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1 Proof of Lemma 1

Note that

ea1 = P1(p2(x) = p1(x)) = P1(P2(x) = p1(x), x € Spy 1) + P1(P2(x) = p1(x)), x € S5, 4,)
< Pi(S,, 1) + P1(pa(x) = pr1(x), x € Spy 1)
< ¢+ Pi(Pa(x) = P1(x), X € Spy 1y, X € Spyp,) + Pr(P2(x) = P1(x),x € Spy 1y, X €S, 4,)
< q+Pi((1+0)p2(x) = (1 = 0)p1(x)) + P1(p2(x) = P1(x),x € Spy 11, X € S, 4,)

Lpa(3) 2 p1(9) + Pr((1+ )t 2 (1 O)pi () m

which yields the desired result.

1+
<q+Pi(g—

2 Proof of Lemma 2

Let ¢ be the threshold in the definition of (4, ¢q) approximation. Where p exceeds t, we have
E[(p—p)? | Sp,i] < 6°E[p?|S,,1), and where p is less than ¢, we have E[(p—p)* | S ;] < (1+6)%¢.
We also know that

E[p’] > E[p? | Sp] P[Sp] = (1 — q)

Hence, we have

E[(p — p)’]

E[(» - p)2 | Sp,t] P[Sp,t] +E[(p - p)2 | S;,t} P[Sﬁ,&
02 E[p? | Sp,e] P[Sp,e] + (1 +0)%?

(11+ 53] q B,
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S2E[p?] +

3 Proof of Lemma 3

First, suppose that x € S, +«. We have
jd(x) —d(x)] < D 1e5(x) — ¢ ()|
J

Yo G —GI+F D 10 — ()|

jicj(x)>X jicj(x)<A

IN

Consider the first partial sum, over j for which ¢;(x) > A. By assumption each term in the sum
is bounded by d/2¢;(x), and so the partial sum is upper bounded by 6/2d(x). Considering the
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second partial sum, since 0 < ¢;j(x) < Aand 0 < ¢;(x) < A(1 + 6), each term is upper bounded
by A(1 + 9), and the partial sum upper-bounded by JA(1 + ¢) = t*§/2. Since d(x) > t*, the sum
is upper-bounded by §/2d(x). Putting both sums together, |d(x) — d(x)| < dd(x). Thus d has the
required relative accuracy on S 4-.
Now, suppose x & Sg 4+, 1.e. t* > d(x) > ¢;(x). If ¢;(x) < A, then ¢;(x) < A(1+ ) < t*6/(2J).
If ¢;(x) > A, then ¢j(x) < (1 + 6/2)c;(x). Putting both together, we have

t*o0

¢(x) < (1+0/2)¢;(x) + 5=

2J
and
t*o

DoE0) < (1+8/2)d(x) +
< (140t

4 Lemmas supporting Theorem 1

In this section, we state and prove some technical lemmas used in the proof of Theorem 1.

Lemma 1 Given range R > 0 and desire accuracy v > 0, let h(x, a), defined in @2)), be constructed
from an activation function o satisfying Assumptions 1 and 2, with v, M, and T as defined in those
assumptions. Choose a satisfying a > 2R/r, a > 8SMR?/(3va®) (1)) and a > AM R/ (302 (1)).
Then

o h(z,a) > 0forall z, and
o |h(z,a) — 2% < vfor|z| < 2R, and

e h(z,a) > 4R* — v for |x| > 2R.

Proof: From Assumption 1, for |z — 7| < r, o has three derivatives and in this neighborhood,
there is an M’ = 2M/o® (1) such that |03 (z)] < M = M’'c)(7)/2. Then in the interval
|z| < ar, h(x,a) has three derivatives and the third derivative is bounded by M’/a. Moreover,
h(0,a) = h'(0,a) = 0, and the 2nd-order Taylor polynomial of i(x, a) at zero is simply T (z) = 22,
From Taylor’s theorem, it follows that

!

h — < ==
W a) — 2% < 51

||
on |z| < ar.
Now, |z| < 2R implies |z| < ar. Using Taylor’s theorem and the second constraint on a, we have

M’ 3v

2 3
\h(z,a) — = )|§m|x| <v,
as desired. Also, on this interval, using Taylor’s theorem and the third constraint on a, we have
Wz, a) > |zf* — MIfL’I3 = |z[*(1 — |z[/(4R)) = (1/2)[«> = 0
= 6-2M'R - =

establishing the non-negativity of h on this interval.

To show h(z,a) > 4R? — v, for |z| > 2R, we rely on Assumption 2, which implies that h(x, a)
is monotonically increasing for z > 0. For |z| > 2R, we have h(x,a) = h(|z|,a) > h(2R,a) >
4R? —v. |

Summing the outputs of n supernodes, we obtain §(x) = >, h(z;, a), which is an approximation
to g(x), as expressed in the following corollary.

Corollary 1 Given a function h(zx,a) and associated range R > 0 and accuracy v > 0 as defined
in Lemma the function §(x) = Y1, h(z;, a) satisfies



* j(x)=0
o [§(x) — g(x)| < nv when g(x) < 4R?
o §(x) > 4R? — nv when g(x) > 4R?

Proof: The first statement is trivial. To see the second statement, suppose g(x) < 4R2. Then
|z;| < 2R for each i and |h(z;,a) — 22| < v for each 4, yielding the result. For the second statement,
suppose g(x) > 4R?. If |x;| > 2R for some i, then h(x;,a) > 4R? — v, and non-negativity of h
implies §(x) > 4R?—v > 4R?—nv. On the other hand, if |z;| < 2R for all i, then h(z;,a) > 22 —v
for all 4, and so §(x) > g(x) — nv. O

Lemma 2 Given an activation function o, defined in @), satisfying Assumption 3 withn = 1, a
range T > 0 and accuracy € > 0, construct the supernode function ¥ (x,c) using K basic nodes,
where K is chosen so that A = T/ K satisfies A < log(1 + €/40) and A < 1/2. Then this function
satisfies

o [6(,0) — exp(—a)| < coxp(—x) for0 <z < T
o 0 <iY(x,0) <exp(—-T)(1+e€)forx>T

Proof: Note that if o(z) is an indicator function u(x) := 1{x > 0}, this construction simply gives
a piecewise-constant step approximation to exp(—x) over the interval [0, T']. The relative accuracy
of such an approximation is uniform over the interval when using steps of fixed width A.In particular,
in the interval kA < x < (k + 1)A, with k < K, the function 1 (x, u) is equal to exp(—kA), and
the worst-case relative error for « € [0, T is (exp(—kA) — exp(—(k + 1)A)/exp(—(k + 1)A) =
exp(A) — 1. Then A < log(1 + €/40), ensures that the relative error between 1 (x, u) and exp(—z)
is no more than €/40 on [0, 7.

For a general activation function we can write

W)(l‘, U) - exp(—x)| < Wj(xv u) - eXp(faj)‘ + Wj(xv 0) - 1/)(1‘,’&”

¢/2exp(—x) on [0, T]. By virtue of Assumption 3, we know that |o(z) — u(x)| < exp(—|x|). Hence
we can write

K
|(z,0) —(z,u)| < (eA ~1) Ze—\x/A—M—m.
k=1

The sum can be further upperbounded by summing over all —co < k < co. Denoting m = |x/A |
and v = /A — m, we can break the sum into ranges k¥ < m and k > m. The first range gives

Z 67m71/+(17A)k < efqum Z ef(lfA)j

k<m >0
671+A . eA
=€ .
1 —e—(1=8) 1 —e—(1=8)

Likewise, the second range gives

E €m+u—(1+A)k < e—(1+A)+l/—Am § e—(1+A)j

k>m >0

1 1
(& €

< e€f'——— <P —m—

- 1 —e-(1+A) — 1—e!

Using A < 1/2, we can combine terms to get
2¢l
A —x
|¢(x,0) - ¢($a“)| < (6 - 1) We
Since A < log(1 + (¢/40)) < log(1 + (¢/2)(1 — e~1/2)/(2¢)), we obtain [1)(x,0) — 1 (x,u)| <
€/2e~", which completes the proof of relative accuracy on [0, T'.
To show that ¢ (z,0) < exp(—T)(1 + ¢) for x > T, we note that ¢(x,u) = exp(—T) forz > T.

We have already shown that |¢)(x, o) — ) (z, u)| < €/2e* for all x, and hence |(x, o) — ¢ (z, u)| <
¢/2e~T for x > T in particular. O



Lemma 3 Given desired accuracy 0 < § < 2 and level 0 < A < 1/(1+ %),
e Let the function §(x) = Y., h(x;,a) be the function defined in Corollarywith range
parameter R = /log(1/\) and accuracy parameter v = 1/nlog(1 + 5 /4).

o Let i)(x,0) be a function satisfying conditions of Lemma @with range parameter T = 4R?
and accuracy € = §/2.

e Define é(x) = ¢(§(x), o).
Then
o |¢(x) — e(x)| < dc(x) whenever c(x) > A

o ¢(x) < A(1+ 0) whenever c(x) < A

Proof: First, let us suppose that ¢(x) > \. This implies g(x) < R? < 4R2. Hence, by Corollary|[l}
lg(x) — g(x)| < nv =log(l+ 6/4), and so |exp(—g(x)) — ¢(x)| < §/4c¢(x). Moreover, since
9(x) < g(x)+log(1+6/4), g(x) < R? andlog(146/4) < log + < R?, wehave j(x) < 2R* < T.
Thus by Lemmal[2] |é(x) — exp(—g(x))| = [¥(§(x), o) — exp(=g(x))| < 6/2exp(—g(x)). Thus

60— c()| < [ex) — exp(~3(00)] + | exp(~(3)  e(x)]
< el + 3 exp(—5(x)
< %C(X)+§(1+§)C(X)
< belx),

where in the last step we use § < 2.

Secondly, suppose that ¢(x) < A, so that g(x) > R2. Whether or not g(x) > 4R2, Corollary
implies that §(x) > R? —nv = log( (146/4)), so that exp(— (X)) <A146/4).Ifg(x) < T,
then (second layer result, Lemmal2) gives 1(j(x)) < € exp(—g(x)) < A(1+6/4)6/2 < A1+ 6)
assuming § < 4. Or, if #(x) > T, it follows from Lemma [2]that 1/(§(x)) < exp(—T)(1 4 6/2) <
exp(—R?)(1+6/2) < A(1+ 6) as desired.

Lemma 4 Let x be a multi-dimensional Gaussian random variable in R™ with pdf p(x), and suppose
that var(X;) <V for each component. Then

Pp(x) <] < t*exp (% 10g(327rV)>
Proof: The pdf can be written as p(x) = ((27r)”|2)|)_1/2 exp(—g(x)) where g(x) = (x —
w) Y= (x — p). Hence
Plp(x) < t] = P |g(x) > log(1/t) — 11og |2| - glog(%r)].

The eigenvalues of X are posmve and bounded as Y ;. \; = trace(X) < nV. Maximizing
|2| = II; \; under this constraint, via Lagrange multipliers, ylelds |2 < V™. Thus

Plp(x) < 1] < Plg(x) > log(1/t) — 5 log(2xV)].

For x ~ N (p,Y), g(x) is a standard chi-squared variate with n degrees of freedom. The Chernoff
bound for such a random variable can be expressed as

Plg(x) 2 (1+60)n] < exp (20— log(1+6))) .

Using a tangent bound to a convex function at §# = 1, we have  —log(1 +6) > (0 +1)/2 — log(2),
so that

P[g(x) > (14 0)n] < exp (_Z(e +1- 210g(2))) .



and .
Plyl) 2 o] < exp 15— 20og(2) ).

Putting the bounds together, yields

Pp(x) < t] <exp (—i (log(l/t) — glog(Qﬂ'V) — Zlog(lﬁ)))
<ttexp (g 1og(327TV))

as desired. O

We can now extend the analysis to a GMM.

Lemma 5 Let p(x) = Z‘jjzl a;p;(x) be the pdf of an n-dimensional GMM, where o and p;(x),
7 =1,...,J, denote the probability and the pdf of the Gaussian distribution j, respectively. Define x
to be a random vector with distribution p. Assume that var(x;) < 1,1 =1,...,n, for each element
of x. Given q > 0, choose t* > 0 such that

1
log(1/t*) > % log(327J) + 1 log(1/q) + log(J).
Then
Plp(x) <t'] < ¢

Proof: Choose k = argmax; a;; we have ay, > 1/J. Since var(z;) > > a; var(x,gj)), where

x(7) denotes the j-th Gaussian variable in the mixture, we have var(a;gk)) < 1/ay < J. Now applying
Lemma

Plp(x) <t*] < Plogpr(x) <t’]
< P [pk(X) < Jt*]
*\4 n
< (Jt") exp (flog(327rJ)> <gq,
8
where the last line follows from the assumed upper bound on log(1/t*). ]

5 Proof of Theorem 1

We provide an explicit construction of a two-hidden layer subnetwork for approximating a given
cj (x), and show that under Assumptions 1, 2, and 3, the constructed network is accurate enough to
satisfy the conditions of Lemma 3 in the main paper. This is done by showing that super-nodes in the
first layer approximate =2 well enough, and a super-node in the second layer approximates exp(—z)
well enough.

In the rest of the proof we drop the subscript j and focus on a ¢(x) = 8 exp(—g(x)), where g(x) =
Do y? withy = »~1/2(x — ). Given parameters § > 0 and A > 0, we construct an approximation
¢ of ¢, such that 1) |é(x) — ¢(x)| < de(x), whenever ¢(x) > A, and ii) |é(x) — ¢(x)| < A(1 4+ 9),
whenever ¢(x) < A. We show that the total number of nodes used by both hidden layers is O(n).

To simplify the following steps, we normalize by § to obtain ¢(x) = c¢(x)/ which is to be
approximated accurately above level A=A /8. If A > 1, then it is sufficient to simply take the trivial

approximation é(x) = 0, since ¢(z) < 1 everywhere. Therefore in the following we assume A < 1.
With notation thus simplified, we seek to approximate ¢(x) = exp(— Y, ¥7).

The condition &(x) > X corresponds to 3, 4?2 < log(1/)). We will define R = /log(1/)),
so that Y, y? < R? defines the region over which we must approximate ¢(x) with small relative error.

Uniform approximation of x. In the first hidden layer, we replace each node with activa-
tion function 2 in the ideal reference model, with a supernode formed from two basic nodes with



activation function o satisfying Assumptions 1 and 2. We use a special case of the construction in [1].
In particular, we define the supernode as

2

h(z,a) = @)

(0(z/a+7)+o(-z/at+T)=20(7)). 2)

The idea behind the construction is that the first term in the Taylor series of h(z, a) at x = 0 is 22, and
so for sufficiently large a, the function approximates x2 closely over the required range. In particular,
by Lemma|i} choosing a > max(2R/r, 8M R?/(3vo®) (7)), 4AM R/(30*) (1)), we have

e h(z,a) > 0 forall x, and

o |h(z,a) — 2% < v for |z| < 2R, and

o h(z,a) > 4R? — v for |x| > 2R.

Summing the outputs of n supernodes, we obtain
9(x) = > h(ys,a). 3)
i=1

Then, by Corollary |1} §(x) is an approximation to g(x), such that

o |G(x) — g(x)| < nv, when g(x) < 4R?,
o §(x) > 4R? — nv, when g(x) > 4R
Approximation of exp(—x). After approximating the quadratic term g(x) in the first layer, the role of

the next level is to approximate exp(—z), with a required level of accuracy ¢, over a required range
[0, T, using only O(n) nodes.

For this construction, we rely on Assumption 3. The value of the bounding exponent 7 in this
assumption is not critical, since if o(x) satisfies the assumption with exponent 7, the scaled function
o(au) satisfies it with exponent an. To simplify notation, we take n = 1.

To form the super-node, we choose a sufficiently large number of components K, divide the range
into intervals of width A = T'/ K, and then form following sum of shifted activations:

K
Y(z,0) =1+ ; (e_kA - e_(k_l)A) o (% - k) . “4)

This essentially constructs a staircase-like approximation to exp(—xz). Lemma 2| states that if
A < min(log(1 + €/40),1/2), then

o ¥z, 0) — exp(~2)| < cexp(—z), for 0 <z < T,
o 0 <¢(z,0) <exp(—T)(1+¢),forx >T.

Accuracy of composed layers. Consider § defined in (3), with range parameter R = /log(1/)) and

accuracy parameter v = - log(1 4 §/4). Also, consider 1(z, o) defined in @), with range parameter
T = 4R? and accuracy € = §/2. Define

&(x) = (§(x),0). )
By Lemma[3]
e |é(x) — &(x)| < 0é&(x), whenever &(x) > A,
e &(x) < A(1 4 6), whenever &(x) < .
We have thus established that, for arbitrarily small A > 0, we can construct an approximation é(x)

with the accuracy required by Lemma 3 in the main paper. The same statement evidently holds for
é(x) = pe(x) with respect to A = S\, Hence by Lemma 3 in the main body, we can construct a



(4, q)-approximation d of d, for any ¢ and ¢. It remains to show that that the number of nodes required,
M,,, is O(n) and that the coefficient sizes grow no faster than O(n?).

Bounding the number of hidden nodes. The final step is to show that the described network giving é(x)
consists of O(n) nodes. Exactly 2n nodes are needed in the first layer, since each of the n functions
h;i(x, a) is constructed with two nodes. In the second layer, the number of nodes is K = T'/A.

Since our network is designed with e = §/2, and since A < min(log(1 4 €/40), 1/2) is sufficient
for Lemma 2] the interval width A does not depend on n. So, it remains to show that the range 7" is

O(n).

At this step in the proof, we introduce notation related to the assumption that the eigenvalues of the
covariances X; have constant upper and lower bounds. If the eigenvalues of X are {w} },i = 1,...,n,

we require © < w! < @, where 0 < & < & are the fixed bounds. Intuitively, upper bounds relate
to the typical case in practice that input distributions have bounded variance. The lower bound on
eigenvalues prevents the model from approaching degenerate Gaussian distributions, or equivalently
having arbitrarily sharp spatial detail.

Our network is designed with 7 = 4R? = 4log(1/)\) = 4log(8) + 4log(1/\). Recall from
Section 1.4 that 8 = ¢w(27)~"™/2|%|~1/2 for fixed probabilities ¢ and w. From the assumed lower

bound on eigenvalues of ¥, we have |%|71/2 < (1/&))”/2, and so 41og (/) is O(n). It remains to
consider the scaling of log(1/)\) with n.

For a given probability ¢ > 0, Lemma 3 in the main body requires that A = ¢*§/(2J(1 + 4), where
t* is such that P[d(x) < ¢*] < g, or equivalently, P[p(x) < t*/¢] < ¢, where ¢ is the fixed prior
probability. Since .J and ¢ are fixed, we need to show that log(1/t*) is O(n). The existence of such a
t* is established by Lemma[5] By assumption in Theorem 1, the variance of each Gaussian distribution
is upperbounded by w. Hence Lemma [5]shows that ¢* has the required scaling; specifically that as
long as

log(6/1°) 2 5 log(3272) + 7 log(1/a) + log (),
then Plp(x) < t*/¢] < q.

To finish the proof, we bound the growth rate of the coefficients used in the constructed two-hidden-
layer network. Recall that the input coefficients of the first hidden layer are formed by the matrix

E;l/ % used to compute the values y;, followed by the scaling 1/a in the input of the super-node

functions h(y;, a). In addition to the lower bounds on a required by Lemma we can also require
a > 1, for example, so that the first-layer coefficients are determined by the elements of the matrix
E7.—1 /2
the trace, which in turn is upper bounded by n&~'/2, where & is the assumed lower bound on the

eigenvalues of ;. Hence the input coefficients of the first hidden layer grow no faster than O(n).

. Since X; is a positive definite matrix, each element of Ej_l/ ? is bounded in magnitude by

The linear coefficients between the first and second hidden layers consist of the factor a?/o(?) (1) used
in forming the first layer super-nodes h(y;, a), multiplied by the factor 1/A used at the input to the
supernodes ¢ (x, o). The requirements on A in Lemma and the constant o(?) (1) are independent
of n, and so it remains only to consider the scaling of the factor a2. From the requirements of Lemma
3 in the main body, we have that a must scale at least as fast as R? /v, where 1/v is O(n). We also
have that R? = log(1/)), which was shown earlier to be O(n). Putting these factors together, we
have that a is O(n°/2) and the coefficients between first and second layer can be constructed as

O(n®).

The linear coefficients in the output layer include the o(1) coefficients exp(—kA) — exp(—(k —
1)A) used to construct the super-node in (4), and the final multiplier 3; in the expression d(x) =
Zj Bjci(x). Similar to the scaling done for the single hidden layer network in Section 4, we can

define the renormalized system d’(x) = 3=, ;¢ (x) where E[d'(x)?] = 1 and E[¢}(x)?] = 1. Since
all terms are positive, we have

1= Eld' ()] 2 () Bl (0% > D(6))°,

showing that the last layer coefficients have a constant bound not depending on n.



In summary, we have shown that the coefficients used in the two-hidden-layer construction are
polynomially bounded, in addition to the main result that the number of nodes is O(n).

6 Proof of Theorem 2

Define r € R™, such that, fori =1,...,n,

ri = B [pe(x)hi((wi, x))]

The mean squared error can be lower-bounded as
Ellpc(x) = )] > Elluc(x)P’] = 2B [ue(x) f(x)] + E [|f(x)]
> 1—QZGiE[Mc(X)hi(<WuX>)]

1= 2f|alff|r,

v

where the last step follows from the Cauchy-Schwarz inequality.

We next bound the value of r;, showing that each is exponentially small in n. By the rotational
symmetry of u. and u, we have

E [pe(x)hi((wi, x))] = Elpe(x)hi(21)].

Defining o« =1+ 2s, /sy and = (1/s, + 1/sf)71, we write
rp o= ot (27r5$)_n/2/hi(xl)e_ﬁ“xuzdx
= "/t (27“91)771/2 (QWﬂ)(nfl)/z / hi(xl)e_i”%dxl
= s [ iene BT ns) o

Note that fhi(gcl)tfﬁzf (2736’)71/2 dx; is the expected value of h;(x1), with respect to 27 ~
N (0, B). Therefore, using Jensen’s inequality,

2
</ hi(ay)e” 37 (2m8) /2 dm1> < /(hi(xl))%_ﬁ‘”? (2nB8) " Y? day.

Therefore,
r2 < a? (5/%)”/(%(%1))2 257 (228) Y2 day
< a2 (B/Sm)n_1/2/(hi(x1))2 T (2rs,) V2 ds
S an/2 (B/sm)n_1/2

where the second step holds because 8 = s,s¢/(sf + s;) < s, and therefore, exp(—z%/(28)) <
exp(—27/(2s.)), and the last step follows from our initial assumption that E[(%;(x1))?] = 1. Noting

that
g n/4 2 9\ —n/4
* Sy Sf+ Sy S?c—i-Qstg; ’
we obtain

ral < p A1+ s /sp) M (6)

This establishes that ||r|| < \/n1p~"/4(1 + s./s7)'/*, which finishes the proof.



7 Proof of Theorem 3

Consider random weights w; € R", 7 = 1,...,nq, that are mutually independent and distributed as
N (0, I,,). By construction, given weights w1, ..., w,,, we have
at & < 1 )
w(x)=— cos | —(w;,x) | . (7)
o) = 03 s (i)

Here the subscript w highlights the dependency of this function of the specific values of the weights.
For a fixed x, (w;, x) is a zero-mean Gaussian random variable with variance ||x||?. Therefore, since
w;’s are 1.1.d. themselves, for a fixed x, cos(i(wi, x)),4 =1,...,n1, are i.i.d. bounded random

variables. Moreover,

o )] - o ()

(@) — = x| ®

= e s

where (a) holds because of the following identity

/e*‘“t2 cos(bt)dt = \/Zeéllab2

Therefore, for a fixed x,

Bulfw()] = ate” 57 = 4 () ©)
The expected approximation error corresponding to a fixed w can be written as
Ex [(fuw(%) = Bw[fw()])?] - (10)
But, for a fixed x,
B () = Bul () = % vary (cos (- wi) ) ). (1)
ny ﬁ

where

Vary (cos <1<wi,x>)> / ( [ ) e_gdu _ e*#l\xll2
V5§ Ne
2| > w2 — L2
— 1+Cos U )e Tdu—e °f
2\/27/ ( 57

1 n Lo=2® _ =i
22 ‘

(12)

Therefore, from (1), we have
04% 1 2 yx 2 71# x 2
Bw [(fu(3) ~ Bulfw(0)?] = °= (5 + 50 70 -7 (13)
ny 2 2

Taking the expected value of both sides with respect of x, and applying the Fubini’s theorem (see
e.g. [2]) to the left hand side, it follows that

a?r  az —2x|2, af — L x|?
w [Ex{[(fw () = BuluG0)]] = 5 + 5= Bl ™) = S o™ 1]
a? sf El sf El
-5 (G35 5
2n, ( + sy +4s, Sp+2s,
<22 (14)
ni
But by assumption n; > a2, therefore,
Ew [EXM(fW(x) - EW[fW(X)])2H <¢, (15)
This shows that there exists at least one set of weights w1, ..., w,, which satisfies the desired error

bound.
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