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Abstract

Hyperbolic embeddings achieve excellent performance when embedding hierar-
chical data structures like synonym or type hierarchies, but they can be limited by
numerical error when ordinary floating-point numbers are used to represent points
in hyperbolic space. Standard models such as the Poincaré disk and the Lorentz
model have unbounded numerical error as points get far from the origin. To address
this, we propose a new model which uses an integer-based tiling to represent any
point in hyperbolic space with provably bounded numerical error. This allows
us to learn high-precision embeddings without using BigFloats, and enables us
to store the resulting embeddings with fewer bits. We evaluate our tiling-based
model empirically, and show that it can both compress hyperbolic embeddings
(down to 2% of a Poincaré embedding on WordNet Nouns) and learn more accurate
embeddings on real-world datasets.

1 Introduction

In the real world, valuable knowledge is encoded in datasets with hierarchical structure, such as
the IBM Information Management System to describe the structure of documents, the large lexical
database WordNet [[14]], various networks [8] and natural language sentences [24,5]. It is challenging
but necessary to embed these structured data for the use of modern machine learning methods. Recent
work [[11} 26} 27, [7]] proposed using hyperbolic spaces to embed these structures and has achieved
exciting results. A hyperbolic space is a manifold with constant negative curvature and endowed with
various geometric properties, in particular, Bowditch [4] shows that any finite subset of an hyperbolic
space looks like a finite tree according to the definition in [18]]. Therefore, the hyperbolic space is
well suited to model hierarchical structures.

A major difficulty that arises when learning with hyperbolic embeddings is the numerical instability,
sometimes informally called “the NaN problem”. Models of hyperbolic space commonly used to
learn embeddings, such as the Poincaré ball model [26] and the Lorentz hyperboloid model [27],
suffer from significant numerical error caused by floating-point computation and amplified by the
ill-conditioned Riemannian metrics involved in their construction. To address this when embedding a
graph, one technical solution exploited by Sarkar [32] is to carefully scale down all the edge lengths
by a factor before embedding, then recover the original distances afterwards by dividing by the factor.
However, this scaling increases the distortion of the embedding, and the distortion gets worse as the
scale factor increases [30]. Sala et al. [[30] suggested that, to produce a good embedding in hyperbolic
space, one can either increase the number of bits used for the floating-point numbers or increase the
dimension of the space.

While these methods can greatly improve the accuracy of an embedding empirically, they come with a
computational cost, and the floating-point error is still unbounded everywhere. Despite these previous
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adopted methods, as points move far away from the origin, the error caused by using floating-point
numbers to represent them will be unbounded. Even if we try to compensate for this effect by using
BigFloats (non-standard floating-point numbers that use a large quantity of bits), no matter how many
bits we use, there will always be numerical issues for points sufficiently far away from the origin. No
amount of BigFloat precision is sufficient to accurately represent points everywhere in hyperbolic
space.

To address this problem, it is desirable to have a way of representing points in hyperbolic space
that: (1) can represent any point in the space with small fixed bounded error; (2) supports standard
geometric computations, such as hyperbolic distances, with small numerical error; and (3) avoids
potentially expensive BigFloat arithmetic.

One solution is to avoid floating-point arithmetic and do as much computation as possible with
integer arithmetic, which introduces no error. To gain intuition, imagine solving the same problem
in the more familiar setting of the Euclidean plane. A simple way to construct a constant-error
representation is by using the integer-lattice square tiling (or tessellation) 9] of the Euclidean plane.
With this, we can represent any point in the plane by (1) storing the coordinates of the square where
the point is located as integers and (2) storing the coordinates of the point within that square as
floating point numbers. In this way, the worst-case representation error will only be
proportional to the machine epsilon of the floating-point format—but not the distance of the point
from the origin.

We propose to do the same thing in the hyperbolic space: we call this a tiling-based model. Given
some tiling of hyperbolic space, we can represent a point in hyperbolic space as a pair of (1) the tile
it is on and (2) its position within the tile represented with floating point coordinates. In this paper,
we show how we can do this, and we make the following contributions:

o We identify tiling-based models for both the hyperbolic plane and for higher-dimensional
hyperbolic space in various dimensions. We prove that the representation error (Definition 1)
is bounded by a fixed value, further, the error of computing distances and gradients are
independent of how far the points are from the origin.

e We show how to compute efficiently over tiling-based models, and we offer algorithms to
compress and learn embeddings for real-world datasets.

The reminder of this paper is organized as follows. In[Section 2] we discuss related work regarding
hyperbolic embeddings on various models. In[Section 3| we detail the standard models of hyperbolic
space which we use in our theory and experiments. In[Section 4} we introduce the L-tiling model and
show how it can be used to accurately represent any point in the hyperbolic plane (2-dimensional
hyperbolic space). In[Section 5] we show how to use the L-tiling model to learn embeddings with
traditional manifold optimization algorithms. In[Section 6] we develop the H-tiling model, which
generalizes our methods to higher dimensional spaces. Finally, in evaluate our methods on
two different tasks: (1) compressing a learned embedding and (2) learning embeddings on multiple
real-world datasets.

2 Related Work

Hyperbolic space [1]] is a simply connected Riemannian manifold with constant negative (sectional)
curvature, which is analogous to a high dimensional sphere with constant positive curvature. The
negative-curvature metric of the hyperbolic space results in very different geometric properties, which
makes it widely employed in many settings. One noticeable property is the volume of the ball in
hyperbolic space: it increases exponentially with respect to the radius (for large radius), rather than
polynomially as in the Euclidean case [6]. For comparison to hierarchical data, consider a tree with
branching factor b, where the number of leaf nodes increases exponentially as the tree depth increases
[27]], this property makes hyperbolic space particularly well suited to represent hierarchies.

Nickel and Kiela [26]] introduced the Poincaré embedding for learning hierarchical representations
of symbolic data, which captured the attention of the machine learning community. The Poincaré
ball model of hyperbolic space was used to embed taxonomies and graphs with state-of-the-art
results in link prediction and lexical entailment. Similarly, it was also proposed in [7] to learn
neural embeddings of graphs in hyperbolic space, where the performances on downstream tasks were
improved significantly. The Poincaré ball model was used in several subsequent works, including



unsupervised learning of word and sentence embeddings [35} |13]], directed acyclic graph embeddings
and hierarchical relations learning using a family of nested geodesically convex cones [[16]. Fur-
ther, Ganea et al. [[15]] proposed hyperbolic neural networks to embed sequential data and perform
classification based on the Poincaré ball model.

In a later work [27]], the Poincaré model and the Lorentz model of hyperbolic space were compared
to learn the same embeddings, and the Lorentz model was observed to be substantially more efficient
than the Poincaré model to learn high-quality embeddings of large taxonomies, especially in low
dimensions. Similarly, Gulcehre et al. [20] built the new hyperbolic attention networks on top of the
Lorentz model rather than the Poincaré model. Further along this direction, Gu et al. [[19] explored a
product manifold combining multiple copies of different model spaces to get better performance on a
range of datasets and reconstruction tasks. This suggests that the numerical model used for learning
embeddings can have significant impact on its performance. Sala et al. [30] analyzed the tradeoffs
between precision and dimensionality of hyperbolic embeddings to show this is a fundamental
problem when using float arithmetic. More broadly, different models have been used in different
tasks like hierarchies embedding [26], text embedding [35[13] and question answering system [34].
However, all these models can be limited by numerical precision issues.

3 Models of Hyperbolic Space

Typically, people work with hyperbolic space by using a model, a representation of hyperbolic space
within Euclidean space. There exists multiple important models for hyperbolic space, most notably
the Poincaré ball model, the Lorentz hyperboloid model, and the Poincaré upper-half space model [1],
which will be described in this section. These all model the same geometry in the sense that any two
of them can be related by a transformation that preserves all the geometrical properties of the space,
including distances and gradient [[6]. Generally, one can choose whichever model is best suited for a
given task [27]].

Poincaré ball model. The Poincaré ball model is the Riemannian manifold (B™, gp), Where
B" = {x € R : ||z| < 1} is the open unit ball. The metric and distance on 5" are defined as

2\ = — ylI? )
r)=|—— e, dp(x,y)=arcosh(1+2 ,
)= (=) 90 o) (1 et

where g. is the Euclidean metric, due to its conformality (angles measured at a point are the same
as they are in the actual hyperbolic space), its convenient parameterization, and clear visualization
results, the Poincaré ball model is widely used in many applications. However, it can be seen from
this equation that the distance within the Poincaré ball model changes rapidly when the points are
close to the boundary (i.e. ||| & 1), and hence it is very poorly conditioned.

Lorentz hyperboloid model. The Lorentz model is arguably the most natural model algebraically
for hyperbolic space. It is defined in terms of a nonstandard scalar product called the Lorentzian
scalar product. For two-dimensional hyperbolic space, it is defined as

-1 0 0
(@,y)r =" gy, where glzlo 1 O].
0 0 1

The Lorentz model of 2-dimensional hyperbolic space is then defined as the Riemannian manifold
(£2, g;), where £2 and associated distance function are given as

LP={zeR®: (z,x) = —1,70 >0}, di(z,y) = arcosh(—(x,y)r).

This model generalizes easily to higher dimensional spaces by increasing the number of 1s on the
diagonal of the matrix g;. Points in the Lorentz model lie on the upper sheet of a two-sheeted
n-dimensional hyperbola. Unlike the Poincaré disk model, which is confined in the Euclidean unit
ball, the Lorentz model is unbounded. However, like other models, it can experience severe numerical
error for points far away in hyperbolic distance from the origin as shown in

Definition 1. [Representation error] We are concerned with representing points in hyperbolic
space H" using floating-points fl. Define the representation error of a particular point x € H" as
on(x) = dgn (2, fi(x)), and the worst case representation error of floating-points representation as a
Sfunction of the distance-to-origin d, which is the maximum representation error of any point with a
distance-to-origin at most d,

od = max on(x).
z€H™, dgn (z,0)<d



Theorem 1. The worst-case representation error in the Lorentz model using floating-
point arithmetic (with machine epsilon €,) is 8 = arcosh(1 + ,,(2cosh®(d) — 1)), where d
is the hyperbolic distance to origin. This becomes 6 = 2d + log(em) + o€l exp(—2d)) if
d = O(—log€p,).

Poincaré half-space model. The Poincaré upper half-space model of the hyperbolic space is the
manifold (U™, g,), where U™ = {x € R" : x,, > 0} is the upper half space of the n-dimensional
Euclidean space. The metric and corresponding distance function is

ge |z — yl|”
=2 dy(z,y) = h{1+ 290
gu(x) e «(T,y) = arcos ( + 2,
Here g, is the Euclidean metric. The half-space model is also unbounded and conformal, and has
a particularly nice interpretation in two dimensions as a mapping on the complex plane. Note that
although it is unbounded, this model still has an “edge” where z,, = 0 and it can exhibit numerical
issues similar to the Poincaré ball as x,, approaches 0.

4 A Tiling-Based Model for Hyperbolic Plane

As we saw in the previous section, the standard models of hyperbolic space exhibit unbounded
numerical error as the hyperbolic distance from the origin increases. In this section, we will describe
a tiling-based model that avoids this problem. Our model is constructed on top of the Lorentz model
for the two-dimensional hyperbolic plane H?.

In hyperbolic geometry, a uniform tiling [9, |12} |33]] is an edge-to-edge filling of the hyperbolic plane
which has regular congruent polygons as faces and is vertex-transitive (there is an isometry mapping
any vertex onto any other) [28]. Any tiling is associated with a discrete group G of orientation-
preserving isometries of H? that preserve the tiling [38} 22]; discrete subgroups of isometries of H?
(like G) are called Fuchsian groups [21} 2 37]]. Importantly, not only does the tiling determine G,
but G also determines the shape of the tiling. One way to see this is to consider the images of a
single point in H? under the group action G (called an orbit of the action). Then the Voronoi diagram
associated with the orbit (which partitions each point in H? into tiles based on which point in the
orbit it is closest to) will be a regular tiling of H?2. This equivalence between tilings and groups means
that we can reason about tilings by reasoning about Fuchsian groups.

In the 2-dimensional Lorentz model, isometries can be represented as matrices operating on R3 that
preserve the Lorentzian scalar product. That is, a matrix A € R3*3 is an isometry if AT g, A = g;. If
we have some discrete group of isometries GG, and we choose the tile which contains the origin to be
the fundamental domain (37, 36]] F, then we can start to define a tiling-based model on top of the
Lorentz model of the hyperbolic plane.

L-tiling model. Our first insight is to represent points in the hyperbolic plane as a pair consisting of
an element of the group and an element of the fundamental domain. The point represented by this
pair is the result of the group element applied to the fundamental domain element. For example, the
ordered pair (g, ) € G x F would represent the point gx. The L-tiling model of the hyperbolic
plane is defined as the Riemannian manifold (77”, git), where g;; = g; and

T"={(g,x) € Gx F:(x,x), = —1}, du((ga®),(gyv)) = arcosh (~z" g7 gng,y) .
Of course, this is useless unless we have a group G that we can store and compute with easily. Our
second insight is to construct a Fuchsian group that can be represented with integers so that group
operations can be computed exactly and efficiently. The naive way to do this is to try the subgroup of
orientation-preserving isometries in R3*3 that have all-integer coordinates: unfortunately, this group
(called the modular group) results in a tiling with unbounded fundamental domain, which makes
it impossible to bound the representation error, so it is not suitable for our purpose. Instead, we
constructed a special Fuchsian group to get a particularly useful L-tiling model of hyperbolic plane.

Definition 2. Let g, and g, € 7Z3*3 and L € R3*? be defined as

2 1 0 2 -1 0 V3 0 0
go=10 0 —=1{,g,=10 0 —-1|,andL=|0 1 0
0 0 1

3 2 -3 2 0 0

Define G to be the fuchsian group generated by L - g, - L™  and L - g, - L. It is straightforward
to verify that (L - g, - L) g)(L-go - L7Y) = (L-gy - L~Y)Tg(L - gp - L7Y) = g;. Note that



Algorithm 1 Map Lorentz model to L-tiling model

Require: x € £?
initialize R < 1
while = ¢ F do
if 22 < —|z3| then S+ g;!
elseif x5 > |z3| then S «+ gb_1
else if x5 < —|x2|| then S + g,
elseif 3 > |z2| then S + g,
(R,z)+ (R-S,L-S7*-L71.x)
Ty =+/z3+23+1 >renormalize x
end while
output (R, x)

Figure 1: The regular quadrilateral
tiling of hyperbolic space produced
by the group G on the Poincaré disk.

9% = g% = (gags)® = I, and so this group has presentation

G =L (ga, |95 = g = (gag)® =1) - L™".

Importantly, any element of G' can be represented in the form g = LZL~! where Z € Z3*3 is
an all-integers matrix. For this reason, we can store elements of GG and take group products and
inverses using only integer arithmetic. This property makes G of particular interest for use with an
L-tiling model. But before we can construct an L-tiling model for this group, we need to choose an
appropriate fundamental domain.

Theorem 2. F = {(z1,22,73) € L£?| max(2z3 — 23,223 — 23) < 1} is a fundamental domain of
G. Any point in L? can be mapped by G to one unique point in F or to a point on its boundary.

illustrates the tiling generated by group G and F centered at the origin in the Poincaré disk
model. Now that we have a group and a fundamental domain, we can start computing with our new
L-tiling model. The first step is to build a relationship between standard hyperbolic models and the
L-tiling model, i.e., convert points into the L-tiling model from other models: to this end, we offer a
“normalization” procedure (Algorithm [T)), which transforms the Lorentz model to the L-tiling model.
The convergence and complexity of this algorithm are characterized in

Theorem 3. For any point in the Lorentz model, Algorithm|l| converges and stops within 1 4+ 7d
steps, where d = d(x, O) denotes the distance from x to the origin.

Representing points. For a point (g, x) in the L-tiling model, where g € G, x € F, we represent
this point with (g, fl(x)). Here g is exact because it is represented by the related integer matrix,
while fl denotes float arithmetic with error bounded by some machine epsilon €,,. This floating point
arithmetic introduces some representation error, which we can bound as follows:

di((g, ), (g, fl(x))) = arcosh(—zT g7 gigfi(x)) = arcosh(—z” g, fl(x))

Since « € F, which is bounded as shown in[Theorem 2} this approximation error can also be bounded
(Theorem 4)). In comparison, for the Lorentz model, the worst case error (Theorem 1) is unbounded.

Theorem 4. The representation error in L-tiling model is bounded as 5zdt < Voem +
15€,, /4 + o(€m ), where €, is the machine error.

By convention, for (g, x) in the L-tiling model, where g € G, x € F, firstly we will usually denote
g using its related integer matrix § = L~'gL; Secondly for the point = € F, even though z is part of
the Lorentz model and lies in 3-dimensional space, in fact only two coordinates suffice to determine
its position. For simplicity, we define a biejective function h(za,z3) = (1/1+ 23 + 23, x2, x3)
which maps R? to the hyperboloid model (this is sometimes called the Gans model [17]). In this
way, we can represent (g, ) € 7,7 as (g, h~'(z)). We can then store the integer matrix and floating-
point coordinates h ! (z) € R?. In future sections, we assume we will use this integer matrix and
two-coordinate representation rather than (g, «) unless otherwise specified.



5 Learning in the L-tiling Model

In this section, we provide an efficient and pre- - - —
cise way to compute distances and gradients Algorithm 2 RSGD in the L-tiling model
accordingly in the L-tiling model, with which Require: Objective function f, fuchsian group G
we can construct learning algorithms to train with fundamental domain F, exponential map
and derive embeddings. We also present error expg, (v) = cosh (||v]|z)B¢+sinh (||lv] L)
‘l‘)oungs for these computations, which avoid the where [[v]|, = \/W

Nan” problem. Require: (5;,U;) € F' x G, Epochs T', and learn-
Distance and Gradient. ~ For two points = ' Bt - =P ’

(U, u), (V,v) in the L-tiling model, the formula fo%t _ gto T-1do

v
llollz>

to compute distance is I, < Q,Etlvﬁf, FLU,L~ 1 3,) > Riemannian

d((U,u),(V,v)) = arcosh(h(u)” LT QL™ h(v)) grad f <= Iy + (B, lt)LdBt > ETO(J;:CUOH
ex —n gra > ate

where Q = —UTLTg,;LV can be computed ﬁ%l T% }*Pfltle(!n n gradf) P

exactly with'integer arithm'etic'. A potential dif- V{;r < arg min d(LW~'L~'B,41,0)

ficulty here is that the entries in () can be very WeG

large (possibly even larger than can be repre- Upyr <= U - W > Normalize if 511 ¢ F

sented in floating-point). To solve this, observe Biy1 <= LWL By

that (11 has the largest absolute value in the ma- else

trix . So we define and compute Q= U{+1 =U

Q/Q11, which is guaranteed to not overflow the enflnf(;;f

floating-point format, since all the entries of Q
are in [—1,1]. Letd. = h(u)TL=TQL~1h(v),
this reduces our distance to

d((U,u), (V,v)) = arcosh(Q11 - d.) = log(Q11) + log (dc +4/dZ — Q1_12)

Note that (assuming that we can compute log(Q)11) without overflow) this expression can be computed
in floating-point without any overflow, since all the numbers involved are well within range. The
corresponding formula for the gradient can also be derived as

_ Vh(uw)TL-TQL  h(v)

, o I].

Je - o viF Il

Again, this avoids any possibility of overflow. We provide the error of computing distance (Theorem 6)
and gradient in L-tiling model together with that in Lorentz model in Appendix. By
computing with integer arithmetic, the error will be independent of how far the points are from the
origin, which guarantees that it avoids the “NaN” problem. Since we can compute distances and
derivatives, we can use all the standard gradient-based optimization algorithms. In Algorithm [2] we
present the most powerful one, RSGD, adapted for use with the L-tiling model.

output (8;11,Us41)

Vud((U,u), (V,v))

where Vh(u) =

6 Extension to Higher Dimensional Space

Extending the L-tiling model to higher dimension seems simple: just find a cocompact (to ensure a
bounded fundamental domain) discrete subgroup of the higher-dimensional space’s isometry group.
Such a group would induce a honeycomb, a higher-dimensional analog of a regular tiling of the
hyperbolic plane. Unfortunately, a classic result by Coxeter [10] says this is impossible in general:
there are no such regular honeycombs in six or more dimensions.

In order to derive a high dimensional tiling-based model which may be necessary for complicated
datasets, we consider two possibilities.

o Take the Cartesian product of multiple copies of the L-tiling model in the hyperbolic plane. The
use of multiple copies of models in the hyperbolic plane was previously proposed in Gu et al.
[19].

e Construct honeycombs and tilings from a set of isometries that is not a group.

Practically we can embed data into products of H?s as we do in however, the first
possibility (tilings over H? x H? x - - - H?) is something fundamentally different from tiling a single



Datasets Nodes  Edges

Bio-yeast[29] 1458 1948
WordNet[14] 74374 75834
L, Nouns 82115 769130
0,1) L, Verbs 13542 35079
L Mammals 1181 6541
I TITI TI TIT T T T T T I T LTI Gr-QC[23] 4158 13422

Figure 2: (Left) The infinite square tiling of hyperbolic space on the half-plane model; (Right) Datasets.

high dimensional hyperbolic space (tilings over H"™), which we aims to do in this section. Fortunately
for the second possibility, in half-space model, we find that horizontal translation and homotheties
are hyperbolic isometries, which can produce the (infinite) square tiling illustrated in [ 16].
It consists of the image of the unit square .S, with vertical and horizontal sides and whose lower left
corner is at (0, ..., 0, 1), under the maps

p—2(p+k), (k) € Zx (Z"" x {0}).
Here each square is isometric to every other square, and the unit square S takes on the role of the
fundamental domain in With these maps, we can define a tiling-based model on top of
the half-space model as follows.
H-tiling model. The H-tiling model of the hyperbolic space is defined as the Riemannian manifold
(T, gnt), where

T ={(j, k,x) € Z x (Z”_l x {0}) x S}, gnt(J k@) = (23‘?: )2

The associated distance function on 7" is then given as
. . - ) H2j12172]'2224*2]-1]{}172]-2/{72)”2
d((j1, k1, ), (j2, k2,y)) = arcosh (1 T Qiitiatly oo .
Similarly, we derive the representation error for this model, which is bounded by a constant depending

on the machine epsilon as shown in[Theorem

Theorem 5. The representation error in H-tiling model is bounded as (5Zt =
Vn+3)en/2+ (n+ 3)em /4 + olen), where €., is the machine error.

We can compute distances and gradients in a numerically accurate way, and run RSGD algorithm
on this model for optimization, just as we could in the L-tiling model. For lack of space, we defer
that discussion and more learning details of Sections[5]and[6|to[Appendix A] Also note that we are
not tied to the half-space model here: while the half-space model gives a convenient way to describe
the set of transformations we are using, we could use the same transformations with any underlying
model we choose by adding an appropriate conversion.

7 Experiments

Compressing embeddings. We consider storing 2-dimensional embeddings using the L-tiling
model for compression: storage using few bits. While storing the integer matrices exactly is
convenient for computation, it does tend to take up a lot of extra memory (especially when Biglnts
are needed to store the integer values in the matrix). This motivates us to look for alternative storage
methods. To store the matrix g, we prorpose and evaluate the following methods:

e Matrix: store all 9 integers in the matrix g as Int or Biglnt.

e Entries: store just go1, g31 as Int or Biglnt, which we can show is sufficient to reconstruct
the whole matrix in Appendix D).

e Order: store the generator order with respect to g,, gy as a string.

e VBW: store the generator order with respect to g,, g, using a variable bit-width encoding.
We use binary code 10 to represent g} and g;, 001 to represent g2 and g2, 010 to represent
g2 and g3, 011 to represent g2 and g, 11 to represent g> and g;, and 000 to represent the
end of the string. This encoding disambiguates the generators by taking advantage of the
fact that powers of g, and g, must alternate to appear.



Hyperbolic Error- Bits Models size (MB)  bzip (MB)

10 *
* e Poincaré(16512B) 372 119
mh . ® Poincaré(12688B) 287 81
o L. Lorentz(11898B) 396 171
é . o Matrix(VLQ) 600(286)  260(251)
S o - Entries(VLQ) 132(63) 57(55)
= A L-tiling 1 . Order 111 8.52
. ¢ Lorentz . o VBW 33.1 6.07
@ Poincare .
. fpt-£32 6.2 1.96
4600 6(?;00 8(;00 10600 12600 * fpt-fl 6 4 : 25 1 N 07

bits per node

Figure 3: (Left) Hyperbolic error for WordNet Nouns; (Right) Compression statistics for WordNet under the
same MSHE, first block contains the size of original poincare embedding, second block contains the size
of compressed baseline models, third block contains the size of matrix part in the L-tiling model (size of
compressed integers using VLQ is also reported), the last block contains size of float points (fpt, 32 or f16) in
the fundamental domain of L-tiling model.

The generator order and corresponding VBW encoding of a given matrix can be derived using
Algorithm|I]as shown in Lemmal[I] Additionally, for Int or BigInt, we can use variable length quantity
(VLQ) to compress [31]. To test our compression methods, we use combinatorial construction [30]]
to derive 2-dimensional Poincaré disk embeddings for WordNet (Tree-like) and Bio-yeast datasets
(Figure 2)), then we transform embeddings and compress them. We calculate the mean squared
hyperbolic error (MSHE) with respect to the original embedding to show the error of compression.

For Bio-yeast, we evaluate different compressions using MSHE and mean average precision (MAP).
As shown in representation and compression in the L-tiling model (with different floating
number for points in the fundamental domain) does not hurt MAP performance, while the compression
of the Poincaré embedding to the same size hurts MAP severely. For WordNet, we plot the scatter of
the relationship between log(MSHE) and bits to store per node in Under the same MSHE,
the L-tiling model requires approximately 2/3 less bits per node compared to that of Lorentz and
Poincaré models. We measure the size of different models under the same MSHE in The
L-tiling model can represent the hyperbolic embedding with only (6.07+1.07) MB, which is 2% of
the original 372 MB, while it will cost at least 81 MB for any reasonably accurate baseline model.

Learning embeddings. As we have shown, our tiling-based models represent hyperbolic space
accurately, and so they can be used for learning embeddings with generic objective functions.
However, since we analyzed hyperbolic distance and gradient computation error in this paper, we
evaluate our learning methods empirically on objective functions that depend on distances. As
proposed by Nickel and Kiela [26], to consider the ability to embed data that exhibits a clear latent
hierarchical structure, we conduct reconstruction experiments on the transitive closure of the Gr-QC,
WordNet Nouns, Verbs and Mammals hierarchy as summarized in Table[2] We firstly embed the data
and then reconstruct it from the embedding to evaluate the representation capacity of the embedding.
Let D = {(u,v)} be the set of observed relations between objects. We aim to learn embeddings of D
such that related objects are close in the embedding space. To do this, we minimize the loss [26]

E(@) Z | e—d(u,v)
= Og
(u,v)eD Z”/EN(U)

eid(u,,ul) 9 (])
where N (u) = {v | (u,v) € D} U {u} is the set of negative examples for u (including u). We
randomly sample [N (u)| = 50 negative examples per positive example during training.

Table 1: Compression of Bio-yeast

Models MSHE MAP Table 2: Learning Mammals
Poincaré(8128B) 000 0873 Models MAP MR
Poincaré(6360B) 4.84e-17  0.873 Poincaré 0.805+£0.011  2.2240.10
Poincaré(1832B) 1.01e+03  0.310 Lorentz 0.8554+0.013  1.89+0.13
L-tiling-f64(1832B)  9.76e-17  0.873 L-tiling-SGD 0.8924+0.031  2.14%0.70
L-tiling-f32(1768B)  5.12e-08  0.873 L-tiling-RSGD  0.930+0.005 1.4940.09
L-tiling-f16(1736B)  4.30e-05 0.873 H-tiling-RSGD  0.923+£0.016  1.5640.20

L-tiling-f0(1704B) 5.90e-01  0.873




DIMENSION  MODELS WORDNET NOUNS WORDNET VERBS GRrR-QC

MAP MR MAP MR MAP MR
POINCARE 0.1244+0.001  68.75+0.26  0.537+0.005 4.74+0.17 0.561£0.004 67.91£1.14
LORENTZ 0.3824+0.004 17.80+0.55 0.750+0.004 2.11+£0.06 0.563+0.003  68.40+1.20
2 H-TILING-RSGD 0.390£0.002  17.18+0.52 0.7474£0.003 2.10£0.05 0.560%0.004 66.17+1.05
L-TILING-SGD 0.3414£0.001  20.274+0.39  0.696+0.003 2.334+0.07  0.574+0.005 63.04+1.97
L-TILING-RSGD 0.413+0.007 15.26+0.57 0.746+0.004 2.07+0.03 0.564+ 0.002 63.88+1.47
4 2xLORENTZ 0.460+0.001 10.12+0.03  0.873+0.001 1.31+£0.01  0.718+0.003 11.59+0.32
2x L-TILING-RSGD  0.464+0.002 9.99+0.09 0.871+£0.004 1.33+0.01 0.716£0.005 10.88+0.42
POINCARE 0.848+0.001 4.16+0.04 0.948+0.001 1.19+0.01 0.714£0.000 34.60+0.52
5 LORENTZ 0.865+0.005 3.70+0.12 0.947+0.001 1.16+0.00 0.715+0.003 33.514+1.04
H-TILING-RSGD 0.869+0.001 3.70+0.06  0.9494+0.001 1.164+0.01 0.71440.002 33.46+0.66
POINCARE 0.876+0.001 3.47+0.02 0.953+0.002 1.16+£0.01  0.729+£0.000 29.51+0.21
10 LORENTZ 0.865+0.004 3.36+0.04 0.948+0.001 1.15+0.00 0.724+0.001 29.3440.23
H-TILING-RSGD 0.888+0.004 3.224+0.02  0.954+0.002 1.15+£0.00 0.729+0.001  27.75+0.39
5xLORENTZ 0.6724+0.000  4.424+0.00  0.958+0.003  1.07+£0.01  0.94440.007 3.06+0.03

5XL-TILING-RSGD ~ 0.674+0.000  4.414+0.00  0.961+0.002 1.06+0.00 0.953+0.002 3.03+£0.01

Table 3: Learning experiments on different datasets. Results are averaged over 5 runs and reported in
mean-+std style.

We consider the L-tiling models trained with RSGD and SGD, H-tiling models trained with RSGD
and the Cartesian product of multiple copies of 2-dimensional L-tiling models (proposed in Gu et al.
[19]]). The Poincaré ball model [26] and Lorentz model [27] were included as baselines. All models
were trained in float64 for 1000 epochs with the same hyper-parameters. To evaluate the quality of
the embeddings, we make use of the standard graph embedding metrics in [3} 25]]. For an observed
relationship (u, v), we rank the distance d(u,v) among the set {d(u,v")|(u,v’) € D)}, then we
evaluate the ranking on all objects in the dataset and record the mean rank (MR) as well as the mean
average precision (MAP) of the ranking.

We start by evaluating all 2-dimensional embeddings on the Mammals dataset. As shown in [Table 2]
all tiling-based models outperform baseline models: the performances of L-tiling model and H-tiling
model with RSGD are nearly the same. In particular, the L-tiling model achieves a 8.8% MAP
improvement on Mammals compared to Lorentz model.

Embedding experiments on other three large datasets are presented in [Table 3] These results show
that tiling-based models generally perform better than baseline models in various dimensions. We
found three observations particularly interesting here. First, the group-based tiling model (L-tiling)
performs better than the non-group tiling model (H-tiling) in two dimensions. Second, tiling-based
models perform particularly better than baseline models for the largest WordNet Nouns dataset,
which further validates that numerical issue happens when the embeddings are far from the origin and
affects the embedding performances. Third, the Cartesian product of multiple copies of 2-dimensional
L-tiling models performs even better than high dimensional models when the datasets are not too
large and complex such as WordNet Verbs and Gr-QC, especially for the dense graph Gr-QC.

More experiment details are provided in We release our compression codd|in Julia and
learning codeﬂ in PyTorch publicly for reproducibility.

8 Discussions and Conclusions

In this paper, we introduced tiling-based models of hyperbolic space, which use a tiling backed by
integer arithmetic to represent any point in hyperbolic space with fixed and provably bounded error.
We showed that L-tiling model using one particular group G can achieve substantial compression
of an embedding with minimal loss, and can perform well on embedding tasks compared with
other methods. A notable observation that could motivate future work is that our group based tiling
model (L-tiling) performs better than the non-group tiling model (H-tiling) in two dimensions: it is
interesting to ask if this reflects some advantages of the group, and if we can use this to find better
non-regular tilings in high dimensions. Overall, it is our hope that this work can help make hyperbolic
embeddings more numerically robust and thereby make them easier for practitioners to use.

*https://github. com/ydtydr/HyperbolicTiling_Compression
"https://github.com/ydtydr/HyperbolicTiling_ Learning


https://github.com/ydtydr/HyperbolicTiling_Compression
https://github.com/ydtydr/HyperbolicTiling_Learning
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Supplementary Material: Numerically Accurate Hyperbolic
Embeddings Using Tiling-Based Models

A Learning Details

Efficient Computation in L-tiling Model For two points (U, u), (V,v) in L-tiling model, the
formula to compute distance is
d((U,u), (V,v)) = arcosh (h(u)" L~"QL™'h(v))
= arcosh(Q11 - d.)

~ log(Qu1) + log (dc - Q;f)

where Q = —UTLT g, LV,Q = &AC = h(u)TL-TQL 'h(v). Since Q1; can be super large,
then we extract (011 out here to avoid potential overflow, also there is no underflow problem since
(211 is a positive integer. Then the corresponding formula for the gradient of this distance is

B Vh(u)TL=TQL h(v) _ Vh@)TL™TQL *h(v)
Vud((U U) (‘/7 U)) - \/(h(u)(TLTfT%LA—Tlh(vl))zfQI—IZ - ( )qx/dggg;lz )

_ Vh(w)' L™ Q" L™ "h(u) _ Vh(w)"L™" Q"L "h(u)
Vvd((U U) (‘/7 U)) - \/(h(u)TL*TQL*1h(v))27Qf12 - \/d’g’fof

where

Vh(u) =

U v
— I|,Vh(v) = | ——, I
VA [[ul? ] V]2 1
We provide the error bound for distance and gradient computation in L-tiling model using float

arithmetic in [Theorem 6} [Theorem 7] where errors are independent of how far points are from the
origin and solves the “Nan" problem.

SGD in the L-tiling model We offer SGD algorithm below, with the addition of a normalization
when the parameter goes out of the L-tiling model, which is performed using Algorithm [} whose

convergence and complexity were shown in[Theorem 3

Algorithm 3 SGD using group representation

Require: Objective function £, fuchsian group G with fundamental domain F' C R?
Require: Tuple (0;,U;) € F x G
Require: Number of epochs 7', and learning rate «
fort =to7T —1do
Iy <= Vo, f(LU,L7h(6;)) > Euclidean gradient w.r.t. 6;
9t+1 <=0, — aly > Update 0, e F
if 9t+1 ¢ F then
W < argminweg d(LW L7 1h(6;11),0)
Upp1 < U - W > Normalize if 6,1 ¢ F
9t+1 = LWﬁlLilh(Gﬂ_l)
else
U1 < Uy
end if
end for
output (641, Upy1)

RSGD in the L-tiling model We show RSGD in the L-tiling model here, which is in correspondence
to Algorithm [T} Equivalence of this algorithm to that in Lorentz model is shown in
For (U, ut) in the L-tiling model, let f be the objective function, denote V,,, f to be the Euclidean
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gradient of f w.r.t. u;. To do RSGD in the L-tiling model, firstly transform the Euclidean gradient to
Riemannian gradient using the pull-back hyperbolic metric:

hy = g;lvut f7
then project it into the tangent space at uy,
gradutf = ht + (ut, ht>Lut.

then the RSGD algorithm in the L-tiling model updates u® as follows:

U1 = exput (U) = cosh (||U||L)ut + sinh (||U||L) ||UHL

where v = —n - grad,, f and |[v][z = \/(v,v)L.

Efficient Computation in H-tiling Model For points (j1, k1, 21) and (j2, ko, 22) in H-tiling model,

directly computing distance as follows works in most cases,

1272 (21 + k1) — 272 (22 + ko) | |2
2j1+j2+121n22n

)

However, we do consider situations where overflows may happen and provide an alternative way to
compute distance. Suppose without loss of generality that jo > jo, then we can write distance as

||2’1 _ 2j2*]'122 + ki — 2j2*j1k2)”2)
2zlnz2n

dn((j1, k1, z1), (j2, ko, 22)) = arcosh(1 +

dh((jly k17 Zl), (jg, kg, ZQ)) :arcosh(l + 2j17j2

let ky — 272791y = 2°] where s is some natural number scale factor such that || I|| < 1. This is easy
to compute exactly using integer arithmetic. (Note that ky — 272771k, is an integer vector, choose
s = [logy(||k1 — 272791 k5 ||?) /2], where the values inside the log, are all integers). Then we get

. . L 2SI+Z _2j2_jlz 2
dn((j1, k1, 21), (j2, k2, z2)) =arcosh(1 + 271 Al : ll )

221n22n
= arcosh(1 + 225+71—72 [ +27%2 — 232_]1_822H2)
221112277,

= arcosh(1 + 2271772 X))
=log(1 4+ 2%+l X 4 /(14 225+ —i2X)2 — 1)
=(2s-+j1— jo)log(2) +1og(2 272 4 X /X2 4 21201 Hiz X))

where o
P e
QZanQn
then we can get following gradients,
1 X+2—2S—.71+j2
8d \/X2+21f25*j1+J2X
0X — 9-2s—jitiz 4 X + /X2 4+ 21-25—ii+iz X
V. X — I+ 27521 — 227 oy,
214 -
2821n22n
V. X — _Ii + 27529, — 2927178 2,
22t T s+j1—Jj2
2 Z1n%2n
V. X - I, 4+ 27 %21, — 292791792, _ [|[I 42752 — 292771755 |2
i 2521112271 22%712271
V. X — 7],1 + 27521, — 2j27j1752’2n B HI + 2752 — 2j27j17822||2
Fan 2s+it—dz 2. zop 221023,

Using chain rule, Euclidean gradients of dj, w.r.t. 21, 2o can be derived. We provide the error bound
for this distance computation in H-tiling model using float arithmetic in[Theorem 8] we neglect the
error bound for gradient computation here which can also be derived similarly. In H-tiling model,

13



these computation errors are independent of how far points are from the origin and solves the “Nan"
problem.

RSGD in the H-tiling model For (j, k¢, 2*) in the H-tiling model, let f be the objective function,
denote V.« f to be the Euclidean gradient of f w.r.t. z¢. To do RSGD in the H-tiling model, firstly
transform the Euclidean gradient to Riemannian gradient using the pull-back metric:

grad,, f = 2LV . f

take the learning rate 7 into consideration, denote v = —n - grad,. f, firstly compute its norm as
s = VvT'v, then the RSGD algorithm in the H-tiling model updates z¢ as follows:

t

z
R R R,
tanhs Un
t
t+1 _ Zn,
o = sinh s
cosh s — 88434,
S

B Experiment Details

Compression Compression experiments were implemented in Julia. We compress L-tiling model
using storage methods mentioned in Section [7] round Poincaré ball model towards zero since it is
bounded in the Euclidean unit ball, round Lorentz model to the nearest to compress baseline models.

Learning We implemented learning experiments in PyTorch using float64. Notably, for tiling-based
models, we also use float64 to store the integers, in order to avoid potential numerical imprecision
when the integers overflow and are out of the expressible range of float64, we developed a secure
method to express a integer matrix U and do accurate integer arithmetic using two float64 type
matrices. Specifically, we express it as U = Uy + Us, where 2¢|U7, |Us| < 2¢, and Uy, U, are float64
type. Alternatively, we can similarly use n float64 type matrices to express the integer matrix and
pick suitable ¢ to prevent overflow. In our experiments, we found that two float matrices and ¢t = 20
are sufficient to prevent overflow and get exact computation of integer arithmetic using float64.

We initialize embeddings randomly from the uniform distribution U(—0.0001,0.0001), except
from embeddings in the H-tiling model, whose last elements z,, were initialized from the uniform
distribution U(1,1.0001) in order to make the division to z, stable. Matrices g € G in L-tiling
model were initialized to be identity matrices, integer vectors and the exponential integer in H-tiling
model were initialized to be zeros. Then we project those embedding to the manifold accordingly
before training.

Second, similar as [26], to get a good initial angular layout which is helpful to find good embeddings,
we train during an initial "burn-in" phase (20 epochs) with a reduced learning rate 1/100. We train
the embedding using multi-threads N to speed up convergence. Those hyperparameters together with
batch size b for different datasets were summarized in Table 4

Hyperparameters n b N
Gr-QC 03 10 2
WordNet Mammals 0.3 10 2
WordNet Verbs 05 10 5
WordNet Nouns 05 50 5

Table 4: Hyperparameters

C More Experiments

Embedding in hyperbolic space reaches better performance compared to Euclidean space, as a simple
experiment, consider embedding of a simple tree in where the lengths of edges are in
different scale. When embedded into Euclidean space, the global distortion is 0.1395, the worst-case
distortion is 2.15. However, when embedded into Poincaré ball model of hyperbolic space, the
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Figure 4: A simple tree. Figure 5: hyperbolic error for bio-yeast dataset.

global distortion is just 0.0007 and the worst-case distortion is 1.025, which is far better than that in
Euclidean space.

Compression Experiments For compression of Bio-yeast dataset mentioned in[Section 7} we plot
the scatter of the relationship between log(MSHE) and bits to store per node in under the

same MSHE, L-tiling model store per node with approximately 3/4 less bits compared to that of
Poincaré model.

We also consider compressing embeddings that were trained using optimization algorithms like SGD
and RSGD, to learn 2-dimensional Poincaré disk embedding with great performance, but this method
fails to learn a great embedding for larger dataset like WordNet Nouns using 2 dimension model, so
we use this method to derive 2-dimensional embeddings for Mammals (Tree-like) and Gr-QC (Dense)
dataset. We show the MSHE of different compressions in and it leads to the same conclusion
that those compression will not hurt the performance of the embedding such as MAP and MR while
largely shrinking the size of embeddings.

Table 5: Compression Performance

Models Mammals grqc
MSHE MAP MR MSHE MAP MR
Poincaré(128b) 0 0.7936 2.36 0 0.5382 73.88

Poincaré(64b) 1.59e-2  0.7935 236 1.65e-1 0.5382 73.88
Lorentz(128b)  1.51e-11  0.7935 2.36 1.39e-10 0.5382 73.88
Lorentz(64b) 9.44e-3  0.7935 236 1.77e-1 0.5382 73.88
L-tiling-f32 5.17e-08 0.7935 236 5.29%-8 0.5382 73.88
L-tiling-f16 4.16e-04 0.7935 236 4.19e-4 0.5382 73.88

Learning Experiments We also include the previous results where all models were trained using

float32 in PyTorch as shown in[Table 6]

D Mathematical Background and Proofs

Definition 1. [Representation error] We are concerned with representing points in hyperbolic
space H" using floating-points fl. Define the representation error of a particular point x € H" as
da(z) = dun (x, fl(z)), and the worst case representation error of floating-points representation as a
function of the distance-to-origin d, which is the maximum representation error of any point with a
distance-to-origin at most d,
0d = max 0 ().

z€H", dyn (z,0)<d

Definition 3 ([9, 12} 331 28]]). A tiling of the plane is a collection of sets ( “tiles") whose union is the
entire plane, but the interiors of different tiles are disjoint. A uniform tiling is an edge-to-edge filling
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Table 6: Previous Learning Experiments

DIMENSION  MODELS WORDNET NOUNS  WORDNET VERBS GRr-QC

MAP MR MAP MR MAP MR

POINCARE 0.092 95.01 0.478 6.24 0.566 69.11
LORENTZ 0.371 19.07 0.701 2.35 0.556 63.62

2 L-TILING-RSGD 0.390 17.52 0.721 2.36 0.564 71.36
L-TILING-SGD 0.341 21.53 0.726 2.10 0.582 65.19
H-TILING 0.385 17.70 0.741 2.28 0.568 65.84

4 2% [,-TILING-RSGD / / 0.858 1.37 0.717 12.32
POINCARE 0.850 4.76 0.953 1.23 0.712 34.77

5 LORENTZ 0.851 3.78 0.935 1.19 0.712 33.95
H-TILING 0.869 3.62 0.953 1.17 0.716 32.57

6 3% [-TILING-RSGD / / 0.935 1.13 0.852 4.45
POINCARE 0.875 3.88 0.954 1.23 0.730 29.86

10 LORENTZ 0.872 3.45 0.951 1.14 0.724  29.50
H-TILING 0.894 3.25 0.954 1.15 0.726 29.45

of the hyperbolic plane, which has regular congruent polygons as faces and is vertex-transitive (there
is an isometry mapping any vertex onto any other).

Definition 4 ([21}, 2, 37]). A Fuchsian group G is a discrete subgroup of the 2x 2 projective special
linear group over R, PSL(2,R).

Definition 5 ([37]). The Dirichlet domain for G centered at z, € H? is
O(G; 20) = {z € H? : d(z, 20) < d(gz, 20),Vg € G}
Definition 6 ([37.[36]). A fundamental domain for G is a close set F' C H? such that
e {gz|Vg € G,z € F} = H?

o {gz|Vx € F°}NF° =0,Yg € G/{1}, where ° denotes the interior.
Theorem 1. The worst-case representation error (Definition 1)) in the Lorentz model using floating-
point arithmetic (with machine epsilon ¢,,) is 6 = arcosh(1 + €, (2 cosh®(d) — 1)), where d

is the hyperbolic distance to origin. This becomes §f = 2d + log(en) + o(e;,t exp(—2d)) if
d = O(—logep,).

Theorem 4. The representation error in L-tiling model is bounded as 5fit < Vb€ +

15€,,/4 + o(ey,), where €, is the machine error.

Proof of[Theorem I|and[Theorem 4] For a real point (g, «) in L-tiling model, where g € G, x € F,
we represent it as (g, fl(x)), then we get the representation error as follows:

31 = du((9, ), (9, fi(x))) = arcosh(~z"¢" gugfi(x)) = arcosh(~z" g fl())
Note that |2; — fl(z;)| < €24, so we have

(1+e1)zy
5f; = arcosh | — (w1, @9, x3) gue | (1 + €2)aa
(1 + 63)1‘3

= arcosh((1 + €1)2? — (1 + €2)x3 — (1 + €3)x3)
= arcosh(1 + €127 — €3 — €373)
since 23 + #3 4+ x3 < By, then we derive that 67, < arcosh(1 + €, By) = \/€,, By + 3e, By /4 +

o(€m), simple calculation will lead to By = 5, then 6% < \/5e,, + 15€,,/4 + o€n). If we
consider the representation error in Lorentz model, the only difference is that  is not bounded in
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the fundamental domain any more. Then we can get that 6 = arcosh(1 + €,,||z||?), noticed that
coshd = —x7 g;;O = x1, where d is the distance to origin, then

6 = arcosh(1+ €, (23 +22+12)) = arcosh(1+¢,, (227 —1)) = arcosh(1+¢€,, (2 cosh?(d) — 1)),
which becomes 6! = 2d+log(e,, ) +o(e;,,! exp(—2d)) if d = O(— log €,,), this error also generalize

similarly to high dimensional Lorentz model. O

Theorem 2. F = {(z1,22,73) € £?| max(2z3 — 23,223 — 23) < 1} is a fundamental domain of
G. Any point in L? can be mapped by G to one unique point in F or to a point on its boundary.

Proof. To begin with, we prove that F is the Dirichlet domain for G centered at O € H? denoted as
O(G). Firstly, we show that F' C [J(G), that is, for any z € F', we have d(z,0) < d(U z, O) for all
U € G. It suffices to show

z1 < z1u11 + Zoui2 + 23U13,
where z% =1+ zg + z2. Also note that U € G, then UTglU = ¢;, from which we can derive
that u$; = 1 + u?, + uf,. Further, from the construction of G, we can write u1; = t11,u1s =
V/3t19,u13 = \/3t13, where ty; is an integer, then t?, = 1 + 32, + 3t2,. Consider following:

z1 < z1u11 + 22u12 + 23U13
= 21 < 21ty + V3zat1o + V323t13
= —V3(2at1a + z3t13) < 21(t11 — 1)
= 3(zat1a + 23t13)% < 22 (t1; — 1)2 >z, t > 1
= 3(22t2, + 222, 4 2tioti32023) < (14 22 + 22)(1 + 313, + 3t35 — 211 + 1)
= 6tiot132023 < (3t3y + 3135 — 211 +2) + 23 (3t — 211 +2) + 23 (3135 — 2441 +2)
21127 < (3t3, + 3t2,) + 227 D> 2213, + 2212, > 2zp23t13t12

= 2127 < (t3 — 1) + 227

=222t - 1) <13, — 1

=22 <t +1 >ty —1>0
—5<t, b2 <V3<z2€F

Hence, if ¢1; > 5, then the inequality is proved. If ¢1; < 5, since ¢1; is an integer, then t1; = 1, 2, 3,4.

e Ift1; =1, then U is identity matrix, the inequality is satisfied.

e If t;; = 2, then the integer solutions to 3, = 1 + 3t2, + 335 is {ga, 9,95 ', 95 ' }» the
inequality is satisfied by simply checking one by one.

e If t1; = 3, then there is no integer solutions to t3; = 1 + 3t3, + 3t3,.

e If t;; = 4, then the solutions to t7, = 1+ 3t3, + 3t3, is (t11, t13, t13) = (4,2, 1), (4,1,2).
Manually check will find that the inequality is satisfied in both cases.

Then F' C O(G), also note that with Algorithm 1, for any z € (J(G), it will be mapped by some V' €
G suchthat Vz € F and d(Vz,0O) < d(z,0). From the definition of O(G), d(Vz,0) > d(z,0),
then (V2)T,0 = d(Vz,0) = d(z,0) = 27 g,0, which leads to Vi; = 1, then V = I considering
VTgV = g, thus, z = V2 € F and OJ(G) C F, which shows that F' = (J(G).

For the second part of the proof, we show that F' is a fundamental domain for G. According to
Theorem 37.1.10 in [37], it suffices to show that Stabg(O) = {1}. Consider TOpy = Op, where
T € G. From (T — I)Og = 0, we can get that

1 0
= [o B} :
where BT = B. Alsonote T' € G, then B2 = I, these two conditions lead to that B = I. Hence,
Stabg(O) = {1}, then F is a fundamental domain for G. Since fundamental domain F' only contains

one element in the orbit, then for any point in the space, it can only be mapped to one unique point in
F.
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Theorem 3. For any point in the Lorentz model, Algorithm|l| converges and stops within 1 + 7d
steps, where d = d(x, O) denotes the distance from x to the origin.

Proof. We just consider x5 < —|x3| case in the Algorithm, other cases can be proved in the same
way, then we have

coshd(L-g,- L™t x,0) 94 V3zo <1

coshd(z, O) - V1423 + 23

then the distance to the origin in the space is monotonically decreasing as Algorithm 1 goes, note that
this distance is bounded by 0, then it will converge.

To see the steps required for the algorithm to finish, we may assume that max{|zs|, |3} > Co > 1,
due to the symmetry of this algorithm, also consider the case zo < —|z3|, then |z2| > Cj, we have

coshd(L-g,-L7! -z, O) <o/ 3Cy <1
coshd(zx, O) - 2C)+ 1~

Hence,
d(xz,0) —d(L-g,- L™ x,0)
2 2 3Co 2 2
>arcosh(y/1+ 3 + x3) — arcosh | (2 — 207—#1) 1+ a5+ 23
0
3Co
> —log(2 —
> — log( 5Co 11/
so d(z, O) will decrease monotonically for at most so(Cp) steps, where
d(x, O
s0(Co) = ( )30
—log(2 —/55.47)

Consider max{|xa|, |x3|} at the boundary between F and its neighborhood tiles:

) 5
min max{|zs|, 23]} = 5v2
2€L{ga,9v,9a -9, JLLF 2

Hence, we can choose Cy = 2+/2, then d(z, O) will decrease monotonically until max{|zs |, |z3|} <
Cy within s(51/2/2) steps, which means x lies either in F or its 4 neighborhood tiles, so totally it
will cost at most 80(5\/5/2) +1 <1+ 7d steps. O

Lemma 1. If the integer matrix U is given, then corresponding VBW encoding can be derived using
Algorithm[l] Further, if only Usy, Usy are given, then U can be reconstructed using Algorithm ]

Proof. If U is given, consider the point (U, O) in the L-tiling model, which is in correspondence
to x = LUL™1O in the Lorentz model, then we can map x to (U’, ) with Algorithm |1} where
we choose a generator at each step to get a generator order string, with which we can reconstruct
U’. Since each point in the Lorentz model will be mapped to a unique point in F' as
states, also x can be mapped to (U, O) and (U’, '), then v’ = O. The question is whether U = U’,
consider LUL~'O = LU'L~'0O, which leads to (LU'~*UL~! — I)O = 0, since Stabg(0) = {1}
as the second part in the proof of proved, then LU’ UL~ = I to get U = U’. Hence,
given U, we can get its generator order string, which can be then used to get the VBW encoding
accordingly. Further, note that U TMsU = Ms, then we have

U3, + Uz,
"

Therefore, we can compute Uy if only Usy, U3y were given to get the first column of U. Since
xr=LUL 'Oand O = (1,0,0), then the first column of U suffices to get x, then we can reconstruct
U out using Algorithm|[T] O

Up =1+

Lemma 2. Qq; has the largest absolute value in Q = UT M5V
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Proof. Note that Q = UT M3V = M3U 'V = M3T, where T is an integer matrix generated by g,
and g, so we have T7 M3T = Ms, using this relation, we can get following equations:

t5 + 13,
th =1+ 5
t3 =1+ 3(t1, + t33)
31, =(t3y +135) — 1
315?3 :(t%:s + t%s) -1
since Q11 = 3t11, from first formula, we get that QF, = 93, > 3t2, > 13, +t3, = Q3; + Q%,. so
(11 has the largest absolute value in the first column of ). From the second formula, we get that

2, > 13 > 3, + t25, so Q11 has the largest absolute value in the first row of ). Then combine
formulas 2,3,4 and we get that

1+ 13, =130 + 13, + t33 + 33

From first formula, we know that ¢1; > 1, then we have Q%; > 2t2, > 1+13; = t3, + 3, +135 +13,
Combine above results, clearly that Q1 has the largest absolute value in ), which finishes our
proof O

Theorem 5. The representation error in H-tiling model is bounded as 5%75 =
V(n+3)em/2 4+ (n+ 3)em /4 + o(€n), where €, is the machine error.

Proof. For a real point (j,k,z) € Z x (Z"! x {0}) x S in H-tiling model, we represent it as
(4, k, fl(x)), then we get the representation error as follows:

51, = d((j, k. @), (j, k, () = arcosh(1 + W)
Note that |x; — fi(z;)| < €2, sO we have
S e
6d, = arcosh(1 + m)
since 0 < @9, ,2,-1 < 1 < x, < 2, then we derive that 6¢, < arcosh(1 + (QT(TEZ;”S) =
VI F 3)em/2 + (n+ 3)em /4 + o(em). O

Proof of RSGD algorithm. Here we show the equivalence between the RSGD algorithm of L-tiling
model described in appendix [A| and that in Lorentz model. To begin with, consider the RSGD
algorithm in Lorentz model. Let z¢,y; € H?, then we have d(z¢,y;) = arcosh(—z! g;y;), the
Euclidean gradient of z; can be computed as

—giYt

Vo d(ze, yt) = —F—ee——
" (x,trglyt)z -1

3

to get the Riemannian gradient in the model, we make use of the pull-back metric as follows,
—Ye

hy = gfl Ve d(UCuyt) =
e (zf giye)? — 1

)

further we project this Riemannian gradient into the tangent space at x4,

Wyt (=] guye) e

grad, d = hy + (x4, he) Loy = ,
(mfglyt)Q -1

then we make use of the exponential map in Lorentz model to update,
Tiy1 = exp,, (v) = cosh (|[v]|)z¢ + sinh (|[v]|2)

v
o]l
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where .
Ye + (T4 Giye) T

v=-—n-grad, d =17 .
- (zf qiye)? — 1

Now consider the norm of v under hyperbolic metric,

HUH% ZUTQLU
2

n
= @Tg)? — 1 (Wi gy + (@f gu)® + (&f gye)® + (af guye)* =] i)
t 91Yt)” —
2
n
= (ngzy 2 —1 (-1+ (xtTglyt)2 + (xtTQlyt)Q - (xtTglyt)Q)
t J1Yt)” —

:’[’]2

hence we derived the RSGD algorithm in the Lorentz model as

() ye + (2 qye)e
(xf giye)? — 1

For the second part, we turn to L-tiling model, let z; = LU L™y, 3, = LV L™, the distance is

d(zy,y;) = arcosh(ul L=TQL ™ v,),

then the Euclidean gradient of u; can be computed as
L=TQL ',

V@I L-TQL1v)2 =1

In the same way, make use of the pull-back by the metric matrix, we derived the Riemannian gradient

g L= TQL™ v,
VT LTQL w2 =17

T11 = exp,, (v) = cosh (n)x; + sinh

2)

Vo, d(z,y) =

hy = gl;7itvlud(‘rt7yt) =

also project it into the tangent space at uy,
gL~ TQL vy + (vf L=TQT L~ uy)uy

rad, d = hy + (ue, he) pue =
B, ok s i V@I L-TQL )2 — 1

then the update rule in the tiling-based model is

Ut41 = exput (U)7

where
gL TQL vy + (v L=TQT L~ uy )uy

V(W LTQL w)? — 1
then consider the norm of v under hyperbolic metric,

v=—n-grad, d=-n

9

][ =v" guev
2

_ n —TAr-—1 Tr—TAT7—1 T
7(’U/tTL_TQL_1’Ut>2—1[gltL QL vt+(vtL Q L ut)ut] !

Gelgn LT QL vy + (v LT QT L™ uy)uy

2
n Tr—TAT -1 Ty —1
= L="Q'L L™ QL
(ul L-TQL~1v;)2 — 1 [vf gt vt

+ 2(1}tTL*TQTL*1ut)2 + (vtTLfTQTL*lut)uZﬂgltut]

2
Ui Tr—TAT7—1 -T -1
= L™ Q"L L QL
(ul L-TQL=1v;)2 — 1 [vt Jie vt

+ 2wl L7TQT L ) — (0] LT QT L )]
2

= (UtTL_TQZ_lvt)Q ] (L7TQL™ ) gu(L™T QL™ we) + (vf L™TQT L™ uy)?)

20



Since U € G, then it follows
Q=U"'M;V = MU'V =MW, W eG.
So we get
L~ TQL v, = LT MWL Yy,
hence
(L7TQL o) T g (L"TQL ;) =l L=TWT ML= g, L= MsW L™ w,
= — o] LTTWT MWL,
=— o/ LML
:UtTgltUt
=—1
so [[v]|2 = n?, then the RSGD algorithm in L-tiling model is
gL TQL vy + (v L=TQT L~ uy)uy
VWl L-TQL10,)? — 1

For the third part, again consider the RSGD algorithm in Lorentz model, from [Equation 2} we have
that

3)

Uty1 = exp,, (v) = cosh (n)u; — sinh (n)

LVL_lvt — (UZL_TQTL_lut>LUL_1Ut

LUL usyq = cosh () LUL ™ u; + sinh (n) JoTLToT e
t t) —

so RSGD algorithm in Lorentz model is equivalent to:
LU WL Yo — (vF L=TQT L~ uy )uy
VTLTTQTL  uy)? — 1

ug+1 = cosh (n)u; + sinh (n) , )

note that U7 M3U = M3, then U~} = M3 YUT Ms, with simple computation, we get that
LUYWL = LM 'UTMzVL ™ = LM QL™ = —gL~ QL™

hence, RSGD algorithm in L-tiling model (Equation 3| becomes the same as RSGD algorithm in
Lorentz model (Equation 4)), which finishes our proof. O

Error for Computing in L-tiling Model We approximate (U,u), (V,v) with (U, fl(v)) and
(V,fl(v)), here we provide the error of computing in L-tiling model together with that in Lorentz
model.

Theorem 6. The worst case error of computing distance in Lorentz model using float is

_ 2 cosh (d(z, O)) cosh (d(y, O))
sinh (d(x,y))

€m + emd(x,y) + o(em),

| (fi(z) Ay)) — di(z,y)]

the error of computing distance in L-tiling model using float is

dem+A1(Co)em +0(Cy? + €m),d > Co
A3(Co)
tanh(d)

|, ((Ufi(w)), (V,A(v)))—due (U, u), (V)] = dev+[As(Co) +

lem + o(em), d < Cy

where d is the real distance between two points, A;(Cy) are constants only depends on Co, d' means
that inside computation like multiplication are performed with machine error €,,.

Remark: The worst case error of distance computation in Lorentz model using float is dominated by
d(z,0),d(y, O), this will cause the "NaN" problem when two points are far away from the origin.
However, in L-tiling model, the error only depends on d, i.e., how far two points are to each other,
also tanh term is bounded, which controls the distance error and solves the "NaN" problem.
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Proof. We consider the Lorentz model at first, let z = #7 My, 2 = fi(z)T Mfi(y), then

|2 - Z‘ < ‘(1 + em)GZ - Z| = 66m|x|T|y| + 0(€m) < 2€,%0Y0 + 0(€m)
= 2¢,,, cosh (d,) cosh (dy) + o(em) = 6.

thus,

|d(A(x), fi(y)) — di(x,y)| = |(1 + €) arcosh (zT My + §.) — arcosh (zT My)|

0 2 cosh (d,;) cosh (dy)
=2 ted 5,) = Y
a1 o) sinh (d7)

€m + €mdi + 0(€m)

As for the distance error in L-tiling model, here in the same way denote z = h(u)TL~TQL~'h(v),
since h(u), h(v) are in the fundamental domain, which is bounded by By, so ||h(u)|], [[h(v)] <

/Br = /5, also Q is bounded, then using Cauchy inequality, we have

1 < IS 2l + T nsh < Tt < 253 = 3573

so the distance is
(U0, (V) = og@ur) + 1o (= + /22— @17

then log(Q11) < d, further note that

arcosh(Q1,/3) =d(L~TUL™'0,L-TVL~10)
<d(L7TULT'O,L7T"UL ' h(u)) + d(L"TUL  h(u), L=V L™ h(v))
+d(L7TVLT'O, L7V L h(v))
=d(0,h(u)) +d(L"TUL ' h(u), L=TV L™ h(v)) + d(O, h(v))
<d + 2arcosh(V3) = d + 2log(V3 + V2)

in this way, we get

sinh?(d)

22 =22 - Q72+ Q7 =Q72(cosh?®(d) — 1) + Q72 > Q72 +
Qi +Q1 =Qu ( (d) )+ Qi > Qy 9cosh2(d+2Bf)

o cosh(d)
@ =@y cosh(d) 2 3cosh(d + 2log(v/3 +v/2))

Now, we consider the first term of calculating distance log(Q11), in order to avoid overflow, we
computed with following formula.

log(3) U2V, UBV,
log(Q11) = 5 + log(U') + log (V1) + log(1 + TV, WE)
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then

1
fle(log(Q ( 0g2(3 + log( Ull) +10g(V11)> (1+¢)
U v U v,
log(3) 1
5 +log(U™") +log(Va1) | (1 +¢)
U2 v, Us v
+ (IOg( +ﬁ712(1+ )2+WTB(1+ ¢) )) (1+e)
log(3)
= ( 0, ( + 1o g Ull) +10g(V11)> (1 —|—5)
U12V U13V
log(3) 1 U2V, UB Vi,
( +log(U™")+log(V11) (1+e)+(1+e)1og(1+ﬁ7+ﬁﬁ)
26(fr 122 + g i) + 0(e)
+(1+¢) Tt %%—&-%%
11
2e(Frr Y2 + e ) + o(e)
=1Og(Q11)(1+e)+(1+e)< [11+ 1}112@54_‘/5113@
Ull V11 Ull 11

UPVip +U%Vi3
=1 1 2
8@+ &)+ 2 ey, T U,

Here flc means calculating with float arithmetic, hence, the error of computing the first term is
1
dq = [flc(log(Q11)) — log(Q11)] < log(Q11)em + 56m + o(em)

Then we consider the error of computing z = h(u)T L=TQL~h(v), given by following formula:
fle(z) — 2| < |(1+ ) h(w)"L™TQL™ A(v) — 2| < Tew|h(w)|"L™T|QIL™ A(v)] + o(em)
245
< 767” +o(em) =96,

based on this error, we consider the error for the second term of distance

39 =flc (log(z + m)) — log(z + \/m)

=(1+e1)(log((1 +€2)(z + 0= + (1 + 63)\/(1 +ea) (L4 €5) (2 +0:)2 — (1 +66)Q11))))

—log(z 4+ 1/2%2 — Ql_f)

=(1+e1)(log(z + 0. + (1 + 63)\/(1 +ea)((1+es)(z40.)? — (1 +€)Q11)))

—log(z 4+ 1/2%2 — Ql_f) + €3+ o(em)

—(1+ e)(log(z + 8 + (14 e) /(L ea) - /(= 4 6.)2 = Qi + er((= + 6.0 + Q1))

—log(z 4+ 1/2%2 — Ql_f) + €3+ o(em)

(1+ 268)\/(2 + ?emy — Qi +er((z+6.)2+ Q1))

5+
3 ™ 3

—log(z 4+ 4/2%2 — Ql_lz) + €3+ o(em)

24
=1+ €e1)(log(z + —e¢
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We divide it into two cases, firstly, consider Taylor expansion here when Q112 > Cj, where Cy > 1
is a large constant, then

245 2 245 245
IOg(Z + ?Em + (1 + 368)\/(75 + 7€m)2 - Q1_12 + 57((2 + TGM)Z + Ql_lz))

3
2 245¢,,
—log(x + (1 + 5es)y/2% = Qi + (2 + Qi) + ‘ + ofem)
3 2 -2 2 -2
3\/2 - Qi ter(22+ Q)
2682

— — 2
zlog(er\/22*Q112+€7(22+Q112))+§€8 - — 2
3[2’ +4/2%2 — Qll + 67(22 + Qll )}
245¢,,

3\/2’2 Qll +€7(Z +Q11)

— (22 + Q1_12)E7 2 2682’
=log(z + /22 — Qi) + e —
Y € W A Al e

+ o(em)

+ o(em)

250,
- Qi
) 767 92 €3 €3 2456771
=log(z + \/Tu) + 16(Q112)2 t3sT g 12(Q112)? HEE
+O(€mQ12 ) +0((Q112) %) + olem)

_ Ter 1 €8 245¢,,
—IOg(z + \V # Qll ) + (Qllz) 768 - 12(@112)2 + 3
+ O(émefz_g) + 0((Q112) ) + o(em)

Ter 1 €8 245€,, _9
=1 o - m
og(z +1/z Qn )+ "’ (Quz) 38 12(Q112)2 + 32 +0(Cy7) + o(€m)
_ 7 25 245¢,, _
=log(z + /22 — Q%) + (ﬁ + TGRDE )eg + o L+ 0(Cy %) + olem)

where |¢;| < €,,,, the machine error, then the error is

(U ex)(los(z 4+ /22 — Qi) + (25 + ge—g)eo + 2o 4 0(C?) + ofem))

48(@112)2 3z
—log(z + M) + €2 + o(€m)]

=|(1+€) (l+ 2 )e +2456m
- VM2 T 48(Q112)27"°

(2 e+ 2 ey log (a4 2~ Q) +ea+0(Cr D) +olem) + e
BSTRE TG RE €9 5, e g(z 11 ) +ea+o(C olem)+5€1

+o(Cy 2)) +ep log(z+ Qll )+ea+o(em)|

277 19

S@Em + 63€mCOQ11 + € log 70/3 + 2€m +0o(Cy 2) + o(em)
961  245C

g(@ 3 % 1 1og70/3)em + 0(Cy%) + o(er) = 09

On the other hand, if Q112 < Cp, then notice that
arcosh(Q11/3) =d(L"TUL™'0, L~V L~10)
<d(L7TUL7'o, L7TU LT W) + d(LTTUL " h(u), L=V L™ h(v))
+d(L7TVL'O,L7TV L h(v))
=d(0,h(v)) + d(L"TUL  h(u), L=TV L7 h(v)) + d(O, h(v))
<arcosh(Q112) + 210g(\/§ + \/5)
<arcosh(Cp) + 2log(v/3 + V2)
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so we can get Q11 < E(Cy), where E(Cy) is a constant depending on Cj, then we further have

245 2 245 _ 245 _
log(z + 3 6m +(1+ 568) : \/(Z + ?em)2 - Qi +er((z+ 7€m)2 + Q7))

245
=log(Quiz + ?éan — log(Q11)

+(1+ %58) : \/(Quz + %Gan)Q —1+e((Quz+ 2§756le1)2 +1))

=log(Qu1z + (1 + ;68)\/@112)2 -1+ 67((Q112)2 +1)) —log(Q11) + o(em)

24 Q112
R Y/ (oe  So e W
=log(Qu1z +/(Q112)? — 1 + &r((Qu12)? + 1)) — log(Qu) + o(em)
N (245%@11 42 2 Quz
\/ (Q112)? Q112+ V( QnZ
=log(Q112z + v/ (Q112)? —log(Q11) + o(em)

245 2 z
+ (?Elel + ses ter) - [+ Qu

1
3 (Qu1z)? — 1]Q112 + \/m

=log(z 4+ 1/22% — QIIQ) + o(€m)

245 z
3 em@u1 + 68 +€7) Qo

3 \/ (Qu12)? Q112+ V( an

245 5 Quiz

(7COE(CO) ) \/ (Q112)? Q112+ V( QllZ
+log(z + /22 — Qﬁ )

Hence, we get the error to be

09 =|er log(z + /22 — Q1_12) + €3+ o(em)

+ (2B + Den Sz

+ (=

\/ (Q112)? Q11Z+ Vi QnZ
245 5 Q112 /
,(700 (Co) + g) . [1 + m] + 1)€m + (10g(C0 + Cg — ].)

—log(Q11) + o(em)
45

<[log(Co 4 1/C§ — 1) — log(Q1) + (?COE(CO) + %) (T+ StTh(d))]em

+o(em)
<[log(2Cy) + (%“’COE(C@ +3)- &%i(d)”

All in all, we can get the total error of computing distance

€m + 0(€m)

1
0 =dg + 62 = log(Q11)em + S€m + o(em) + 2

Because log(Q11) < d, then we get that if Q112 > Co,
1825  245Cy
432 3

0 <dem + (—= +10g70/3)em + 0(Cy 2) + o(em)

if Q112 < Cp,

1 245 45
§ < dem + [5 + log(2Cy) + (?COE(CO) +

8
g) ~(1+ m)}fm + o(em)
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Also, in the same way, we give the error for computing gradient:

Theorem 7. The worst case error for computing gradient of distance in Lorentz model using float is

_ 2cosh (d(z,0)) cosh (d(y, O))
sinh (d(z, y)) tanh (d(z, y))

3
+—
4tanh? (d(z,y))

€mVad

1
€mVad + iemvxd + o(em)

the error of computing gradient of distance in L-tiling model using float is

[(B1(Co) + B2(Co) exp(d))|Vd|1 + Bs(Co) exp(d)]em + o(enCy ),
d>Cy
Voud), — Vudy|i =4 . Ba(Co) B;5(Co) | Be(Co)

[tanh(d) tanh?(d)  tanh(d)

+ B7(Co))[Vadlilem + o(em),

d < Cy

where d is the real distance between two points, B;(Cy) are constants only depends on Cy, By is

a fixed constant, d" means that inside computation like multiplication are performed with machine
error €.

Remark: Similar to the worst case error of computing distance, the worst case error of computing
gradient in Lorentz model using float is dominated by d(z, O), d(y, O), this will also cause the "NaN"
problem when two points are far away from the origin. In L-tiling model, the gradient error only
depends on the gradient itself, i.e., also tanh term is bounded, which controls the error and solves the
"NaN" problem.

Proof. We consider the Lorentz model at first, the gradient is

V,d = L,
(@ My — 1
then we have the error to be
[flc(Vd) — V.d|
(1+e)My My
=|(1+e1) - |
(1+e)VA+e)[(1+es)(@TMy+0,)2 -1  +/(aTMy)2 -1
emMy 5. (2T My)My 3em (2T My)2 My

o /T My)E -1 ((@TMy)? —1)372 " 4((aT My)? — 1)3/2
2 cosh (d(z, O)) cosh (d(y, 0))
sinh (d(z,y)) tanh (d(z, y))

1
zﬁemvxd—i- €mVad+ emVzd+o(em)

4tanh? (d(z,y))

Here flc means calculating with float arithmetic. As for the gradient error in L-tiling model, note that
the gradient is

Vh(u)TL-TQL 'h(v)

Vaudi (U, ), (V,v)) =
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where Vh(u) = [HuulI?’ I } First, consider

fie(y/ (= + 1) — Q1)

2(1 + 61)\/(1 + 62)((1 + 63)(2 + 2;;5

Em)Q - (1 + 64)621_12)

a+enu+ewm¢«1+@xz+?fam2u+enQﬁ>+d%n

=(1+ 265)\/(2 2202 = Qi +eol(z + ) + Q1) + olen)

3 3 3
2 245€,,2
=(1+ Zes)ly/22 — Qi + eo(2 + Q1) +
3\/22 Q11 + €6(22 + Q11 )

245€,,2
3\/22 Qu +€6(22 + Q11 )
2 _ _
+ 565\/22 - Qll2 +e6(2% + Qu ) + o(em)

245€m 2 2 _
=7 - Qi el 4 Qi)+ 2 [ Qi+ ofen)
34/ 22

- Q1

_Q2+ €6 (2 +Q11) 2456’”2 erO(Em)

In the same way, we divide this into two cases, if Q112 > Cy, then the error of this term is

] + ofem)

*\/ — Qi +eo(22 + Q1Y)

51 =2 + 0.7 - Q) — /22 - Q77

eﬁ(z + Qu ) 2Abem ,65\/71—12 + o(em)]

€62 3 1 2
= (1+ STORBE )—|— 3 em(l STORBE )—|— esy/ 22 — Q12

+ O(em(an) Y+ o(em)| < Erem + O(enCyy ) + o(€m)

Also, if Q112 < Cy, then the error of this term is

50 =0/ (z + 612 — Qi) — /22 — Qi

+ 245¢,, 2
66(Z Qll ) Em~Z §65 22 Q112 + O(Em)|
2\/22 Q1 3\/22 Qr’

Es

< m E m m
tanh(d) ém + Eaem + olem)
For the numerator term z, = Vh(u)T L=TQL~'h(v), where Vh(u) = [1+u|2’ I}, also

because |z, | is bounded, then we can easily get that ||fl(z,;) — zp;|| < Ea€pm + 0(€). Hence, we
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have

Zpi + Fa€m
Vaudit (U, n), (V,0)); = (1+ ) —24m
\/22 — QﬁQ + 04
=(1+e)2 Sl 2p 4_2]
\/ 2-Q 7T @
_ zpi + Eaey Zpi04 Zpi€1
- -2 * 22 — Qf / -2
22 — Q1 B 22 — Q1
Then, the error of gradient is
5 — E46m Zpi(54 Zpi€1
gt — —2
Eyep, 04V dyy

= + +e1Vaudy
-2 -2
\/Z2 - Q1 \/22 - Q1
So using this formula, we can get that if Q112 > Cj, then the error of this term is

Sgi <F1Q116mCy " + [04Q11C5 " + €] Vudisi + 0(€,Cy 1)
<E4Qu1emCy ' + [E1Q11Cy Y + Ve Viudyi + o(e,Cy )
§E4em051 exp(d) + [Engl exp(d) + 1)em Vaudis: + o(engl)

If Q112 < Cy, then the error of this term is
Ey 04
5.; <
9" =~ tanh(d) tanh(d)
Ey FEs FEs
<
=tanh(d) ™ N [tanhQ(d) - tanh(d)

Allin all, if Q112 > Cj, then the error of gradient is

€m + [ + 6m]vudlti

+ 1€, Vudizi + o(em)

[0g]1 §3E4emC’0_1 exp(d) + [E'16’0_1 exp(d) + 1]em|Vaudie|1 + o(emC'O_l)
if Qllz S Co, then

3E,

E2 E3
(S <
| 9‘1—t ](l)6

+ 1]6m|vudlt|1 + O(Gm)
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Error for Computing in H-tiling Model Here we provide the error of computing in H-tiling
model.

Theorem 8. The error of computing distance in H-tiling model using float is

|y (1, k1, f1(21)), (o, k2, fi(22))) — di((j1, k1, 21), (2, 2, 22)))|

=[C3(n)(jo — j1) + Ca(n)dlem + (3" + m)[cl(n)22j2_2jl (14 e%%)2 + Cy(n)]em

where d is the real distance between two points, C;(n) are constants only depends on n, d' means
that inside computation like multiplication are performed with machine error €,,.

Remark: Similar to the worst case error of distance computation in L-tiling model, the worst case

error in H-tiling model using float only depends on the distance itself, rather than how far points are
from the origin, and hence controls the error and solves the "NaN" problem.

Proof. Firstly, note the distance is

d = (28+j1 _j2) 1Og(2)+10g(2—25—j1+j2 X+ \/X2 +21—28—j1+j2X)’

where
_ 4270 — 2727002

2z1n%2n

X

, I =27%(ky — 2727 k)

Note that || I]] < 1, ||21]], ||22]| < v/n + 3, then we can be bound X in following way:

o 2702 = 2|2

221n%2n

P+ 2725 || + 2227202 2|2
- 221n22n

212 [z ||| )] + 22922025z ||| 1] + 21242 2 || 22|

221n%2n

L4 2725 (n + 3) + 22027201725 (p 4 3)
- 221n%2n

2125\ [y 1 3 + 214202= 20125 /73 4 91-2s+52—d1(py 4 3)

+ 2

S% + 27257 (i 4 3)(1 4 2%27 21 4ol i) 4 9= 28(] 4 92027 20) /13
S% + 272 (n+3)+Vn+3) <1+27%2(n+2)

now consider the error for computing /
|f1 — L] =|(1 4 €1)27 5 (k1 — 2727 ko) — ;| < €| Li| = 6in
here denote X,, = I + 2752, — 272771752, then

| Xui — Xui| =|[(Ii + 61+ (1 +€)27%21) (14 €) — (14 €2)272717%25,](1 4 €) — Xy
=[[L+27 %21+ +e12 2+ e(L 4275 215) — (14€2)2777 5 20, ](1 46 — X
§|[Ii+27szli—2j27j17522i+5¢,1 +em(Ii+217Szu+2j27j17522i)](1+6)—Xm-|
LlemXui + 611 + em (L + 21529 + 2027917529
<em (| Xui| + 2| L] + 2175 |215] + 27277075 29;)|) = 62
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next, make use of float arithmetic to get the norm of X, the error becomes

Xl = 11X

<1+ nem) | Xu + 6201% = 1 Xull?] = Ineml|Xull* + (672 + 2Xuidiz)]
i=1

<Inem|Xull®> + > 2X0idi2 + o(em)|

i=1
= (4IL] + 227 zni| 4+ 27 0 ag) e | Xua| + (1 + 2)em || Xul]® + oem)
i=1
<@z [ +2172 70 [z 2™ | X || + deml T [|Xull + (0 + 2)em[ Xul[? + o(em) = 05

Note that X = 2;(122 , then we bound the error of computing X here:
. X, |12 Xo|2+6 5
22177.2271(1 + 26) 221712271 Z1nZ2n
03 d3
L2)en X <2|em X —
<en X |+ 5| < 2AenX| + |

<2len X| + @21l +22 7 |22 ])em2 ™ | Xull + 26m | T]]]| Xl
+(n/2 + Dem|| Xul|? + o(em)
<L2emX 4 (2+ 2270+ 36,2 75V2X + 46 V2X + 4(n + 2)em X + o€
<26, X + 22+j2*j1*semm + de,V2X + 4n+2)enX + o(em)
e (1427242 (n 4 2)) 4+ 28727 0175¢ \/(n + 3)(1 4+ 2-25+2(n + 2))

4 6€m/1+272572(n +2) + 4(n + 2)(1 + 2722 (n + 2))ey, = 04

After having these errors, consider the computation error for the second log in distance:

log(2725771H72 4 (14 €)(X + V1 + 6\/(1 +€)X2 4 21-25—1+52 X)) + log(1 + ¢)

= ]Og(2—2s—]1+]2 + (1 + 6)(X + \/XQ 4+ 21-2s—j1+j2 X 4 56\/X2 4 91-2s—j1+j2 X

§q(271 72t 4 X/2)
\/X2 4+ 21=2s—j1+j2 X

- _ 1 _

=log(2725 12 L X 4+ 6, + VX2 fo1-2s—itin X 56\/Xz T+ ol-2s—jiti2 X

§q(271725—0ti 4 X /2)
VX2 £ 21=25=1t X

:10g(27257j1+j2 X+ \/X2 +217257j1+jzx) +e

1 .y - S (2*1*257j1+j2+X/2) P -
04+ 36V X2 2178 NFRX i/X2+217257j1+j2X )+ e(X + VX2 4217270 FRX)

) +e€

)+ e(X + VX2 + 2120t X)) + ¢

T 2—2s—jit+jz + X + \/XQ 4+ 21-2s—jiti2 X
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All in all, we combine all errors to derive the error for distance computation:
do =(2s + j1 — j2) log(2)e + log(1 + ¢€)

55+ Ley/ X2 2l 250tz X 4 M))+E(x+\/x2+21—23—j14—j2X)
2 /X2+21—2s—]1+]2 X

22512 4 X 4/ X221 25t X
=(2s+ 71 — j2)log(2)e + ¢

1 s - S (2—1—2s—j1+j2+X/2) " -
65 + 56\/X2 + 21 ’ X * 5\/X2+21—25—j1+j2X )) + 6<X + \/X2 + 21 ’ ]1+]2X)

+

+

9—25—j1+j2 _~_X+\/X2_~_217257j1+j2X

3 9—1-2s—j1+i2 3 3 T 9511
%(z + \/X2+21*287j1+jzx) + 36V X2 421725704 X + X

2—2s—jit+j2 + X + \/X2 4+ 21-2s—j1+j2 X
coshd + sinh d 5

=(25 + j1 — j2) log(2)e + € +

3 .
=(2s + j1 — j2) log(2)e + € + €+ 92sti1—J2
5 - B+ )
=(2 i — i5) 1 92 b 92s+j1—j2—1_\" | sinhd/ 191 4 9—2s+2 9
(2 + 1 = J2) log( )€+26+ COShd—i—sinhd[ (1+ (n+2))
+ 23+j2—j1—s\/(n +3)(1+2-25F2(n + 2)) + 6\/1 +2-25+2(n 4 2)
+4(n+2)1 427 2(n 4+ 2)]|em

We simplify the constants with Cj(n), also note that k; — 2/27J1k, is an integer vector, then
s = [logy(||k1 — 272791k4||?) /2] > 0, also we have ja > ji, then the error for distance computation
is

o 341 o
o §(3+23+j1—j2)6+22&mfj271M[01(n)—|—272SC’2(n)+2]277172503(n)]em

cosh d+sinh d
<(3+2s+j1 — jo)e+ B+ qRa) [225T01 =020 (n) + 271792 Cy(n) + Cs(n)]e
- cosh d + sinh d m
(3 + i 1hd) 2
<(3+2 ——SInd’l 98y C. m
<@ +2s)e+ coshd + sinhd[ 1(n) + Ca(n)]e

(3 + sinlh d)

-1 _ 9J2—i1 2 —Sinds
[log, ([|A1 ka|[*)lem + coshd + sinhd

[C1(n)|[ky — 2277 ks ||* 4 Ca(n)]em

To bound the norm in the distance error, consider
||2j1k‘1 — 2j2k‘2|| :||2j12:1 — 2j222 + 2jlk‘1 — 2j2k2 + 2j222 — 2j12’1||
§||2j121 — 2j2Z2 + 2j1k1 — 2j2k2” —+ ||2j222 — 2j12’1H

§2j1+§2+1 V/(coshd — 1) 21,20, | + 292 || 2| 4 27 || 24|
Jj1ti2

<272 ™2ginh (d/2) + (272 + 27 )v/n + 3

then scale it by 2771, we have

J2—

ly — 20201 ky || <227 +25inh (d/2) + (2277 + 1)v/n + 3
Therefore, we bound the distance computation error as follows:

o
edsinhd

8o <[C3(n)(jo — j1) + Ca(n)d)em + (3¢~ + )[Ch (n)22727 201 (1 4 e¥2)2 4 Ca(n))em

O
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