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Abstract

We introduce a multi-armed bandit model where the reward is a sum of multiple
random variables, and each action only alters the distributions of some of them.
After each action, the agent observes the realizations of all the variables. This
model is motivated by marketing campaigns and recommender systems, where the
variables represent outcomes on individual customers, such as clicks. We propose
UCB-style algorithms that estimate the uplifts of the actions over a baseline. We
study multiple variants of the problem, including when the baseline and affected
variables are unknown, and prove sublinear regret bounds for all of these. We
also provide lower bounds that justify the necessity of our modeling assumptions.
Experiments on synthetic and real-world datasets show the benefit of methods that
estimate the uplifts over policies that do not use this structure.

1 Introduction

Multi-armed bandit (MAB) is an important framework for sequential decision making under un-
certainty [8, 24, 26]. In this problem, a learner repeatedly takes action and receives their rewards,
while the outcomes of the other actions are unobserved. The goal of the learner is to maximize
their cumulative reward over time by balancing exploration (select actions with uncertain reward
estimates) and exploitation (select actions with high reward estimates). MAB has applications in
online advertisement, recommender systems, portfolio management, and dynamic channel selection
in wireless networks [7].

One prominent question in the MAB literature is how the dependencies between the actions can
be exploited to improve statistical efficiency. Popular examples include linear bandits [13] and
combinatorial bandits [10]. In this work, we study a different structured bandit problem with the
following three features: (i) the reward is the sum of the payoffs of a fixed set of variables; (ii) these
payoffs are observed; and (iii) each action only affects a small subset of the variables. This structure
arises in many applications, as discussed below.

(a) Online Marketing. An ecommerce platform can opt among several marketing strategies
(actions) to encourage customers to make more purchases on their website. As different customers
can be sensitive to a different marketing strategy, regarding each of them as a variable, it is natural to
expect that each action would likely affect only a subset of the variables. The payoff associated to a
customer can be for example the revenue generated by that customer; then the reward is just the total
revenue received by the platform.

(b) Product Discount. Consider a company that uses discount strategies to increase their sales. It is
common to design discount strategies that only apply to a small subset of products. In this case, we
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Algorithm | UCB | UPUCB(b) UPUCB | UPUCB-nAff | UPUCB-Lift

Affected variables known No Yes Yes No No
Baseline payoffs known No Yes No No No
Km? KI? KI? K clip(A/ Ay, L,m)?
Regret Bound ]
egret Boun A A A A

Table 1: Summary of our regret bounds for uplifting bandits. Constant and logarithmic factors are ignored
throughout. For simplicity, we assume here all actions affect exactly L of the m variables and all the suboptimal
actions have the same suboptimality gap A. K and A, are respectively the number of actions and a lower
bound on individual uplift (A, is formally introduced in Appendix E). The operator clip restricts the value of
its first variable to the range defined by its second and third variables, clip(z, a, 8) = max(«a, min(S, z)).

can view the sales of each product as a variable and each discount strategy as an action, and assume
that each action only has a significant impact on the sales of those products discounted by this action.

(¢c) Movie Recommendation. Consider a bandit model for movie recommendation where actions
correspond to different recommendation algorithms, and the variables are all the movies in the catalog.
For each user, define a set of binary payoffs that indicate whether the user watches a movie in the
catalog, and the reward is the number of movies from the catalog that this user watches. Since a
recommendation (action) for this user contains (promotes) only a subset of movies, it is reasonable to
assume that only their associated payoffs are affected by that action.

Our Contributions. To begin with, we formalize an uplifting bandit model that captures the
aforementioned structure, with the term uplift borrowed from the field of uplift modeling [20, 33]
to indicate that the actions’ effects are incremental over a certain baseline. The model is stochastic,
that is, the payoffs of the variables follow an unknown distribution that depends on the chosen action.
We study this problem under various assumptions on the learners’ prior knowledge about (1) the
baseline payoff of each variable and (2) the set of affected variables of each action. Our first result
(Section 3) shows that when both (1) and (2) are known, a simple modification of the upper confidence
bound (UCB) algorithm [3] (Algorithm UPUCB (b)) for estimating the uplifts has a much lower
regret than its standard implementation. Roughly speaking, when m is the number of variables and L
is the number of variables affected by each action, we get a O(L?) regret bound instead of O(m?).
This results in a major reduction for L < m, and is a distinguishing feature of all our results.

Going one step further, we design algorithms that have minimax optimal regret bounds without
assuming that either (1) or (2) is known. When (1) the baseline payoffs are unknown and (2) the
affected variables are known, we compute differences of UCBs to estimate the uplifts (Algorithm Up-
UCB). In contrast to standard UCB methods, these differences are not optimistic, in the sense they
are not high-probability upper bounds on the estimated quantity. This construction reflects the fact
that the feedback for any single action also provides information about the baseline. When (2) the
affected variables are also unknown, we identify them on the fly to maintain suitable estimates of
the uplifts. We study two approaches, which differ in what they know about the affected variables.
Algorithm UPUCB-nAff (Section 6) knows an upper bound on number of affected variables, whereas
Algorithm UPUCB-iLift (Appendix E) knows a lower bound on individual uplift. Our regret bounds
are summarized in Table 1. These results are further complemented with lower bounds that justify the
need for our modeling assumptions (Section 4). To demonstrate the generality of our setup and how
our algorithmic ideas extend beyond vanilla multi-armed bandits, we discuss contextual extensions of
our model in Section 7. The experiments in Section 8 confirm the benefit of our approach.

Related Work. The goals of both uplifting modeling and MAB is to help selecting the optimal action.
The former achieves it by modelling the incremental effect of an action on an individual’s behavior.
Despite this apparent connection between the two concepts, few papers explicitly link them together.
We believe that this is because uplifting can be solved by classic bandit algorithms with a redefined
reward. This approach was taken in [6, 34].

Instead, our paper focuses on bandit problems in which estimating the uplifts improves the statistical
efficiency of the algorithms, and this is made possible thanks to the ‘sparsity’ of the actions’ effects.
Prior to our work, sparsity assumptions in bandits primarily concerned the sparsity of the parameter
vectors in linear bandits [2, 5, 21]. A notable exception is Kwon et al. [23] who studied a variant of
the MAB where the sparsity is reflected by the fact that the number of arms with positive reward
is small. Our work is orthogonal to all of these in that we look at a different form of sparsity. As



we will see in Section 7, while sparsity in parameter can be a cause of sparsity in action effect, the
improvement of regret is established with a different mechanism.

The additive structure of the reward and observability of individual payoffs also suggest some
similarity between our model and that of combinatorial semi-bandits [11, 22, 31]. There, the learner
selects at each round a subset of ground items and the reward is generally defined as the sum of the
payoffs of the selected items. However, this seeming similarity comes with an important conceptual
difference: the set of items, or variables, for which we observe the outcomes are selected in semi-
bandits, while for us they are fixed and inherent to the reward generation mechanism. As an example,
in Application (c¢), combinatorial bandit models optimize the number of movies that are watched
among the recommended ones, while we also consider movies that are not recommended. In fact, as
argued by Wang et al. [37], a recommendation is only effective if the user actually watches the movie
and would not watch it without the recommendation. We refer the readers to Appendix B for more
technical details and also a comparison with the causal bandit model.

Organization. We introduce our uplifting bandit model along with its various variations in Section 2.
Over Sections 3, 5, 6, we provide regret bounds for these variations, with a lower bound presented
in Section 4. We discuss contextual extensions in Section 7 and experimental results in Section 8.

2 Problem Description

We start by formally introducing our uplifting bandit model. We illustrate it in Fig. 1 and summarize
our notation in Appendix A. Contextual extensions of this model are discussed in Section 7.

A (K, m)-uplifting bandit is a stochastic bandit with K actions and m underlying variables. Each
action a € A := {1, ..., K'} is associated with a distribution P* on R"™. At each round ¢, the learner
chooses an action a; € A and receives reward r; = >, ), %:(i) where V := {1, ..., m} is the set of
all variables and y; = (1;(4));ey ~ P is the payoff vector.> Our model is distinguished by two
assumptions that we describe below.

(I) Limited Number of Affected Variables. Let V* C V be the subset of variables affected by
action a and P° be the baseline distribution that the variables’ payoffs follow when no action is
taken. By definition P¢ and P° have the same marginal distribution on V@ := V' \ V%, the variables
unaffected by action a.®> While the above condition is always satisfied with V¢ = V), we are interested
in the case of L := card(V*) < m, meaning only a few variables are affected by a. We define
L as a uniform bound on L%, so that max,c 4 L* < L. For convenience of notation, we write
[T]:={1,...,T} and Ay = AU{0}, where 0 is used for all the quantities related to the baseline.

(IT) Observability of Individual Payoff. In addition to the reward r;, we assume that the learner
observes all the payoffs (y:(4));cy after an action is taken in round ¢.

Uplift and Noise. Let y* = (y*(i));cy be a random variable with distribution P¢. We define
n®(i) = Ely*(i)] and £€%(i) = y*(i) — p(4) respectively as the expected value and the noise
component of 3% (7). We use u® (resp. 11°) to denote the vector of (1%(i));ey (resp. (u°(7))iey), and
refer to u© as the baseline payoffs. The individual uplift associated to a pair (a,) € A x V is defined
as pa (i) = p*(i) — p°(i). An individual uplift can be positive or negative. We obtain the (total)
uplift of an action by summing its individual uplifts over all the variables affected by that action

i = D mip(i) = D (u*(0) — p°(0)). (1)
ieVe i€eVe
Let r® = )., u®(i) be the expected reward of an action or of pure observation. We also have

ro — e _ 10 gince ,U,a(l) = /1,0(2) as IOIlg as i ¢ Ve.

up
A real-value random variable X is said to be o-sub-Gaussian if for all v € R, it holds E[exp(yX)] <
exp(a?42/2). Throughout the paper, we assume that £(i) is 1-sub-Gaussian for all a € Ay and
i € V. Note that we do not assume that (y*(4));c) are independent, i.e., the elements in the noise
vector (£%(4));ecy may be correlated, for the following two reasons:

The terms reward and payoff distinguish r; and (y(¢))icy.

3If the actions in fact have small impact on the variables in V¢, our model is misspecified and incurs additional
linear regret whose size is proportional to the impact of the actions on V*. An interesting question is how we
can design algorithms that self-adapt to the degree of misspecification.
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Figure 1: Illustration of the up-
lifting bandit model. This exam-
ple has K = 3 actions, m = 5
variables and each action affects
L* = 2 variables. Dash lines indi-

(a) UPUCB: After suboptimal ac-
tion a; is taken, the confidence
intervals of (p?(7))icver and
(1°(1)) ;e par \ve: shrink (from
purple to pink). Hence the uplifting
index of a; decreases while that of
a” increases (from dash to solid).

Identified Padding

]
LAl

(b) UpUCB-nAff (b): To compute
the uplifting index of an action, we
identify a set of variables whose
associated confidence intervals do
not contain the baseline payoff and
pad it with the variables with the
largest UCBs on uplifts.

Figure 2: Explanation about UPUCB and UrPUCB-nAff (b) using model
from Fig. 1. The five vertical bars correspond to the five actions while the
y axis corresponds to the value of the payoff.

cate the variables’ payoffs follow
the baseline distribution P° by de-
fault.

* The independence assumption is not always realistic. In our first example, it excludes any potential
correlation between two customers’ purchases.

* While a learner can exploit their knowledge on the noise covariance matrix to reduce the regret, as
for example shown by Degenne and Perchet [14], incorporating such knowledge complicates the
algorithm design and analysis. However, we believe this is an interesting future direction to pursue.

Regret. The learner’s performance is characterized by their regret. To define it, we denote by
a* € argmax,c 4 7* an action with the largest expected reward and by r* = 7% = max,e4 7 the
largest expected reward. The regret of the learner after 7" rounds is then given by

T T
Regp =T — ZT“‘ = Z Z]l{at = a}A?,

t=1 acAt=1

2

where A® = r* — r® is the suboptimality gap of action a. In words, we compare the learner’s cumu-
lative (expected) reward against the best we can achieve by taking an optimal action at each round. In
the following, we also write A = mingc4,ae«>0 A® for the minimum non-zero suboptimality gap
and refer to it as the suboptimality gap of the problem.

UCSB for Uplifting Bandits. The UCB algorithm [4], at each round, constructs an upper confidence
bound (UCB) on the expected reward of each action and chooses the action with the highest UCB.
When applied to our model, we get a regret of O(Km?logT/A), as the noise in the reward is
m-sub-Gaussian (recall that we do not assume independence of the payoffs). However, this approach
completely ignores the structure of our problem. As we show in Section 3, we can achieve much
smaller regret by focusing on the uplifts.

Problem Variations. In the following sections, we study several variants of the above basic problem
that differ in the prior knowledge about (P®),c 4, that the learner possesses.

(a) Knowledge of Baseline Payoffs. We consider two scenarios based on whether the learner knows
the baseline payoffs ;° := (1°(i));ey or not.

(b) Knowledge of Affected Variables. We again consider two scenarios based on whether the
learner knows the affected variables associated with each action (V)¢ .4 or not.

3 Case of Known Baseline and Known Affected Variables

We start with the simplest setting where both the affected variables and the baseline payoffs are known.
To address this problem, we make the crucial observation that for any two actions, the difference in
their rewards equals to that of their uplifts. As an important consequence, uplift maximization has
the same optimal action as total reward maximization, and we can replace rewards by uplifts in the

definition of the regret (2). Formally, we write rj, = rf}; = maxge 1y, for the largest uplift; then

Regr = rl’jpT — 23:1 rl‘}lg. By making this transformation, we gain in statistical efficiency because



=ED ;cva (y“(z) ©°(7))] can now be estimated much more efficiently under our notion of
sparsuy Since both p° and (V*)qec4 are known, we can directly construct a UCB on Typ- For this,
we define for all rounds ¢ € [T, actions a € A, and variables ¢ € V the quantities

; o [2lost/e) ys (i 1{ag =a}

22_:]1{@9 =a}, ¢ = TN Z me(L, N3) 3)
where §’ > 0 is a tunable parameter. In words, N, i¢(7), and ¢ represent respectively the number
of times that action « is taken, the empirical estimate of 11%(), and the associated radius of confidence
interval calculated at the end of round ¢. The UCB for action a € A and variable ¢ € V* at round ¢ is
Uf(i) = g (i) + ¢f_ ;. We further define 77 = ", .0 (U (i) — u°(4)) as the uplifting index, and
refer to UPUCB (b) as the algorithm that takes an action with the largest uplifting index 7;* at each
round ¢ (Algorithm 3, Appendix A). Here, the suffix (b) indicates that the method operates with the
knowledge of the baseline payoffs.

Since UPUCB (b) is nothing but a standard UCB with transformed rewards r; = >, a0, (y:(2) —

1°(@)), and E[rf] = rgt defines exactly the same regret as the original reward, a standard analysis for
UCB yields the followmg result.

Proposition 1. Let &' = 6/(2KT). Then the regret of UPUCB (b) (Algorithm 3, Appendix A), with
probability at least 1 — 0, satisfies

RegT < Z (S(La)2 10g(2KT/5) +Aa> ) (4)

Aa
ac€A:A>0

As expected, the regret bound does not depend on m and scales with L2. This is because the
transformed reward of action a is only L®-sub-Gaussian. The improvement is significant when
L < m. However, this also comes at a price, as both the baseline payoffs and affected variables need
to be known. We address these shortcomings in Sections 5 and 6. On a side note, we remark that
observing the aggregated payoff Zzevaf y¢(2) is sufficient for UPUCB (b), but this will not be the
case for the other algorithms presented in our paper.

Estimating Baseline Payoffs from Observational Data. In practice, the baseline payoffs ;° can
be estimated from observational data, which gives confidence intervals that 1.°(4) lie in with high
probability. The uplifting indices can then be constructed by subtracting the lower confidence bounds
of p°(i) from U (). If the number of samples is n, the widths of the confidence intervals are in
O(1/+/n). Identification of a* is possible only when the sum of these widths over L variables is at
most A, which requires n = Q(L?/A?). Otherwise, these errors persist at each iteration and n must

be in the order of T to ensure O(+/T') regret.

Gap-Free Bounds. In Proposition 1, we state a high-probability instance-dependent regret bound,
and we will continue to do so for all the regret upper bounds that we present for the non-contextual
variants. This type of result can be directly transformed to bound on E[Reg] by taking § = 1/7.
Following the routine of separating A“ into two groups depending on their scale, most of our proofs
can be modified to obtain a gap-free bound, which is usually in the order of O(L+/KT log(T)). We
will not state these results to avoid unnecessary repetitions.

4 Lower Bounds

In this section, we shortly discuss the necessity of our modeling assumptions for obtaining the
improved regret bounds of Proposition 1. The complete discussion appears in Appendix D.

Intuitively, the regret can be improved both because the noise in the effect of an action is small,
and because the observation of this effect does not heavily deteriorate with noise. These two points
correspond respectively to assumptions (I) and (IT). Moreover, the knowledge on (V)¢ 4 allows
the learner to distinguish between problems with different structures. Without such distinction, there
is no chance that the learner can leverage the underlying structure. Therefore, the aforementioned
three points are crucial for obtaining (4). Below, we establish this formally for algorithms that are
consistent [24] over the class of 1-sub-Gaussian uplifting bandits, which means the induced regret of
the algorithm on any uplifting bandit with 1-sub-Gaussian noise satisfies Reg, = o(tP) for all p > 0.



Proposition 2. Let 7 be a consistent algorithm over the class of 1-sub-Gaussian uplifting bandits
that at most uses the knowledge of P°, (V*)ac.a, and the fact that the noise is 1-sub-Gaussian. Let
K,m > 0 and sequence (L%, A%)1<.<x € (Im] x R1)E satisfy Al = 0. Assume either of the
following holds.

(a) L* = mforall a € A, so that in the bandits considered below all actions affect all variables.
(b) Only the reward is observed.

(c) The algorithm m does not make use of any prior knowledge about the arms’ expected payoffs
(1) ac 4 (in particular, the knowledge of (V?);cy is not used by ).

Then, there exists a 1-sub-Gaussian (K, m)-uplifting bandit whose suboptimality gaps and numbers

of affected variables are respectively (A*),c .4 and (L*)qc 4, such that the regret induced by 7 on it
2

. RETI E[Reg 2
satisfies: liminfr_, 4 [logTT] > D e AAas0 Ab

Proposition 2 states an instance-dependent lower-bound for a learner that may be equipped with full
knowledge of the baseline distribution.* Its proof is presented in Appendix D. At this point, what
remains unclear is whether similar improvement of the regret is still possible when the baseline is
unknown or when the learner only has access to more restricted knowledge than (V*),c 4. We give
affirmative answers to these two questions in the next two sections.

5 Case of Unknown Baseline

In this section, we consider the situation where the learner knows the sets of affected variables
(V*)4c 4, but not the baseline payoffs. Since the actual uplift at each round is never observed, the
uplifts of the actions can hardly be estimated directly in this case. Instead, we follow a two-model
approach. Leveraging the fact that P and P° have the same marginal distribution on V¢, we can
estimate the baseline payoffs by aggregating information from the feedback of different actions. This
leads to

Compared to (3), we notice that both N and ¢ are functions of i. This is because for each taken
action a, we only increase the counters N (i) for those i ¢ V%, which causes a non-uniform increase
of (N?(i));ey. Then, by looking at all the rounds that variable i is not influenced by the chosen
action, we manage to compute /9 (i), an estimate of 1° (7). To proceed, we define the following UCB
indices for all the pairs (a,i) € Ag x V

0 ifa=0andi € (,c 4V
Uiy = po (i) + e, ifae Aandie V*, ©)
29_1(i) +c?_1(i) otherwise.

The second and the third lines of (6) contain the usual definition of UCBs using the empirical
estimates and the radii of the confidence intervals defined in (3) and (5). In the special case that a
variable is affected by all the actions, it is impossible to estimate U°(4) but it is enough to compare

U (i) directly against U® (i) for any two actions a,a’ € A, so we just set U2 () to 0 in this case.

We outline the proposed method, UPUCB, in Algorithm 1. The uplifting indices are given by
T =3 ieva (Uf(i) — UP(i)). It may be counter-intuitive to compare the differences between two
UCBs. Indeed, 7/ is no longer an optimistic estimate of the uplifting effect r{,, but it captures the
essential trade-off between learning action a’s payoffs and learning the baseline ;°. To provide some
intuition, we give an informal justification of UPUCB in Fig. 2a: If a suboptimal action a is taken
in round ¢, the estimates of all U*(¢) move closer to the actual mean from above. As a result, 7/
decreases, since all Uf (i) for i € V* do. Thus action a is less likely to be taken next. Moreover, 77"
increases, since U} (i) decrease for any i affected by a* but not a. Thus a* is more likely to be taken
next. The effectiveness of UPUCB is confirmed by the following theorem.

*Of course, the problem only becomes more challenging if the learner does not know the baseline distribution.



Algorithm 1 UpUCB

: Input: Error probability ¢’, the sets of variables each action affects {V : a € A}
. Initialization: Take each action once

cfort=K+1,...,Tdo

Compute the UCB indices following (6)

Fora € A, set 7{ < >, cva (U (3) — UP(i))

Select action a; € argmax,e 4 74

AN A

Theorem 1. Let ¢’ = § /(4K LT). Then the regret of UPUCB (Algorithm 1) with probability at least
1 — 6, satisfies:

Regr <

Z (8(L“ + L)% 1og(4K LT/6) n A“) . 7

Aa
a€A:A>0

Idea of proof. The full proof of Theorem 1 is presented in Appendix C.2, and proceeds as following.

1. With concentration of measure, we show that with probability 1 — 4, it holds | (7) — p®(3)] < ¢f
and |9 (7) — pu°(7)| < ¢9(4) for all relevant estimates. It is thus sufficient to show that (7) holds when
these inequalities are satisfied.

2. A suboptimal action a can only be taken if its uplifting index is larger than that of a*, i.e., if
Yieye (U (i) = UP(0) = Xjeyer (U (i) — UP(i)). Rearranging, we get

SNUrG A+ Y UG = DY U+ > UL ®)

icya i€yar\pe % ieya\yae*

Using the inequalities mentioned in the previous point and A® = rfl‘p* — T'yp» bounding the two sides
of (8), we deduce A® < 2L%cf 1 + 37 cpar\ya 2¢9_, ().

3. Note that for all i € V%" \ V%, whenever action a is taken, the count of N?(4) also increases by 1.
We have thus N?_, (i) > N¢ , and accordingly ¢9_, (i) < ¢?_,. We then get A® < 2(L%+ L% )c?_;.
This allows us to bound the number of times that action a is taken and conclude.

As in Proposition 1, the regret of Theorem 1 is in O(K L? log T'/A). In fact, all decisions in UPUCB
are made on uncertain estimates of at most L variables; thus the statistical efficiency scales with L
and not m. A detailed comparison with Proposition 1 reveals that the difference is in the order of
K (L“* )2 log T/ A; this is only significant when the optimal actions affect many more variables then
the suboptimal ones. Hence, the price of not knowing the baseline payoffs is generally quite small.

6 Case of Unknown Affected Variables

Now we study the more challenging setting where the affected variables (V*),c 4 are unknown to
the learner. Proposition 2 states that improvement is impossible if the learner does not have any
prior knowledge to exploit the structure. To circumvent this negative result, we study two weak
assumptions motivated by practice: learner has access to (i) an upper bound on the number of affected
variables or (ii) a lower bound on individual uplift. Due to space constraints, we only present the first
setting here and defer the discussion of the other to Appendix E.

For the rest of this section, we assume that we know an upper bound on the number of affected
variables L (i.e., L > max,e 4 L*). We design algorithms with O(K L?log T/ A) regret bounds that
takes L as input. We consider the cases of known and unknown baseline payoffs.

Known Baseline Payoffs. To illustrate our ideas, we start by assuming that the baseline payoffs
are known. We propose an optimistic algorithm that maintains a UCB on the total uplift with an
overestimate in the order of L. Let N/, ¢¢, and /i{ (¢) be defined as in (3). The UCB, uplifting indices,
and the confidence intervals for each (action, variable) pair (a,7) € A x V are

U (i) = gy () + iy, pf (i) = UF (@) — p°(a), Cf(4) = [if_y (i) — cf_y, g1 () + cf_1]. (9
In the rest of the paper, we refer to p¢ (i) as the individual uplifting index of the pair (a, ). It is



Algorithm 2 UpPUCB-nAff

1: Input: Error probability §’, Upper bound L on the number of variables that each action affects
2: Initialization: Take each action once
3 fort=K+1,...,Tdo
Choose b; € argmax,c 4 N{_; and compute UCBs and confidence intervals using (9)
fora € Ado
Set Vi « {i e V: CrE)NCY (i) = 0}
For i € V, compute p?(i) « U (i) — U (i)
Set LY < max(0,2L — card(V{")) and L < arg MAX 2 10\ Do card(£)<LE Y icr PE(i)
Compute uplifting index 7{* « . Ve U Lo p3(4)
10:  Select action a; € argmax,¢ 4 74

Y e RN A

an overestimate of the individual uplift /i, (7). As for C{ (i), it is the confidence interval that p“ (i)
lies in with high probability. Our algorithm, UPUCB-nAff (b) with nAff for number of affected,
leverages two important procedures to compute an optimistic estimate of the uplift r,: identification
of affected variables, and padding with variables with the highest individual uplifting indices.

To begin, UPUCB-nAff (b) constructs the set of identified variables V¢ = {i € V : 1°(i) ¢ C&(i)}
which is contained in V¢ with high probability. In fact, by concentration of measure, with high
probability p(i) € C2(i), in which case u%(i) ¢ C{(i) indicates i € V. However, 17;‘ is not
guaranteed to capture all the affected variables, so we also need to provide an upper bound for
> cva\Da t (%), the uplift contributed by the unidentified affected variables. Since the individual

uplifting index pf (i) is in fact a UCB on the individual uplift py,(7) here and card(V*) < L, we can

simply choose the L — card(ﬁf) variables in V' \ ]A}t“ with the largest p¢(4). Let us refer to this set as

L. We then get a proper UCB on the uplift of action a by computing 7 = 3. _ga, £« pf (1) This
t t

process is summarized in Algorithm 4 in Appendix A and illustrated in Fig. 2b.

Unknown Baseline Payoffs. Now we focus on the most challenging setting, where also the baseline
payoffs are unknown. In this case, neither the sets of identified variables nor the uplifting indices
of UPUCB-nAff (b) can be defined. We also cannot estimate the baseline payoffs using (5) since
the sets of affected variables are unknown. To overcome these challenges, we note that for any two
actions a,a’ € A, u® and p only differ on V* UV, and card(V* U V*') < 2. Therefore, ;1% and
[Lal differ in at most 2L variables, and we recover a similar problem structure by taking the payoffs
of any action as the baseline.

Combining this idea with the elements that we have introduced previously, we obtain UPUCB-nAff
(Algorithm 2). In each round, UpPUCB-nAff starts by picking a most frequently taken action b; (Line
4) whose payoffs are treated as the baseline in that round. Then, in Line 6, UPUCB-nAff chooses
variables that are guaranteed to be either in V* or V. This generalizes the identification step of
UPUCB-nAff (b). The individual uplifting indices p¢ (i) = U¢(i) — U}* (i) are computed in Line 7.
The differences of UCBs are inspired by a similar construction in UPUCB. Line 8 constitutes the
padding step, during which variables with the highest uplifting indices are selected, and finally in
Line 9 we combine the above to get the uplifting index of the action. To see why UPUCB-nAff is
similar to UPUCB-nAff (b), suppose that one action has been taken frequently. Then the baseline
payoffs are precisely estimated and do not change much between consecutive rounds.

Regret. Both UpUCB-nAff(b) and UPUCB-nAff choose O(L) variables for estimating the uplift
of an action, and the decisions are based on these estimates. Therefore, the statistical efficiencies
of these algorithms only scale with L and not m. This in turn translates into an improvement of the
regret, as demonstrated by the theorem below.

Theorem 2. Let ' = §/(2KmT). Then the regret of UPUCB-nAff (Algorithm 2) (resp. UPUCB-
nAff (b), Algorithm 4), with probability at least 1 — §, satisfies:

L2 log(2KmT
D D 0g(2KmT/0) | ra). (10)
acA:A*>0 Al

where o = 512 (resp. 32) in the above inequality.



Idea of proof. The full proof of Theorem 2 is presented in Appendix C.3. We outline below the main
steps to prove the result for UPUCB-nAff (b).

1. With concentration of measure, with probability 1 — ¢§ it holds p®(¢) € C{(¢). Then, as explained
in the text, Vi* € V* and 7" is an upper bound on r{; especially e > rffp* .

2. Fori ¢ V¥, by definition ;°(i) € C¢, from which we deduce 0 < p?(i) < 2¢_,. With V* C V@
and £¢ C V \ V;* we can then write

=Y pHi) < D pr) + Y P <l +ALef .

ieVE ULy ieve ieLy
We have also used card(V*) < L, card(L{) < L, and p¢(z) < p®(i) + 2¢f_;.

3. Whenever a suboptimal action « is taken, we have 7¢ > 72" . Combined with the two previous
point we then deduced A® < 4Lc} ;. Subsequently, we bound the number of times that each
suboptimal action a is taken to conclude. O

The proof of Theorem 2 is notable for two reasons. First, tracking of the identified variables guarantees
that the uplifting index 7;* does not overestimate the uplift 7, too much. Take UPUCB-nAff (b)
as an example. An alternative to constructing a UCB on 7y, is to choose the L variables with the
highest individual uplifting indices p¢ (). However, this would result in a severe overestimate when a
negative individual uplift is present. Second, to prove (10) for UPUCB-nAff, we use that the widths
of confidence intervals of the chosen b; are always smaller than those of the taken action. This is
ensured by taking b; as the most frequent action (Line 4 in Algorithm 2).

7 Contextual Extensions

In this section, we briefly discuss potential contextual extensions of our model; a detailed case study
is presented in Appendix F. As in contextual bandits, context is a side information that helps the
learner to make a more informed decision, which results in a higher reward. To incorporate context,
one possibility is to associate each variable with a feature vector x4 (i) € R?. The subscript ¢ indicates
that the context can change from one round to another. We also associate each action with a function
f® so that the expected payoff of action a acting on a variable with feature ;(7) is f*(x+(7)). The
expected reward of choosing a at round ¢ is then r*(x;) = >, .\, f*(2¢(i)). The optimal action
inround ¢ is a} = arg max,. 4 r*(z;) and the regret of a learner that takes the actions (a;):c[ry is

given by Regr = 30,1 Yiey, (£ (24()) — £t (24(3))).

The key structure in our model (Section 2) is that there exists a baseline payoff vector ;" such that
for any given action a, (i) = p°(i) holds for most i € V. Given context, this translates into the
existence of a baseline function f° such that for any given a and ¢, f*(x;(i)) = f°((i)) holds for

most i € V. The uplift of action a is defined as 7, (x;) = Y-, f(:(7)) — fO(24(4)).

For concreteness, let us consider a model with linear payoffs. Then, each action is associated with
an unknown parameter 0 and the expected payoff is the scalar product of 8 and the feature of the
variable, i.e., f%(x¢()) = (8%, x(i)). We also assume the aforementioned equality to hold for the
baseline function f© and we use Vi = {i € V : (0%, 2,(i)) # (6°,24(4))} for the variables affected
by action a at round ¢. One sufficient condition for V{* to be small is sparsity in both the parameter
difference 6, = 6% — 0° and the context vector x;(4). In fact, (6%, z(i)) = (0°,2(i)) as long as
the supports of 0, and x;(i) are disjoint. We assume card(Vf) is uniformly bounded by L below.

Clearly, our algorithms can be directly applied as long as we can construct a UCB on (0%, z,(4)).
This can for example be done using the construction of linear UCB [1]. In this way, the decision
of the learner is again based on the uncertain estimates of at most O(L) variables, and we expect
similar improvements as in our earlier theorems. As an example, when both 69 and Vi are known,
UPUCB (b) adapted to this situation constructs UCB for Zier (0, 7¢(4)), and it is straightforward

to show that the regret of such algorithm can be as small as O(Ld+v/ KT). In contrast, if the learner
works directly with the total reward, the regret is in O(mdv KT).>

SWe present gap-free bounds here and thus we get I versus m in the place of L? versus m?. As in previous
sections, these bounds apply to a potentially dependent noise.



8 Numerical Experiments

In this section, we present numerical experiments to o —— ucs
. . . . UpUCB (b) =
demonstrate the benefit of estimating uplifts in our model. 5| = Upucs -
We compare our methods introduced in Sections 3, 5 and 6 v o —
against UCB and Thompson sampling with Gaussian prior 5| — Thompson sampling :
o g

and Gaussian noise that only use the observed rewards .
(r¢)ter)- To ensure a fair comparison, we tune all the -
considered algorithms and report results for the parame-
ters that yield the best average performance. The detailed 0 2 2 oot CRECH
procedure, and additional experimental details and results,

are provided in Appendices G and H. The experiments

(a) Gaussian uplifting
%103
7

for the contextual extension in Section 7 are presented in —
Appendix F.3. 6 e

5
Gaussian Uplifting Bandit. We first study our algo- .,
rithms in a Gaussian uplifting bandit with K’ = 10 actions, | /
m = 100 variables, and L* = 10 for all ¢ € A meaning | F
that each action affects 10 variables.® The expected pay- s / e e oo
offs are contained in [0, 1], and the covariance matrix of 0 + Upuce + Thompson sampling
the noise is taken the same for all the actions. The subop- 0 GO MO A

timality gap of the created problem is around 0.2, and the

. . N (b) Bernoulli uplifting
variance of the total noise ) _,,, £%() is around 80.

Figure 3: Experimental results on a synthetic
Bernoulli Uplifting Bandit with Criteo Uplift. We use and real-world dataset. All the curves are
the Criteo Uplift Prediction Dataset [15] with ‘visit” as averaged over 100 runs and the shaded areas
the outcome variable to build a Bernoulli uplifting bandit, represent the standard errors.

where the payoff of each variable has a Bernoulli distribu-

tion. This dataset is designed for uplift modeling, and has outcomes for both treated and untreated
individuals. Thus it is suitable for our simulations. To build the model, we sample 10° examples from
the dataset, and use K-means to partition these samples into 20 clusters of various sizes. The 10°
examples are taken as our variables. We consider 20 actions that correspond to treating individuals of
each cluster, and construct independent Bernoulli payoffs using the visit rates of the treated/untreated
individuals of the clusters following a procedure detailed in Appendix G.2. Here, L = 12654 and A
is around 30.

Results. Fig. 3 confirms that we can effectively achieve much smaller regret by restricting our
attention to the uplift. Moreover, when the sets of affected are known, the loss of not knowing the
baseline payoffs seems to be minimal. On the other hand, not knowing the affected variables has
a more severe effect in the second experiment. In fact, the design of UPUCB-nAff and UpUCB-
nAff (b) heavily rely on the additive structure of the uplifting index, and can thus hardly benefit from
the payoff independence which allow the other four algorithms to achieve smaller regret in this case.

9 Concluding Remarks

This paper studies multi-armed bandit problems where the rewards are sums of observable variables.
When each action only affects a limited number of these variables, much smaller regret can be
achieved, and we developed algorithms with such guarantees under different forms of knowledge that
the learner possesses.

While we study here a UCB-style algorithm, we believe that understanding how similar improvement
can be achieved by other types of algorithms such as Thompson sampling and information directed
sampling is an important question. Moreover, further extending our work to cope with non-stationary
or even adversarial bandits is another promising direction to pursue. As for the former, a direct
combination with existing techniques [19] can readily make our algorithms bypass the stationarity
assumption that we make throughout the paper.

By Gaussian uplifting bandit we mean that the noise vectors (£%),¢.4 are Gaussian.
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A Notation Table and Missing Pseudo Codes

Notation  Explanation

K Number of actions
a An action
a* An optimal action, a* € argmax, ¢ 4 7

A The set of actions, A = {1,..., K}
t Round index
Bandits T Number of rounds / Time horizon
(T) The set of all the rounds, [T'] = {1, ..., T}
T Reward received at round ¢
re Expected reward of action a
r* Largest expected reward, r* = 7% = maxge .4 1*
A® Suboptimality gap of action a, A* = r* — r®
A Minimum non-zero suboptimality gap
A = minaeAyAa>0 Aa
m Number of underlying variables
1 A variable
1% The set of variables, V = {1,...,m}
L Number of variables affected by action a
Upper bound on number of affected variables
L a
L > max,cq L
e The set of variables affected by action a
0 A convenient notation to represent all quantities related to
the baseline
Uplifting Bandits 4, A notation to include both the actions and the baseline
r0 Baseline reward
e Expected uplift of action a, r, = r* — r°
Tap Largest expected uplift, rj, = rl‘fp* = maXge A Ty
Yt Payoffs observed at round ¢, y; = (y:())iecy
e Expected payoffs of action a, u® = (u®(4))iecy
0 Baseline payoffs, u° = (u°(i))iev
[ Expected individual uplifts of action a, g, = (p14,(7))iev
P The distribution of the payoffs associated to action a
PO Baseline distribution of the payoffs
A Lower bound on individual uplift
up Va € A, i € V7 |u(i) — pO(i)| > Ay
N Number of times action a is taken in the first ¢ rounds
g Empirical estimates of expected payoffs
cf Widths of confidence intervals
UCB Cc¢ Confidence intervals
ug Upper confidence bounds
T Uplifting index of action a
o Individual uplifting indices
o' Error probability provided as input for UCB-type algorithms

Table 2: Main notations used in the paper.
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Algorithm 3 UpPUCB (b)

: Input: Error probability &', Baseline payoffs ;°, Sets of affected variables {V* : a € A}
: Initialization: Take each action once

cfort=K+1,...,7Tdo

Compute the statistics following (3)

For a € A, compute uplifting index 77" <= >, oya (A1 (1) + ¢f_ 1 — p°(4))

Select action a; € argmax,e 4 74

SA AN S

Algorithm 4 UpUCB-nAff (b)

1: Input: Error probability §’, Baseline payoffs 1°, Upper bound L on the number of affected
variables

2: Initialization: Take each action once

3:fort=K+1,...,Tdo

4: forac Ado

5: Compute UCBs, uplifting indices, and confidence intervals following (9)
6: Set Ve «+ {i € V: u0%i) ¢ C2(i)}

7: Set L? + max(0, L — card(V?))

8: Set L} < argmax pr(z)

LOV\VY el
card(L)=L¢

9: Compute uplifting index 7/ <= >, a0 PF(7)
t t
10:  Select action a; € arg max,c 4 74

B Additional Related Work

In this section we complement our related work section by providing comparison to causal bandits
and more detailed discussion on how our work fits into and differs from the semi-bandit framework.

Causal Bandits. The term causal bandits captures the general idea that in a bandit model the
generation of reward may be governed by some causal mechanism while the actions correspond to
interventions on the underlying causal graph. This idea was first formalized in [25] and subsequently
explored in a series of work [27, 28, 30] that cover multiples variants of the problem, including both
the minimization of simple and cumulative regrets. Our problem fits into the causal bandit framework
by regarding Fig. 1 as a simple causal graph where the variables consist of all the direct causes of the
reward and the actions correspond to atomic interventions on the action nodes. The observability
of these direct causes are also key assumptions in many of the aforementioned works. Moreover, in
the unknown affected case our causal graph is in fact only partially unknown. This is an intriguing
problem in causal bandits as argued by [29]. While we have shown improvement of the algorithms
for this specific model, a interesting question is whether similar improvement can still be shown
in more general causal bandit models under the assumption that each actions only affects a limited
number of variables of the causal graph.

Combinatorial Bandits. The conceptual differences between our model and the semi-bandit ones
[11, 22, 31] have been discussed in Section 1. The following paragraph thus treats this subject from a
more technical viewpoint.

To begin, we provide a way to reduce our model to that of semi-bandits when the sets of affected
variables are known. For this, we consider a semi-bandit problem whose ground set contains the
following m + > 4 L items

* For each variable i € V, we have an item e ; with mean (). This item models the reward of
variable ¢ when it is unaffected by the taken action.

* For each action a € A and i € V*, we have an item e, ; with mean p®(¢). This item models the
reward of variable ¢ when affected by action a.

Then, when action a is taken, we observe the stochastic reward of e, ; for ¢ € V¢, and that of eq ; for
i ¢ V*. The total reward is the sum of the observed individual rewards.

16



In terms of algorithm, let us consider the UPUCB algorithm described in Algorithm 1, which is
based on selecting the action with the largest uplift index 7/* = Y, -1, (U (i) — U (i)). We notice
that the quantity U = >, U (i) = 78 + D ,cy U (i) is indeed an upper confidence bound on
the reward of action @ and UPUCB is equivalent to choosing the action with the largest U;* in each
round. This observation effectively reduces UPUCB to CombUCB [11, 22] on the transformed
model. Nonetheless, the UPUCB formulation has several advantages:

1. It captures the fact that we really care about is the uplifting effect and the variables affected by
each action.

2. The uplifting interpretation facilitates algorithm design in more involved situations as we have
shown in Sections 6 and 7.

3. While the general analysis of CombUCB yields a regret in O((m? + mK L) log T/A), we have
shown in Theorem 1 that the regret of UPUCB is in O(K L? log T//A). Our analysis presented in
Appendix C.2 also greatly benefits from the UPUCB formulation of the algorithm.

Finally, it is worth noticing that one of the most important contribution of our work is to consider the
situations where the sets of affected variables are unknown. In the transformed model, this means
that we do not know the composition of each action. We are not aware of any works that address this
situation in the combinatorial bandit literature.

C Proofs for Upper Bound Results

In this section, we provide proofs of the regret bounds from Sections 5 and 6. Our proofs have the
following structure.

1. Leveraging Lemmas 2 and 3 presented in Appendix C.1, we define a high-probability event £ on
which all the expected payoffs belong to their confidence intervals.

2. Using the fact that the uplifting index of the taken action is larger than that of any optimal action
by design, we show that on event £ a suboptimal action can only be taken when its associated
width of confidence interval is sufficiently large.

3. The previous point allows us to bound the number of times that a suboptimal action is taken by
O(L?/(A%)?) on €.
4. We conclude with the following regret decomposition (which was already stated in (2)).

Regr = »  NfA“. (11)
a€A

C.1 Concentration Bounds

To prove the regret upper bounds, we will make use of concentration bounds that apply to quantities
defined in (3) and (5). Underlying all these results is the following fundamental concentration
inequality for o-sub-Gaussian random variables [36]

P(|X| > v) < 2exp(—7?/(20?%)) for all v > 0. (12)

However, the estimates in (3) and (5) aggregate observed values in a way that depend on the decisions
that have been made. Therefore, concentration bounds for the sum of independent variables, which
can be directly derived from (12), are not sufficient for our purposes. The standard trick to circumvent
this issue in bandit literature is to combine Doob’s optional skipping (Doob 16, Chap. 3, Chung and
Zhong 12, Chap. 9) with concentration inequality for martingale difference sequence. The following
lemma adapted from [35, Lem. A.1] is proved exactly using this technique.

Lemma 1. Let (Fi):en be a filtration and let (e;, X+)ten be a sequence of {0,1} x R- valued
random variables such that €, is F;_1-measurable, and X, is F;-measurable and conditionally

o-sub-Gaussian, i.e., Elexp(vX;) | Fi—1] < exp(y20?/2) for all v € R. Let N > 0 and let

T=min{t > 1:Y'_ e, = N}, where we take T = +00 when 3.1 ¢, < N. Then, for any

5 e (0,1),
P < Z €tXt

t=1

> a«/2N10g(2/6)> <. (13)
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Proof. The proof of [35, Lem. A.1] essentially applies. We just need to replace the use of Hoeffding-
Azuma inequality by the use of concentration inequality for conditionally sub-Gaussian martingale
difference sequences, which is itself derived from (12) and the fact that the sum of conditionally
sub-Gaussian martingale differences is sub-Gaussian. O

In the following, (F;); will represent the natural filtration associated to (y¢, a¢+1): such that a; is
Fi—1-measurable, and y; is F;-measurable. Applying Lemma 1 to properly defined (¢;, X;); along
with the use of a union bound gives the following concentration results that are key to our analyses.

Lemma 2. Leta € A i €V, and let uf (i) be defined as in (3). Then for any § € (0, 1), it holds

P (at €T, |32(i) — u*(i)] > 21%2/5’) <Ts.

Proof. For N € [T, we define the random variables

¢
TN:min{t>1:Z]l{aS:a}:N} and S%(7) Zys )1{as = a}.

s=1

We then define the failure events

et = (v m i - o = 250

S () <Z 1{as = a}>

It holds £(i) C &£(i). In fact, if £(i) happens then |i%(i) — pu®( > /2log(2/6)/N¢ (i) for

some ¢ and this is only possible when N/ (i) > 1. With the deﬁn1t10n N“( ) = 22:1 1{as; = a},
we further see that Nf(i) < ¢ < T and 7ye < t < +oo. The latter means that we indeed

have Z:ﬁ 1{as; = a} = N{. Thus multiplying |¢(i) — u®(i)] > /2log(2/8)/N2(i) b
N = N{* € [T gives exactly

S%(i) <Z 1{as = a})

which shows that £ (i) happens as well. It is thus sufficient to prove that P(£(i)) < T4.

§(i):{3Ne[ 1,

2N log(2/96). }

2N log(2/6),

For N € [T], we apply Lemma 1 to ¢; < 1{a; = a} and X; < &(i) = y{ (i) — u®(i). Since
p (1) 1{ar = a} = p(i) L{a; = a}, we recover the exact inequality that appears in the definition

of £(i). We conclude with a union bound taking N ranging from 1 to 7. O
Lemma 3. Leti € V, and let 119 (i) be defined as in (5). Then for any § € (0, 1), it holds

P <3t e T, 1i00) - 10G)| = W) <5

Proof. Lemma 3 is proved in the same way as Lemma 2. In particular, we apply Lemma 1 to

q(—]l{igévaf}andXt(—fg(i). O

C.2 Unknown Baseline

Theorem 1. Let ¢’ = §/(AK LT). Then the regret of UPUCB (Algorithm 1) with probability at least
1 — 6, satisfies:

)

a a*\2
Reg, < Z (8(L + L% )?log(4K LT/9) —|—Aa>.

Aa
a€A:A>0
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Proof. We first notice that while there are m variables, not all of them are involved in estimating the
uplifts. Therefore, we only need to focus on the set of relevant variables V' = | J,. 4 V*. Clearly,
card(V’) < K L. With this in mind, we define the events

£ = (¥t € [T], Va € A, Vi e V*, | (i) — u"(3)| < i},
& = (Wt € [T], Vi € V', i) — u°()| < )}

Lemma 2 and Lemma 3 in Appendix C.1 along with union bounds over a and i guarantee

P& U&E) > 1~ (Z L* + card(v’)> T(26') >1—-4KLT§ =1—6.
acA

It is thus sufficient to show that (7) holds on &1 U &s.

In the remainder of the proof, we consider an arbitrary realization of & U & and prove that (7) indeed

holds for this realization. From (11) it is clear that we just need to bound N¢ = Ethl 1{a; = a}
from above for all suboptimal action a € 4 with A® > 0. This is done by providing a lower bound
on c¢ for any ¢ such that a; = a. To proceed, suppose that a suboptimal action a is taken for the last

time at round ¢ € {K + 1,..., T}.7 This implies 7 > 77" and N$ = N2 | + 1. By the definition of
the uplifting indices, we get

YU = UL@) = Y (U ()~ UL()).
eve ieya*
Rearranging and dropping >_;cy.a e+ UP(@) from both sides, we get
SNuriy+ Y U= DY UFO+ Y ULG). (14)
ieye ieyar\ye ieyae* ieya\yae*

This is similar to the type of inequality that defines standard UCB. In fact, the left and the right hand
sides of (14) are respectively upper confidence bounds on ) ;o 1.+ £4(#) and upper confidence

bounds on ),y et e (7). We next bound these two quantities respectively from above and
from below. Since both £; and & hold, we have the following inequalities for the UCB indices

Vs € [T], Ya € A, Vi € V*, pu(i) + 2¢2_; > Ug(i) > p(3),
Vs € [T], Vie V'\ () V% 1) + 262, (i) > U2(i) > p°(d).
acA
Combining the above, we obtain
Do 2 )+ Y WO F2E @)= Y pT @O+ Y k).
ieve igva*\ye icva* ieya\ye*
Adding 3,10 yar 10(i) to both sides and rearranging leads to
S-S a0+ - Y 00 D2 Y 26
iepe” 1eVe 1EVe ieye* 1EVe ieyer\ye

From this we can derive an inequality between the suboptimal gap A® and the the widths of the
confidence intervals as follows

*

A% = @ _ pa

up up
= > (@) = u0@0) = Y (u (@) — p0(i)
ieVa® iEVY
= >0 u () = Y )+ > p) - Y p)
ieyae” ieye ieye ieye”
<20+ Y 24, (0). (15)
ieya*\ya

"If the action is not taken anymore after the first T’ runs. We have N% = 1 so the upper bound that we show
later trivially holds.
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We next argue that for all i € V%" \ V* we have NP, (i) > N{_ , and hence ¢?_, (i) < ¢?_,. In fact,
if i ¢ V4, then whenever action a is taken, the count of N?(7) also increases by 1. Formally,

N (d) Z]l{z Va°}>Z]l{as—a}]l{z V“S}—Z]l{as—a}— 21
Therefore, we further deduce A < 2(L% 4+ L* )c?_,. Equivalently,

8(L* + L*")? log(l/é').

N, tafl < ( Aa)Q
We conclude that action a is taken at most [8(L® + L% )2 log(1/6")/(A%)?| + 1 times during the
execution of the algorithm. Plugging this into (11) gives exactly (7). O

C.3 Unknown Affected Variables

Below we prove Theorem 2 separately for UPUCB-nAff (b) and UPUCB-nAff.

Proposition 3 (Regret of UPUCB-nAff (b)). Let &' = 6/(2KmT). If the learner knows and an
upper bound L on maximum number of variables an action affects and the baseline payoffs, then
UrPUCB-nAff (b) (Algorithm 4), with probability at least 1 — §, has regret bounded by:

2
Reg, < Z (32L log(2KmT/6) N Aa> . (16)
Ae
a€A:A>0

Proof. Let us consider the event
£={Vte[T], Vae A VieV, |g(i) - u*(i)] < &), (17

By Lemma 3 and a union bound we get immediately P(£) > 1 — KmT(2§’) = 1 — 4. In the
following, we assume that £ occurs and prove (16).

First, by the definition of Y we have clearly V& C V. In fact, if i ¢ V* then p0(i) = p®(i) € C2(4).
The inclusion Vi C V* along with the condition card(V*) < L imply card(V* \ V) < L —
card(V{); in particular, L — card(V{) > 0 and thus L{ = L — card(V}).

Next, for any i € V'\ Vt , it holds p°(i) € C#(i). This implies p°(i) < U2(i), and accordingly
pE(i) > 0. We can then write

> opii) < max PN AGRES max PN AOESINAG)
Vet Ta LEV\VY iel LEV\VY il ieLe
iEVIVy card(L£)=card(V\V{) card(£)=L—card(V?) i
Since Uf(i) > p“(i) on &, we have p (i) > pg, (7); subsequently

rh = (@) =Y ph )+ Y u() < > pt(i) + Y pii) =
icya ieVa ieve\Dg ieVg ieLy

This shows that 7;* is effectively an upper bound of rg,. With this in mind, we are ready to bound the
number of times that a suboptimal action is taken.

Leta € A with A* > 0 and assume that itis taken at round ¢ € {K + 1, ..., T}, which means that
@ > 70" We have shown that 7% > Typ - It remains to provide an upper bound for 7/ that involves

»- For this, we again use V“ cye and the fact that p¢ (i) > O foralli € V \ V“ to decompose
Tta = Z p?(i) < Z p?(i) = Z p?(i) + Z p?(i)' (18)
ieVp ULy 1€V U LY ieye 1€LI\VA

The summation of the individual uplifting indices over ¢ € V* is naturally related to rg,. Since
u(i) > pg_1(i) — ¢4, forall ¢ € Vit holds

pi (i) = UP (i) — p (i) < p (i) — p° (i) + 2¢f_y = g (i) +2¢f,.
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In consequence,

e < > (i) +2¢f ) <+ 2L (19)
eye icyae

What we need to show next is that the definition of 17,? guarantees pf (¢) to be small whenever i ¢ 17;‘
In fact, if i € V \ V2, we have p°(i) € C2(i), and in particular p°(i) > ¢ (i) — ¢¢_,, implying
that

pi (i) = U (i) = pn%(0) < (A1 (1) + cfy) = (81 (6) — ¢f_y) = 2¢f_ .

By definition, £ C V' \ )7“, and hence

ooty < Y 2, <2Lef . (20)

i€LE\Ve i€LE\Va

Putting (18), (19), and (20) together, we get

TESY @+ Y i) < v AL
ieye i€eLF\Ve

With 7¢ > 72" > rf}; we deduce

a* a a
Tap < Tpt+ 4Lci .

Therefore, A® = rf}p* — Ty < 4Lc_ 4, and equivalently

" 32L2log(1/8")
K O
Following the argument in the proof of Theorem 1, this translates into an upper bound on N7 and we
conclude by invoking the decomposition of (11). O

We notice that it is quite straightforward to adapt UPUCB-nAff (b) and its analysis to the setting
where the learner knows an action-dependent upper bound L¢ > L®. The only change in (16) is that
L is replaced by L. Thus we recover (4) up to a multiplicative constant when L% = ©(L%). We
complete this section with the proof of the regret bound for UPUCB-nAff. It combines ideas from
the proofs of Theorem 1 and Proposition 3.

Proposition 4 (Regret of UPUCB-nAff). Ler 6’ = 6/(2KmT). Then the regret of UPUCB-nAff
(Algorithm 2), with probability at least 1 — §, satisfies:

12L2 log(2KmT
Regr < S (5 o8 m/6)+A“), 1)
Aa
acA:A2>0

Proof. We again place ourselves in the event £ defined in (17), and prove (21) under this condition.
Recall that b; € arg max,c 4 N{_; is an action that is taken most frequently during the first ¢ — 1

rounds and the associated estimates serve as baselines at round ¢. We define 17;1 = VeUV as the
set of variables that are affected by either action a or b;. Clearly, card(Vf) < 2L.

We first show that V¢ C V¢ whenever & occurs. Let i € V' \ V2. Under € we have both 0(i) =
p®(i) € C2(i) and pO(i) = pb (i) € Cl(i). Therefore, C2(i) NCY* (i) # @; subsequently i ¢ V2.
The contrapositive of the above gives exactly Vi* C V.

We shall now bound N for any suboptimal action a, from which the proof concludes by applying
(11). Let a € A satisfying A® > 0. If it is taken at round ¢t € {K + 1,..., T}, we have 7¢ > 7.
This can be written as

St + Y pra) = Y e+ > e (). (22)

ieVg ieLy ieve” ieLy”
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Decomposition of Suboptimality Gap using the New Baseline. Similar to before, we will use
(22) to relate the widths of the confidence intervals to the suboptimality gap A®. For this, we notice
that the suboptimality gap of a can be rewritten as

AT =3 ) = )

icy icy

= (u (@) = u () = Y (u (@) — p (D))
i€V i€y

= D> () = p (@) = Y (i) — u (@) (23)
ievg” ievy

The last equality is true because %" (i) = p°(i) outside V", and the same holds when we replace a*
by a. Therefore, our goal is to lower bound the right-hand side of (22) by an expression that contains

> v (u®" (i) — pb* (7)) and upper bound the left-hand side of (22) by an expression that contains
3 ey (10 (0) = 1 ().

Lower Bound on RHS of (22). Since ), ot P& (i) is the maximum padding, we can lower
bound the right-hand side of the inequality by . vt p%" (i). Formally, with V& C V%" we have
card(V?" \ V') < 2L — card(V?") and L¢" = 2L — card(V?"). Thus, by definition of £&",

> (i) = max D)y = Y ).
€L

LCVa\pe oy
i€ L™ = t . a* a*
e Ly card([,)SQL—card(V;‘*) 1EVET\ VS

To further provide a lower bound on } ;5. p%" (i), we recall that p¢” (i) = U2 (i) — U (i), so
¢ T x
with U2 (i) > p® (d), ULt (i) < pb (i) + 2¢* |, and card(V&") < 2L, we get

ST+ Y e )= > e ()

ievet ieLy” ieve”
a* /- ¢ (7 bt
> > (i) — pbt (i) — 2ct )
ieva*
> ) (u (i) — p(§) — 4L . (24)
ieva*

Upper Bound on LHS of (22). To make the term 0, 5. (1% (7) — ub (7)) appear, we first relate it
to the sum of the uplifting indices using U2 (7) < p®(i) + 2¢¢_4.

Do) < D (o) F 26y = pt (@) < Y () = p (@) + 4Ly (25)
icvg ievg ieVg
The last inequality uses card(V?) < 2L. Next, to relate > icve Pi(i) to the left-hand side of (22),

we want to show (i) D, 2o Pi (4) is small, and (ii) We can add additional terms from ]Z‘l \ \A)t“ to
the left-hand side of (22). These two points correspond respectively to inequalities (20) and (18) in
the proof of Proposition 3. Again, this can be done by looking at the definition of V;'. In fact, if
i € V\ V&, then by definition C¢ (i) NC* (i) # @, implying that
~ by - b ~a - a
M?—l(z) +ety = (i) — ¢y,
~a . a ~by . by
g1 (i) + iy = "4 (1) — ¢y
The above two inequalities respectively translate into
U (i) = Uy (i) < 2¢f_y,
Uf (i) = U (i) > =2¢ 4,
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In other words, for any ¢ € V' \ 17;1 we have —2¢2* | < p(i) < 2¢%_,. Subsequently,

Do) < Y 20y, (26)

ieLe ieLs
oo < Y A, 27
ieve\Va ieVg\Vea

Therefore

DoA@+ D < D P+ Y 2+ Y (PG +2eny)

ieVg €Ly ieya ieLy ieva\Vg
= Z pL(i) + Z 2cf_ 1 + Z 2,
ieysa ieLy ieVe\Va
< > ppi) + 4Lcy +4Lc) . (28)
ieva

The first inequality makes use of (26) and (27), and in particular the last term on the right-hand side
is non-negative thanks to (27). The equality in the second line is true because 173 - ]7;1. Finally, for
the last inequality we use the fact that card(£¢) < 2L and card(V®) < 2L. Along with (28) we get
an upper bound on Zieﬁg p¢ (1) + > e e pE (i) that involves 271617{‘ (e (i) — pb (7).

Conclusion. Combining (22), (24), (25), and (28), we obtain
D (@) = p (@) +8Lef_y +4Left > > (p (i) — p (i) — AL
ieVy ieve”

By the choice of b; we have ¢f_; > cft_l. With (23), it follows that 16 L¢f ; > A® and thus

" 512L%log(1/4")
Nt71 S W.

Repeating the argument in the proof of Theorem 1 (i.e., choose t to be the last time that action a is
taken if it is taken more than once and apply decomposition (11)) gives the desired result. O

Theorem 2. Let &' = §/(2KmT). Then the regret of UPUCB-nAff (Algorithm 2) (resp. UpPUCB-
nAff (b), Algorithm 4), with probability at least 1 — 6, satisfies:

2
Reg, < Z al?log(2KmT/4) L Ae), (10)
a€A:A%>0 At

where o« = 512 (resp. 32) in the above inequality.

Proof. The proof follows by combining Propositions 3 and 4. O

D Lower Bounds

In this section, we prove Proposition 2 that justifies our key modeling assumptions. In particular, these
lower bounds show that there would be a higher regret in absence of any of the following: (i) Limited
number of affected variables, (i7) Side information about variables beyond just reward, and (iii) Some
prior knowledge on how the variables are affected. Moreover, we also derive matching lower bounds
for Proposition 1. We discuss these results in Appendix D.1. Subsequently, we introduce a general
information-theoretic lower bounds for bandit problems with similar design in Appendix D.2, based
on which we prove the lower bounds in Appendix D.3.
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D.1 Lower Bounds for Uplifting Bandits— Statements and Discussion

To begin, we restate Proposition 2 from Section 4 and introduce associated notations. For sake of
conciseness, in the following we say that an uplifting bandit has parameters (K, m, (A%, L*) e 1) if
the number of actions, the number of variables, the suboptimality gaps, and the number of affected
variables of this instance are respectively K, m, (A®*),ec4, and (L*),c4. We focus on instance-
dependent lower-bounds and assume that the learner has full knowledge of the baseline distribution.
We also recall that our lower bounds are derived for the algorithms that are consistent [24] over
the class of 1-sub-Gaussian uplifting bandits, meaning the induced regret of the algorithm on any
uplifting bandit with 1-sub-Gaussian noise satisfies Reg, = o(tP) for all p > 0.

Proposition 2. Let 7 be a consistent algorithm over the class of 1-sub-Gaussian uplifting bandits
that at most uses knowledge of P°, (V®)ac 4, and the fact that the noise is 1-sub-Gaussian. Let
K,m > 0 and sequence (L*,A%)1<qa<x € (Im] x R1)E satisfy Al = 0. Assume either of the
following holds.

(a) L* =m forall a € A, so that in the bandits considered below all actions affect all variables.
(b) Only the reward is observed.

(c) The algorithm 7 does not make use of any prior knowledge about the arms’ expected payoffs
(1™)ae.a (in particular, the knowledge of (V*);cy is not used by ).

Then, there exists a 1-sub-Gaussian uplifting bandit with parameters (K, m, (A%, L*)qc 4) such that
the regret induced by 7 on it satisfies:
2

E[Regr] S Z 2m

P

The conditions (a) and (b) echo assumptions (I) and (IT). Note that, however, the condition (b) does
not imply the necessity of observing all the payoffs. For example, observing the aggregated payoff
> ieva: Ye(4) is sufficient for computing the uplifting indices of UPUCB (b). Having observation of
the entire payoff vector (y:(7));cy is particularly helpful for the case of unknown affected variables,
as under this condition we can identify the affected variables relatively easily.

Let us now provide some more intuition on the meaning of (c). For this, consider two bandits
with exactly the same baseline and noise distributions and very close expected payoffs of the arms.
Then, with finite observations, they provide very similar feedback which prevents the learner from
distinguishing between the two problems. However, the two bandits may have completely different
structures, and in particular, one of them may have all variables affected by all actions since slight
perturbation to the baseline would mean that a variable is affected. Therefore, the lower bound from
(a) applies to this instance. Now, provided that the learner is doomed to treat the two instances equally,
the lower bound applies to the other instance as well. Of course, one can argue that it is unnatural that
the regrets of two similar problems differ significantly even when the learner is provided some prior
knowledge. We believe this is the drawback of the asymptotic analysis that we look at here, since
these differences may indeed be small within a reasonable number of runs. This is exactly related to
the problem of misspecified model that we mentioned in Footnote 3.

The next proposition refines the lower-bound of Proposition 2 to show the optimality of Proposition 1.

Proposition 5. Let 7 be a consistent algorithm over the class of 1-sub-Gaussian uplifting bandits
that at most uses knowledge of P°, (V*)ac 4, and the fact that the noise is 1-sub-Gaussian. Then,
for any K,m > 0 and sequence (L*,A%)1<a<x € ([m] x Ry)E with A' = 0, there exists a
1-sub-Gaussian uplifting bandit (K, m, (A%, L*).c 1) such that the regret induced by 7 on it satisfies

E 2(L)2
i int g 3y (L%)" (29)
T—oo logT weadaso 2

Proposition 5 essentially posits that the regret must scale with the magnitudes of the noises, and
the stated lower bound (29) matches an expected version of (4) up to a constant factor. One way to
argue this lower bound holds is by reducing a carefully designed uplifting bandits with parameters
(K, m, (A% L%)4c.4) to a K-arms bandit with the corresponding noise scales. We will take a different
approach below which allows us prove all the lower bounds following the same schema.
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Remark 1. Our lower bounds are derived with respect to the worst correlation structure of the noise.
It is also possible to obtain lower bounds that depend on the covariance of the noise. For example, if
the variables (y“(4));cy are independent, the lower bound in (29) only scales linearly with L®.

D.2 A General Information-theoretic Lower Bound

To prove Proposition 2 and Proposition 5, we establish here a general lemma for deriving instance-
dependent lower-bounds for bandit problems with underlying variables, side observations, and prior
knowledge on the distribution of the variables. In particular, uplifting bandit can be viewed as a
special case of this model.

Lety = (y(1),...,y(m)) be a random vector of m variables that entirely determines the reward
so that we can write » = ¢(y) for some deterministic reward function ¢: R™ — R. Let P* be
the distribution of action a on the underlying variables and P° be the baseline distribution on these
variables. At each round after taking an action, the learner observes a vector in R? that is itself a
function of the variables, written as o(y) where o: R™ — R% is the observation function. The decision
of which action to take can then only be based on the interaction history (a1, 0(y1), - .., ai—1,0(Yyi—1))
and some prior knowledge of the learner about the distributions of the variables Y(P?, ..., P¥)3

A class of action distributions is defined as B = M? x ... x MX where each M is a set of
distributions on R™. We say that B is indistinguishable under Y if for all P, = (P*)aca,, Qs =
(Q%ueca, € Bwehave Y(PY,...,PE) =7(Q°...,QK). A bandit problem with underlying
variables, side observations, and prior knowledge on the variable distribution is thus defined by the
quadruple (B, ¢, 0, T). A policy 7 is said to be consistent over (B, ¢) if for all p > 0 and all instance
of (B, ), the regret of 7 on the instance satisfies Reg, = o(t?). A policy 7 is compatible with
observation o and prior knowledge Y if it can be implemented by a learner that observes o(y) and
has prior knowledge Y (P°, ..., PK).

By abuse of notation, for any distributions P on R™ we will write ¢(P) = E,.p(¢(y)) as the
expected reward when the variables follow distribution P whenever this quantity is defined. We
also write P, as the pushforward of P along o. Let M be a set of distributions such that ¢(P) is
well-defined for any P € M. Let r* € R and P € M such that o(P) < r*. The following quantity
is crucial to the analysis

dinf(P7M7T*7g070) = QigﬁA{DKL(POa Qo) : QD(Q) > T*}a

where Dx1,(P,, Q,) denotes the KL divergence of P, from Q,,. Intuitively, it quantities how difficult
it is to learn that the expected reward ¢ (P) is smaller than r* (smaller the value of d,¢ the more
difficult it is). The next lemma is a straightforward adaptation of [9, Th. 1]/[26, Th. 16.2] to our
model. It provides a lower bound on the asymptotic regret

Lemma 4. Let B = M° x - .- x MX be a class of action distributions and ¢ be the reward function.
Let 7 be a consistent algorithm over (B, ) that is compatible with prior knowledge function Y and
observation function o. Then, if B is indistinguishable under Y, for all P, € B, it holds that

.. . E[Regy] A
lim inf ——ST1 > : 30
L s B DI e T v D o

Proof. The proof follow closely the one presented in [26]. The key observation is that the same proof
still carries out if we have a random vector and our reward and observation depends on this random
vector. In particular, let Q(7, P,) and Q(, Q.) be the probability measure on the actions and the
observations induced by the interaction of the policy with the bandit instances (P, ) and (Q., )
for Py, Q. € B. The assumption that 7 is compatible with 0 and T and that /5 is indistinguishable
under Y allows us to write ¢, p, (a1, 01, ...,a7,07) = H?:l 7B (atlar, 01, ..., a;_1,0:_1)p% (o),
where 01, ..., op are the observations of the learner, ¢, p, and pgt are respectively the probability
density functions of Q(7, P,) and P2, and 7P = T Y (P.) = Tt,v(Q.) is a probability kernel that
can be chosen using prior knowledge.” We have a similar decomposition for ¢, o, . Then, following

8For our purpose, we can regard this as a partition of the set of all bandit instances that the learner may
encounter.

9Many technical details are omitted here. We refer the interested readers to [26] for a rigorous treatment of
such proof.
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the proof of [26, Lem. 15.1] we get immediately

Dx(Q(m, P.), Q(, Q.)) = Y Br p[NF] D (P, Q2).

acA

In the above, E » means that the expectation is taken with respect to Q(m, P,.). The proof can be
completed in the same way as done for [26, Th. 16.2]. O

D.3 Lower Bounds for Uplifting Bandits— Proof

The following proposition embraces both Proposition 2 and Proposition 5.

Proposition 6. Ler 7 be a consistent algorithm over the class of 1-sub-Gaussian uplifting bandits
that at most uses knowledge of P°, (V*)aca, and the fact that the noise is 1-sub-Gaussian. Then,
for any K,m > 0 and sequence (L%, A%)1<q<r € ([m] x R1)E with Al = 0, there exists a
1-sub-Gaussian uplifting bandit (K, m, (A®*, L*),c 4) such that the regret induced by 7 on it satisfies

BRegr] , g~ 200’
—Leer) 2 G1)
a€A:A*>0

Moreover, if ™ can be implemented under either of the following conditions
(a) Only the reward is observed.
(b) The learner does not have any prior knowledge about the arms’ expected payoffs.

Then, there exists a 1-sub-Gaussian uplifting bandit with parameters (K, m, (A%, L*),c.4) where

the regret of  is
ER 2m?
limin MNET] g 2
T—+oo  log v A0

(32)

Proof. Letr* = 1+ max,ec4 A® > 0. Throughout the proofs, the lower bound will be shown for
problem instances with (i) = 0 and the following mean values for a € A

if1<i<L®
Hr=e=4L5 (33)

0 iftL*+1<i<m.

By construction, we have (i) # p°(i) if and only if 1 < ¢ < L% and thus the number of mean-
affected variables of a is exactly L®. Clearly, 1 is an optimal action and the suboptimality gap of
action a is A°.

Next, we will need to define the classes of action distributions B1, B2, B3 that we will use for proving
(31), (a)-(32), and (b)-(32). To begin, we want these classes to be indistinguishable under a certain
prior knowledge function, and since we allow the learner to know the baseline distribution, MO must
be a singleton. As for M, it will take the form M® = {N (u, £%) : u € U*} for some mean vector
setU* C R™ and covariance matrix 3¢ € [0, 1]™*™ to be specified. This implies that every noise
variable £%() is 1-sub-Gaussian and thus 7 is consistent in each of these classes. Moreover, the
classes will also be defined in such a way that when the mean values are taken as in (33), PO and P
indeed have the same marginal distribution on all but the first L* variables.

The Importance of Limited Number of Affected Variables. To prove (31), we let the unique
element of M be the Dirac measure that assigns full weight to the point (0,...,0). For any a € A,
we define 4% = (R \ {0})%" x {0}~ X" and block matrix ¢ such that (i, j) = 1{max(i, j) <
L*}. In other words, the random variable y® can be written in the following form

a(4) = pt(i) + € if1 <i<L®
y = 0 L% 41 <i<m,

where £“ is Gaussian with zero mean and unit variance. Notice that the same noise applies to all
the affected variables. By construction, every P* € M has exactly the first L® variables affected,
ie,V*={1,...,L%}. Thus B; defined in this way is indistinguishable under prior knowledge on
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baseline distribution P° and the sets of affected variables (V%) ,¢ 4. To conclude, we would like to

apply Lemma 4. For this, we observe that for any P¢, Q¢ € M® with means ;@ and /%, it holds'’
A? .

DKL(PG,Qa) _ 7 lf,ua(z) —Va(i) = Aforalli e {17...,[/(1‘}7

+00  otherwise.

(34)

With this we see immediately that for P¢ with mean values (33), we have
ding (P4, M 7%, (+),1d) = A®/(2(L*)?), where (+) and Id are respectively the sum and
the identity function that gives the reward and the observations of the learner. Plugging this into (30)
gives exactly (31).

The importance of Side Observation. To construct Bs, we draw the same noise for all the variables.
In terms of covariance matrix, this means all the entries of 3 is equal to 1. The baseline distribution is
PY = N(0, %) and for every a, we set ¢ = ¥ and choose again 4* = (R\{0})%" x {0}~ L". This
time, only the reward, that is, the sum of the variables, is observed, and the distribution of the reward at
action a is N/ (r* — A%, m?). For any two real numbers v, 7', one has Dkr,(N (v, m?), N (7', m?)) =

(v = ')?/(2m?). Therefore ding(P*, M?,7*, (+), (+)) = A®/(2m?) for P* with mean values
(33). Notice that Bs is also indistinguishable under prior knowledge on the baseline distribution and
on the sets of affected variables (V*),c 4, and thus Lemma 4 can be applied, leading to (32).

The Importance of Some Prior Knowledge on How the Variables are Affected. The class B is
defined almost in the same way as Bo except for the fact that we now set U{* = R™ for every a € A.
Our condition (b) postulates that Bs is indistinguishable under the prior knowledge of the learner.
Similar to (34), for any P¢, Q% € M* with means p* and v, we now have
Az N :
Dy (P, 0% = o if p®(i) —v*(i) = Aforalli € {1,...,m},
400 otherwise.

In particular, if ©® is defined as in (33) and v* (i) = pu®(i) + (A® 4 ) /m for all ¢ for some € € R,
we have Dk, (P?, Q%) = (A® + £)?/(2m?). We deduce immediately diys(P®, M®,r*, (+),1d) =
A%/(2m?). Invoking Lemma 4 completes the proof.

E Case of Unknown Affected Variables: Scenario 2

In this second part of Section 6, we assume a lower bound on individual uplift is known. This means
the learner has access to A, > 0 satisfying that for all a € Aand i € V7, |u®(2) — p°(i)] > Ayp.
This gives us an indicator on how many times we need to take each action in order to identify all the
affected variables. Similar assumption were made by Lu et al. [29] to identify which node in the
causal graph affects the reward variable.

Again in this scenario, we derive regret bounds for both when the baseline payoffs are known or
not to the learner. Our algorithms combine UCB, successive elimination [17], and the idea that the
affected variables can be identified after an action is taken sufficiently many times. Our regret bounds
feature the ratio A® /A, suggesting that this knowledge is helpful when A, is relatively large.

Hereinafter, for any z, o, 5 € R with a < f3, we use clip(z, a, 3) to denote the clipping function
that restricts x to the interval [«, §], i.e., clip(z, o, 8) = max(c, min(8, x)).

E.1 Known Baseline Payoffs

As we have seen in Section 6, if the baseline payoffs 1° are known, we can directly check whether
p0(i) is in the confidence interval. Moreover, with the knowledge |u®(i) — pu(i)| > A, for all
i € V*, we deduce that V® can be identified correctly with probability 1 — 2md’ after action a is
taken No = [(8/AZ,) log(1/4")] times. In fact, let y{, ..., y%, be Ny i.i.d. realizations of y* ~ P*

and fif, (i) = (Zt Lyi(0)) /NO be the empirical mean of variable i. Applying the sub-Gaussian
concentration inequality (12) gives

2
(IuNU(‘) pt (1)) = A;’) < 2exp (—N‘)?"P> <24 (35)

19This can for example be proved by applying the chain rule of KL divergence.
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Algorithm 5 UpUCB-iLift (b)

1: Input: Error probability &', Baseline payoffs x°, Lower bound on individual uplift Ayp
2: Initialization: Take each action once; Set Ny < [(8/ Aﬁp) log(1/6')] and V* « V
3. fort=K+1,...,Tdo
4:  Compute the UCB indices following (9)
For a € A, compute uplifting index 7/ < >, . (U (i) — u°(3))
Select action a; € argmax,c 4 7/
if N/* > Ny then
Set Vo «+ {i € V1 |yt (i) — p°(i)| > Ayp/2}

@R

With a union bound we conclude that with probability at least 1 — 2md’ it holds for all 4 that
iy, (1) — p®(7)] < Ayp/2. We distinguish between the following two situations

Ay
5 -

. 0 : g : 0 ags Ay
L i € Ve, then |y, (i) — ()] = |u*(3) — ()] = |7k, (1) — p" (0)] > Ay = == =

) ca . ca ar Ay
2. i ¢V, then |fif, (i) — p°(3)| = |fi%, (1) — p®(i)| < -

This implies that with the choice Vo = {i € V : %, (i) — P (9)] > Ayp/2}, we have effectively
]P’(IA/“ = V%) > 1 — 2m¢’. One natural algorithm is to thus first pull each arm N, times and run

UPUCB (b) (Algorithm 3) in the remaining rounds by regarding Ve as the variables that action a
affects. A direct computation shows that the regret of this algorithm is in O(}_, . 4. nas0(A%/Ayp +

L2 log T/A%).

However, Ny can be arbitrarily large when A, gets closer to 0, and taking an action much fewer
times is probably sufficient to deduce that action is not optimal (with high probability). We thus
propose to implement the above idea in a more flexible manner: We run UPUCB (b) with the uplifting
indices 71 = Y. g (Uf(i) — p°(4)), where
Se VY it Nf* < No,
Ei eV agt(i) — pO3i)| > Ayp/2}  otherwise.
This algorithm is summarized in Algorithm 5 and has the following regret guarantee.

Theorem 3. Let &' = §/(2KmT). Then the regret of UPUCB-iLift (b) (Algorithm 5), with probabil-
ity at least 1 — 6, satisfies:

8 clip(A®/Ayy, L4, m)? log(2KmT /6
Regp < 3 (SO S L) g GHT)S) )

(36)
a€A:A2>0

Proof. As before, we prove (36) under the condition that £ defined in (17) occurs. Recall that we
have shown in the proof of Proposition 3 that P(£) > 1 — § with our choice of §’, so this effectively
leads to a high-probability regret bound.

In the following we assume that £ occurs and show that for any suboptimal action a € A, it holds

N% < max | min 8log(1/") 8m? log(1/4") 8(La)2 log(1/4")
S Aﬁp ) (A2)? ) (Aa)2

) +1. (37)

The inequality (36) then follows directly from (11) and a rearrangement of the terms.

We first claim that for any a € A if N} > N then 17,? = V% In fact, by the definition of Ny,

N > Ny implies that ¢f < A,,/2. Therefore, as argued in the text, i € V;* if and only if i € V.
Since pf (i) > py, (i) for any a and 4, this also proves that pf > r{ always holds (we have either

Vo =Y or Ve =V,
Lett € {K +1,..., T} be the last time that a suboptimal action a is taken so that N% = N ; + 1.
This indicates 7;* > Tta* , and hence 7 > 7"3;: . We distinguish between the following two cases:
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Algorithm 6 UpPUCB-iLift

1: Input: Error probability §’, Lower bound on effect gap A,
2: Initialization: Set ¢ < 0, A; + A, and Ny « [(32/AF,)log(1/4")]
3: Phase I: Successive elimination
4: for{=1,...,Ngdo
5. ifT —t > card(A,) then
6: Take each action a € Ay once
7: Sett < t + card(Ay)
8: Compute the empirical estimates 7 for a € A, and the radius of confidence interval ¢,
9: Update active set Apy1 < {a € Ag : 7§ + 2¢, > max, fg’/}
10:  else
11: Take T' — t actions from A, and terminate the algorithm
12: Phase II: UpUCB

: Construct the sets S(i) asin (38) and V* «— {i € V : a ¢ S(i)}
cfort=t+1,...,Tdo

Compute the UCB indices following (9),(39)

16:  Fora € Ay,1, compute uplifting index 7/ <= Y7, . (U (i) — UP(4))
17:  Select action a; € argmax,¢ 4, 7¢'

—_— =
[ I SO

1. Nf; < No: Then 17,? =Vsorf =3, (Uf(E) — p0) < T4 + 2mef_y, which in turn leads to
cd_1 > A%/(2m), or equivalently N ; < 8m?log(1/8")/(A%)2.

2. N&, > Np: Then V? = V* 50 7 = Y icye (U (1) — p%) < rgy +2L%¢{_;, which in turn leads
toc? ; > A%/(2L%), or equivalently N2 ; < 8(L%)?log(1/d")/(A%)2.

Since we also have V' ; < Nj in the first case, the above gives

8m? log(l/é/)> 8(L*)? 10g(1/6/))
(Aa)2 T (A2 '

N{; < max (min (NO -1,
Plugging in the definition of Ny we get immediately (37). O

Theorem 3 shows that Algorithm 5 provides a smooth transition between standard UCB and the
strategy that identifies the affected variables of all the actions. When A% /A, > m, the loss of taking
action a is so large that UCB prevents it from being taken further even if N;* < Ny. Otherwise, the
affected variables get identified after an action is taken sufficient number of times and the algorithm
benefits from this knowledge to improve the estimate of the uplift. It is also quite straightforward
to combine Algorithm 4 with Algorithm 5 when both L and A, are known; this results in a regret
bound that replaces clip(A®/Ap, L%, m) by clip(A®/Ay,, L, L) in (36).

E.2 Unknown Baseline Payoffs

Several additional challenges emerge when we want to adapt the aforementioned strategies to the
case where the baseline payoffs are unknown. First, without additional assumption, it is impossible
to tell whether two arbitrarily close estimates indicate the same effect of two actions on a variable.
Then, without a proper baseline to compare with, we can never exclude the possibility that all the
variables are affected by all the actions. To circumvent this issue, we make the following more
stringent assumption.

Assumption 1. The effect of any two actions on a variable differ by at least A, as long as one of them
affects this variable, i.e., foralla € A, i € V* and a’ € A\ {a}, it holds | (i) — u® (i)| > Ayp.

In other words, Aup is not only a lower bound on individual uplift, but also a lower bound on
(individual) effect gap. Second, with a UCB-style algorithm, the optimal actions may not be taken
sufficiently many times, in which case we can only conservatively assume that they affect all the
variables. This would incur additional regret in the analysis when z° is unknown. Therefore, we
would like to ensure that all the (potentially optimal) actions are taken the same number of times at
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the point that the affected variables get identified. This leads to a two-stage method as described in
Algorithm 6.

In the first stage, we perform successive elimination until the uneliminated actions are taken suf-
ficiently many times. Here 7§ is the empirical estimate of the reward associated to action a and
ce = m+/2log(1/6")/¢ is the associated radius of confidence interval. Subsequently, for each
variable 7 € V we construct the set

()—{QGA Ja € A\ {a}, Ct0+1() t0+1()7é®}7 (38)

where g is the number of iterations in the elimination phase and the confidence intervals are defined

as in (9). If Assumption 1 is verified, then with high probability a € & () only if ¢ ¢ V. Therefore,
the observed results from these arms can be used to estimate the baseline payoff of i. The identified

variables for action a € Aarethen V* = {i € V: a ¢ S(i)}.

The second stage of the algorithm reuses the idea from UPUCB. We define the UCB indices following

(9) for a € A and for the baseline estimate we choose among S (%) the action that is taken the most
frequently whenever this set is non-empty. Otherwise we arbitrarily set it to 0. That is,

of/\ . —
o (i) — {O o r56) =2, (39)

Utat (7) (’L) where a?(@) = arg maXaeg(i) Nizl otherwise.

The uplifting indices that guide the decision of the algorithm are defined by 7/* = >_.
UP(d))-
As shown below, the regret of Algorithm 6 takes roughly the same form as the one in Theorem 3, but

as in Theorem 1, the number of variables that an optimal action affects also plays a crucial role in the
regret bound.

Theorem 4. Let Assumption 1 hold and §' = 6/(2KmT). Then the regret of UPUCB-iLift
(Algorithm 6), with probability at least 1 — §, satisfies:

: a a a* 2
Reg, < Z <8 clip(2A% /Ay, L* + L ,2m)* log(2KmT/6) —|—A“>. 40)

ieve (U (1) =

Aa
acA:A*>0

Proof. We shall again consider the event £ defined in (17), which holds with probability 1 — § as
argued in the proof of Proposition 3. Leveraging the decomposition in (11) it is sufficient to prove
that on £ we have

" [ 32log(1/8") 32m*log(1/8")\ 8(L* + L% )?log(1/8")
N7 < max (mln < A?.p , (Ae)? , (Ao + 1. 1

We assume £ happens in the rest of the proof.

Let us first focus on the elimination phase, notice that event £ 1mplles |Fg — 1% < ¢ for every
a € Ay. In this case, the optimal actions never get eliminated. In fact, if a* € Ay, then for all a € Ay
it holds that . X
Ty +2ce >1% 4o >+ > 77,

As a consequence, we also have a* € Ay and we conclude by the principle of induction. With this
we further deduce that all action a with A® > 4¢, gets eliminated after it is taken at most ¢ times. To
see this, notice that for such action we have

P 4200 <194 3¢ =1 — A%+ 3¢ < FF — A%+ dey < T
Therefore, for all ¢ in phase I of the algorithm, it is true that

. 32log(1/4’ 32m? log(1/§’
Nfémm({ i(ﬁp/ )—‘ ,[ (Aag)(2/ )—D (42)

This suggests that inequality (41) holds if the algorithm terminates in the elimination phase.

Otherwise, the algorithm constructs S(4)’s, 17“’s, and switches to the UPUCB phase. Let us denote
by S(i) = {a € A : i ¢ V} the set of actions that do not affect variable i and let Ayes = Ap,+1 be

the actions that remain after phase I. We argue that the sets S (1) are constructed such that when £
occurs,
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(i) S(i) € S(i).
(i) If there exist a, a’ € Aes NS(i) such that a # o then we also have a,a’ € S(i).
The second point is proved by observing that under £ we must have 1.°(i) € Cf (i) N Cfo/ 4+1(4)

if a,a’ € AwesNS(i). To show the first point, notice that after the elimination phase, each of the
action in Ay is taken exactly [(32/AZ))log(1/6’)] times and thus ¢f; < A,,/4. By Assumption 1,

if a ¢ S(i), then for all ' € Ay, \ {a} we have |u®(i) — u® (i)] > Ayp, which along with the
definition of £ implies Cf! , , (4) ﬂCg+1(i) = @, and therefore a ¢ S(i).

The rest of the proof follows closely that of Theorem 1. Suppose that a suboptimal action a is taken
at round ¢ during phase II of the algorithm. This means 7% > Tf’* (recall that a* € Ay since £

happens), i.e.,
YU - UL@) = Y (U ()~ UL()).
ieVe ieVa*
Rearranging the terms we get
Soor ¥ 00> Y U 020
ieVe ieVar\De iePe* iePa\pa*
Ifi € Vo' \17“ then @ € S(4). In particular, S(i) # @ so a’ = ad(i) = arg max; .. NE | is
well-defined and U? (i) = U2’ (i). With 8(i) C S(i) we know that 1@ (i) = p°(i) and accordingly
e (i) — puP(i)] < ¢, by the fact that & happens. This shows U%(i) > u°(i). Moreover,
N¢ > N{ by the choice of a'; hence, UL (i) < pu®(i) 4+ 2¢% | < p®(i) + 2¢¢_,. The same argument

applies to ¢ € ye \ 9“*, and the UCB indices of a and a* can be bounded from above and below as
in previous proofs. In summary, we obtain

YW@ )+ > (W) + ) = Y > u)
ieVea ieVar\Ve ieVe* 1617“\17“*
Equivalently,
2 card (9‘1 U 9““) cf 4> Z u® (i) — Z w? (7). (43)
ieVauyya* ieVeya*
To conclude, we claim that L
Veuye =yruvt. (44)
Let us first show V¢ C V* C V* U V", The first inclusion is a consequence of S(i) C S(i):
i€V = a¢S(i) = a¢8(i) = ic V"
As for the second inclusion we prove it’s contrapositive:
P2 VUVY = a,0" € AesNS(i) = a,a* € 8(i) = i¢ V°

Notice that the second implication holds because « is suboptimal and in particular a # a*. The
inclusion V* C V* C V*U V" can be proved in a similar way, and combining these results gives

(44). Therefore, the right-hand side of (43) is exactly A® while the left-hand side of (43) is bounded
from above by 2(L* + L% )¢ _,. In consequence,
8(L* + L)% 1og(1/8")
(A)? '
Therefore, any suboptimal action that gets taken in the UPUCB phase satisfies
8(L* 4 L)% log(1/4")
NE <
e (A)?
On the other hand, if an suboptimal action is not taken in the UPUCB phase then (42) applies, so in
either case (41) is verified, which concludes the proof. O

Nii <

+1
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Algorithm 7 C2UPUCB: Case of single treatment

1: Input: Budget constraint L, Parameters for computing the UCBs indices

2: fort=1,...,7Tdo

3: foricVdo

4: Compute UCB indices (U (7)) e 0,1}

5 Compute uplifting index py (7) {pe(i) = U(i) — UP()}
6:  SetV; +— argmaxgcy card(s)<L Y ics pe(i)

7: Select action a; = (1{i € V4})iev {this defines the set of treated customers}

Remark 2. A natural candidate for U (i) is the one that uses aggregated information as in (5). The
problem of this choice is that how we aggregate the observations collected in the first phase are
only determined at the end of the the phase, while this choice itself depends on these observations.
Mathematically, this prevents us from defining a suitable martingale difference sequence for which
we establish concentration bound. An easy fix is to only aggregate observations from the second
phase, while the use of the observations from the first phase should be limited to those coming from
just one arm.

F Contextual Combinatorial Uplifting Bandits

To demonstrate the flexibility of our framework, we consider in this section another contextual
extension that tackles the problem of targeted campaign. Throughout the section, we refer to
the variables as individuals (customers) that we may want to treat (serve) with some treatment
(campaign). To improve the overall return on investment, it is often beneficial to treat only a subset
of the individuals. The bandit problem thus consists of finding the right set of individuals to treat at
each round. We formalize this model and provide a template algorithm for solving the problem in
Appendix F.1. Subsequently, we specify the algorithm for the case of linear expected payoffs and
present some associated analysis in Appendix F.2. Numerical experiments conducted with the Criteo
Uplift Prediction Dataset are presented in Appendix F.3.

F.1 Model and Algorithm Template

Let us consider a pool of m individuals that may change from round to round, associated with
(time-dependent) contexts (24(7));cy with ,(i) € R%. At each round, the learner selects at most L
individuals to treat. If there is only a single treatment, the action set can be written as A = {a €
{0,1}™ : ||la|lo < L}, where ||al|o is the number of non-zero coordinates of a. In this form, the i-th
coordinate of a is 1 if and only if individual ¢ receives the treatment. Similar to before, the learner
observes the payoffs of all the individuals after treatments are applied.

We also make a practical no interference assumption, that the payoff of each individual only depends
on whether they are treated or not (i.e., independent of others). Then, with the notations defined in
Section 7, we can define functions ¢ for z € {0,1} so that f%(z:(i)) = g°*) (x,(i))."" Considering
the action of not treating any individual as the baseline, the uplift of action a in round ¢ is given
by ré(ze) = Y ieva 9% (24(i)) — g°(x4(i)), where V* is the set of individuals treated by action
a. For UCB-type methods, we should thus provide upper confidence bounds U (7) for g% (z+(4)).
Depending on whether the baseline function is known or not, we may subtract g°(z;(i)) or U} (i)
from U} (i) to compute the uplifting indices for each individual. The algorithm then chooses the L
individuals with the highest uplifting indices. We formalize the above explanation in Algorithm 7,
and refer to the resulting algorithm as C2UPUCB, where C2 stands for “contextual combinatorial”.

The Case of Multiple Treatments. More generally, there may be a set of different treatments that
can be applied. Let us denote by Z = {1,..., ¢} this set of treatments, and write Z, = Z U{0},
where, as before, 0 indicates that no treatment is applied to an individual. The underlying action set
isnow A = {a € (Zy)™ : ||la|lo < L}. Similarly, we associate each treatment with a function g~.
The reward and the uplift of choosing action a in round ¢ are given then by

(@) =Y g" N (@(D), rip(x) =Y " (@(0) — (2 (d)).

% 1€V

"Strictly speaking, f is a function of (x4(4), ) here.
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Algorithm 8 C2UPUCB-M: Case of multiple treatments

1: Input: Budget constraint L, Parameters for computing the UCBs indices, Treatment set 2

2: fort=1,...,7Tdo

3: foricVdo

4: Compute UCB indices (U7 (%)) ez, for (¢%(z+())) ez, {use (47) for linear payoffs}
5: Compute uplifting indices (pf (7)) .cz {pi (i) = UF (i) — UP(i)}
6 Compute presumed optimal treatment z;(¢) and uplifting index p;(7) {use (45)}
7. SetVy — argmaxgscy card(s)<L 2oics Pt(7) {this defines the set of treated customers}
8

Select action ay < (2¢(7) 1{i € Vi })icv {a:(i) = 2z:(d) if i € V43 a,(3) = 0 otherwise}

The new problem consists in finding both the set of customers to treat and the treatments to apply to
these customers at each round. To adapt C2UPUCB to this situation, we define a treatment-dependent
uplifting index pF (i) = U7 (i) — UL (i) where U/ (i) and U (i) are respectively upper confidence
bounds on g% (x4 (7)) and ¢°(;()). Again, if g° is known, U () can be simply taken as ¢°(24(i)).
Next, at each time step ¢, we define the presumed optimal treatment for individual 7 and the associated
uplifting index as

21(i) = argmax pi (i), pu(i) = pj" ™ (i) = max pi (i). (45)

z€EZ z2€EZ
The adapted C2UPUCB algorithm then chooses the L customers with the largest uplifting index
and for each of these customers chooses their presumed optimal treatment. The resulting algorithm
(referred to as C2UPUCB-M) is summarized in Algorithm 8 .

F.2 Linear Expected Payoffs

To provide a concrete algorithm and its analysis thereof, let us assume that g* is linear in the feature
vector with some unknown coefficient vector 6%, i.e., g% (x4(2)) = (0%, 2.(7)). Then, we can construct
upper confidence bounds for g*(z:(7)) following the ideas of linear UCB [1]. To begin, for each
z€ Zpandt € {1,...,T}, we define

Vi={ieV:a(i) =z}

as the set of customers that receive treatment z in round ¢. Fix a regularization parameter A > 0, we
further define the following d x d matrix and d-dimensional vector

VE=A+D > w(@)r(i) b= yali)as(i). (46)

s=14eV? s=14i€V?

The regularized least-square estimate of 67 is then given by éf = (V;#)~'b7. The UCB index is of
the form

Uf (1) = (071, 2:(2) + eullze (D)l vz ) 47)
for some « that is properly chosen.

Regret Guarantee. In this part, we provide regret analysis for Algorithm 8 when i) the baseline
payoffs are unknown, ii) the expected payoffs are linear, and iii) the UCB indices are computed
following (47). For technical reasons, we will assume the noises &;(¢) to be mutually independent
(here &(i) = y: (i) — (6%, 24(7))). We comment on this assumption in Remark 3.

The theorem below establishes a high-probability regret bound for C2UPUCB-M when the above
conditions are satisfied.

Theorem 5. Assume that ||x4(i)|| < 1 for all t and i and (§:(3)):cy are mutually independent and
1-sub-Gaussian (conditioning on the past). Let S > 0 such that ||0%|| < S for all z € Zy. Then if
C2UPUCB-M (Algorithm 8) is run with the UCB indices defined in (47) under the parameter choices

at—ﬁS—i-\/Qlog (q—gl) + dlog <1+7Z;\t),
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and \ > L, it holds, with probability at least 1 — 6, that

Reg, < 4\/dL(q +1)T'log (1 + Zf) (ﬁs + \/2log (‘1;1) + dlog (1 + ”g)) .

(48)

Theorem 5 provides a regret bound in O(y/max(d, L)dgLT). We observe that the dependence on m
is only logarithmic. In fact, m plays no role in either the number of parameters to estimate (which is
(q + 1)d) or the scale of the noise (which is in O(v/L)). Ideally, we would like to remove completely
the dependence on m. However, we are not able to achieve this in our proof, and we leave whether
this is possible or not as an open question. Finally, due the mutual independence of noises, the regret
only scales with v/L as long as L < d.

Remark 3. The log(m) factor appears because ég is estimated using feedback from roughly mT
samples (see Lemma 5 below). This is also the reason why we need mutual independence of the
noises, since otherwise, this estimation may cause the regret to get +/m larger. It can be easily verified
that the dependence on m can be completely removed when the baseline payoffs are known and used
for computing the uplifting indices. In this case, we can also show if the noises are not mutually
independent, multiplying the second term of o, by v/L still guarantees a regret in @(dL\/qT ). What
is at stake here is Lemma 5 that we present below, as the size of the confidence ellipsoid varies for
different underlying assumptions.

Analysis. To prove Theorem 5, we need to show that U/ (%) as defined in (47) is indeed an upper
confidence bound on (0%, z:;(4)). This step is based on the following lemma which establishes the
confidence ellipsoids of the estimated parameters. In fact, U (¢) defined in (47) can be regarded as
the largest estimated payoff that one can get from choosing a parameter from the confidence ellipsoid.

Lemma 5. Assume that ||z(7)|| < 1 for all t and i and (§())iey are mutually independent and
1-sub-Gaussian (conditioning on the past). For all z € Zy and &' € (0, 1), with probability at least
1 — &' it holds for all t that

L A . 1 det (V7
107 — 07]|v= < V67| + \/QIOg <5/> +log< ){dt ))

1 t
< V67| + \/2log (5/> + dlog <1 + Z:)

Proof. This is an immediate corollary of [1, Th. 2]. Since (&;(4));cy are mutually independent, we
can apply this theorem by arranging ({;(7))icy; in some arbitrary order &§;(i1), . - ., & (Zcara(vz)) SO
that &; (i) is 1-sub-Gaussian conditioning on ({J,,{&s(7) : @ € VZ}) U{& (ir) br<r/<k-

For the second inequality, we notice that tr(V,?) < d\ + >'_, >iev: (@) ||* < dX\ + mt. It thus
follows from the AM—GM inequality on the eigenvalues of V2, det(V;?) < (tr(V?)/d)%. O

The lemma below will also be useful for bounding the regret.

Lemma 6. Consider subsets of the variables Vi,...,Vr C V and define V; = M +
S, > iev. 2o (i)zs (i) . IF A > maxy |7 card(Vy) and ||z4(i)|| < 1 for all t and i, it holds

that
T T
) det (V) > i card(Vy)
2 t=1
E E th(z)HVt:ll < 2log < 2\ > < 2dlog (1 + o .

t=14ieV;

Proof. Forallt > 1, we have

Vi=Viei + Y w(i)a (i) = V7 (I +3° Wi%@')wtu'fvt‘ﬁ”) Al

S 1€V

34



Thus, with w, (i) = V,_ ll/zxt( ), we get

det(V;) = det(Vi—1) det <I + Z wt(i)wt(i)T> . (49)

i€V,

Regarding {w;(7)};ey, as column vectors, we denote by their horizontal concatenation as W €
R*™:  where m; = card(V;). We have WW T = D iy, We(iwe(i )" Let the eigenvalues of
WWT be denoted by Ay, ..., A, then clearly det(I + WWT) = []_,(1 + A). On the other
hand, S, A = tr(WWT) = tr(WTW) = > iev, llwe(9)]|?. From the non-negativity of the
eigenvalues of WWW T, we obtain

det(I+WWT)—H(1+>\k >1+ZAk—1+Z||wt WP =14 lle@]3- - (50)

k=1 Zevt Zevt
Applying (49) and (50) recurswely leads to

det(Viy) > det(A) H <1+ pEAC DIy ) = )\dH <1+ pEAC I~ ) . (5D

1€V 1€V

We now turn back to bound ;. ”zt(i)H%/till' Since A > max;¢p) card(Vy) and [|z¢(4)[| < 1, we

have

S w4 = min (1, > ||wt<z'>|2v,l> < 2log (1 £ 3wl ) SNES)

i€V i€V i€V

Combining (51) and (52) we get the first inequality. The second inequality is proved as in Lemma 5.
O

We are now ready to prove Theorem 5. The first part of the proof reuses the trick that we have seen
several times before, notably in the proof of Theorem 1. We rearrange the UCB indices and show
that the suboptimality gaps can be bounded from above by the sum of the radii of certain confidence
intervals. The details will be omitted. Next, we apply Lemma 6 to bound the sum of these upper
bounds and conclude.

Proof of Theorem 5. For any z € Z, choosing &' = §/(q + 1) in Lemma 5 gives

: 5
z _ nz|2 >
P ({3t.110° — 07113 > ) T

With a union bound we thus deduce that with probability at least 1—0, the inequality ||0* —0? ||%/fz < oy
holds for all ¢ and z. This also implies that for all ¢ and z, we have /

(0, 20(8)) = (071, 2(D))] < el (i)l ) (53)

In the following, we will prove (48) under the condition that (53) holds, which happens with
probability at least 1 — § as we just showed.

Lett > 1 and af € argmax,e 4 ;1 (0° () z4(7)) be an 0pt1mal action of this round. The

algorithm chooses a; that maximizes pf = 3", . (U (i) — UP(i)), and thus
> w6 ) = Y 06 - UPG). (54)
ieyat Zeva:

On the other hand, inequality (53) can be rewritten as
UE (@) = 20 || (8) | vz ) < (07, 24(2)) < UF(0). (55)
Combining (54) and (55) and rearranging, we get

DD 0O i)y =y (O 0Oz < Y 2aullwe(i)l] e

=% ievat UV ievat UV
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Summing the above from ¢ = 1 to T" and applying the Cauchy—Schwarz inequality, we obtain

T
Regr < Z Z 2at||:ct(i)||(vt(:,,l(i)),1

=1 jcpar yyei

T T
< 20[T (Z card(V“t UV&I)) Z Z ||xt(Z)H?Vf_‘Y))*1

t=1 t=1 icyat UVG:

T
<2ar 20T [ D0 Y leli)z. o+ D el

t=1 z€Z i€V} ievaz \Veat

Since A > L, by Lemma 6, for all z € Z it holds that

T
LT
-\ 12
ZEwwnmwgme+w>

t=1ieV?

Similarly, let us define V0 = AT + ' _, Dievai\var z5(i)z4(i) " . Using V¥ < V2 and invoking
Lemma 6 with V; « V% \ V% gives

T T LT
SO @B, <> S |$t(i)||?‘7t01)1§2d10g<1+d)\).

t=1iepei\vae t=1jepei\vae

Putting the above three inequalities together, we get exactly (48). O

F.3 Experiments for Targeted Campaign with Criteo Uplift Dataset

In this section, we provide experiments for the contextual combinatorial uplifting model using the
Criteo Uplift dataset. At each round, 100 individuals are sampled from the dataset and the problem
consists in choosing 10 of them to treat so that the number of visits over the 100 individuals is
maximized. Here, we compare our methods based on C2UPUCB (Algorithm 7) with approaches
based on greedy and e-greedy (see [26] for a description) that are more appropriate baselines in this
setup. Again, our results are averaged over 100 independent runs and the shaded areas of the plots
represent the standard errors.

Algorithms. In all the considered algorithms, the learner learns a logistic model based on the
feedback they have received from the individuals they select to treat!” If the baseline model is
unknown, the learner also learns a baseline logistic model based on the feedback received from
the individuals they do not treat. In the following, we will denote respectively by g; and ¢! the
conditional probability functions of the two fitted models using data up to and including round t.
When the baseline model is known, we denote by ¢ its conditional probability function. The methods
that we look into in this experiment mainly differ in how they select individuals in each round ¢, as
we detail below. As before, we use the suffix (bl) to indicate modification of the respective algorithm
to the case where the baseline payoffs are known.

* Greedy (bl): The learner chooses the 10 individuals with the largest estimated uplifts gg_l () —
9°(x).

* e-greedy (bl): The learner reserves a exploration budget b where b is sampled from B(10, ¢) the
binomial distribution with parameters 10 and . 10 — b individuals are chosen greedily as in the

greedy strategy while the remaining b individuals are randomly sampled from those that have not
been selected.

* e-greedy: For the greedy selection part in e-greedy, the estimated uplifts are computed by g;_; (z)—
50
gi—1(x).

12Logistic models were also considered in the original Criteo dataset paper [15] to compute uplifts.
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Figure 4: Results on the targeted campaign experiment. For the top row the logistic models are only used to
generate counterfactual outcomes, and in the bottom row all the outcomes are generated using the predicted
conditional probabilities of the logistic models. We plot regret computed using the predicted uplifts and the
realized rewards, and the predicted uplift averaged over all the treated individuals.

« C2UPUCB (bl): For each individual i we define their uplifting index p¢(i) = gi_;(z) +
Bllz(i)ll v -+ — ¢°(x) where V;L; is defined following (46) with A = 1 and f is a explo-
ration parameter to be tuned. The algorithm consists in choosing the 10 individuals with the largest
uplifting indices.

* C2UPUCSB: It works in the same way as C2UPUCB with baseline knowledge but the uplifting
index is now defined by p(i) = 91—, (x) + Bl (Dl v )+ — 9%y () — Blle() o )+ that
is, it is computed as the difference between two upper confidence bounds.

 C2UCB: It works in the same way as C2UPUCB but the baseline is ignored, so p¢ (i) = g;_, (z) +
Blle(i)|[(vp )-1- The linear variant of this algorithm was introduced in [32] for contextual

combinatorial bandits.

Note that as the reward comes from a logistic model, we use a logistic regression for the bandit
model based on the idea of GLM-UCB [18]. For the results, we select the optimal parameters from
e € {0.05,0.1,0.2,0.3} and 8 € {0.5,1,2,3}. More details on the tuning of the parameters are
provided in Appendix G.1, and the chosen optimal parameters are reported in Table 3.

Data Preprocessing. For this experiment, we normalize the data so that the features are contained
in the range [0, 1]. Moreover, we also subsample the dataset to increase the visit rate to 0.25. In fact,
we found the logistic models to perform very poorly on the original dataset (with a f1-score around
0.4) due to its small visit rate at 0.04.

Feedback. We consider two ways to use the fitted logistic models

1. The logistic models are only used to generate the counterfactual outcomes. That is, the feedback
of an individual is sampled from the Bernoulli distribution with mean predicted by either of the
models only if the learner decides to treat the individual while the individual is not treated in the
dataset or vice-versa.

2. The logistic models are used to generate all the outcomes.

Results. In Fig. 4 (Right), we plot the uplift averaged over all the individuals that have been treated
up to a time horizon by an algorithm. Higher this value is better it is because it means we are selecting
the individuals for which the treatment is the most effective. For comparison, we also indicate the
average uplift of random selection and an oracle strategy that always chooses the 10 individuals
with the highest uplifts. Both C2UPUCB and e-greedy beat greedy and random selection, which
demonstrates the benefit of considering a bandit model for this problem. e-greedy turns out to be
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Table 3: Parameter values used for the reported experimental results. TS stands for Thompson sampling. Please
refer to the text for a explanation on what is the parameter that we tune for each of the algorithms.

Non-contextual UCB UpPUCB (b) UPUCB  UprUCB-nAff(b) UPUCB-nAff TS

Gaussian 2 5 3 5 3 81072
Bernoulli 7-1077  8-107° 8-107° 5-1077 2-107¢  2.1077
Appendix H.4 0.6 0.5 0.4 1 0.9 71072
Contextual C2UCB C2UPUCB (b) C2UPUCB e-greedy (b) e-greedy
Logistic for counterfactual 2 2 2 0.2 0.1
Logistic for all 2 2 2 0.2 0.2

quite competitive, but C2ZUPUCSB still has a slight advantage no matter whether the baseline is known
or unknown.

For further comparison, we also plot the regret in terms of both the predicted uplifts (Left) and the
rewards that the learner actually receives (Middle) in Fig. 4.3 For the two regrets, we define the
optimal action as the one that selects the 10 individuals with the highest predicted uplifts. Then,
if the logistic models correctly predict the expected rewards, the regret in terms of the predicted
uplifts should be the expectation of the regret in terms of the realized rewards, and thus we should
get similar curves after averaging over 100 runs. This is indeed the case in Fig. 4b. Nonetheless,
when the outcomes also come from true data, selecting the samples with higher predicted uplifts
does not necessarily result in higher rewards, which explains the discrepancy between Fig. 4a (Left)
and Fig. 4a (Middle). C2UPUCB and e-greedy perform quite similarly here when we look at the
realized rewards. Since the ground truth outcomes cannot be perfectly predict by logistic models,
we also observe linear regret of all the algorithms in Fig. 4a (Left), while in Fig. 4b (Left), both
C2UPUCB-M and C2UPUCB achieves sublinear regret and performs much better than e-greedy.

In all the cases, Greedy and C2UCB perform poorly. This points out the importance of exploration
(which is taken into account by bandit algorithms) and uplift modeling in this problem. Finally, to
explain the surprising fact that an algorithm might perform better without knowledge of the baseline,
we look into the data and find out that samples with higher baselines often have higher uplifts.
Therefore, when the learner is provided with the baselines of the samples, they may avoid choosing
these samples at the beginning, which results a slower exploration and a worse performance.

G Additional Experimental Details

In this section, we present missing experimental details from Section 8. The code implementation of
the proposed methods is attached in supplementary material. All our experiments are run on amazon
m4.xlarge EC2 instances. The Criteo Uplift Prediction Dataset that we use for our experiments has
the ‘CCO: Public Domain’ license.

G.1 Choice of Algorithm Parameters

As mentioned in the main text, we report the results for the parameters that yield the best average
performance. Precisely, we conduct 100 independent runs for each experimental setup, and in each
run, we fix the random seed and test all the candidate algorithms with their parameters chosen from
a predefined set. The performance of a specific parameter choice is then evaluated by the sum of
the mean and one standard deviation of the regrets of the final run. In fact, when the algorithm puts
too much weight on exploitation, we may get lower mean regret while the standard deviation gets
extremely large because the algorithm fails more frequently.

Below we explain in detail what are the parameters that we tune in the non-contextual experiments.
The optimal parameters that we have found are summarized in Table 3.

UCB and UPUCBs. For all UCB-type methods, we tune the exploration parameter 5 = 1/§’, which
plays a crucial role in determining the widths of the confidence intervals— see (3) and (5). Since c{

3We use occasionally the term predicted uplift here to remind that they are computed using logistic models
fitted on the dataset and we do not have access to any type of ground-truth uplift.
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Figure 5: Ablation study on Gaussian uplifting bandit to investigate two aspects of our algorithms. Besides
mean regret with standard error, we also plot the 95-th percentile of the regrets as an indicator for the robustness
of a method.

represents the width of the confidence interval of a single variable’s payoff in UpUCB algorithms, we
set the widths of the confidence intervals of UCB to mc{ = m+/23/N{, i.e., the UCB indices in UCB
are U = 7{ +mc{, where 7 is the empirical mean of action a’s reward up to time ¢. In this way, we
can choose exploration parameters of roughly the same order for different algorithms. In the Gaussian
uplifting bandit experiment, we pick 5 € {k x 1077 : k € [10],y € {0,1,2}}. As for the Bernoulli
uplifting bandit experiment with Criteo dataset, we select 5 € {k x 1077 : k € [10],v € {5,6,7}}.
The optimal performances are achieved with much smaller exploration parameters here because the
noises in the variables are independent.

Thompson Sampling. We use Thompson sampling with Gaussian prior and Gaussian noise. The
mean and the variance of the prior are set to the mean and the variance of the actions’ rewards.
Therefore, Thompson sampling is actually provided with more information than UCB. Similar to
before, the variance of the noise is set to 202 since the noise in the total reward scales with m. The
parameter o2 plays a similar role as 3 in UCB. In the Gaussian and Bernoulli uplifting experiments
we respectively choose 02 € {k x 1077 : k € [10],7 € {0,1,2}} and 0? € {k x 1077 : k €
[10].7 € {5,6,7}}.

G.2 Payoff Construction for Bernoulli Uplifting Bandit with Criteo Uplift

To construct the payoffs in the Bernoulli uplifting experiment, we assume that each cluster contains a
single type of users that react in the same pattern. That is, if a user of a certain type is treated, their
payoff is sampled from a Bernoulli distribution with mean corresponding to the visit rate of the treated
individuals of that cluster, otherwise their payoff is sampled from another Bernoulli distribution with
mean corresponding to the visit rate of the untreated individuals of that cluster. The payoffs of the
variables are sampled independently.

For sake of completeness, we report below the visit rate of the treated and the untreated individuals
of the clusters (rounded to three decimal places) that we obtained in our experiments
Hireated = [-001 .037 .003 .001 .003 .377 .237 .309 .071 .287
.531 .044 .007 .086 .002 .019 .028 .007 .265 .013]
Huntreated = [-001 .023 .002 .002 .004 .289 .206 .229 .073 .289
.464 .035 .004 .052 .001 .011 .022 .004 .165 .000].

The sizes of the clusters, which also correspond to (L%),c 4, are
[10600 2764 7222 11128 6385 1630 2806 1089 3018 4594
594 7020 12654 2186 9609 5101 3714 4569 1158 2159).

We also provide the uplifts of the actions (rounded to one decimal place)
rep = [0.6 39.3 6.6 5.0 -5.7 143.5 86.0 87.1 -4.5 6.9
39.8 66.3 34.7 75.4 4.0 40.3 21.1 12.3 115.7 28.3].

H Ablation Study on Gaussian Uplifting Bandit

In this section, we present additional experimental results omitted in Section 8 that are conducted with
the Gaussian uplifting bandit model. We follow the experimental procedures detailed in Appendix G.1
to find the optimal parameters for each considered algorithm.
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Figure 6: More experiments on Gaussian uplifting bandit. Left: UCB and Thompson sampling are run with
rewards summed over the variables that are affected by at least on action. Right: test case for actions with
difference covariance matrices.

H.1 Baseline UCB versus Baseline LCB.

In Algorithm 1, we suggest subtracting the UCBs of the baseline payoffs from the UCBs of the
actions. This could be counter-intuitive because to get an optimistic estimate of the uplift, we should
instead subtract the LCBs of the baseline payoffs. However, the latter strategy prevents the learner
from learning more about the baselines that are badly estimated, and can thus lead to failure more
frequently. In the following, we refer to the two strategies respectively as UPUCB (b)-bUCB and
UPUCB (b)-bLCB.

In Fig. 5a (Left), we illustrate the mean regret of the two designs when their parameters are optimally
tuned. It turns out there the two strategies perform similarly here. We would just like to highlight that
to achieve the optimal performance, UPUCB (b)-bLCB needs to use a larger exploration parameter.
Therefore, in terms of average performance, it seems that the effect of using LCBs of the baseline is
close to a shrinkage of the exploration parameter.

Next, we further inspect the robustness of the algorithms by plotting the 95th percentile of the regrets
(which roughly corresponds to the 5th largest regret among those recorded in the 100 runs). The
same parameters give the optimal values for this metric. However, as shown in Fig. 5a (Right), it
turns out that UPUCB (b)-bLCB achieves a much higher 95th percentile of regret, which indicates
that it indeed fails more frequently.

H.2 Misspecification of L.

We also investigate the effect of misspecification of L on Algorithm 4. For the bandit instance that
we employ here, max,c 4 L® = 10 and thus according to Proposition 3, Algorithm 4 guarantees
sublinear regret as long as it is provided with L > 10. On the flip side, the algorithm may incur linear
regret if L is underestimated.

To verify this, we run the algorithm with L € {5, 8,10, 15} and plot the averaged regret and the 95-th
percentile of regret for optimally tuned exploration parameters in Fig. 5b. We effectively observe
sublinear regret when L is overspecified, but the regret becomes much larger because the algorithm is
more conservative and explores more. On the other hand, under severe underspecification of L, the
algorithm is doomed to fail whatever the exploration parameter used. Finally, it seems that slight
underspecification of L can be compensated by choosing a larger exploration parameter. In fact, in
the figure we see that for L = 8 choosing 5 = 6 gives the smallest regret among the presented curves.

H.3 Ignoring Unaffected variables in UCB and Thompson Sampling

In the problem instance that we use for our Gaussian uplifting bandit experiments, not all the variables
are affected by the actions. In fact, only m’ = 68 out of the m = 100 variables are affected by at least
one action. Since the remaining 32 variables contribute equally to all the actions, we can improve the
efficiency of both UCB and Thompson sampling by using only rewards summed over the payoffs of
the 68 variables that are actually affected by the actions. Nevertheless, as shown in Fig. 6 (left), the
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resulting algorithms still achieve much larger regret than the ones that focus on the uplift, as L is still
an order smaller than m/.

H.4 Actions with Different Covariance Matrices

For completeness, we further conduct experiments for the case where the actions have different
covariance matrices. The results are reported in Fig. 6 (right). Here, the variances of the noises in the
rewards vary from 16 to 80. Since the noises of some actions become smaller, we observe smaller
regrets for all the algorithms. Nonetheless, the proposed methods are still much more effective than
the algorithms that are agnostic to the structure of the problem.
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