A Proofs for Section 2

We provide the proofs of the claims made in Section 2.

A.1 Tsallis v-max-divergence gives tighter stability for larger ~

Proposition A.1. Fix a distribution pair P and Q. Then the function D ~ (P, Q) is non-decreasing
in vy for v > 0.

Proof. Since Do, (P, Q) > 0 (obvious by setting B to be the entire space in (2)), we can fix a set
B with P(B) > Q(B) and simply show that, for 0 < v < v/,

log., P(B) —log, Q(B) <log,, P(B) —log., Q(B).
This is equivalent to

log, P(B) —log,, P(B) < log, Q(B) — log,, Q(B).
Since 0 < Q(B) < P(B) < 1, the above inequality will follow if we establish that the function

f(p) =log,p—log, p
is non-increasing for p € (0, 1]. We can indeed verify this by taking the derivative
o) =p"=p7,

which is non-positive since p < 1 and v’ > v > 0. O

A.2 Post-processing inequality under deterministic mappings

Proposition A.2. Let X,Y be random variables taking values in some space B and let f : B — B’
be a measurable function. Then D, ~(f(X), f(Y)) < Doo (X, Y).

Proof. Fix an arbitrary set B C B’. We have
log, P(f(X) € B)) —log, P(f(Y) € B)) =log, P(X € f~'(B)) —log, P(Y € f~(B))
< Do, (X,Y). O

B Proofs for Section 3

This section contains full proofs that are either skipped or simplified in Section 3.

B.1 Key Lemma

We first record as a lemma the following characterization of d-approximate max-divergence provided
by Dwork et al. [16].

Lemma B.1. [16, Lemma 2.1.1] Let Y, Z be random variables over 3. Then, Dgo (Y, Z) <¢ ifand
only if there exits a random variable Y' such that

(i) suppcp|PlY € B] —P[Y' € B]| <0 and

(ii) Do (Y',Z) < e
In short, we can alter Y into Y’ by moving no more than ¢ probability mass from {b € B : P[Y =
b] > e‘P[Z = b]} to {b € B: P[Y = b] < e‘P[Z = b} such that Do (Y, Z) is bounded. Then

in the following lemma, we can show that closeness in max-divergence means that expectations of
bounded functions are close. In the result below, when § = 0, we are allowed to have F' = co.

Lemma B.2. Let Y and Z be random variables taking values in B such that D’ (Y, Z) < e. Then
for any non-negative function f : B — [0, F], we have

E[f(Y)] < eE[f(Z)] + 6 F.
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Proof. Let Y’ be the random variable satisfying the conditions of Lemma B.1. Then we can write

- /B FOPY =

= / FO)PIY" = bdb +/ FO)(PIY =b] — P[Y’ = b))db
B

/f =bldb+ F|P[Y € B] - P[Y’' € B]|
< eE[f(Z)] + OF,
where B = {b € B|P[Y = b] > P[Y’ = b])}. Here we applied Lemma B.1.(ii) for the first
inequality and (i) for the second. O

Now we are ready to prove our key lemma.

Lemma 3.1. Consider the loss-only setting with loss functions bounded by B. Let A be
Diﬁ‘Stable(Dgo) at level ¢ < 1. Then the expected regret of A is at most

2eL%. + 3E[Regret(A™),] + 0BT,

where AV is a fictitious algorithm plays the distribution A({1.;) at time t (i.e., AT plays at time t
what A would play at time t + 1).

Proof. Let x; denote the random variable distributed as A(¢1.;—1). Using Lemma B.2, we have for
every t, E[(;(z;)] < e‘E[ly(x441)] + I B. By summing over ¢, we have

E lz&(mt)} < e‘E th(mtﬂ)

t=1
To bound the expected regret of .4, we subtract L. from each side, which gives us the bound

(e — 1)L} + e“E[Regret(A™),] + 6 BT.
Then we complete the proof using the upper bounds e¢ < 1 4 2¢ < 3, which hold for e < 1. O

+ 0BT < e“(L% + E[Regret(AT),]) + 0 BT.

B.2 Online convex optimization

Theorem 3.2 (First-order regret in OCO). Suppose we are in the loss-only OCO setting. Let X C R?,
|X]l2 < D and let all loss functions be bounded by B. Further assume that |V{(z)|l2 < B,
Amax(V20(x)) < ~ and that the Hessian matrix V?{(z) has rank at most one, for every t

and © € X. Then, the expected regret of Algorithm 1 is at most O(\/L}(yvD? + 3dD)) and
O (\/ Lk (yD? + D+/d(B? log(BT)))) with Gamma and Gaussian perturbations, respectively.

Proof. When analyzing the expected regret against an oblivious adversary, we may assume that the
random vector b is just drawn once and reused every round. By definition of x; and induction on ¢,
we get forany z € &,

t t

%Ilwzllg + (bywa) + Y L(@sr1) < H93||2 (b.a) + ) bs().

s=1 s=1

From the case when ¢t = 1", we obtain

T
3 (i) <min > (@) + Ll + (bw - @s) < L+ a3+ (b ah — aa).
— reX - € €

This result is often referred to as the “be-the-leader lemma.” Then by taking expectation and applying
the Cauchy-Schwartz inequality, we get

T
E lz ét($t+1)] <Lp+ gD2 + 2DE[|b][.
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From the DP result by Kifer et al. [23, Theorem 2], we can infer that Do (24, 2¢11) < € when using
the Gamma distribution and D_(x;, 2, 1) < ¢ when using the Gaussian distribution. This means
that Algorithm 1 enjoys the one-step differential stability w.r.t. D, (resp. Dgo) in the Gamma (resp.
Gaussian) case. Using Lemma 3.1, we can deduce that the expected regret of Algorithm 1 is at most

3
2Lk + 2L D? + 6DE||b||, + 0BT, )
€
where 0 becomes zero when using the Gamma distribution. We have ||b[|2 ~ Gamma(d, 5 B) when

using the Gamma distribution, which gives E||b||2 = @ . In the case of the Gaussian distribution, we

have EHsz < VE|b|3 = ¥—F— d(6” log ) . Plugging these results in (5) and optimizing € (setting
0= BT for the Gaussian case) prove the desired bound. O

B.3 Differential consistency and one-step differential stability

We first prove the claim that we made in Section 3.3.1.

Proposition B.3. Suppose ®(L) is of the form min,(L,p) + F(p) for a separable F(p) =

Ziil f(p:) with f : (0,00) — R differentiable and strictly convex. Then, the matrix —V2® (L) is
POD for any L.

Proof. We have the gradient formula
9(L) = V(L) = argmmZplL + Z ().
peAN-1 .5

Let A = A(L) be the Lagrange multiplier for the constraint ) _, p; = 1. We do not have to worry
about the constraint p; > 0 since we have assumed that the domain of f is (0,00). Setting the

derivative of the Lagrangian
S opiLi+ Y fp) + A _pi—1)

w.r.t. p; to zero gives us
Li+ f'(pi) + A= 0. (6)
Taking the derivatives w.r.t. L; and L; for j # i gives us

op; oA

1 _ _

F )aL =1 OL;
Op; o\

"e . v _ YA

Now note that " > 0 ( f strictly convex) and V%@(L) = 3” L . The proof will therefore be complete

if we can claim that — 5~ - € (0,1). Let us next prove this clalm. We can write (6) as

= (/") (=2 = L),
where f* is the Fenchel conjugate of f (and therefore f’ and (f*)" are inverses of each other).
Plugging this into the constraint ) . p; = 1 gives

YUY (A-L) =1

)+ e () <o

J#i

Now differentiating w.r.t. L; gives us

a1 (<57

which upon rearranging yields
2 N G 2,
OLi  X;(f)"(=A=Lj)

Since f is smooth, f* is strictly convex and therefore (f*)” > 0 which proves —% €(0,1). O
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Table 1: The parameter settings for the distributions that provide (1, ¢)-differential consistency of
the induced potentials while keeping Ez, ...z, ~p max; Z; = O(log N/¢) [2]. Distributions marked
with a * have to be modified slightly to ensure the differential consistency.

Distribution D Parameter choice
Gamma(a, 3) a=1,=1
Gumbel(y, 3) p=0,8=
Fréchet (a > 1) a=log N
Weibull*(\, k) A=1k=
Pareto*(x,,,, o) Ty =1,a=log N

Next we prove Proposition 3.5.
Proposition 3.5 (Differential consistency implies one-step differential stability). Suppose @(L) is of
the form E[min,(a,p) + F(p, Z)] and v > 1. If ® is (v, €)-differentially consistent and —V*® is

always POD, the GBPA using ® as potential is DiffStable(Do ~, || - ||oo) at level 2e.

Proof. First, note that by the POD property, the second derivative vector VZ® = (V4 ®, ..., V%, D)
satisfies that the i-th coordinate is non-positive and the rest are non-negative. Next, because the
entries in the gradient sum to a constant (it is a probability vector), we know that the coordinate of
the second derivative vector add up to 0 [1]. From this, we can write | V2 ®||; = —2VZ®. Let the
cumulative sum of losses so far be L and the new loss vector be ¢. For P = V®(L),Q = V®(L+¢),
we want to show that Dy (P, Q) < 2€||{||oo. To this end, fix a subset S C [N] and define

qs(u) = icq Vi®(L + £ — ul) for u € [0, 1]. Its derivative can be written as

gs(w) =Y (ViO(L+ L —ul),—0)

€S

<Y IVER(L A+ L= ul)[1[[l]loe =Y —2VER(L + £ — ul) €]
€S 1€S

<26l S (Vi (L + ¢ ue))7

i€s
ol
< 2¢¢]oc (Z Vib(L+ (- u@) — 2€[|¢]| oo (a5 (1))
i€s
The first inequality follows from duality of ¢, /., norms. The second inequality is from our

differential consistency assumption. The last inequality holds because gradient has non-negative
entries and || - ||, < || - |1 for v > 1. It follows that for any u € [0, 1], we have

m = tog, (gs(u)) < 2¢[t],

and therefore
1
d
log, (P(S)) —log, (Q(S)) = log,, gs(1) —log,, gs(0) = / T log,, (qi(u)) du
0
< 2€[f] . 0

Now we are ready to prove the first order bound of FTPL in the experts problem.

Theorem 3.6 (First-order bound for experts via FTPL). For the loss-only experts setting, FTPL with
Gamma, Gumbel, Fréchet, Weibull, and Pareto perturbations, with a proper choice of distribution
parameters, all achieve the optimal O(\/L%.log N + log N ) expected regret.

Proof. Recall that the FTPL algorithm uses the potential @D(L) =Ez, ... zy~pmin,(L; — Z;).

Abernethy et al. [2] show that all the listed distributions, after suitable scaling, have this potential dp
(1, e)-differentially consistent and E|| Z||c = O(log N/e) at the same time (for parameter choices,
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Algorithm 4 GBPA for multi-armed bandits problem

1: Input: Concave potential & : RN — R, with V € AN~!

SetLo=0€RY

fort =1to T do o
Sampling: Choose i; € [N] according to distribution p; = V®(L;_1) € AN ?
Loss: Incur loss ¢; ;, and observe this value

. . . - 0 ;
Estimation: Compute an estimate of loss vector, {; = —= e;,

A ) A Pt iy
Update: Ly = Li—1 + ¢,
end for

A A

see Table 1). Then Proposition 3.5 provides that FTPL with any of the listed distributions is one-step
differentially stable with respect to || - ||oo and Do, at level 2e. Using the “be-the-leader lemma” (as
in the proof of Theorem 3.2), we have

T
B> i) — L < 2] Z]loc = O(log N/e).
Applying Lemma 3.1 with e = min(y/log N/L%., 1) completes the proof. O

C Details and proofs for Section 4

Here we present missing parts in Section 4. We start by presenting the GBPA for multi-armed bandits
in Algorithm 4.

C.1 Proof of Lemma 4.1

We will prove the following slightly more general lemma. Lemma 4.1 follows by setting 7 = 0 and
lower bounding F'(pg, Z) by min,, F'(p, Z).

Lemma C.1. Suppose the full information GBPA uses a potential of the form ®(L) = E[min, (L, p)+
F(p, Z)] and v € [1,2]. If the full information GBPA is DiffStable(Dw, ~,|| - ||0) at level €, then the
expected regret of Algorithm 4 can be bounded as

T
E Z gt,it Z gt ztpt i
t=1

t=1
where A, = {p e RN :p; > 7.5 . p; =1}

— L} <eE

+E [max F(p,Z) — F(po, Z)| + TNT,
pEAT

We will prove this lemma by proving two helper lemmas (Lemma C.2 and Lemma C.3 below) that,
when combined, immediately yield the desired result.

Lemma C.2. Suppose the full information GBPA uses a potential of the form ®(L) = E[min, (L, p)+
F(p, Z)]. Then, we have

T
E thm] —LL<E
t=1

where A, = {p € RN :p; > 7,37, pi = 1}.

T

Z Pt+17ft

+E {max F(p,Z)— F(po,Z)| + TNT
PEA

Proof. Fix the source of internal randomness used by Algorithm 4 to sample i; ~ p;. This fixes all
the estimated loss vectors ¢;. The full information GBPA algorithm will deterministically generate

the same sequence p; of probabilities on this estimated loss sequence using the rule p; = V@(ﬁt_l).
We have

T T T
> by = pe = pera, ) +Y (e, ). (7
=1 1 =1

t=
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Let us focus on the second summation:
T

Z<pt+1,ét> = Z<E[arg;n1n<ﬁt,p> + F(p, Z)],EO

t=1 t=1

= E[Z<arg;nin<ﬁt,p> + F(p, Z), Zt>]

T
SE[F(})’Z) pO; +Zp7‘€t (8)
t=1

where the last inequality is true for any p due to the “be-the-leader” argument. Note that the
expectations above are only w.r.t. Z since ¢; are still fixed. Combining (7) and (8) and taking
expectations over the internal randomness of the bandit algorithm gives, for any p € A,

T T

T
E[Z<pt7gt>] S E[Z@t _pt+1aét>] + E[F(p7 Z) p07 Z P, Et
t=1

t=1 t

I
-

] =

T
=E[D _(pr = pr41, )] + E[F(p, Z) — Flpo, Z)] + ) _(p, ts)
t=1

ﬁ
I
-

<E|

] =

t

—

T
— / E F(p,Z )
(Dt — prs1, le)) + [;flel% (p,Z) = F(po, Z +;p, ¢

To finish the proof, note that (p;, ft) =/, and

T T
i ly) < mi l NT =L NT.
min t:1<p, 1) < ngnz::@, 0+ T
because for any p’ € AN~ thereisap € A, such that ||p’ — p||; < TN. O

Lemma C.3. Suppose 1 <~ < 2. If the full information GBPA is DiffStable(D .|| - ||oc) at level
€. Then, we have

(Pt — Pes1,le) < Ef?,itpzit‘

Proof. First let us consider the case v > 1 first. Recall at most one entry of 7, is non-zero. Therefore,
(pt — Pra1, @t> = (pti, — pt+17it)ft,it. For the remainder of the proof, let us denote p; ;, and p;41 ;,
by p and p’ repectively. Also let 7 denote lﬁm-t. Because of the stability assumption, we know that
Do ~(pt, pr+1) < E”ét”oo = ¢l. Therefore, we have

log, p—log, p’ < el

P )

<el
11—~ 1—v =€

= P zp(l—i—('y— 1)62])7_1)7ﬁ
Noting that (1 + 2)~" > 1 —rz forr > 0 and = > 0, we have
p=>p (1 - efp”‘l) :
which proves the lemma for 1 < v < 2.

Finally note that the lemma also holds in the case v = 1, because then we have

logp — logp’ < el
= p' > pexp(—el) > p(1 — €l). O
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C.2 Proof of Theorem 4.2

Theorem 4.2 (Zero-order and first-order regret bounds for multi-armed bandits). Algorithm 4 enjoys
the following bounds when used with different perturbations/regularizers:

1. FTPL with Gamma, Gumbel, Fréchet , Weibull, and Pareto pertubations (with a proper choice of
distribution parameters) all achieve near—optimal expected regret of O(v/NT log N).

2. FTRL with Tsallis neg-entropy F(p) = —n ZZ 1 pilog, (1/p;) for 0 < a < 1 (with a proper
choice of ) achieves optimal expected regret of O(ﬁ ).

3. FTRL with log-barrier regularizer F(p) = —n Ziil log p; (with a proper choice of 1) achieves
expected regret of O(\/NL% 1og(NT) + N log(NT)).

Proof. For each of the three parts, we will show that the full info GBPA is DiffStable(Doo ~, || - [|o)
for an appropriate v € [1, 2] and then apply Lemma 4.1 (or, in the log-barrier case, the slightly more
general Lemma C.1).

Part 1: As in the proof of Theorem 3.6, these distributions (with proper choice of parameters)
lead to a full information GBPA that is DiffStable(D, || - ||) at level 2¢. In the FTPL case when
[F(p, Z2)| = |(p, Z)| < || Z]|oo> we have

E [maXF(p7 Z) — min F(p, Z)} < 2E||Z]| 00,
P P

which scales as bge N for these distributions. Lemma 4.1 gives the expected regret bound of
2¢E Zzt 0Pt | + 2E[|Z]|oo- ©)
Since ¢, ;, € [0, 1], we have
02 hi
E [gt’itpt’it] =K it g e |:pt 1t:| Zpt ' 77;‘| B
Plugging this into (9) and tuning e give us Part 1.
Part 2: When F(p) = —n Zﬁvzlpi log,,(1/p;) for a € (0,1), then ® is (2 — a,1/(na))-

differentially consistent [2]. By Proposition 3.5, the full information GBPA is DiffStable(Do 2—q.|| -
loo) at level 2/(na). Also note that F'(p) is negative and its minimum value is achieved at the
uniform distribution. Therefore we can show

N o 11—«
/N1 N

F(p) —min F(p) < .
max F'(p) — min F(p) <ny—.

P P 1l -«

Lemma 4.1 gives the expected regret bound of

th z,pt i
t=1

lea

—E .
1—a

(10)

Since ¢, ;, € [0, 1], we have
52
2 2—a t,it
{gtu tzt]:E[2 pt11‘| ptLt -

t,i¢

Zp ’*] < N,

where the last inequality follows from the fact that the function p! = is concave for a € (0, 1).
Plugging this into (10) and tuning n give us Part 2.

Part 3: When F(p) = —n vazl log p;» then @ is (2, 1/n)-differentially consistent (see Lemma C.4
below). By Proposition 3.5, the full information GBPA is DiffStable(D 2,|| - || o) at level 2/7. Since
F' is non-negative, we have

max F(p) — F(po) <N log(1/7).
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Lemma C.1 gives the expected regret bound of

T
2 .
; E lz 0.pi;, | +nNlog(1/7) + TNT. (11)
t=1
Since ¢, ;, € [0, 1], we have
E {E?,itp?,it} =E 2’“ p?,it <E [K?,z‘t] <E[ly,].
tie

Plugging this into (11) and choosing 7 = 1/(NT), we get the following recursive inequality for the
expected regret Ryp:
2
Ry < = (Rr + L}) +nNlog(NT) + 1.
If LY < 2, setn = 4 to get the bound Ry < 8Nlog(NT) + 4. If LY > 2 then set n
\/2L% N log(NT) and note that n > 2v2 if N, T > 2. In this case, the bound becomes Rp

(4y/L%N1log(NT) + 1) /(v/2 — 1), which completes the proof.

OIA

C.3 Differential consistency of GBPA potential with log barrier regularization

Lemma C4. Let F(p) = _7721'1\;1 logp;, ®(L) = miny(L,p) + F(p) and p(L)
argmin, (L, p) + F(p). Then ® is (2,1/n)-differentially consistent.

Proof. We observe that straightforward calculus gives V2F(p) = ndiag(p;?,...,pN°). Let
Ian-1(-) be the indicator function of AN=!; that is, Ian-1(z) = 0 for z € AN~! and
Tanv—1(x) = oo forz ¢ AN~ Itis clear that —®(— L) is the dual of the function F/(x) 4+ Ian-1(z),
and moreover we observe that V2F(p) is a sub-Hessian of F(-) + I (-) at p, following the setup
of [30]. Taking advantage of Proposition 3.2 in the latter reference, we conclude that V=2F (p(—L))
is a super-Hessian of F* = —®(—L) at L. Hence, we get

~V2&(-L) <~ diag(pi (L), ..., px(~L))

for any L. What we have stated, indeed, is that ® is (2, 1/n)-differentially-consistent. O

C.4 Bandits with experts

We provide full details for the bandits with experts setting.

C.4.1 Helper lemmas for the analysis

Lemma C.5. Suppose the full information GBPA uses a potential of the form ®(L) = E[min, (L, p)+
F(p, Z)). If the full information GBPA is DiffStable(Do, || - ||oo) at level €, then the expected regret
of Algorithm 3 with no clipping can be bounded as

T T )
thm] —Lp <¢€E lz 031,414,
t=1

t=1

E

+E {maxF(p, Z)—min F(p, Z)
J2 P

We will prove this lemma by proving Lemma C.6 and Lemma C.7 below that, when combined,
immediately yield the desired result.

Lemma C.6. Suppose the full information GBPA uses a potential of the form ®(L) = E[min, (L, p)+
F(p, Z)]. Then, we have

T
szt] ~LH<E
t=1

T

Z(pt — Pei1, )

t=1

E

+E [maXF(p7 Z)—min F(p, Z)
P P
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Proof. Fix the source of internal randomness used by Algorithm 3 (with no clipping) to sample

¢ ~ q¢. This fixes all the estimated loss vectors 7, and hence ¢,. The full information GBPA
algorithm will deterministically generate the same sequence p; of probabilities on this estimated loss

sequence using the rule p, = V®(, ). We have
T

Z pta
t=1

Proceeding as in the proof of Lemma C.2 gives us, for any p € AN~1,

M'ﬂ

T
— D1, Bp) + Z Det1, by)-
t=1 t=1

Z Pe, & Z@t — Prr1, G1)] + E[m;}XF(p» Z) - mpin F(p, Z)| + E[Z@, b))

t=1

To finish the proof, first note that

T T T
Z e, $y)] = [Z(I%ﬁ@(@”] =E lZWt(pt),et))]
t=1 t=1 t=1
T R T
= lZ(%»&Q] =E [Z Etﬂt]
t=1 t=1
Second, note that, by choosing p = e; € RN,
T _ T _ T X
D El(pd)] =D El(es, )] = > E(ei, 6u(41))]
t=1 t=1 t=1
T R T T
=Y E [(ile). f)] = Y tnle) ) = Y bim.
t=1 t=1 t=1
Choosing 7 that makes the last summation equal to L7 completes the proof. O

Lemma C.7. If the full information GBPA is DiffStable(D .,

- ||oo) at level €. Then, we have

(s _pt+17$t> < egf,jtqmt-

Proof. Because of the stability assumption, we know that Do (s, Pr+1) < €][¢4]lo0 = )]l oo =
€ly.j,. Therefore, for any ¢ € [N],
Di+1,i = Pty eXp(—Gét,jJ > prai(l — €gt,jt)~
Now we have
(pt _pt+1a¢t(gt)> = Z (pei _pt—&-l,i)ét,jt < Z (Gét,jtpt,i)ét,jt
B 1 =j4 B 1 =J¢
- €£27.7t Z Pri = ;]t dt,j,- O

C.4.2 Regret bound and analysis

Theorem 4.3 (Zero-order and first-order regret bounds for bandits with experts). Algorithm 3 enjoys
the following bounds when used with different perturbations such as Gamma, Gumbel, Fréchet ,
Weibull, and Pareto (with a proper choice of parameters).

1. With no clipping, it achieves near optimal expected regret of O(v/KT log N).
2. With clipping, it achieves expected regret of O ((K log N)l/3 (L})z/?’).
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Proof. The proof of Part 1 is very similar to the proof of Part 1 of Theorem 4.2. Part 2 needs a few
more arguments to take care of the effects of clipping.

Part 1: Note that without clipping, i.e., when p = 0, we have ¢; = ¢; for all . As in the proof of
Theorem 3.6, these distributions (with proper choice of parameters) lead to a full information GBPA
that is DiffStable(Do, || - ||oo) at level 2¢. In the FTPL case when |F'(p, Z)| = [{p, Z)| < || Z]|c0, We
have
E [maXF(p7 Z) — min F(p, Z)} < 2E(|Z || 0o,
P P
log N

which scales as for these distributions. Lemma C.5 gives the expected regret bound of

Z ‘€t Jig Pty

2 + 2E| Z]| oo (12)

Since ¢; j, € [0,1], we have

E [g?,it%,jt} =E

feos| <zl =
i JJt < E qt;— | = eK.
a; ] Qt.j. Z T

Plugging this into (12) and tuning € gives us Part 1.

Part 2: When there is clipping, i.e. p is non-zero, the loss estimate behaves differently from estimate
used in the unclipped version of the algorithm. First, we have the upper bound ||¢:(¢;)||cc =
[1¢]lso < 1/p. Second, it is unbiased only over the support of §; since outside of the support, it is
deterministically zero. Therefore ét, in expectation, now underestimates {;. Crucially, however, we
still have the equality E[(G, ;)] = E[¢ j,].

Lemma C.6 does not directly bound regret in the clipped case. However, examining the proof, it gives
us the bound,

i pt,@ ] - IZIJI_\IEliE [Wt(ei),ét)}

Z@t — Pei1, Pr)

t=1

We will now relate the LHS to regret and bound the RHS.

<E

+E [maxF(p7 Z) — min F(p, Z)} . (13)
P P

First, note that
T

Z<Pt» b ( gt

t=1

E

T T
th,et] (1-Kp)E th,et] (1-Kp)E thl (14)

where the inequality follows because 7, has all non-negative entries and g; ; is either 0 or we have
4t.j < ai
1= Zj/:‘h,j/<p qey ~ 1—Kp

qt,j =

Second, note that, because ft underestimates /;, we have

T T T
E Zd)m(zt] ZE ) ZE[wt e i] <D (wnlen) t) =t
t=1 t=1 t=1
(15)

Third, note that, as in the proof of Theorem 3.6, these distributions (with proper choice of parameters)
lead to a DiffStable(Doo,|| - ||oo) full information GBPA at level 2¢. In the FTPL case, when
|[F(p, Z)| = |(p, Z)| < [|Z]|oc, we have

2log N
. 16
. (16)

E [maxF(p, Z) — min F(p, Z)} < 2E||Z||00 <
P P
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Fourth, because of the one-step differential stability of the full information GBPA, we begin as in the
proof of Lemma C.7 but use a slightly different bound towards the end of the following calculation
since we now have g, ; > p.

E |(pt — pt+1, ¢t(ét)>} =K Z (pti — Pe1,i)lej, | <E Z (2€lt 3, pe.i) e j,
LBt =7t B 1=jt
02 é ’Jt ~ 26
=E |27, > pui| =E 25" 00, | < °F 6. A7)
By 1 =Jt ’jt P

Combining (13), (14), (15), (16), and (17) provides

T
E lz émt ( P + KP) th,]t
t=1

where L}, = minlY Zthl s g, ,- Denoting the expected regret by Rr, we therefore have the bound

210gN

)

2log N

2
Ry < (: +Kp> (R + L) +

We first set p = \/W which is a valid choice as long as 2¢ X' < 1. With this choice, we have the
bound

2log N
Ry < 2V2eK (Ry + L) + —2

If L} < 128KlogN, set ¢ = 1/32K to get a bound of Ry < L% + 128KlogN <
256K log N. If L: > 128K log N, set ¢ = (log N)?/3/(K'/3(L%)%/?) to get a bound of
O(K'/3(log N)?/3(L%.)%/3). Note that in this case e K < 1/32.

O
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