Supplemental Material

A Topic Modeling Structure

Not only do the Coat and MovieLens-100k datasets have block structure, they can also be explained
using topic modeling structure, which is again a low rank model for the propensity score matrix P
(and is thus a special case of the general low nuclear norm structure we assume provided that P
be bounded away from 0). We build on our biclustering data exploration example from Figure [I]
Specifically, in the MovieLens-100k dataset, each user can be thought of as a distribution over
movie “topics”, and each movie topic corresponds to a distribution over movie genres, as shown in
Figure 2] Meanwhile, in the Coat dataset, each item can be represented as a distribution over user
topics, and each user topic can be thought of as a distribution over user features, as shown in Figure 3]
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Figure 2: Average item features for each movie topic in MovieLens-100k.
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Figure 3: Average user features for each user topic in Coat.

Topic models reveal co-occurrence information. For example, movie topic 1 in Figure [2] corresponds
to users who tend to reveal ratings for action, adventure, musical, sci-fi, and war movies, but not
documentaries. Movie topic 4 corresponds to users who tend to reveal ratings for mysteries and
thrillers. Users can be associated with multiple topics to varying degrees. Ratings for documentaries
tend to mostly be revealed by users associated with movie topic 0. We can also find such patterns in
the Coat dataset, where we look at topics over rows instead of columns as an illustration. We can see
what sorts of user features tend to be co-occur. For example, user topic 2 consists of men uninterested
in fashion. Coats can be associated with different user topics to varying degrees.

Note that the biclustering uses only the missingness information. We are interpreting the biclustering
results here with the help of user/item features to identify co-occurrence relationships.
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B Proof of Theorem[l

Denote the objective function (which is a log likelihood) of optimization problem (3) as
=3 Y [Myilogo(Ty;) + (1= M,;)log(l — (Tu))].
u=11=1

We specialize Theorem 2 of [Davenport et al.|[2014] to the setting in which all entries of the matrix
are observed. Their proof makes use of an offset version of the log likelihood function:

La(D) := Ly (T) — ZZ[ g)') +(1—Mu,i)10g11__ailgg’)i) :
u=1i=1

We let - -, denote the feasible set of optimization problem (), i.e.,

Frq = {F eR™™ : |IT)l« < 7vmn, ||T||lmax < ’y}.

Moreover, we actually let the function o be a bit more general: o must be differentiable, and the
following quantity must exist and be finite:

N
b S @ o) ©

We prove the following more general theorem.

Theorem 2. Under Assumptions AI-A3, suppose that we run algorithm 1BITMC with user-specified
parameters satisfying T > 0 and v > « to obtain the estimate p of propensity score matrix P. Let
S € R™*™ be any matrix satisfying ||S||max <  for some 1) > ¢. Let § € (0,1). Then there exists a
universal constant C' > 0 such that provided that m + n > C, with probability at least 1 — -0
over randomness in which entries are revealed in X, we simultaneously have

n+n

I K& 1
- 2; <46LW( o f) (7)
8%\ /eL,T ( 1 1 4a)? 1

log —.
(=)o (—a) \mi/a * )t o(—a) \ 2mn %5

|L1PS-MSE(§|ﬁ) - LﬁlllMSE(§)| < ®)

We recover Theorem [I] by noting that for o chosen to be the standard logistic function, we have
L, =1forally > 0.

Proof of Theorem 2]

Under Assumption Al and since 7 > §, note that A € F, ... By optimality of A for optimization
problem (3), we have Ly;(A) > Ly (A), which can written as

= (La(A) = Ex[Lar(A)]) = (Lar(A) = Exr[Lar(A))) + Ear[Lar(A) — Lar(A)).

Since matrices A and A are both in the set Fr ., the first two terms on the right-hand side can each be
upper-bounded by suppe r_ |Lar(T) — Epr[Las(T)]|. Meanwhile, the third term on the right-hand
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side can be rewritten as

Ear[Lar(A) — Tas(A)] = i i Enr, . [Mu log Zgz; + (1= M,,)log 1:‘;&:“
- ui zj; [P log Zg’;i +(1-P,) 1og E;Zﬂ
“S g 0 =
) ZZ[ o7t 4 0= Rulos 7]

D(Ber(P,;)|[Ber(P,.;))-

u
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M:
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Putting together the pieces, we have

0 < (Lar(A) — Ex[Lar(A)]) — (Lar(A) — Exr[Lar(A))) + Ear[Lar(A) — Lar(A)]
<2 sup [Ly(T) = En[Lar(D)]| + Enr[Lar(A) — Las(A)]

Ferr
:ZFSL}p Ly (T) = En[Lar(D)]] = Y Y D(Ber(Pyi)|[Ber(Py.s)). 9)
&Sy u=1i=1

By Pinsker’s inequality,
D(Ber(P,,)|[Ber(P,;)) > 2|[Ber(P, ;) — Ber(P,.:)|2y
1 ~ 2
= 2[5 (1P = Pul +1( = Pu) = (1= Po)))|
=2(P,; — P,;)%

Therefore,

ZZD (Ber(P,.i)|Ber(Pu)) > 2 Y " (Pui — Pua)®. (10)

u=11i=1 u

Il
-
.
Il
—

Combining inequalities (9) and (I0), we get

ZZ [ u,i S sup |LM(F)_EM[ZM(F)]|

u=1 i=1 PeFr

The next lemma upper-bounds suppe 7, |Las(T) — Epr[Lar (1))
Lemma 3. For the above setup, if m+mn > 3, then there exists a universal constant C' > 0 such that

C
m-+mn

P(_sup [Zas(D) = Enf[Lar (D) 2 deLyrvimn(vim + Vi) ) < (1n)

reF. .

Once this lemma is estabhshed the theorem’s first main inequality (7) readily follows since with
probability at least 1 — = (for which we clearly want m +n > C),

1 &G~ 9 1 1
WT;Zl(Pu,i—Pu,i) Sm—[éleL Tvmn(v/m + v/n)] = 4eL,, T(\/> \f)

which establishes inequality @). Note that Lemmal3|asks that m +n > 3. Since C' = 8 - 21/4 . ¢2 =
70.2969 . . ., asking that m + n > C implies that m + n > 3.
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We now derive the theorem’s second main inequality (8), which is a consequence of the first main
inequality (7). By the triangle inequality,

| Lips-mse (S| P) — Leunmse(S)]

< |LIPS-MSE(§|ﬁ) - LIPS»MSE(g‘P)‘ + |LIPS-MSE(§|P) — L MSE(§)|- (12)
We can readily bound the first RHS term as follows:

o gui_Xui2 §ui_Xui2
\LIPS-MSE(S|P) LIPSMSE(S|P\— Z [( : i) —( ’ )]

o

(u,i)€Q Pu,i Pul
1 Pui - ﬁu I
— y PP,y
M aea Duilui
q 4 2 Pu i ﬁui
worst case error |S,, ; — X, ;| <2y < W Z |A7
(u,1)eQ ) )
~ 4w2 .
note that P, ; > o(—y) and P, ; > o(—a) < Z |Pui — Pl
' ' o(—y)o(—a)mn <& ' ’
(u,i)EN
basic i lity relating ¢, and ¢ < i Vil | Y (@
asic inequality relatin an norms _
e i = o(oaymn VN 2
42 Q0 1 ~
= 11[} u . Z (Pu,i - Pu,i)Q
o(=vy)o(—a) V mna| mn (wien
4a? /19 1 1
the theorem’s main inequality < m % \/ deLT <ﬁ + %)
4op? 1
fraction of observed entries |Q| isatmost] < ———F———/4del T(— + —)
(o= \ T\ T

8¢2m( 1 1 )

= o(=)o(—a) \mt/A iz
where the last step uses the fact that (a + b)? < a? + b? forallp € [0,1] and a,b € R.
The second RHS term in inequality (T2)) can be bounded with Hoeffding’s inequality. First, recall that

(Sui — X3.)?
LIPSMSE(S|P) ZZ]I{ U, 1 69}7,
u 1i=1 u i
which is an average of mn random variables (here, the only randomness we are considering is in
which entries are revealed {2). One can check that Eq[Lpsmse(S|P)] = Lunmse(S). Note that

(Sui=X5 0% _ @92 _  ay?
Py < (= a) T oo(=a)”

in the interval [0, pres ;)] so by Hoeffding’s inequality,

Thus, each of the terms in the double summation above is bounded

P( |L (S|P) - L ()| > WL g2 ) < (13)
- — Ly, > ————\/—1log= | <4
IPS-MSE full MSE o(—a) V 2mn &5
When this bad event does not happen, then the second RHS term of triangle inequality (T2)) is at most

2
Uﬁa) 2mn log 2 5. 80 putting together the pieces, we get the theorem’s second main inequality @®).

By a union bound, the bad events corresponding to bounds (TT)) and (I3 both don’t happen with
probability at least 1 — — 0.

m+n
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Proof of Lemma[3] By Markov’s inequality, for any & > 0 and z > 0, we have

P( sup |[Las(T) = Ep[Las(T)]] > Z) = H"( sup |La(T) — Epf[Lar (D))" > zh>
TeF: 5 TreF;

_Eu [suprer, . [Lar(T) — Ear[Lar(T)]]"]

. . (14)

We will be setting h = log(m + n) (which is greater than 1 under the assumption that m + n > 3)
and z = 4deL,7/mn(y/m + \/n).
We next upper-bound the numerator term E /[ suppe 7 , |La(T) — Ear[Lag(I)]]"]. To do this, we

apply a standard symmetrization argument. Let matrix M’ € R™*™ be independently sampled such
that M’ and M have the same distribution. Then using Jensen’s inequality,

Ear| swp [Lar() = BarEar (O] = Ear| sup [Lar(T) — Ea o (O]

= EM,M’ [ sup |ZM(F) — ZM/(F)|h:| (15)

In applying Jensen’s inequality, we are using the fact that as a function of M’, the function
supper, . [Lym() — L ()| (for h > 1) is the pointwise supremum of convex functions, so it is
still convex.

Next, we examine the random variable Ly, (I') — Ly (T'). We shall be introducing independently
sampled Rademacher random variables £, ; € {£1} for v € [m] and ¢ € [n]. Note that

Ly(T)— Ly (1) = Z Z [MM log (L) + (1= M) log 1_07(117“)}

u=1i=1 U(O) 1- U(O)
ot / U(Fu,i) / 1-— O'(Fu,i)
-3 ; (21, 10g oo (- ML) log 1_70_(0)}

=203 [phaton T 4 1 o S
(

’ UFui) ’ 1_0(Fui)
. =~ — (1 - M, ) log —————=
wi 108 =0 ( i) log 1= 0(0) }

has the same distribution as the random variable

Z]\/I(F) — ZM’ (F) = Z Z fu,i [Mu,q, log 0.((71;87)1) + (1 — Mu,z) IOg 11__0.£_IES,;)
u=11=1
, O’(F%i) ’ 1- U(Fu,i)
Ml %oy (1= Ml gy
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Then, using the fact that |a + b|P < 2P~!(|a|? + |bP) forp > 1 and a,b € R,

Exrar| sup [Las(T) = g (D))"

TeF, .,
(Fuz> 1- U(Fu,i)
:EM’Mll sulf:W uzllzlfm[ w,i 1 0(0) —l—(l—MW)logm
;o o(Tu) sy L= o)y
- Mu,i log (0) -(1- Muz) log 1_70(0)] 1

h

L ol 1—o(y;
1L1|:Mu,i10g §(03)+(1 uz)log 1_2_(0,)):|

< 2" By ap | sup (
TEF, .,

b A o(Tu) ’ 1—o(lu) "
+ HZ::I ;&m {Mw‘ log (0) + (1 — M, ;)log m} )1
het NS g e OTa) i Lo
S 2 (]EM,M/ |:F21]1:137 uiz:l ; fuJ |:M'u.,7, log W + (]. - Mu,l) log 1_70_(0)} :|
SN S, T e ©Tu) o Lo
+Enr Lz%’w 1; ; usi [Muz log (0) + (1 - Muz) log 1_70(0)} ])
=2 IEM[ sup ZZ@[ u,il f;r(S)) +(1 Mu,i)logll_o—g_I(‘S;)] ] (16)

u=1i=1

At this point, we use a contraction argument. As a reminder,

b= S @A —o@)

Thus, for any x € [*’Y, v,

o'(z) <L

\ |45 Tos (@) = \ﬁ"'@)\ﬁ\m— v

‘dm

ie., z +— log E ; is L -Lipschitz. A similar argument can be used to ]ustlfy that z — log = UE:O? is

L. -Lipschitz over [—v,7]. Hence, z — 7 log a%x% and z — - L Jog T ZES? are both contractions
(i.e., 1-Lipschitz). Applying the second 1nequahty of Theorem 11 6 by [Boucheron et al.| [2013]] (with
U(x) := 2") and defining M, ; = 2M,,; — 1 € {£1},
o(Tus) "
£u2|: uz . +(1_Mu,z)10g S
uz:l ; 0(0) 1—0(0)

oo £ S a5 o )

u=11i=1

1—0(1—‘1”-)}

IEM{ sup
Te

Ty

B i o(Cu.i) N og Lo Wwi)
—<2Lv>hEMF’<2szzi 2.3 hston 51 o )]
< (2L,Y)}LEM ( sup szul{ u,il’ ’_(1_Mu,i)ru’i] ):|

L Fry u=11i=1
= (QL.Y)hE]u i (FZI;:E)—Y ;;fu 7,Mu zrul ):|
= (2L)"Ey leg)w ;;guzMuzFuz }
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= <2Lw>hEM[Fs1}p (EoM,T)"], (17)
€Fry

where = € {£1}"*" has its (u, i)-th entry given by &, ;, “o” denotes the Hadamard product, and
(-, -) denotes the trace inner product.

Next, we use the result that [(A, B)| < ||Al|2]|B]|«, so

EM[ sup \(EOM,FH’Z} SEM[ sup ||EOH||}21||FHZ}

EFr TeF,
<Ey [ sup [|E o mg(aﬁmn)h}
PeF, o
= (7v/mn) "B [||2 o M||3]. (18)
Finally, applying Theorem 1.1 of [Seginer| [2000], there exists a universal constant C' > 0 such that
En[||Z 0 M4 < C(mM? 4 nh/?). (19)

In fact, C' = 8- 21/% . €2 = 70.2969 . ..
At this point, stringing together inequalities (13), (T6), (T7), (I8), and (19), we get

Bar [ sup (Tas(F) ~ Bas [Tar (1)

< Enme [ sup |Lar(T) — L (F)\h}
N

m

n O'(F%i) 1- U(Fu,i)
Z Z gu,i |:Mu,i IOg 0(0) + (1 - Mu,z) 1Og 1_70_(0)}

h
< 2"Ey [ sup }
reF, .

u=1 =1

§2h(2LV)hEM[ sup |<Eoﬂ,r>ﬂ
rer, .

< 2"(2L,)" (rv/mn)"Ea[||E 0 M| 3]
< 2M(2Ly)" () Cm /2 £ /)
= C(4L7v/mn)"(m"/? 4 nh/?).
Lastly, using the fact that (a + b)? < a? 4+ b forp € [0,1] and a,b € R

(EM [ng Tas(D) — EM[ZM(r)]\h])l/ "o [C(AL7/mn)P(m"/2 + n/2)]1/
< Cl/h4L.YTW(\/Tin ++/n).

Finally, by choosing h = log(m + n) and z = 4eL.,7/mn(y/m + \/n) in inequality (T4),
) - Eu[suprer  [Ly(T) — En[Lar(D)]["]

P( sup [Ta(T) — En[Ta (D) 2 2 -

TEF, z

- [Cl/log(m,+n)4L’yT /mn(\/ﬁ 4 \/ﬁ)]log(m—‘—n)
- [4eL,7/mn(y/m + \/n)]los(m+n)
C

m4+n

C Modifying 1BITMC to Allow for Propensity Scores of 1

We now discuss how to modify 1BITMC along with its theoretical analysis to allow for entries in the
propensity score matrix P to be 1. It suffices to make a single change to the algorithm: we replace
the feasible set 7, , in optimization problem (3) by

Froe = {L € R™*" |0, < 7¢/mn,
Iy > —~forall u,z,
Ty < pforallu,is.t. M,; =0}, (20)
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where we have introduced a new user-specified parameter ¢ € (—+,y). The resulting modified
optimization problem is still convex if the original optimization program was convex (which depends
on the choice of o). The key idea for the modification is that we allow I',, ; to be as large as possible
for entries where M, ; = 1 (to allow for O’(Fu i) = 1, assuming that o monotonically increases to
1). However, when Mu i = 0, we enforce that I',, ; cannot be too large. For example, if the j-th
column is always observed (M, ; = 1 for all u), then there would be no upper bound constraint on
any element in the j-th column of I'.

For completeness, we present this modified version of 1BITMC in Algorithm [T} which we call
1BITMC-MODIFIED; note that we now intentionally use Y rather than o to denote the link function to
avoid confusion as we will take o to be the standard logistic function and ¥ to a be different function
in our theoretical analysis.

Algorithm 1: 1BITMC-MODIFIED

Data: Binary matrix M € {0, 1}™*", nuclear norm constraint parameter 7 > 0, lower bound
parameter > 0, upper bound parameter ¢ > —, function X : R — [0, 1] (maps real
number to probability)

Result: Estimate P of P

Solve optimization problem (3] with feasible set 7 ., replaced by F . ., as given in equation (20).

Set ]31,Z = o(gu,i) forall u € [m],i € [n].

Theoretical Analysis

How the theory changes is more involved. A key theoretical consequence of using feasible set 7 .,
is that we will only be able to accurate estimate entries of P that are in the set [X(—7), X(¢)] U {1}
We tolerate error in estimating entries of P that are in the “critical” interval (X (), 1) (with ¢ chosen
to be sufficiently large, this interval length could be made arbitrarily small). We denote the fraction
of entries in P that are in the critical interval as

fcrmcal(m n I ZZH{PMZ E ) )}

ulzl

We no longer assume that the true propensity score matrix P is linked to parameter matrix A via the
standard logistic function o. Instead, we reparameterize P via P, ; = ¥(A,,;), where

o(z) ) for x < —v,
,(1 + %)(1 —o(y)) forxze[—v,7],

() = 2 1)

linear correction term that is
Oatz=—~and 1—o () at z=~

1 for x > ~.

The above choice of > depends on algorithm parameter . Observe that A, ; > ~ implies that
P, ; = 1 (previously when linking with the standard logistic function, we could not achieve P, ; = 1
for a finite A,, ; value). Our theoretical guarantee for 1 BITMC-MODIFIED depends on the following
quantity that summarizes Lipschitz smoothness information involving log ¥ and log(1 — X):

27 1 f;(ga) G + %)}

Next, we replace Assumption A2 with the following much more general assumption:

T, = max {1 + —

A2’. There exists some ppin > 0 such that P, ; > puiy forall w € [m] and ¢ € [n].

We are now ready to state our theoretical guarantee for 1BITMC-MODIFIED.

Theorem 4. UnderAssumptions Al, A2, and A3, suppose that we run algorithm 1BITMC-MODIFIED
with ¥ as given in equation I), 7 > 0, 3(—~) < pmin, and ¢ € (—, *y) to obtain the estimate P
of propensity score matrix P. Let S € R™*"™ be any matrix satisfying ||SHrmx < % for some p > ¢.

18



Let 6 € (0,1). Then there exists a universal constant C' > 0 such that provided that m +n > C,
with probability at least 1 — — 0 over randomness in which entries are revealed in X, we
simultaneously have

m+n

L SN~ p 2 1 L (1= X(p))?
— ; ;(Pu,i — Pui)* < 8erwr(ﬁ + =) + T farca(mi ), (22)

. . 42 1 1
| Lips-mse(S|P) — Ly mse(S)| < S \/SeT%@T(m + m)
fcritical(mv TL)
5(p))y Lt e
4a)? 1 2
v —log —. (23)

Pmin 2mn o

+

Ignoring terms involving fritica (M, 1), the two bounds (22) and (23) are qualitatively similar to their
counterparts in Theorem(our main result for 1BITMC). The feitca(m, 1) terms are approximation
errors in choosing algorithm parameter o poorly. If there exists some constant peritical € (Pmins 1)
such that P, ; € [Pmin, Peritica] U {1} for all w € [m],¢ € [n], and ¢ € (—,~) is chosen so that
2(¢) > Peritical> then observe that feica (m, n) = 0. In general, if feitca (1, n) is nonzero, then we
can still have the two error bounds go to 0 provided as m, n — oo, we have fiihca(m,n) — 0.

Proof of Theorem [4]

The theorem is a consequence of the following lemma, which we sketch a proof for at the end of this
section.

Lemma 5. Under the same assumptions as in Theorem ) further assume that there exists Peritical €
(Pmin, 1) such that Py, ; € [Pmin, Deriticat) U {1} for all w € [m], i € [n], and p € (—~,7) is chosen so
that () > Deritical- Then there exists a universal constant C' > 0 such that provided that m+n > C,

with probability at least 1 — — +n over randomness in which entries are revealed in X, we have

%ZZ - <46T7¢T(\/177L+%). 24)

u=11i=1

In general, P might not satisfy the additional assumption in Lemma[5] What we do is consider the
projection of P onto matrices that do satisfy the additional assumption. Namely, let the projection
Pt € [0,1]™*" be defined as

Pu,i if Pu,i S [pmin> E(@)] U 17
Pl ={%(p) if Py € (3(p), 2H),
: , S(p)+1
1 if P, ; € (4%=,1].
Matrix P! is guaranteed to satisfy the conditions on the propensity score matrix in Lemma with
DPeritical = E(QD)
Next, we have

1 =~ 1~
—||IP = P|2 < —(||P — Pt Pt — P|p)?
mnH 1% < mn(ll 7+ | I7)
2~ 2
< = |P— P2+ =P - P|3. 25
_mnll Hp+mn|| 1% (25)

We can bound the first RHS term using Lemma [5}

1
—||P PT||F<86TWT(\F f) (26)

The second RHS term in inequality (25) can be upper-bounded by noticing that the worst-case
absolute entry-wise error of L() occurs only for u € [m],i € [n] such that P, ; € (X(¢),1).
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IhuS,
mn mn 2 u we

=11i=1
1-3 2
= %feritical(ma n) (27)

Combining inequalities (Z3)), (26), and (27) yields the theorem’s first main bound (22)). The theorem’s
second main bound (23) can then be established using the same proof ideas as in establishing
bound (8) for Theorem 2]

Proof Sketch for Lemma 3]

We highlight the main change to the proof of bound (7)) in Theorem[2] Specifically, we do not assume
the condition given by equation (6) that defines the variable L., (in fact, as we explain shortly, we
replace L., with T ). This affects the contraction argument made in inequality (I7). At the start of
inequality (for which we replace o with ¥J), each term of the summation has a factor
S(Tus) 1—3Ty,)
’ 1—M,,;)log —————=
w0) g 55

Exactly one of the two terms can be nonzero since M, ; € {0,1}. Previously, we showed that
x +— log U(f; and = — log 7 1= U((gg were each L.-Lipschitz for z € [—v,~] (i.e., z — ﬁ log 558
and z — T log 1725(3 are contractions). Now we show the analogous result using ¥ instead of o

and with the new feasible set F , .. There are two cases to consider:

M, ;log (28)

E(Tuy,i)

Case 1 (M, ; = 1). The only possibly nonzero term in expression (28) is log SO where
Iu,i € [=7,7].- We show that the function = — — log 2(03 (for z € [—v,~]) is a contraction by
showing that |E log g%) | < 7T, Recall that the standard logistic function ¢ has % =1.
Also, by construction, X(z) > o(z). We have, for z € [—7,7],
d ¥(x) d
g 2 L
iz 8 50)| = |z 0@
_ 1 / 1- 0(7)]
D)) {J () + 2~y
1 1-—
<L @ 0(7)}
o(z) 2y
o'(z) n 1 1-0(v)
=@ -o@) o 2
1 1-
. 1-0(v)
o(z) 2y
SRR SN ki 0)
o(—v) 2y
1
=1 -
+ 2
<The
Case 2 (M, ; = 0). The only possibly nonzero term in expression is log %F(g*)"’), where

Tw,i € [—7,¢]. We show that the function = — % log tgggg (for x € [—, ¢]) is a contraction
v,
by showing that |-& log 1 Z(’”)| < T,. Note that ¢’(z) < 1/4 for all z € R. We have, for

1-2(0)
E[—’y,gp},
d 172x
L pg —— =) ‘ log(1— %
da Ogl—ZO az o8 (2))
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D More Details on Experiments

In this section, we explain why Assumptions A1-A3 hold for the two synthetic datasets (with high
probability in the case of UserItemData), and we also present MAE-based results for the numerical
experiments on both synthetic and real-world datasets.

D.1 Sythetic Data

We verify that Assumptions A1-A3 hold for the synthetic datasets. Assumption A3 holds as both
synthetic datasets have partially observed matrix X consist of ratings in a bounded interval. For
MovieLoverData, the propensity score matrix P is a block matrix, so it is low-rank, and moreover
it has three unique values that are all nonzero and less than 1; thus Assumptions Al and A2 are both
met. For UserItemData, the propensity score is P, ; = 0 (A, ;) where A, ; = Us[u]wy + ValiJws
where o is the standard logistic function. Hence, parameter matrix A (in Assumptions Al and A2)
has low rank, and in practice after we generate A we can find what its maximum absolute value
entry is to satisfy Assumption A2. Alternatively, to obtain a bound that holds with high probability,
standard concentration inequality results for the maxima of a finite collection of sub-Gaussian random
variables can be used to bound || A||max. In summary, the synthetic datasets we consider satisfy the
assumptions of our theoretical analysis.

The MAE-based measures for different algorithms on MovieLoverData and UserItemData are
presented in Table[d]

D.2 Real-World Data

The MAE-based measures for different algorithms on Coat and MovieLens-100k are presented in
Table
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. MovieLoverData UserItemData
Algorithm
MAE SNIPS-MAE MAE SNIPS-MAE

PMF 0.421 £0.013 0421 £0.012 0.324 +£0.001 0.323 4+ 0.001
NB-PMF 0.490 £ 0.009 0.490 £+ 0.008 0.308 + 0.002 0.308 £ 0.002
LR-PMF N/A N/A 0.321 £0.002 0.325 + 0.002
1BITMC-PMF 0.464 £0.010 0.464 £0.010 0.308 +0.002 0.309 £ 0.002
SVD 0.871 £0.008 0.871 £0.008 0.310 +0.001 0.310 £ 0.001
NB-SVD 0.722 £0.010 0.722 £0.010 0.313 +£0.001 0.314 4 0.002
LR-SVD N/A N/A 0.312 +£0.001 0.316 = 0.002
1BITMC-SVD 0.727 £0.009 0.727 £0.009 0.310 +0.001 0.310 & 0.001
SVD++ 0.457 £0.011 0457 £0.010 0.311 =£0.001 0.311 £ 0.001
NB-SVD++ 0.784 £ 0.009 0.793 +0.009 0.318 +=0.002 0.318 £ 0.002
LR-SVD++ N/A N/A 0.319 £ 0.001 0.323 + 0.001
1BITMC-SVD++ 0.459 £0.011 0.459 £0.010 0.310 =0.001 0.310 & 0.001
SOFTIMPUTE 0.455 £0.007 0.455+£0.007 0.550 +£0.002 0.538 4 0.002
NB-SOFTIMPUTE 0.528 £0.006 0.527 £0.006 0.569 + 0.002 0.567 &+ 0.003
LR-SOFTIMPUTE N/A N/A 0.571 £0.002 0.562 + 0.002
1BITMC-SOFTIMPUTE 0.493 £ 0.007 0.493 £ 0.006 0.557 +0.002 0.545 4 0.002
MAXNORM 0.571 £0.024 0.571 £0.024 0.508 & 0.002 0.496 4 0.002
NB-MAXNORM 0.415 - 0.043 0.415+0.042 0.517 £0.006 0.507 £ 0.007
LR-MAXNORM N/A N/A 0.520 £ 0.004 0.508 + 0.005
1BITMC-MAXNORM 0.465 £0.042 0465 +£0.042 0.518 £0.003 0.507 & 0.003
WTN 1.350 £ 0.005 1.349 +0.005 0.527 £0.002 0.516 £ 0.002
NB-WTN 1.306 £ 0.019 1.305 +£0.018 0.532 +0.002 0.522 4+ 0.002
LR-WTN N/A N/A 0.529 £ 0.002 0.519 + 0.002
1BITMC-WTN 1.350 £0.005 1.349 +0.005 0.527 +0.002 0.516 4 0.002
ExpoOMF 0.547 £0.003 0.548 £0.004 0.864 +0.005 0.889 4+ 0.005

Table 4: MAE-based metrics of matrix completion methods on synthetic datasets (average 4 standard
deviation across 10 experimental repeats).
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. Coat MovieLens-100k
Algorithm
MAE SNIPS-MAE MAE SNIPS-MAE

PMF 0.760 0.783 0.736 £ 0.005 0.741 + 0.005
NB-PMF 0.740 0.797 N/A N/A
LR-PMF 0.743 0.798 N/A N/A
1BITMC-PMF 0.759 0.783 0.729 £ 0.005 0.733 £ 0.005
SVD 0.903 0.936 0.738 £ 0.006 0.742 + 0.006
NB-SVD 0.879 0.947 N/A N/A
LR-SVD 0.881 0.945 N/A N/A
1BITMC-SVD 0.901 0.936 0.716 £+ 0.005 0.720 + 0.005
SVD++ 0.896 0.913 0.717 £ 0.006 0.721 £ 0.006
NB-SVD++ 0.927 0.999 N/A N/A
LR-SVD++ 0.916 0.984 N/A N/A
1BITMC-SVD++ 0.895 00915 0.718 £ 0.004 0.722 + 0.004
SOFTIMPUTE 0.759 0.821 0.756 £ 0.006 0.765 + 0.006
NB-SOFTIMPUTE 0.751 0.811 N/A N/A
LR-SOFTIMPUTE 0.760 0.821 N/A N/A
1BITMC-SOFTIMPUTE 0.733 0.792 0.756 £ 0.005 0.764 £ 0.006
MAXNORM 0.819 0.886 0.749 £ 0.005 0.754 + 0.005
NB-MAXNORM 0.780 0.843 N/A N/A
LR-MAXNORM 0.829 0.896 N/A N/A
1BITMC-MAXNORM 0.801 0.865 0.757 £0.007 0.764 + 0.007
WTN 0.894 0.967 0.765 £ 0.005 0.770 £ 0.005
NB-WTN 0.900 0.972 N/A N/A
LR-WTN 0.891 0.963 N/A N/A
1BITMC-WTN 0.894 0.967 0.763 £ 0.005 0.768 + 0.005
EXpOMF 1.071 1.158 1.195 £ 0.023  1.223 +0.023

Table 5: MAE-based metrics of matrix completion methods on Coat and MovieLens-100k (results
for MovieLens-100k are the averages =+ standard deviations across 10 experimental repeats).
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