Hierarchical Optimal Transport for
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Supplementary Material

1 ADMM algorithmic details

1.1 Derivation of ADMM update steps

ADMM admits the following sequence of updates:
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Update involves an alternating minimization over ;; and R;; whereby the first variable is
fixed while the second is minimized, followed by the second fixed and the first minimized, and the
procedure is repeated until convergence is achieved. When solving for R;; we have the following
Stiefel manifold optimization:
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where 2P(t>Y QLX, + n(RY — A%—)) = UDV T is its SVD. We employ the Sinkhorn algorithm
(Algorlthm 1 of 1) to solve for Q;;, using an entropic parameter of v,/ Pi(;) and uniform marginals.

t+1 t+1 . . e e e .
R! j+ ) and Q! j+ ) are retrieved once the alternating minimization converges.

Update (2) also employs the Sinkhorn algorithm over the cost matrix generated by C;; (Ri'j'-“), QETI))
using variables found in update (I)), along with an entropic parameter of ; and uniform marginals.

Update (3)) is a consensus update over a Stiefel manifold optimization:

R <« argmin ZHRUH} R—i—A(t)H2 Uuv’,

ReS(D.D)

where 3, - R{;"™V + A{) = UDV T isits SVD.
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1.2 Computational complexity of distributed ADMM algorithm

The main computational complexity of the ADMM algorithm comes from line 8, which demands the
solving of S? Sinkhorn problems per ADMM iteration. Fortunately, these Sinkhorn problems (i.e.,
update steps for Q;;, R;;, L;;) may be conducted in parallel, making it amenable for a distributed
implementation. When fully parallelized, the algorithm has a per-iteration computational complexity
of O(n;n;), where n;, n; refers to the number of points in the largest clusters of X, Y respectively
(compared to vanilla Sinkhorn’s O(ngn,) complexity where n,,n, refers to the rotal number of
points in respective datasets, assuming D < max(n;, nj)). In Figure we record run times of two
versions of the same algorithm, with and without parallelism, operating on a similar test dataset, at
varying cluster sizes S (50 data points per cluster). 10 random trials were conducted and the means
and standard deviations were reported (error lines). As expected, the parallel implementation scales
better. These results were computed using an i7 intel processor with 6 cores clocked at 2.6 GHz.
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Figure 1: Run time comparison between a parallelized and a non-parallelized implementation: We varied
the number of clusters — the main bottleneck to run time - to compare the runtimes of the parallelized and
non-parallelized implementations.

1.3 Stopping criteria.

In lines [3|and [6|of Algorithm possible stopping criteria are (i) || R“*" — R"|| . < 7 where the
difference is between the current and previous iteration’s transformation and 7 is the tolerance, and
(i1) t < T where T is the maximum number of iterations.

2 Proof of Theorem 4.1

2.1 Part 1: Geometric perturbations conditions over the Birkhoff polytope

First, we provide the following lemma that illuminates some basic geometrical insights of the general
OT cost matrix, whose coupling is in the Birkhoff polytope B, := {P € R®*¢: Pl, = P'1, =
1.}. We define the OT program with respect to a cost matrix C' as

L(C) := argmin (P,C). )
PcB.

The following lemma describes the conditions on C' for P to remain unperturbed at P*.

Lemma 2.1. Define the set of vertices on the c-th Birkhoff polytope B, that are within a §-ball from
P* as

Ps(P*) ={P € B.\{P*}: [P — P*|| <4} (6)
Define the set of matrices that denote directions from P* to each neighboring vertex P; as
Vs(P*)={V € R*°: V =P — P*, PePs(P")}. 7

For the linear program’s solution P* = L(C') to remain unchanged, YV € Vs(P*) for 6 = 2, the
cost matrix C' should satisfy

(C,V) > 0. (8)



Proof. Birkhoff-von Neuman'’s theorem [2] states that the optimal transport solution must lie on the
convex hull of the c-th Birkhoff polytope 5., and that its vertices are in fact permutation matrices. We
therefore say that an LP solution P* is a vertex on B.. The outline of this proof is straightforward:
so that P* remains unchanged, C should not cause P* to move to an adjacent edge of the Birkhoff
polytope, nor should it cause it to extend beyond its adjacent edge because then, the neighboring
vertex would assume the new solution. For the rest of this proof, we shall let P* = I without any loss
of generality. We define the set of nearest neighbors to P*, which are simply permutation matrices
that can be described as taking P* and exchanging any two columns. For a P with any two columns
of P* exchanged, notice that the difference matrix V' = P — P* is a symmetric matrix of mostly
zeros except for two off-diagonal +1 entries and two diagonal —1 entries, hence || P — P*|| ., = 2.
Formally, we describe the set of nearest neighbors with Ps(P*) with 6 = 2, defined by (6). Next, we
define edges that are adjacent to P* using the set Vs (P*) also with § = 2, defined by (7). Note that

there are K := (g) -1= @ — 1 neighboring vertices and adjacent edges.

We will now show how perturbing C' in just one direction V' changes P*. First, consider a cost
matrix that produce P*, which is defined as C* := Zw €V (PY) V;, meaning that it is equi-angle
from all V' € V;s(P*), for § = 2. By enumerating over all V', we may derive C* = 11" — cI, along

with the fact that Hcﬁ*’”‘:}‘l = \/171 Define P; = L(C4) with C; such that (V;,C7) < 0 and
F F c—
(Vi,Cq) _ 1 . _ . (Vi,Cg2) _ 1
asear m,w €2,...,K. Define P, = L(C>) with C5 such that Wi = 7T

Vi € [K]. We make the claim that P, = P, and proceed with a proof by contradiction. As
mentioned before, VV € Vs(P*) for P* = I, § = 2 has exactly four non-zero entries, i.c.,
Vii=V;; = —land V;; = Vj; = 41, where i,j € [c],7 # j. Writing out (V, C) explicitly, we
have (V,C) = —(Ci; + Cj;) + (Cij + Cj;). To ensure that Cy and Cy does not interact with
other edges of the polytope, we fix (V;,C) = (V;,C*) = cfori = 2,..., K. Since we constructed
C and Cs to differ only by the condition (V;,C1) < 0 or (V;,C5) > 0, and any V; affects only
four entries of the cost matrix, we may greatly simplify our analysis of C' and P to only these four
entries. As such, we extract these four entries of P, represent it using P e B, and parameterize
using ¢ € [0,1] it as

P(t):t{(l) (1)]+(1—t) [(1) (1)} ©)

With this parameterized form, we may reexpress the optimization for L(C) as

. . Cii + Cjj
iy Ck+0) + (1= 0(Cy+ Cy) = min, (Gt —1)e
The above minimization has three cases. If C;; + Cj; = Cy; + Cj; then there exists no unique
solution ¢. If C; + ij > Cij + Cji thent = 0. If C;; + ij < Cij + Cji then ¢ = 1. The first two
cases directly corresponds to (V;, C1) < 0, while the third case corresponds to (V;, C3) > 0. The
fact that ¢ is not consistent between all cases demonstrates a contradiction. Moreover, ¢ = 1 produces
the solution P = I, and if this holds for all V' € Vs(P*), then all off-diagonal entries must be zero
and therefore P* = I must be the minimizer for L(C). O

A direct consequence of lemma[2.1]is the following.
Corollary 2.2. The solution to the linear program defined by @) is P* = I if the linear cost matrix
C satisfies the following property

Cij + Cji — Cyi — Cj; >0, Vi, j € [c],i # j. (10

Proof. Analyzing (8), we observe that any V' € Vs(P*) for 6 = 2 has only four symmetric non-
negative entries, which we condense V' and C into R?*? matrices at these four support locations

—1 +1} and & — [Cﬁ_ Cj;i_

. It thus follows that an explicit computation
+1 —1 i g

respectively as V= [
produces:
<P,C> >0= <P,é> = (Oz] +Cji) — (C“—FC]]) > 0.

Since the set Vs (P*) spans all permutations between i, j € [c], # j, we conclude with (I0). O



In the variational setting, C;;(R, Q;;)’s are themselves linearly coupled with R and Q;;. The
following proposition introduces a trivial criterion on C;; (R, Q;;)’s to guarantee that P remains
unperturbed from P*. For pedagogical reasons, we shall assume that n — oo for this proposition but
subsequently relax this.

Proposition 2.3 (Rotationally invariant disambiguity criterion). Problem (3) yields the solution P*
if, Vi, j : i # j, the following criterion is satisfied:
1__I£n612n Cij(R,Qqj) + rmn C’jq(R Qi) — mln C'”(R Qii) — I__rtné?n C;;(R,Qj;) >0. (11)

1] 1]

Proof. Consider a set of c clusters where clusters 7, j satisfy

Cij(Ri;, Qi) + Cji(R};, Q)) — Cui(R, Q) — Cj (R, Q) < 0, 12
where
(R;wQ’ )= arg min Ci;(R),
RES(d,d),QUEB”
(R};, Q) = arg min Ci(R),
RES(d,d),QﬂEBn
(R,Q};,Q);) = arg min Cii(R, Qi) + Cj; (R, Qjj).-

ReS(d,d),Q::,Q;; €8,

Since the 2-Wasserstein is a valid metric, its distance between any two clusters must satisfy C;; (R) >
0 with equality holding if and only if the clusters are exactly similar. If P* = I, similar clusters are
denoted with matching indices, and it must follow that C;;(R’) + C};(R’) = 0. This implies that
(T2) must be false since C;;(R;;), Cji(R;) > 0 for mismatched clusters. Due to this contradiction,
the disambiguity criterion @]} must hold for all cluster pairs 4, j : i # j. O

This proposition provides a disambiguity criterion, requiring that matched clusters (i.e., Cy;, C;;)
should be more similar than mismatched clusters (i.e., C;, Cj;) up to some disambiguity threshold
(in the case of n — oo, the threshold is 0). To extend this proposition to the finite-sample regime, we
require a higher disambiguity-threshold to offset uncertainty due to finite samples.

2.2 Part 2: Disambiguity criterion in the finite-sample regime

We utilize a recent p-Wasserstein concentration bound by Weed and Bach [3] that describes finite
sample behavior on the Wasserstein distance for data embedded in high-dimensional space, but
whose clusters are themselves approximately low-dimensional. We will proceed our analysis with
the language of probability measures y to make our analysis consistent with [3]]. We thus define the
equivalent measure analogs as follows.

Definition 2.4. Let clusters X; € RP*"=i and Y; € RP*"w.3 be respectively denoted by empirical
measures as

N, Ny,j

ﬂy,i = Z 5Y

y‘jkl

where dx, (i) refers to a discrete point located at X;(k). At the limit, we denote the measures as

Nax,i Ny, j

P i 1= hm Z5x (k) fry,j = lim Zéy (k)

x,i el ny7~>oo’n,

Definition 2.5. Denote a linear transformation R applied on the measure as

Nax,i Nz ,i

Ro,ugw- = lim E 5RX
N ,i—>00 Ny

Ro i, ;=

The transformed inter-cluster distance between clusters may thus be denoted as

Cij(R) := W3 (R0 figi, fly,i) Cij(R) := W3 (R0 g, [iy.q)-



Now, we may proceed to state results from [3]]. The following result pertains to the sample complexity
of measures . in R” that are supported on an approximately low-dimensional set in R?, where
d < D. First we require some definitions.

Definition 2.6. Given a set S C RY, let N.(S) denote the e-covering number of set S, which
is defined as the minimum number m of closed balls By, ..., B,, of diameter ¢ such that S C

U1gi§m Bi.

Definition 2.7. For any set S C RY, the e-fattening of S is S. := {y : D(y, S) < €}.

Proposition 2.8 (Weed and Bach [3], Proposition 16). Let S be a set that satisfies Nz (S) < (3¢’) 4
Sorall e’ < 1/27 and for some d > 2p. Suppose there exists a positive constant o such that u satisfies
u(Se) >1— e="/29 foralle > 0. If p log L > 1/18, then for all n < (18po? log %)_d/z,

EDWVS (1, fin)] < en™?/4,
where C = 27P(2 + W)

This proposition states that the degree that y is concentrated (as parameterized by o) around set S
(approximately supported in low-dimensions) affects how “long” (in terms of n) we can enjoy the fast
convergence rate of n~?/%. We will leverage this result to obtain the following theorem on cluster
correspondence disambiguity with respect to sample complexity.

Corollary 2.9. Let sets S, ; and S, ; satisfy the conditions for S in proposition @ for some

Ozi»0y; > 0and dg;,dy; > 4 Iflog% > 35 and log—, > 316, then for all ng; <
s z,i Y,J

(3602 ; log i)_dwﬂ and ny ; < (3607 ;log i) v, 7/2,

E[Cij(R) = Coy (B)) < e + ¢y, 3/,
where 1
Cek =02+ s )

Proof. Denote p1;, p1; as measures and fi;, fi; as their empirical estimates. By the triangle inequality,

E[Ws3 (i, 1)) < BV (i, 1) + W3 (1, 1))
S EW3 (i, i) + W3 (a5 15) + Ws (g 115)]

E(IW3 (i> 113) = W (jis f13)1) < BV (i, )] + EDV; (5, 15)
= E[Cyi(R) — Ciy(R)]| < com?/ = 4 ey my 517
where the last line is a direct application of definition [2.5]and proposition 28] O

Lemma 2.10. Let Sy ;, Sy, Sz,j, Sy,; be sets that satisfy the conditions for S in proposition @for
some 0y 3,0y, 0z 5,0y > 0and dy i, dy;,dy 5,dy ; > 4. Iflog i, log i, log i, log o >
%, then for all nm < (360% log L)—dm.i/Q nw- < (3605724 log %)_dwﬂ, Ngj <
(360’2 log ) d.i/2 and n, ; < (3602 log ) dy.i/2 cluster correspondences in prob-

lem (E[) may be disambiguated to achieve P* =1 when the following criterion is fulfilled for all
i,j €[] i#:

E[min Cij(R) + min Cji(R) — min Cii(R) — min Cjj(R)] > 2(Byi + By + By j + By ;).

where the constants are defined as

~2/d., ._ 1
Bogi= cogn %, cuy o= 729(2 + s 1).
Proof. This follows a direct application of criterion (T1]) and corollary 2.9] O

Proposition 2.11 (Weed and Bach [3]], Proposition 20). Foralln > 0and 0 < p < oo,
PIWVE (4, fin) > EWE (1, fin) + 1] < exp(—2nt?).



Theorem 2.12. Define C';‘] = mingeg(p,n) C'ij (R). If the conditions in Lemma|2.10|are satisfied
then problem () yields the solution P* = I with probability at least 1 — § if, Vi, ] : i # j, the
following criterion is satisfied:

Cri+ 0l — C = €3y > 2(Byi(6) + Byi(6) + Baj(6) + By ;(0))

where
2

kg 1
B, k(0) :== Cz,knz’;:z’k +4/log(1/8)/2n. i, cop = 729<2 + m>, (13)

where d, ), refers to the intrinsic dimension of the k-th cluster from the z-th dataset.

Proof. For some measure y and its empirical finite-sample estimate fi,,, proposition |2.11| may be

equivalently stated with the choice of t = 4/log % /2n as:

Wy (s fin) — EWE (1, fin)| < /10g(1/6)/2n,
holds with at least probability 1 — §. Under the conditions stated in proposition (2.8), and combining
its result with the above relation, we have

W (1, fin) < en™ /% + \/log(1/6) /2n,

where ¢ = 27P(2 4 577z5— ). Combining this for all terms in the left-hand side of (T3) yields the
stated result. O

2.3 Putting everything together

The final proof of Theorem[4.1]is a simplified version of Theorem [2.12]s since we assert a stronger
(but cleaner) exact low-rank assumption to streamline communication. When the data is exactly
supported in low-dimensions (as opposed to approximately), the e-fattening disappears (i.e., ¢ — 0)
thus any positive 0 < € will send n — oo, implying that the rapid convergence in dimensions d < D
holds for n — oo. Hence an identical result holds, with the sole condition that d > 4. J

3 Proof of Theorem 4.2

We apply a very recent perturbation bound for the Procrustes problem developed by Arias-Castro
et al. [4] to subsequently state a cluster-based alignment bound. First, we outline the perturbation
bound for the classical Procrustes problem below.

Theorem 3.1 (Procrustes perturbation bounds, Theorem 1 [4]). Consider short matrices X,Y €

R¥™ with d < n and X having full rank. Set e = |[YTY — XTX {p, where ||-||, de-
notes the Schatten p-norm. Denote the singular value decomposition of X = UXV' T, where
3 contains diagonal elements 01 > o9 > ...0q > 0 = --- = 0, and let X1 be the

pseudo-inverse of X, i.e, X1 = US'VT, where Bt = diag(afl,agl, . ,05;1,07 oL 0) If
1XT| = < X || X ])~172 then

Qi [RX — Y1), < (1] X1+ 2 x|

Directly applying Theorem [3.1 using the Schatten 2-norm (i.e., the Frobenius norm) yields

c

i RX -Y|%2 = mi tr(Qr X X;Q;; + Y. Y, —2Y,Q . X' R"
Régl'l(rdl,d) || ||F REIgl(i‘ll,d) P r(Qu 7 Q + 7 Qu 7 )

< (X[ XY +2) | X €%)? = B2,

= max trQY;Q X, R") > tr(XX" +YY ") - B2,
ReS(d,d) pa

where £2 := ||YTY — X T X]||,, and under the conditions that X is full rank and || XT||e <
%(HX 1|X)*|])~1/2. When the criterion given by corollary [2.3|is satisfied, we are guaranteed



cluster-correspondences P* = I. Therefore ), P;;Cy(R) = 3_; Cyi(R). We utilize this to lower
bound ). C;;(R) as follows:
ReS(d.d)
= min 3 tr(X;diag(Quil) X, +Yidiag(Q1)Y; —2Y,Q; X R")
ReS(d,d)

c

= Z tr(X; diag(Qy1) X, +Y; dlag(QT]l)YT) - Rrrée(técd) tr2Y;Q. X, R")
i=1 € =1

<B2+Ztr i(diag(Qu1) — QuQ) X, + Y;(diag(Qi1) — I)Y;")

=B? + Ztr (1/n - QuQH) X, +Y;(1/n—IY;").

O

4 Proof of Lemma[4.3

To ease notation, let A = Y;Q, X/, and C = 2 X; X" + 1Y;Y,". Let A be decomposed by the

singular-value decomposition as A = UXV T . Lastly, let U = [U’,U”] and V = [V’, V"], where
(U",U") = (V" V') = 0. Then it follows that

(B) = w(@TOSVTV)  (14)

tr (C —ou'TAV! — 2U"TAV") r (C _ 2(7TAV)
)z

tr (C —2AV'U'T —24V"U"T min  tr (c _ 2AV(?T)

min R
U’ \v"eS(d,d—r): U,Ves(d,d)

<U’,U”>:<V’,V”>:O

i (R) >
Re%?tljrfl,vqc]( ) Rengl(gd)cj( )

What remains is for us to show the condition for equality. From (T4}, we have that
tr(UTUSV V) =tr(V'VU'UE) < tr(2),
with equality holding if VT VU "U = I, implying that U ' U = VTV, which imply that
O.U)=(v.v'), ([O.U")=(V.V"),
which are obtained via the substitutions U = [U’,U"] and V = [V’ V"]. O
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5 Additional Figures

In this section, we provide an additional figure to compare HiWA with other competitor methods on
the brain decoding example.
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Figure 2: Additional comparisons on brain decoding dataset: Here, we compared the decoding accuracy in
terms of: (a) reach direction decoding or the percentage of time points correctly classified in one of four reach
directions, and (b) the instantaneous decoding accuracy measured in terms of their R? values. In both cases, we
compare HiIWA with WA, DAD, and 6 other methods that are discussed in the main text and studied in synthetic
examples.
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