1 1 ~ 2
v(An | An) < nz{nQ an()\iv)\jzaij)2<£(9ijaaij> — (5, aij))
i#£j

+ % ZE{fn()\i»)\j7az‘j)2(f(ﬂij7aij) - K(ﬁzj,aij))g \ )\n} }
i

2 ~ _ ~ 2
= 4{maan(>\i,>\jvaij)2} Lo max{[Qy], [$i5[}? (5 - )

n %,] i
B

TL4 1,7,%

2L, A1 ~
M{ max f, (A;, )\jaﬂﬂ)Q} -l

where || - || denotes the Frobenius norm of a matrix, and we note that for the cross-entropy loss
(with ¢ = 1) and the squared loss (with ¢ = 2) we can write

£y, ) — L(y',2)| < Lemax{ly|, [y’ [}y — /|
for a Lipschitz constant Ly. We now note that we can contain Z°(Az) N Zy, q( A1) within the set
7% 4(nAg) == {Q e R™" : Qisof rank < d, ||Q p < nAs}
We note that with respect to the Frobenius norm, this set has covering number

Ao 2nd
=)

N(Zf4(nA2), |- lrve) < (

for some absolute constant C' > 0, and therefore by a similar argument to Lemma 41 in [21], it will
be possible to conclude that o (Z) ;(nAs), || - |r) < C'n?/2d"/? for some constant C' depending
on Ay and As, which can then be plugged into the bound given in Theorem 30 of [21]. For the
sampling schemes we consider, max; j . fn(Nis A\j,z) = O(p,,?), and consequently the bound we
obtain is of the order (d/np2)'/?, rather than (d® /np,)'/?. This bound is particularly effective in
the non-sparse regime; in the sparse regime, one would hope for a bound of the form (d/ npn)l/ 2
but we are unaware as to whether such a bound is achievable.

C.3 Using a SBM approximation

We begin by working in the scenario where Assumption 3b) holds. Letting P be a partition of [0, 1]

into « parts, say P = (A4, ..., A,), we introduce the stepping operators defined by
1
PR, y) = T h(a',y') da'dy’ if (z,y) € A x Av,
‘Al||Al,| AlXAl/
1
Plhl(z) = —/ h(z")dx" if x € A
[Ail J 4,
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for any symmetric measurable function h : [0,1]> — R and measurable function & : [0,1] — R

respectively. With this, let P, = (An1,..., Apg(n)) be a sequence of partitions containing r(n)
intervals of size |A,;| < n~ for some constant & > 0, and then introduce the functions
~ 1
Pn — ®2
E[Ry™ (wn) | An] = n2 Z Z P fn:c (Ai, M) ({wi, wj), @), (36)
i,j€[n] izj z€{0,1}
REePr () 1=+ 37 Palga o) e, (37)
ze[n]
where we make the abbreviation fn,gc()\i7 Aj) = fn()\i, Aj,z). We note that as fnm and g, are

uniformly bounded away from zero by M ~!, and because they are Holder of exponent 3, we can
apply Lemma C.6 of [65] to obtain that

‘ Frw = P22 fn.a)

This, along with the uniform boundedness conditions on the fnz and g, given in Assumption 3,

gn — Pn [gn]

. = 0(n=P). 38
Gn (™) (38)

o0

— O(n=9%), ‘

fna

o0

allow us to apply Lemma 4 to find that there exists a sequence of sets \11512) for which the minima of

both E[Rn (wp) | An] + R (wy) and B[R (wy,) | An] + £ RE™ (w,,) are contained within it
with asymptotic probability 1, and

sup {IE n(Wn) [ An ]Jrfnﬁ%eg(“—’n)}
w, v (39)
— {EIRE" (@0) | An] + LRI (@)} = O, (07,

Note that in the case where Assumption 3a) holds, this step is not necessary, and so we can take the
above bound to be equal to zero.

C.4 Adding the contribution of the diagonal term

We note that in the definition of E[R”" (w,,) | A], the summation does not include any i = j terms;
if we introduce

BIRD () Al = 5 S0 S0 PE ] O A5, ), (40)
i,j€[n] x€{0,1}

then by Proposition 1b), we have that

sup  {E[RY" (wn) | An] + &REE (wn)}
wn€([—A,A]d)n
€([-4,4]%) (41)
- {E[Rp(l) (Wn) [ An] + gang,Pn (“’n)}| =0y (Z)
C.5 Linking minimizing embeddings to minimizing kernels

We now want to reason about the minima of the function E[R (W) [ An] + &R ReeP (w,). We
denote

pn(l) == |Anil, Apn():={i€n] : \; € An}, (1) :=n" AL ()],

1 ~ 1
cra(ll,2) = 7/ w( AN, ) dAd N, con(l) = 7/ Gn () d.
fan ) oo S n fa( ) g (1) o s (\)

Consider writing

> wjiifi€ Au(l), @ = (@)ien); (42)

A D] 270
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given any set of embedding vectors w,,. As {(y,x) is strictly convex in y € R for x € {0,1} and
|| - I3 is also strictly convex, by Jensen’s inequality we have that

B[R]y (@n) | An] + EaREEP" (wy)
B P crn (LU, ) .
- > zonu)zon(z>ch;{Mn(l)l'An(l,)| > wiwi)a))

LI €[r(n)] i€An (1)
JEAL)
c (1
D IRC B D
le[r(n)] An iceAn(l)
> BaDpn(l) D ern U a)e( Y (wrwi),a)
LU elk(n)] z i€ An(l)
JEAL)
2
+ Z pn an H|.A Wi 9
l€[k(n)] zE.An(l)
—~ —~ w; Wi
l,l’e[n(n)] T iE.A"(l) n jE.A”(l’) n
~ 1 2
+ Y e o X w
A (D] 2
1€[r(n)] €A, (1)

= ]E[R (1)(“"71) ‘ )‘n} + gnRreg P ( n)
with equality if and only if the w; are equal across each of the sets A,,({). In particular, this means

that to minimize E[ﬁ?ﬁn (Wn) | An] + £, REEP™ (w,,), if we define

j?;n(afla-”aa)n(n)) = Z pn pn Zcfn l r 33 Wla@l/>7x)
[ (

LUelk(n)]

j:rfg,’Pn (@17 s ’a)n(n)) = Z I/)\n(l)cqm(l)H@lHSv

le[r(n)]

then it suffices to minimize f]fn (@1, Dun)) + §nf7fg’73" (@1, ..., @x(n)), as the @; are constant
across ¢ € A, (1). In other words, the above argument has just showed that

{EIRD 1 (@n) [ An] + & REEP" (wy) }

: TP (~ ~ Treg, Pr ( ~ ~
= min I (@1, () +Enln® ™ (01, . oo, Dr(n)) -
ey U@ (m) ¢ (1 )}

min
wn€([—A,A]d)n (43)

We note that I » and &7 are stochastic, as they depend on the random variables p,, (). To remove
the stochast1c1ty, we introduce the functions

P @1, @em) = Y PaOpa(l)D cpnl VU, x) (@1, ar), )

LU€k(n)]
LEP @1, Bam) = Y PalDegaDllall3.
Le[r(n)]
As by Proposition 1c) we have that
e Pr(DPn (") = pr(Dpn( log” under Assumption 3a)
LU€[r(n)] pn(Dpn (V') nl/lfg“”/? under Assumption 3b)
s D (D) — pn(1) ‘ )0 (k’g” ) under Assumption 3a)
1€[r(n)] pn(l) 0, nl/lz(’i"/z ) under Assumption 3b)
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and moreover that the p,, (1) and p,,(I) sum to 1, we can apply Lemma 4 to argue that there exists a
sequence of sets ') which contains both the minima of I ((@;)" ")) + £, I %" ((@;)"™)) and
1P (@) + €, 1P ((@;)5™)) with asymptotic probability 1, and that

sup
()i €Wy

(T2 (@) + €aTiee P (@) D)} = {12 (@)E) + u izt P (@)}

n

O, nf/lzo,ga% ) under Assumption 3b)

1/2
O (@) ) under Assumption 3a) )

To transition from embedding vectors to kernels K (I,1") = (n(1),n(I")) forn : [0,1] — [ A, A]<,
we note that as we can write

K= > pn(l)pn(l’)ZW/A . (N, n(N)), z) dAdN,

n (D)pn (I
L1 E )] Pr(Dpn(l')
Ireg,Pn K] = l Cgvn(l) A 2dA
weP K = Y pall) 0 (M2 dA,
1€[k(n)] P Ant
by the same Jensen’s inequality argument used to obtain (43), we get that
TP (& reg, Py ([~ \F(1)
n . _’_é’ I g, n o
(@) ([AA])w{ (“ )”)} 45)
= min {IP" + &I 7)"[ ]},
KezZ%(A)
where the correspondence between the minimizing K (I,1") = (n(l),n(l")) and @; is given by

n(l) = @; fori € Ay
The final step is to remove the approximation terms P22[f,, ,] and P,[g,] from ZP»[K] and

I K] in order to get to Z,,[K] and Zi¢[K]. To do so, we can use (38) and Lemma 5 to obtain that

there exists a set U containing both the minima of Z,, [K] + &, Zn%[K] and 7 [K] + £, Tn®"" | K]
(which exist by Proposition 2) and

sup
Kerl®

(TP (K] + TP (K]}~ {T[K] + T2 (K]} = 0@ ?). o)

C.6 Combining to obtain rates of convergence

To conclude, we first note that given uniform convergence bounds of two functions on a set containing
both of their minima, we can argue convergence of their minimal values; indeed if a set A contains
minima x and x4 to some functions g, then

min f(x) — min g(x) = min f(x) ~ g(x5) < f(z;) — glay) < sup |f(x) ~ g()]

and similarly so for min, g(z) — min, f(z). (We note that Proposition 2 argues that all the relevant
infimal values of the minimizers of the Z,,[K] + &,Z,°[K] are attained.) Therefore, using this
fact and chaining together the bounds in (33), (35), (39), (41), (43), (44) and (46), we get when
Assumption 3b) holds that

{Rufwn) + GREEwn)} = min  {TL[K] + &IRK]}|

min
ane(=A Al Kez;
43/? pgl/ 2 5 %logn 47)
:OP<S”+ nl/2 +n + 1/27a/2)'

(We note that the O, (d?/n) term from (41) is negligible.) To conclude, we simply pick an optimal
choice of «, which we take to be « = 1/(1 + 2/3), which gives the stated bound. In the case where
Assumption 3a) holds, the term from the SBM approximation disappears and the v/ITog n/n'/2=/2
term becomes (log x/n)'/2, giving the stated bound in this regime.
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C.7 Proofs of useful lemmata

Proof of Lemma 4. We begin by noting that as each of the G, (#) and én(H) are continuous functions
defined on compact sets, the minima sets of each of the functions are non-empty. We now define the
sets

" {9" cOn ;6,6 <20 Y )+ 20205")},

9,7,T
U, = {ene(a(”) G0 <CZ*§;2+OZ~(”)}
1,5,T

and note that 0 € ¥,,, 0 € (Iv!n for each n, and therefore we also have that arg ming g Gn(0) C
W, and argmin, g Gn(0) € ¥,. We now want to argue that P(¥,, C ¥,,) — 1 asn — oo.
Note that for any 6,, € ¥,,, we have that

EJ«'Z &) ™ (ny y(m)

1,5, “ijx
< (14 0y(1))Gn(8) < C(1+ O, (r {ZC,JT+ZC")}
VR

As by Cauchy’s third inequality we have that

=(n) =(n)

C:.

Z”z Cije " Cije
and similarly ). ¢; N(n) < (14 Op(rn)) icgn), it follows that
w.h.p
G(8) < COL+ Oy (ra)){ D200 + Z am e Y+ Z "}
1,7, 1,7,%

once n is sufficiently large, and therefore 6,, € \T/n for n sufficiently large. In particular, as the above

argument holds freely of the choice of 6,,, we have that U, C U, with asymptotic probability one.

With this we now note that supy g, Gn(0,) = O,(1) (due to the condition on the sum of the CEJ JZ

and c ) and consequently we have that for all 4,, € U,,

el — ey ™ ) (g i
(n) Z cwzﬂux + max
Cija ij,a

< Op(Tn)Gn( n) < Op(rn)

‘G"(en) - Gn<9n)| S max

2,7,%

‘ Z (m) ¢t (g

with the bound holding uniformly over the choice of 6,,, giving the stated conclusion. [

Proof of Lemma 5. The proof follows the exact same style of argument as in Lemma 4, so we skip
repeating the details. O

D Proof of Theorem 2

Before proving any results, we introduce some useful facts from functional analysis; the terminology
and basic properties used below can be found in standard references such as e.g. [5, 14, 49].
Throughout, we will write y,, to refer to the measure ji,,(A) := [ 4 Gndp, define for all Borel sets
of [0, 1], where 1 is the regular Lebesgue measure on [0, 1], and write e.g. L2([0, 1], u,,) or L?(11,,)
for the associated Lebesgue space of square integrable random variables. We note that as it assumed
that the g,, are uniformly bounded away from zero and uniformly bounded above by Assumption 3,
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h € L?(u,) iff h € L*(p). For any function K € L*([0,1]2, u®?) (where we write u? for the
product measure of pu,, with itself), we introduce the associated operator

T : L) = L(ua),  Ticlf1(e) = / K (2,9)f () djin (4). (48)

The above operator is Hilbert-Schmidt, where all Hilbert-Schmidt operators L?(p,,) — L?(j,) can
be written in the above form for some kernel K € L?([0,1]2, 1£?); moreover T is self-adjoint (so
T} = Tk) iff K is symmetric. The above identification corresponds to an isometric isomorphism
between the Hilbert spaces L?(1,,) and the Hilbert-Schmidt operators, via [e.g 29, Theorem 8.4.8]
the formula

Tr(TgTL) = (K, L) 20,112, 482) = o K(y,z)L(x,y) dun (z)dun, (y), (49)
which gives rise to the corresponding norm formula | Tk [|%,¢ = || K| 12(,,). Writing S(L?(pr,))
for the space of linear operators L2(p,,) — L?(u,,) with finite trace or nuclear norm ||T||; < co
(referred to as the space of trace class operators), K(L?(u,,)) for the space of compact linear operators
L?(pn) — L*(ptn), and B(L?(py,)) for the space of bounded linear operators L2(p,,) — L2 (1)
with norm || - ||op, We have that [e.g 57, Theorem 3.3.9]

* S(L2(pn))
* B(L*(jtn))
Consequently, this allows us to argue that the trace norm || - ||; is weak* lower semi-continuous on

S(L?(1,,)), and that its closed level sets are weak* compact by Banach-Alaoglu. We also note that
we have the inclusions

1

(K(L?(py)))* via the mapping T' € S(L?(uy,)) + [A — Tr(AT)];
(S(L*(un)))* via the mapping A € B(L?(p,)) + [T+ Tr(AT)).

I

{finite rank} C {trace class} C {Hilbert-Schmidt} C {compact operators} C {bounded operators}.

Operators which satisify (Tk[f], f) > 0 for all f € L?(yu,) are called positive operators'; for
positive operators we have that the trace norm is equal simply to the trace. With this, we now are in a
position to prove the results needed to talk about minimizers of Z,,[K| + &£,Z;, ¢ | K| over various sets
of functions K.

Proposition 2. For K € ZEO(A) = Udzlzdzo(A), writing K (1,1") = Zle n:(D)n; (") for some d
and functions n; : [0,1] — [— A, A], we define
In[K] = Yo RO eEQW), ) ddl, TE(K] = / 173 (D113 - G (1) d,
0.1 2eqo,1} [01]

where we recall that f, and G, are as given in Assumptions 2 and 3, and L(y, x) is either the
cross-entropy loss or the squared loss function; we introduce a variable q for which ¢ = 1 applies to
the cross-entropy loss, and q = 2 for the squared loss. Treat n as fixed. Write |1, for the measure
pin(A) := [, gn dp where pu is the Lebesgue measure on [0, 1]. Then we have the following:

i) For K € Z7°(A), I/ K] = Tr[Tx] where
Tt 120u) = ). Tulfl@) = | Kl f0)in(0) .

ii) The set foo(A) is free of A, and so we can let Z=° denote the weak* closure of Z,Z.O(A) in
S(L2(n)).

iii) TI*8[K] extends uniquely to a weak* lower semi-continuous function, namely the trace, on Z 20,
and to the larger domain of the positive trace-class operators on L?(ju,). Consequently, we
write T [K| = Tr[Tk] for K € Z2°, or more generally any symmetric function K for which
T is positive.

'We note that unlike in finite dimensions, we usually do not distingush between operators which are positive
definite as compared to being only non-negative definite.
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iv) I, [K] is finite for all symmetric functions K for which T is a positive operator and T8 [K| <
0o, I, [ K] is strictly convex in K; and T,,[K] is weak* lower semi-continuous with respect to
the topology on S(L?(u,)).

v) We have the local Lipschitz property
qg—1
TaK] ~ Zol2]] < 20 (1K 2oy + 1Ll agueny ) 1K = Ll

q—1
=20 (ITic s + | Tellns) " Tk = T llms:

vi) For any &, > 0, we have that T,|K] + £,Z/¢[K] is a strictly convex function in K, which is
weak* lower semi-continuous with respect to the topology on S(L* ().

vii) For each d, there exists at least one minimizer of T, [ K| + £,Z1[K] over Z7°(A), and there
exists a unique minimizer to T,,[K| + £, I/ [K] over Z20.

viii) When Assumption 3a) holds, the minima of T,,[K| + £,Z/%[ K] over Z=° can be determined
via a finite dimensional convex program; write K, for such a minima. Moreover, there exists
some r = r(n) < k such that K is of rank r(n), and moreover as soon as d > r(n) and

A > (k= 1)|| K} ||co, we have that the minima of T,,| K] + £, L8[ K] over ZdZO(A) is unique
and equals K.

Proof of Proposition 2. For i), this follows simply by using the fact that if K(1,I') = (n(l),n(l'))

for some functions 7 = (71, . .., 74), then we have that
d 1 d
Tilf(e) = S mla) [ o) F0)ns) dy = Y () @ ()
i=1 1=1

and consequently as Tr[r ® v*] = v*(v) and the trace is linear, we have that
d
1 =3 [ @i dy = K
i=1 70,1

Part ii) follows as Z7 (A) is free of A as a result of Lemma 52 [21].

For iii), as Z;,°[K] is simply the trace of the operator T, this will continuously extend to giving
the trace on Z2°, and more generally the positive trace-class operators on L?(,, ). This function is
weak* lower semi-continuous as explained above.

To handle part iv), we note that if e [K] < oo, then Tk is trace-class, and consequently the operator

Tk is also Hilbert-Schmidt, implying that K € L?(u®?). We note that we have
0<M < full,l,z) <M <oo, 0<M1t<g,(l)<M < oo,
[0y, @) — €y’ 2)| < Lemax{yl, |y [}y — /|

foralll,!’ € [0,1],y,y’ € Rand z € {0,1} (where ¢ = 1 for the cross-entropy loss, and ¢ = 2 for
the squared loss), for some constants M, L, € (0, 00). It consequently therefore follows that for the
cross-entropy loss we have that

(50)

T, [K] < 2M° /[ (082) + KD 3u D)0 < K5y < IR ) < o

A similar argument holds for the squared loss function, after noting that £(y, 0) = y? and £(y, 1) <
2(2 + y?) for all y € R. For the strict convexity, we note that this follows by the strict convexity of

the loss functions £(y, ), the positivity of the f,,(I,’, x), and the fact that multiplying the ¢(y, =) by
fn(@V,1) and f,, (1,1, 0), integrating, and then adding the two inequalities, will preserve the strict
convexity.
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By using the properties stated above in (50) we also can argue continuity of Z,,[K], in that (recalling
that ¢ = 1 handles the cross-entropy loss, and ¢ = 2 handles the squared loss)

[ZulK) = Zu[0) < ML [ max{ K0 LG E QD) ~ 00| i
[0,1]2

<20 /[ (@O 2D K1) = 100|300 i
0,1]2

g—1

<202 (1K paugry + 1l agueny ) 1K = Lllzagus?)
p q—1

< 2M° (K aguen) + 1Ll agueny ) 1K = Dllgaguee)

qg—1
= 20 (|[Ticlls + | Tellus) 1o = T
-1

q
<20 (Il + 172l ) 17 = Tl

which also gives us part v); this is obtained by using (50) in the first line, the second by using the
fact that g,, is bounded below and that max{|al, |b|} < |a| + |b|; the third line by Holder’s inequality
and the triangle inequality; the fourth line by Jensen’s inequality; the fifth line by the identification
between the L2 norms of kernels and the Hilbert-Schmidt norm of their associated operators, and the
last line by the fact that the trace norm upper bounds the Hilbert-Schmidt norm. In particular, Z,, [ K]
is norm-continuous with respect to the norm of L?(u%?). This plus convexity implies that Z,,[K] is
weakly lower semi-continuous, in the sense of the weak topology on L?(11£?2). The restriction of this
topology to the trace-class operators is coarser than the weak* topology (by the definition of the weak
topology), and therefore Z,,[ K] is also weak* lower semi-continuous, concluding the arguments for
part iv).

For vi), this follows by using the above parts, the fact that the trace is linear over positive trace-class
operators, and that the sum of convex and lower semi-continuous functions remain convex and lower
semi-continuous respectively.

For vii), we first need to discuss some of the properties of the sets ZdZO(A), 2ZZ%(A) and 220(A).
We note that by the same argument in Proposition 47 of [21] that ZdZO(A) is weak™* closed, and
that because of the facts a) tZdZO(A) C ZdZO(A) and b) Z2°(A) + 22°(4) = ZTZ_& (A), we can
conclude that ZEO(A) = ZEO - recall part ii) - is convex. As closures of convex sets are convex, it
consequently follows that Z=° is convex and weak* closed. Noting that each of these sets contain 0,
any minimizer K must satisfy

EnTr[Tk] < To[K] + & I3E K] < Zo[0] + T8 (0] = Z,[0] = Ti[Tx] < &, Z[0].

As the set B := {K : Tr[Tk] < &,1Z,[0]} is weak* compact, it therefore follows that when
minimizing over ZdZO (A) and 229, it suffices to minimize over the weak* compact sets ZdZO(A) NnB

and Z2° N B respectively, and so by Weierstrass’ theorem a minimizer must exist. As Z,[K] +
&, 55K is strictly convex and Z20 is convex, we therefore also know that the minimizer over this
set is unique.

To end with part viii), we highlight that in Appendix C.5, it is shown that when £, (1,1’, 1), f,(I,’,0)
and g, (1) are piecewise constant, one can relate the minimization problem of minimizing Z,,[K] +
£, I8 K] over Z7°(A) to that of minimizing the function

D 2alDpall) Y e @)@ @v ), @) + Y pall)cgn (D)3
LUE[R] x le(k]

over @; for I € [k] with ||@;]lec < A for all A (see Appendix C.5 for a reminder of the relevant
notation). In particular, in the case where we allow d = k, and we relax the constraint on the @y, if
we write K = (@, @y ), then we can write the above function as

Z pn(l)pn(l/)Zcf,n(l»llvx)e(j{’ll’,x)+ Z pn(l)cg,n(l)KZh

Ll e[r(n))] le[r(n)]
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which is a strictly convex function in the matrix K/, and consequently has a unique minimizer

over the cone of positive semi-definite matrices; call this matrix K . Supposing that K ~ is of rank
r(n) < k (as the matrix is x X x dimensional and the rank is trivially less than the matrix dimension),

if we write K = S (n)uip;pF for some eigenvalues i; > 0 and orthonormal eigenvectors
¢i € R”, then we can identify K7 with K" via letting K = S 11,00 (1)2); (1) where i (1) = ¢y
for I € A;. We now highlight that one trivially has that ||¢; || < 1 for all 4, and moreover that as
every row and column sum (ignoring the diagonal) is bounded above by (k — 1)|| K| s, by the
Gershgorin circle theorem the eigenvalues are bounded above by (k — 1) K*|| s also. Consequently,
as soonas d > r(n)and A > (k — 1)||K*|ls. K € ZdZO(A), and as a result we have that the
minima of Z,, [K] + £, Zn%[K] over Z7°(A) is unique and equals K. O

As the above theorem shows that Z,,[K] + &, Z, [ K] is a strictly convex function, well defined for all
symmetric kernels K corresponding to positive, self-adjoint, trace class operators L?(p,,) — L*(py,)
via the identification K — Ty given in (48), we briefly discuss here the corresponding KKT
conditions for constrained minimization.

Proposition 3. Let C be a weak* closed set of positive, symmetric, trace class kernels. Then L is the
unique minima of I,,[K] + £,Z1[ K] over C if and only if there exists some V € B(L?(j1,,)) such
that

Te(VTL) = TK],  |[Vip <1, Te((Ty +&V)(Tk — Tp)) > 0forall K € C,

where we identify symmetric kernels K € L*(u%?) with operators L?(u,) — L*(uy) as in (48),
and write Ty for the bounded operator L?(y,,) — L?(j1,,) with kernel
Z 1, )0 (K (1,1, x)
gn(D)gn(l) ’

z€{0,1}

where U'(y, x) is the derivative of £(y, x) with respect to y.

Proof of Proposition 3. We begin by deriving the subgradient for both Z,,[K] and Z;*[K], and then
use the rules of subgradient calculus to obtain the KKT conditions. For Z,,[K], note that we can write

L fn<l’l/>$)( (’ )a )~ ~ 1 ’
T.[K] = /H {Z} S g g ) v 51)

and so the subgradient (in terms of the operator) is a singleton, say 7%, whose sole element is the
operator with kernel given by the Fréchet derivative of Z,,[ K|

LU, (KLY, @)
V| {Z} 3 Dan(l) 42

[e.g 5, Proposition 2.53]. As for Z,%[K], we recall that this equals Tr[T], i.e the trace norm of
Tk, as K is positive. Because the dual space of S(L?(u,)) is the space of bounded operators
L*(py,) = L*(un) equipped with norm || - ||op, we have that

OTE[K] = {V € B(L*(un)) + Tr(VTk) = T[K] ||V ]lop < 1} (53)

[e.g 2, Theorem 7.57]. Comblmng the two subgradients together says that L is an optimizer to
I, K ] + &, 238K over C if and only if there exists some V' € B(L?(u,,)) such that

Te(VTL) = I8 [K], V]ep <1, Tr((Tv + & V)(Tk — TL)) >0forall K € C (54)
as stated. O
With this, we now state the full version of Theorem 2, complete with regularity conditions.

Theorem 7. Suppose that Assumptions 2 and 3 hold and that &,, = O(1). Write 220 = cl( Ua>1
ZdZO(A)) for the closure of the union of the ZdZO(A) with respect to the weak* topology on the
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trace-class operators L?(j1,,) — L*(pin,) as described in Proposition 2. For each n, let K} denote
the unique minimizer to the optimization problem

in {Z,[K] + &I (K]},
(i AT K]+ G}

and assume that the K are uniformly bounded in L™= ([0, 1]?). Moreover, suppose that either

(1) on the same partition Q as given in Assumption 3a), we have that K, is piecewise constant

on Q x Q;
(Il) the K} are all Holder([0, 1], B*, L*) for some constants 3* and L*.
Then there exists A’ (see Lemma 7 and Lemma 8) such that whenever A1, Ay > A’, for any sequence

of minimizers

@, € argmin  {Ry(wn) + & RIE(wn) } such that max |(@;,3;)| < As
wﬂe([,Al,Al]d)n 2,7
we have that under condition (II) that
1 ~ o~ * 2 — (%
2 > (<wi,wj> - Kn<)\i7)\j)) = Op<7“n +d 7+ (

i,j€[n]

)

log(n) \min{8.5"}/
S

where 1, is the relevant rate of convergence in Theorem 1. In particular, there exists a sequence of
embedding dimensions d = d(n) such that the above bound is o,(1). Under condition (1), the above
rate of convergence can be improved as follows: there exists some constant v < k such that, as soon
as d > r, we have that the above bound is of the order O, (ry,) only. In particular, as soon as d >,
the above bound is op(1).

Remark 4. The conditions on K, are given in order to give explicit rates of convergence; in order
to only argue that we obtain consistency of the bound given above, it suffices to have that the K, are
equicontinuous for each n. Moreover, this is only necessary in order to relate the minimal values of
the (W;, ;) directly to the values of K} (i, \;); we can still obtain weaker notions of consistency
(see e.g. (D)) if we do not impose any continuity requirements. With regards to the assumption that
the infinity norm of the matrix (W;, ;) is bounded with n, this could be imposed as a constraint
in Theorem 1 to guarantee such a pair of minimizers, as highlighted in Remark 3, this can lead
to improved dependence on the dimension d. We highlight that as under the given assumptions on
the [, (I,U',1) and f,(1,I',0), the unconstrained minimizer when &, = 0 is uniformly bounded in
L®°([0, 1]?), and so we do not consider these assumptions (both on K and the gram matrix of the
embedding vectors) to be restrictive.

Remark 5. We highlight that we usually expect 3 = 3*; for example, see Theorem 5 for an example
with the squared loss.

Remark 6. We briefly discuss the rates of convergence of the above estimator when in the dense
regime and using the squared loss, as in this setting the bound we obtain naturally corresponds to the
guarantees given in the graphon estimation literature. In particular, when f,, (1,1, 1), f.(1,1’,0) and
gn(l) are constant (i.e, free of 1), Theorem 5 guarantees us that the minima of Z,,[K] + £, 7% K|
corresponds to a version of the original generating graphon W whose singular values have been
subject to a soft-thresholding operator, and we can take 3* = 3 also.

In such a scenario, we then note that if we also take Remark 3 into account, then the rate of
convergence equals

d\1/2 logn 1/2 logn\A/2
- o -8
8n+(n) +(n25/(1+2ﬂ)) Hd ( n ) '
By choosing the embedding dimension d optimally so that d = O(n*/*2P)), and noting that the

(log n/n?8/(1+26) ) Y2 torm is of a slower order than the (logn/n) B/
of convergence

2 .
term, we end up with a rate

logn 1/2
Sn Tt (n26/(1+2ﬁ))

Up to logarithmic factors and the sampling term, this is a square root of the rate of convergence of
the UVST procedure [66], which is itself a square root of the minimax rates of estimation [22]. We
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suspect that the difference with the rates achieved in [66] occurs due to our approach of looking
at the rates of convergence between the empirical and population risks, rather than being able to
work directly with the original objective at all times. It would be interesting to see whether the rates
of convergence can be improved so that, up to the sampling term, we end up with the same rates of
convergence as in [66].

Proof of Theorem 7. The idea of the proof is to associate a kernel K to a minimizer Wy, of Ry (wy) +
£ R (wy) over ([—A, A]Y)™, and then argue from the uniform convergence results developed in
the proof of Theorem 1 that this requires K to be close to the minimizer of Z,,[K] + £, Z5¢[K].
Consequently, we can then use the curvature of this function about its minima to derive consistency
guarantees.

To associate a kernel K to a collection of embedding vectors w,,, we begin by writing A,, (;) for the

associated order statistics of A,, = (A1, ..., Ay), and let 7,, be the mapping which sends i to the rank
of \;. We then define the sets

i—1/2 i+1/2} for i ¢ .

An7.:|: )
’ n+1 n+1

and define the sequence of functions

K, (1,1") = (n(),7(I")) where () = {0 otherwise; v

for any sequence @,, of minimizers to R, (w,) + £, Rnt(w, ). The idea of the proof is to then focus
on upper and lower bounding the quantity

{Z,[K,] + eI ¢[K. W} = {Z K] + & IR K )
where K is the minimizer of Z,,[K] + £,Z,%[K] over Z=°(A).

Step 1: Bounding from above. Begin by noting from the triangle inequality we have that

(LK, + 6T (K, — {TuKE] + &K}

< {TalBo] + T3 Rol} — {Ru(@n) + &R (@)} W)

+‘{Rn Gnl + ERE@,)) = min {T,[K] + 6, T8 [K ]}‘ ()
Kezz%(A)

it (00D TR — iy (K] + QTR

We want to bound each of the terms (I), (IT) and (IIT). By using Lemma 6, Theorem 1 and Lemma 7
respectively, we end up being able to bound the above quantity by O,(gy,), where

)T if (I) holds
"\ + (log(n) /)2 a7 if (@) holds.

Step 2 Boundlng from below. Let ¢, denote the upper bound on the rate of convergence of

{Z, K]+ & InB K]} — {Zn[K;] + &0 [K] } as developed above. Then by Lemma 8, we have
that

/ (Ra.0) = K50, l’)) dldl' = Oy (qn)-
[0,1]2
If we then define the function

Ko0,1) = Kr(\i,Aj)  if (L) € Apr(iy X Anmn ()
A 0 otherwise

then by the same arguments as in the proof of Lemma 6 we get that

0 e 2 g JOp(?) if (I) holds
/{W (Ko(,1) — Kx(1,1))° didl _{ O ((log(my/m)™/2) i ) holds.
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Consequently, as a result of the triangle inequality we get that

1 * ~ o~ 2
e & (0] = @ 3)
i,j€[n]
. _ 0, (gn) if (I holds
= K (LI — K,(I,I")" didl' = P .
/[0’1]2 (Kn (1) n(L1)) {Op(qn + (log(n)/n)? /2) if (I) holds,
giving the desired result. O

D.1 Additional lemmata
Lemma 6. Under the assumptions and notation of Theorem 7, we have that
= Op(rn + (log(n)/n)P/?),

where 1, is the convergence rate in Theorem 1 when condition (II) holds. When condition (I) holds,
the rate of convergence can be improved to be simply Op(r4,).

(TR + 6T (R} ~ {Ra(@0) + EREE@0)

Proof of Lemma 6. We begin by handling what occurs when condition (II) of Theorem 7 holds, and
then detail what changes when condition (I) holds instead.

Begin by defining the quantities

1 _
Foll, 1, 2) didl,

n,7n (3)

Cn(iy ) =
fom |ATL,7Tn(. ||An Wn(j ‘ A (i) XA

"
"ﬂn()‘ nw”u)
max

e oo~ 7 = 0 ((57))

[by e.g 45, Theorem 2.1], we get that

’Cfﬂlja z) — fn(>‘ Aj> @)

and note that as

|fn(lvl/a fn( n, (75 () A n, (7 J))’ ‘dldl/

n,mn (5)

- | nymn (i )||Anﬂn(g)| /

<L sup H(l,l ) — ()‘n,(ﬂn(i))v )‘m(ﬂn(j)))Hg
(LI EAR 7y (3) X An 7 (5)

<L25/2(2—+max‘ . nilDB:Op((logn)ﬁh)7

n  i€n] n

)XA

A o (i

uniformly for all ¢, 7, and similarly

‘gn(z) - gn(/\i)’ _ Op((logn)ﬁ/z)

n

uniformly over ¢. Using the fact that IA(n is piecewise constant, we can then write
T,[K,) +§nfeg[A K]
o~ ~ . 2(n—1 Cy
Y U@ ialinga) + S G ali) + AR
. (n+1)
(z j)E[n] z€{0,1} i€[n)

where ¢y is a constant which depends on the choice of the loss function. Introducing the function
(compare with E[R:le)(wn) | A] from (40))

E[ﬁn,(l)(wnﬂ)‘n] ::% Z Z fn>‘ Ajs 2)({wi, wj), ),

i,j€[n] z€{0,1}
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it follows that
{Z, (K, +gnf°g W)} = {Ra(@n) + & REE(@D,) )]

S ‘ 7’L+1 2 Z Z w“w] {cfn ( jv ) fn()‘la)‘jar)}

i,j€[n] z€{0,1}

nHZszII {#n () = 320} )
+|{E[R,, wn>|A]+5aneg W)} = {Ru(@n) + &GREE@R)} (B)
+0(n {E . (1)(@n) [ An] + EREE (@)} + O(n7Y), ©

From the proof? of Theorem 1, we know that the (B) term is of the order Op(ry,), and consequently
via the uniform convergence bounds developed throughout the proof, this will also imply that

{E[ﬁmg) (@) | An] + & RIE(Dy, )} = O,(1) and consequently the term in (C) will be of the order

O,(n~1). For (A), we begin by noting that (A) can be bounded via the triangle inequality and the
observations above by

A) < (% S @nay), ZHA II) ((logn)ﬁ/z).

i,j€[n] z€{0,1} 16 [n]

To conclude, we just need to argue that

Z S (@), aningf (1).

i,j€[n] z€{0,1} ze[n]
To see this, we note that this simply follows by using the fact that {E[ﬁn,(l)(an) | A +
ERRE(@n)} = Op(1) (as argued above) and the fact that the f,(1,1’,1), f.({,I’,0) and §,, are
assumed to be uniformly bounded below by M 1.

When condition (I) holds instead, we need to change the style of argument. Note that when
Q= (Ay,...,Ay),if we define the sets

Ny =17 : Ay € Av}, Nanp =17 Anro() Ar}

My =Nxnt N Nank, M,= U M, k.,
k=1
then by Theorem 63 of [21], we have that |M,,| > n — O,(y/n),
this, note that

M¢| < Op(y/n). To make use of

- z o ifi,j € My,
’C,f,n(l7.]7 J}) = fa(Ni, )‘jax)‘ = {M otherwise,
and also that
o 0 ifie M,
|C"(Z) B gn()\i)| o {M otherwise.
Writing ¢, o = max{{(Asz, 1), {(As2,0), {(—A3,0),¢(—Asz, 1)}, the bound in (A) is replaced by
| My + 2| M, || M| | &M _1)2
A) < M( n n n ) = 0,(n"1?),
( )_ CZ,Q (n+ 1)2 n+1 P(n )

and so the argument progresses through as before, except that we can drop the (log n/n)? /2 term in
the overall rate of convergence. O

Lemma 7. Under the assumptions and notation of Theorem 7, there exists A’ such that whenever
A > A, we have, under condition (II) of Theorem 7, that

sup| min {Z,[K]+ &Z8[K]} — min {Z,[K] —|—§nI:fg[K]}’ =0@d™ ).
n>11 Kezz%(A) Kez=0

*We note that the step where the ‘diagonal term” of including/excluding the sums of £({w;, w;), ) can be
carried out before or after the stepping approximation step.
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When condition (I) holds instead, then there exists r < k and A’ < oo such that, as soon as d > r
and A > A’, we have that

T, |K] + & T7[K]Y — T, K] + &I [K ‘:o.
A ){ K]+ &IE (K]} = min {Za[K] + & IFK]}

Proof of Lemma 7. We begin with the argument under condition (II) first, and then highlight how the
details change when condition (I) holds instead. Note that by the spectral theorem for self-adjoint
compact operators, we can write for each n the eigendecomposition

KX, Z/\ (K)o i (Db i (1)

=1

where the \;(K) are non-negative, monotone decreasing in i for each n, and satisfy the
bound X\;(K*) = O(d~(*8")) [52], and are uniformly bounded above by || K lr2u2) <
M?sup,»q |K?|lo. As for the eigenfunctions, we note that they are orthonormal in that
<¢n,i7wn;> L2 (un) = d;5. Moreover, as the image of the operator Tk under the unit L? (tn)
ball lies within the class of Holder([0, 1], 8*, L*) functions, the v, ; are each Holder([0, 1], 5*, L*),

and as they are uniformly bounded in L?(u,, ), they will also be uniformly bounded (across i and n)
in L°°(]0, 1]) too (see e.g. Lemma 10). Consequently, writing

d
e a1) = N (K i (D (1)
=1

for the best rank d approximation to K7y, it follows that K ;, € Z >0(A) forany A > A’ =

M [sup,,>1 [[ K |loo - SUPy, 4 [|%n,i |l oo+ As aresult, we have that

. (K]}~ mi e
Kegl%%(A) {ZnlK] + & ¥ (KT} Kezzo {ZalK] + & T (K] }

< {I md T En e } {I o1+ En TR K }}
In order to obtain the final bound, we then note that by the local—Llpschltz property derived in

Proposition 2v), in addition to the fact that the trace is linear and equals the sum of the eigenvalues of
the operator, we get that (where we use < to hide unimportant constants)

{Z.[K}, g + EnTiE (K )} — {Z0[KG) + 6T K}
(2\|K*||L2(,L®;2))q LG g = Kol e guery + &n| Te[Tacy — Tz |
1/2 > . .
— O(SupHK* s 1( Z 4—20+8" )) Z q—(+8 )) =0(d""),
1=d+1 1=d+1

as desired, noting that the bound on the RHS holds uniformly in n.

We highlight that in the case where condition (I) holds, we know by the last part of Proposition 2 that,
for each n, there exists 7(n) < & such that once d > r(n) and A > (k — 1)|| K| oo, the minima
of T,[K] + &, T¥ | K] over Z7°(A) equals the minima over the set Z2°. Consequently, under the
assumptions stated, letting 7 = 7 = sup,,~; 7(n) < k and A’ = (k — 1) sup,,>; || K[| gives the
stated result. -

Lemma 8. When {(y, x) is the cross-entropy loss, under the assumptions and notation of Theorem 7,
forany K € Z2° such that || K ||, < 00, we have that

{Z.[K] + &TF (K]} — {T. K] + & T0F K, ;;}}zi (K:(1,1) — K(@1,1))° didl
2M [071]2

Sfor some constant M which depends on C)py = max{||K||(><J7 sup,, || KX |leo} < oo in particular
one can take M = (e“M /(1 4+ e“M)2)~L. When ((y, x) is the squared loss, one can relax the
requirement that || K || s < oo, and can take M = 1/2 instead.

34



Proof of Lemma 8. We give the details for the cross-entropy loss, as the argument for the squared loss
is the same, except for that the requirement that || K ||, < oo can be dropped. To begin, we note that
for any y and y' such that |y|, |y’| < A for some constant A, we have that £/ (y, x) = ¥ /(1 +¢e¥)? <
e/(1+ e*)? > 0, and consequently £(y, x) is strongly convex in i on the domain |y| < A for all
x € {0,1}. As aresult, we have the inequality
A
€ 2
30 +€A)2(y y)

for x € {0,1} and all y,y" with |y|,|y'| < A. After multiplying the above inequality by the
fn(@ U 1) and £, (1,1, 0) separately, adding the two inequalities together, and integrating, we obtain
the inequality

Uy, ) >y 2) + (y =y, x) +

I,|K] > 7,|[K'] + o VL, [K'(K(,I")— K'(1,I)) didl
+ (K(l,z’) _ K’(l,l’))zdldl’
2M [071]2
for any K, K’ € Z2°(A) for which |K||s, |K'||cc < oo, where M depends on the value of
Ch := max{||K||oo, || K’||oo }; in particular, we have that M = (e“™ /(1 + ¢“»)2)~1, Note that

under our assumptions, the K are uniformly bounded in L°°([0, 1]?), and consequently it follows
that for any K € Z2°(A) which is bounded in L>°([0, 1]2) that

{Tn[K] + & TRE(K]} — {Za[ K] + & TR (K]}
@

> VI KK Q) — K51, 0) didl + —— (K(L,1) — Kx(1,1))° didl’
[071]2 2M [071]2

+ nt:zeg[K} - §nIffg[KZ]

(b
> Tr(Tv(Tk — Tkx)) + &Te(V (T — Tk )) + ﬁ (K(l, " — KX, l’))2 dldl’
[0,1]2
(© 1 2
> — K,y = K:(1,1))" dldl'.
317 J KD = K5 (LD)

To obtain this, in (a) we substituted in the bound on Z,,[K] — Z,,[ K] stated above. In (b), we used
the isometry between the trace inner product on operators and the corresponding inner product
of the kernels, and the KKT conditions stating the existence of a bounded operator V* for which
Tr(V*Tk-) = In*[K}] and |[V*||op < 1; the latter property consequently implies that Z,,*[ K] >
Tr(V*K) by the variational formulation of the trace. In (c), we then use the fact that K7 is optimal
provided that Tr((Tv + &,V*) (T — Tk )) > 0. O

E Proof of additional theorems from Section 3.1

In this section, we write p;(K) for either the i-th largest eigenvalue of a symmetric matrix K, or
the i-th largest eigenvalue of a self-adjoint operator with kernel K (as introduced in the beginning
of Appendix D. We write o;(K) for the corresponding singular values; recall that for a matrix
K € R™*4, we have that 0,.(K)? = u,.(KKT) for any 7 < min{n, d}, and that for a self-adjoint
positive definite matrix or operator K, we have that o,.(K) = p,.(K) for all r.

Before proving Theorems 3 and 4, we require a brief lemma.

Lemma9. Let K : [0,1]?> — R be the kernel of a symmetric, positive operator which is either a)
piecewise constant on a partition Q x Q where Q is a partition of [0, 1] of size &, or b) continuous.
Suppose moreover that K has rank exactly equal to r, where

K(z,y) = Zﬂ%(m)wz‘(y) (55)

for some non-zero, orthogonal functions ¢; : [0, 1] — R which are piecewise continuous. Then if \;
are i.i.d Unif ([0, 1]) and we define the random matrix (Ky);; := K ()i, A;), then Ky is of rank < r,

and with asymptotic probability 1 as n — oo, has rank exactly equal to 7.
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Proof of Lemma 9. Note that if we write ¥;; = 1;(\;) € R"*", then as K, = ¥, we know
that the rank of K, must be less than or equal to . For the second part, we note that under the
given conditions, we can apply Corollary 5.5 of [36] to the matrix n~! Ky; under a), the diagonal
summability condition needed follows trivially, and under b), Mercer’s theorem gives the diagonal
summability condition needed, with the other conditions being satisfied as a result of K being finite
rank. Consequently we have that

1
(N KY) = pe(K) 4 Op(n~Y?) > o r () with probability — 1.

In particular, with asymptotic probability 1, n =1 K is of full rank, and therefore so is K. O

Proof of Theorem 3. To save on notation, we write K for K7, K for the matrix (K (\;, A;))i;, and
¢;(1) for the ¢, ;(1). We note that Lemma 9 gives the guarantee that K, is asymptotically of exact
rank . Writing ¥ € R™*" for the matrix (¢;();)) for ¢ € [n] and j € [r], the same argument in
Lemma 9 guarantees that the singular value o,.(n~1/2¥,)? = pr(n71Ky) > %MT(K) > 0 with
asymptotic probability 1, and therefore we can work on an event where the r-th highest singular value
of n=1/2W, is uniformly bounded away from zero.

With this, we can now apply Lemma 5.4 of [60], which states that for any matrices U, V' € R™*", we
have that

1
min ||U -V _

ozn | Qllr =< 2(v2 — 1)o2(V)

where 04(V) is the d-th largest singular value of the matrix V. We recall that o,.(V)? = p,.(VVT).

Applying this to U = n~/2w,, and V' = n~1/2W,, followed by the above remark, gives the desired
result. H

lvo” = vvTE,

Proof of Theorem 4. For this, we begin by noting that as G is defined to be a best rank 7 approxima-
tion to the matrix G, n =1 is a best rank r approximation to the matrix n~*G, and consequently we

have that
d

G- GlF=n"'G-nTGlE = > pi(nT'G)? (56)
1=r+1
by the Eckart—Young-Mirsky theorem. To proceed, we then recall that as G;; = (@;,w;), and
moreover we have that y;(K) = 0 for i > r 4+ 1 we have that

d d
Z pi(n™'G)* = Z (ni(n™'G) —Mi(nflK,\))Q
i=r+1 i=r+1

(57)

<D (1ln™'G) = paln ™ KR))” < TG =0 K = 0,(1)

where the last inequality follows by the Weilandt-Hoffman inequality [30], giving the first part of the
theorem statement. The second part of the theorem statement then follows by applying the proof of

Theorem 3 to the matrix Q, noting that
n2G — K7 < n72G = GlE + 072G - x|l < 2072 G = Kollf = 0,(1)
by the triangle inequality and by combining (56) and (57) together. [

Before proving Theorem 5, we require a lemma about the eigenfunctions of an operator whose kernel
is Holder continuous.

Lemma 10. Suppose that K : [0,1]?> — R is symmetric and Holder([ ,1)%, 8, L) continuous. Then
the eigenfunctions of the associated operator Tk are Holder([0, 1], 5, L) contmuous and moreover
are uniformly bounded in L>°([0, 1]).
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Proof of Lemma 10. We begin by noting that for any function f € L*([0, 1]), we have that

Tk [f)(x) - Trelf ()] < / K (2,2) - K(y,2)| - |/(2)] da
< Ilflhlz — ol < Llfllalz — o,

and therefore the image of the unit ball || f||2 = 1 consists of Holder([0, 1], 8, L) continuous functions;
consequently, so are the eigenvectors. Moreover, we note that the image of such a ball gives functions
which are uniformly bounded in L*°(]0, 1]); indeed, writing g = T [f], and picking any x € [0, 1],

we have that
l9(x)] < lg(x) = g(y)| + |9(y)| forall y € [0, 1]
and therefore by integrating against y we end up with

0@ < [ o)~ olay+ [ oy <t [ ooyt ol <241
as ||gll1 < |lgll2 = 1, and |x — y|® < 1forall 2,y € [0, 1]. O

Proof of Theorem 5. Without loss of generality, suppose that ¢c; = co = 1; otherwise, we can just
rescale the regularization constant £ so that, up to constant scaling, the objective is the same as one
with ¢; = ¢o = 1. Now, recall that by the spectral theorem for self-adjoint operators and Lemma 10,

we can write
Zu@ )fidgi  and W)=Y m(W)d:(D)i(l)
i=1

where the latter sum converges in L2, the ju;(WW) are sorted in monotone decreasing absolute value,
the (¢;);>1 are orthonormal eigenfunctions which are Holder([0, 1], 8, L) and uniformly bounded in
L*>(]0, 1]). We now want to study the minimizer of the function

ITw = Twllfis + €I 7Ll

over all positive kernels L, where we have phrased the problem entirely in terms of the associated
operators. To do so, we begin by writing

T, =Ty + Tre where Ll (z, ) Z/Wn

for some y1; > 0, where L' is symmetric, positive and orthogonal to Ll in that L*[¢] = 0 for any
® € cl{span(¢, ¢2, ...)}. We can then argue that any minimizer L must have L+ = 0. Indeed, we
have that by orthogonality of 7', . to both Ty and 17, we get the decomposition
I Tw — Telifis = 1Tw — Tpillfs + 1T+ [l
and so ||[Tw — TpillAs < || Tw — T1|lis with equality if and only if 77 . = 0; and moreover
IToulls < | Trll1- As Tro = 0, we can then show that the objective function equals
D (i = (W) + € i
i=1 i=1
To minimize this, we note that we can minimize each term in the sum over y; > 0 by taking
i = (ui(W) — &), In particular, as the eigenvalues of W decay as O(i~(1/2+5)) [51], it follows
that for i > N where N = O(¢-2/(2+28)) we have that fi; = 0. Consequently, we get that
N
L(z,y) = Zﬁz¢z(x)¢z(y)
i=1
is the minimizing positive kernel. We now note that as the ¢; are uniformly bounded in L*°([0, 1]),
and the [i; are bounded above also, we can argue that L will belong to some set Z;- 20 (A) for some
A sufﬁc1ently large and any d > N, and consequently L € 22% also. In particular, this means

that L is the minimizer of the objective function over the set Z=°. Finally, we then note that as the
eigenfunctions are Holder and we have a finite sum of terms of the form fi;¢; (x);(y), this plus the

boundedness of the eigenfunctions will imply that L is Holder of exponent [3 also. O
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F Proof of results in Section 3.2

In this section, given triangular arrays (X,;) and (Y;) fori € I,,, n > 1, we use the notation
Xn,i = (14 Op(ry))Y,,; to be equivalent to saying that max;er, |Xni/Yni — 1| = Op(ry,). Before
giving the proofs of Lemmas 1, 2 and 3, we require the following result.

Lemma 11. Suppose that Assumption 2 holds. Let g : [0,1]> — [0, cc] be a bounded measurable
function which is bounded away from zero, and define

1 1
Thi=—= > agg(N), s0 E[Th: | A] = Pn/ W(Ai,y)g(y) dy.
Jeln)\{i} 0

Then for all t > 0 we have that
—nE[Tnﬂ- | )\z]t2>
81glloo (1 +1)

and whence that T,, ; = E[T, ; |, \i](1 + O, ((log n/np,)'/?)). Similarly, if we write

P(’E[;}i]/\l}_ll Zt\)\i) §2exp<

1
Thi=—7F Z (1 —ai)g(N;), so B[Ty ;[ Ai] = / (1= paW(Ai,y))g(y) dy,
jem\{} 0

then T = B[Toi |, \iJ(1+ Op((log n/n) /%)

To prove this result we use the method of exchangeable pairs to derive a concentration inequality.
Assuming that (X, X') is an exchangeable pair of random variables, and f is a measurable function
with E[f(X)] = 0, if we have an anti-symmetric function F'(X, X') satisfying

E[F(X, X))|X] = f(X),  o(X):= %E[I{f(X) — f(XN}F(X, X[ | X] < BF(X) +C,

for some constants B, C' > 0, then we get the concentration inequality [17, Theorem 3.9]

2
P(\f@ﬂ|2t)§2exp(—ﬁ). (58)

Proof of Lemma 11. We begin by noting that as g is assumed to be bounded away from zero, and
by Assumption 2 we assume that W is also bounded away from zero, there exists a constant ¢ > 0
such that E[T}, ;|A\;] > cp, > 0 forall i € [n],n > 1. To derive the given bounds, we will use the
method of exchangeable pairs, working conditional on the \; at first in order to derive a concentration
inequality. By then using the above lower bound on E[T}, ;|A;], we will be able to obtain a bound
which holds unconditionally, and consequently get the claimed bound on 7, ; holding uniformly
across all the vertices.

To begin, let A, ; denote the i-th row of the adjacency matrix A,, and X, —; = (A;);j2;. We
construct an exchangeable pair (()\m_i, Api), (;\n}_i, An,i)) as follows: we select an index J
uniformly from [n] \ {i}, redraw A; ~ U[0, 1] and @;; ~ Bern(W,,(A;, X)) but otherwise we keep
the other entries of 5\n and A,” the same. With this, note that

1 - T .
o E. 9() - 59 (0) | Ais An, i Ani| = 1,
’ J€[n\{i} J€n\{i} ’
and the associated variance term is of the form
1 - 2
0(An s Ans) = B {aizg(\) = 5900} )| Ais Ay A
i) = Gl X toanh -aus) |
1 2
= (n— 1)2E[T | N2 ‘EE\:{‘}E{{‘%Q(AJ‘) —ag;g(\))} ’ Ai,An,—i,An,i]7
jen]\{¢
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where (a;;)i; and ()\});>1 are independent copies of (a;;)i; and (););>1. To bound this last quantity,
we write

]E[{aijg()‘j) - agjg()‘”}Q’ Aiy An,—i An 1:|

— ol E[{a 20 — o SV, ]

Tlglle 7 llglloe
< 2llglloeE [aizg(As) + a9 (X)) | Ais Anmis Ani]

where we used the fact the inequalities (a — b)? < 2(a? + b%) < 2(a + b) for a, b € [0, 1] to obtain
the last line. It therefore follows that

_ ) 2|9l o Th,i
0(An i Ani) < (n — DE[T,, ;| \i] ((n — DE[T, 4| \i] * 1)

from which we can apply the inequality stated in (58) to get the stated concentration inequality. As
E[T,, i]|\i] > cpn, we can conclude that

T —cnpnt2
S
E[Tn,i | Al 8llglloc (1 +¢)
for all ¢ € [n], from which taking a union bound allows us to conclude that T}, ; = E[T;, ; | A;](1 +
O,p((log(n)/np,)*/?)). The same style of argument gives the claimed result when a;; — 1 — a;;,

noting that in this case one can instead argue that E[T}, ; | A;] > ¢’ for some constant ¢/ > 0 for all
i€n],n>1 O

Proof of Lemma 1. We note that a vertex 4 is sampled with probability k/n, and any pair of vertices
(i,7) is sampled with probability k(k — 1)/n(n — 1), so the claimed result follows immediately. [

Proof of Lemma 2. The formulae for f,,(I,!’,1) and f,,(,1’,0) are given in Proposition 72 of [21].
It remains to derive the formula for , ()\;). For convenience, we denote 5,, = (log(n)/np,)"/?. To
continue, we note that in the proof of Proposition 72 of [21], it is shown that

Plu € V(50Gn)16,) = 2502 (14.0,(5.).

P(B. Uga(u]6) 2 116,) = 0L (14 0,(5,).

P(, 0 € V(So(Gn)) | G — (n?;:zw L Ak(k = 1)14;2(2;2; W (Ao, .)> (14 0,(5)),

and as a particular consequence, it therefore follows that

P(u € V(S0(Gn)) |v € V(S0(Gn)), Gn) = (npn;;(UAv 5 N 2(k — ;guu, )

To begin in finding the formula for g, (\;), we note that
P(u € V(S(Gn)) | Gn) =P(V(u € So(Gn)) | Gn) + P(u € V(Sns(Gn) \ S0(Gn)) |Gn),

where the first term is given as above. The second term corresponds to the probability that the vertex
arises only through the negative sampling process, and so

P(u € V(Sns(Gn) \ 5o@) 16:) =B | 40 6n)

veV, \{u}

) (14 0,(3,)).

where A, = {v € V(S0(Gy)), u selected via negative sampling from v}. We then have that

\p( U A )— S P(A[G) g S P(AnAy|G)

vEV, \{u} veV, \{u} v, €V \{u}
v'#£v
< Z P(A'u ‘ gn) . v’er\rjla\}iu} Z IP)(AU | Av'a gn) .
veV,\{u} " veV, \{v/,u}
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We begin by finding the asymptotic form of } -, .y, \ 1,4 P(Ay [ Gn), where we find that

Z ]P)(AU |gn) = Z]P)(U S V(SO(gn)))P(B(laUga(u | gn) 2 1 | gn)(l - auv)

veVn\{u} v#u
o 2KIW (A, )™ 1
=(1+0,(5) == > (I=auw)W(h,)
néw(a)éw n vt iu}
B N7 717 (40 VS L
= (1 +Op(sn))7ngw(a)gw /O (1= puW (A y))W (y, ) dy,

where we have used the formulae quoted at the beginning of the proof and Lemma 11. It remains to

examine the term
max P(A, | Av,Gr).
v €Vy\{u} Z , ( | )
veV, \{v’,u}

To do so, note that we can write
]P’(AU N Ay | Qn)
= P(v.0 € V(S0(Gn)) |Gn) P(B(L, Ug (1] Ga)) > 11 Gn) (1 = o) (1 — )
and so
P(Ay | Av; Gn)
=P(v € V(So(Gn)) [V € V(S0(Gn)),Gn)P(B(l, Ugy(u|Gn)) = 1]Gn)(1 = au).
It therefore follows that, using the results stated at the beginning of the proof,

Z P(Av |Av’;gn)

veV, \{v’,u}
- W (A, ) , ~
= (1 + Op(Sn)) ngW(a) vev;{:’u/’u}P(U S V(So(gn)) | v e V(So(gn))a grL)(l auv)
- lW()\u, .)a Qoo —1
=(140,(5,)) ———"—"— 1l—ay) (—————+2(k—1D&; W(A,,-
( ’ p(s )) nQEW(a) vevygv’,u}( ! ) (an()‘v”') * ( ) W ( ))
= Op(n_l)

uniformly across all v/, u, and therefore

P(A, | Ay, Gn) = O, (n~ ).
U’GI\I}?\)?{U}UG\A%U/ u} ( | g) p(n )

Combining all of the above together then gives that

P(u € V(S(Gn))|Gn)

2k WAy, ) 1 3
= — . —_— 1 —_ . d 1
Y (W (Aus ) + Ew () /O (L= ppW (A, )W (y, ") y)( +0p(5n))
and so we get the stated formula for g,, with s,, = 5. L]

Proof of Lemma 3. The formulae for f,,({,1’,1) and f,,(l,1’,0) are given in Proposition 74 of [21].
We also note that within the proof of Proposition 74 of [21], we have that
EW (A, )
TL(‘EW

P(u € V(So(Gn)) | Gn) =

P(m::ulgn):«H35312(1+<%A5nﬁ7

’I”LEW
W (A, )*(1 — auw)
néw (o)

(1+0p(30)),

P(u selected via negative sampling from v | G,,) = (14 0,(5n)),
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where we again write 5,, = (log(n)/np,)*/?. To derive the corresponding formula for §,, (), we
begin by noting

P(u € V(S(Gn))|Gn) =P(u € V(50(Gn)) | Gn) +P(u € V(Sns(Gn) \ So(Gn)) | Gn)-

The first term is given above, so we focus on the second. Denoting A;(u) = {0; = u} fori <k +1
and u € V,, and B, (v|u) = {v selected via negative sampling from u}, we know that

k+1

P(ueV(S@)\5G)16:) =B(U U A nBil)6,).

i=1 ve[n]\{u}

Letting C; = Uy e\ {u314i(v) N B;(ulv)}, we note that

k+1 k+1 k
(Z:l[ci]) —1[! Cj] :Zl[c NUj>iC }

and moreover that as the A;(v) are disjoint across all v € V), for each i fixed, we have that

k+1 k+1
SP( U A@nB@)I6) =3 Y P(Ai) N Biulo)|Ga).
i=1 ve[n]\{u} =1 veln]\{u}

Combining the above two facts therefore gives

k+1 k+1
\F(U U A@nBil)6.) = 3 P(Aiv) 0 Bilulo) |Gn)
i=1 ve[n]\{u} i=1 ve[n]\{u}

-2

P({ U a@nB@}n{lU U 40)0Bw)}6)

=1 ve[n]\{u} i>iv'en]\{u}

HM»

> P(A;(0) N Bj(ulv') N Ai(v) N Bi(ulv) | Gn).

1 5>i vu’€n)\{u}

To handle the intersection probabilities, we note that we can write (using the above formulae), for
indices ¢ < j and v, v’, that

IP’(Ai(v) N B;(ulv) N A;(v") N Bj(ulv’) |gn)
2 N2
= (1+0,(3.)) mP(Aj(v ) Ai(0)Gn ) B(Ai (0) | G ) (1 = ) (1 — )

)

(

=(14+0,(5)) - l W;?gw :)Zgjv ')P(Aj(v’) | Ai(0),Gn) (1 — auw) (1 — ayw).

Write E,, for the number of edges in G,, and deg,, (u) for the degree of the vertex u in G,,; then by
Proposition 61 of [21] we have that

1

i s = Opl(npn) ™), e () = mpn W (s )1+ Op(51),

and we note that by Assumption 3 that W (\,,, -) is bounded below away from zero (and above by one)
uniformly over all A,, € [0, 1]. To handle the IP’( (V") ] Ai(v), G,) term, we note that by stationarity
of the random walk and the Markov property that whenj >1+1

]P(A](U/) |Ai(U), gn) = ]P)(ﬁj—i-',-l = U/ | 1'}1 =, gn)
= > Pt =0 = u,Gn)P(By = u| b1 = v,Gn)

2F, - N -
= Z —————P(Vj_it1 = V' |2 = u,Gn)P(V2 = u| Gy)



2F
< —n]P) ~‘7’L‘ = ayy = n IED Vo = n
< 2 Togfudeg, (o) =V 172 = 0GB =l G

deg,, (v') 1
< - max
deg,, (v) wue[n] deg,,(u)
and when j = ¢ + 1 we have

P(Air1(v') | Ai(v), Gn) =

= OP((npn)_1)7

Qyo!

= npn)"1).
degn(v) - OP(( pn) )

Consequently we have
P(A;(v) N B;(ulv) N A;(v') N Bj(ulv') | Gn)
PW (A, ) 22W (A, *)
ntpnEw ()2 Ew

(1 + O (S'rl)) (1 - auv)(l - auv’)

and therefore

k
DD > B(A() N Byul) N Ai(v) N Bi(ulv) | Gp)

i=1 j>i v,v’€[n]\{u}
KW (A, )W (A, )
(1+0y( Z Z T, ¢ 2g,, (L w)
= veinlitul n pngl/V(OZ) EW
KW (A, ) KW (A, ) 1 >
npn€w (@) néw(a)éw n \

< (1 + Op(gn» :

)(1 - auv)

FW () KW, [
nonw (@) néwl(a )gW /O(lfan@uvy))W(y,-)dy?

where in the last line we have used Lemma 11. We then note that as we have

= (1+0p(30)) -

k+1
> > P(A)NBi(ul)|Gn)
=1 ven]\{u}

(k+ DIW Ay, )™ [
(1 +0 (Sn( ))) : ngw(a)gw ' /O (1 - an()‘uay))W(y’ ) dy:

by the formulae stated above and Lemma 11, we can therefore conclude by combining the above
bounds that

P(u € V(Sns(Gn) \ So0(Gn)) | Gn)

(k + DIW (o,
Ew(a)Ew

Consequently P(u € S(G,) | Gn) equals

. Y 1
(140, (5a0) - { ) + B [ W )W (0 )

as desired. O

= (1 + Op(gn)) )

) = W O (0

Proof of Theorem 6. We begin by highlighting that for the given model, we have that

Lot (k1)) =&, WO =Ew(o) (59)

for A € [0, 1], and therefore we have that
2k

IO 20 ) = G e 1)
fn<)\i7)\j;0) = 2[(]6 + 1)7
Gn(N) =k +1U(k+1)- (1= pur™ (p+ (k= 1)q)) = ca.

WX -) =

= 2]4}61,
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Table 2: Summary statistics of Cora, CiteSeer and PubMedDiabetes datasets.

Dataset Nodes Edges Features Classes

Cora 2708 5429 1433 7
CiteSeer 3312 4732 3703 6
PubMed 19717 44338 500 3

Consequently, as a result of Proposition 2 viii), we know that we can obtain the minimizing kernel
K which appears in the convergence theorem Theorem 2 as follows: we obtain a matrix K € Rk**
obtained via minimizing the convex function

1 _ N KL
— > {2key - (poi; + q(1 — 6i5)) log o (Ky5) + 20(k + 1) log o (—Kij) } + €ea > Ko
=1

.3

1 - - -
=— > {2key - (poi; + q(1 — 6i5)) log o (K y5) + 2U(k + 1) log o (—Ky) } + €eal K |
,J

over all positive semi-definite matrices K. The desired convergence then follows by applying
Theorem 2. O

G Additional experimental details

We now describe the hyperparameter and training details of each of the methods used in the experi-
ments; for all the methods, we used the Stellargraph® implementation of the architecture [20]. The
code used to run the experiments is available on GitHub*. Experiments were run on a cluster, using
for each experiment 4 cores of a Intel Xeon Gold 6126 2.6 Ghz CPU, and a variable amount of RAM
depending on the method and dataset used. In total, the experiments carried out used approximately
100k CPU hours in total (including preliminary experiments). Table 2 gives a summary of the features
of the Cora, CiteSeer and PubMedDiabetes datasets used in the experiments.

node2vec - We train node2vec with p = ¢ = 1 for 5 epochs, using 50 random walks of length 5
per node to form as subsamples, and train using batch sizes of 64. We use an Adam algorithm with
learning rate 10~3. For the regularization, we use tf.regularizers.12 with the specified regularization
weight as the embeddings regularizer argument to the Embeddings layer used in the node2vec
implementation.

Unlike as reported in [26], we found that using the Adam algorithm with learning rate 10~ lead to
far better performance than stochastic gradient descent with rates of either this magnitude or those
suggested in e.g. the experiments performed within the GraphSAGE paper (of 0.2, 0.4 or 0.8). In
our preliminary experiments, we generally found that varying the learning rates of the Adam method
rarely lead to significant changes in performance and kept any observed trends relatively stable, and
so we did not vary these significantly throughout.

GraphSAGE - For GraphSAGE, we used a two layer mean-pooling rule with neighbourhood
sampling sizes of 10 and 5 respectively; we note that using 25 and 10 samples as suggested in [26]
were computationally prohibitive for all the experiments we wished to carry out. Otherwise, we use
the node2vec loss with 10 random walks of length 5 per node, use a batch size of 256 for training,
and train for 10 epochs.

GCN - To train a GCN in an unsupervised fashion, we parameterize the embeddings in the usual
node2vec loss through a two layer GCN with ReLU activations, with intermediate layer sizes 256
and 256. For the node2vec loss, we instead use 10 random walks of length 5 per node, use a batch
size of 256 during training, and train the loss for 10 epochs.

DGI - For DGI, we use the same parameters as specified in [64]. We use 256 dimensional embeddings
only; we found in our preliminary experiments the performance change in using a 512 dimensional
embedding was negligible, and that on the PubMedDiabetes dataset, the memory usage required to

3We highlight that the Stellargraph package is licsensed under the Apache License 2.0.
*https://github.com/aday651/embed-reg
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learn a 256 dimensional embedding was substantial (above 32GB of RAM needed). Otherwise, we
train a one dimensional GCN with ReLU activation using the DGI methodology, for 100 epochs
with an early stopping rule with a tolerance of 20 epochs, a batch size of 256, and used Adam with
learning rate 1072,

Classifier details - Given the embeddings learned in an unsupervised fashion, there is then the need
to build a classifier for both the node classification and link prediction tasks. To do so, we use logistic
regression, namely the LogisticRegressionCV method from the scikit-learn Python package. The
cross validation was set to use 5-folds and a ‘one vs rest’ classification scheme. Otherwise we used the
default settings, except for a larger tolerance of the number of iterations for the BFGS optimization
scheme.
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