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A Supplementary Material

A.1 Bi-criteria approximation for k-center

For the analysis, and subsequently the proof of Theorem 1.2, we use a slightly different potential
function. The potential from (1) is tricky to control when £ > k, as n; can become 0. Also, we will
use | Fz| instead of |F; N Xjy|. The potential is thus simply

U, = we| F. “)

As before, the following lemma bounds the increase in the potential, conditioned on the chosen
centers S;.

Lemma 3. Foranyt > 0and any S; C X,

El[\yt+1 — \Ijt ‘ St] S z.

t+

Proof. The proof is along the lines of that of Lemma 1. As before, define Ei(t) = |C; N F|, and let

e = |Ei(t)\ and write F' = ), ;. Once again, if the point chosen in the (¢ 4 1)th iteration is from
C;, then the quantity | F;| reduces by at least e;. Thus we have

€; F
B ] < 3 w5l e + (1 2 ) (wck DI

t+1
:\pt_“’tzeu(l—F)w (using 3¢, = F)
[P &= 7l il

F
gq/t+<1—) [ Fi] <@y + 2. ®)

| Fel

The first equality is obtained by rearranging the terms appropriately. In the last step, we used
|F:| — F < z, as before. This completes the proof of the lemma. O

We can now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Consider running the algorithm for ¢ = k(1 + ¢) steps. By a repeated
application of Lemma 3, we have that

E[V,] < k(14 c)z.
Thus by Markov’s inequality, we have that for any § > 0, the probability of the event ¥, < %
is at least §. Next, using the definition of ¥,, we have that with probability at least &,

E(l+c¢)z
< — .
welFel < =75,

Now, if the algorithm is run for k(1 + c) iterations, at least kc iterations are “wasted” (because once
we pick a point from a cluster, the rest of the points get removed from F;). Thus we have w, > kc.

Thus with probability at least §, we have | Fy| < lz((llfg .
Thus given any § > 0, we can repeat the algorithm O(1/9) times, and with high probability (at least
3/4, say) one of the trials results in | Fy| < ]Z((llfg . This completes the proof of the theorem. O

A.2 Logarithmic approximation for k-means

In this section, we focus on proving Theorem 3.1.
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Notation. In the remainder of the proof, we denote ¢(x,S) = d(x,S5)%, and ¢(U,S) =
> wev dlu, S)2, for any U, S C X. We will also let Cy,Cs, ..., C} denote the optimal clusters.
Thus we have X, = U;C;.

The following is the so-called “parallel-axis theorem” (see, e.g., [4]).

Proposition 1. Let C C RY and let 1 = ﬁ > wcc T Let p be an arbitrary point in R?. Then
¢(C,{p}) = ¢(C,{n}) +1C| - llp — ull*.

The next two lemmas are taken from [4].

Lemma 4 (Lemma 3.2 from [4]). Let C C R? be any set of points with mean p. Let x be a point
chosen uniformly at random from C. Then

El¢(C,{z})] = 20(C, {u}) (6)

The next lemma shows that if instead of the uniform distribution over C' (in Lemma 4), we choose
each « € C with probability proportional to ¢(x, T') for any set 7', a similar inequality holds.

Lemma 5 (Lemma 3.3 from [4]). Let C C R? be a set of points with mean p, and let T C R be
another arbitrary set. Then we have

> j(% ?) BT U {a}) < 86(C, (1)) @
zeC ’

The main technical ingredient of our proof is proving that a similar inequality holds if points z € C
are sampled proportional to 7(x, T') instead of ¢(z, T).

Lemma 6. Let C C R? be a set of points with mean ji, and let T C R¢ be another arbitrary set.
Then we have

T
> IO (O TU ) < 640(C ). ®
xeC ’
For convenience, let us write ©® = SOPT/z. We also denote ¢*(C) := ¢(C, {u}).

To prove the lemma, we first show the following about the values {d(z,T)?},cc. This lemma will
assume that ¢(C,T) > 64¢*(C) (else Lemma 6 is trivial).

Lemma 7. Suppose ¢(C,T) > 64¢*(C). Then we have the following:

1. 9(C,T) < S41Cd(u, T)2

2. Let S C C be defined as {x € C : d(x,T)* € [3d(p,T)?, Zd(u,T)?]}. Then we have
S| = 31C!

Roughly speaking, the lemma says that d(x, T')? values are fairly uniform, i.e., many of the values
are close to d(u, T')?%.

Proof. We start by noting that by the triangle inequality (i.e., ||z — y[|* < 2(||x — 2]|*> + ||z — y*)).
we have for any x € C,

1
38 T)? = o = pl* < d@, T)* <2 (Jlo — pl* + d(1, 7)) . ©)
Summing the inequality on the right over all x € C, we have

¢(C,T) < 2|Cld(n, T)* +2¢"(C).

Using the assumption that ¢*(C') < ¢(C,T')/64 and simplifying, we get the first part of the lemma.
For for the second part, define

§'={reC:llz—pl® < d(u,T)*}.

| =
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By (9), we have that S’ C S. Thus it suffices to lower bound |.S’|. To do this, note that by Markov’s
inequality (since the sum of ||z — p||? is ¢*), we have

/ 6¢*
S G

Using the first part of the lemma (together with the lower bound on d(C, T')), we have that d(y, T')? >
31¢*(C)/|C|. Plugging this into the above, we have

6/C| 25
> —|C].
= 151> Z(C

[C\ S| <
This completes the proof of the lemma. O

We are now ready to prove Lemma 6.

Proof of Lemma 6. We consider two cases. First, suppose © > %d( T) In this case, forall x € S
2

(as defined in the statement of Lemma 7), we have 7(z,T) = d(x,T)* > d(u,T)/3. Thus,
du,T)? _ 25 . 316(C.T) 1 _ ¢(C.T)
C,T)> |5 ——— > —|C|- — =2 .
I e LA Vi I R

This implies that for all x € C,
7(z,T) g 9(T)
T(C,T) = ¢(C,T)

Thus, we can appeal to (7) to conclude the proof of Lemma 6 in this case.

Next, consider the case © < Zd(p,T)?. In this case, for all z € S, we have 7(z,T) =
min(0©, d(z,T)?) > ©/7. This implies that
2% 1 cle
7(C,T) > |S|=> = =-|C|©® > ——.
()||7_317|‘_10
Now by definition, we have 7(z,T) < ©, and thus for all z € C, we have
7(z,T) < 10
(G, 1)~ |C

Thus, we can now appeal to (6) to conclude the proof of the lemma. O

The lemma immediately implies the following.

Corollary 1. Consider step t in the execution of Algorithm 2. Let x be the the point chosen at the
t’th step. Let C be one of the optimal clusters, and let ¢*(C') be the contribution of the points in C to
the optimal cost. Then we have
E[p(C, Si—1 U{z}) [z € O]
E[r(C,Si—1 U{z}) |z € C]

<64-9"(0), (10)
<64-¢°(0). 1D
Proof. The proof of (10) follows from Lemma 6, using the fact that ¢*(C) = ¢(C, {u}) in the case
of an optimal cluster C. Eq. (11) follows from 7(C, S) < ¢(C, S) for any sets C, S. O

We are now ready to prove Theorem 3.1. We will define a potential function as before. Consider the
execution of the algorithm. We say that an optimal cluster C; is covered at time step ¢ if C; NSy # 0.
The number of wasted iterations w; until time ¢ is the number of iterations in which no new cluster
is covered (this could be due to picking a point in an already-covered cluster, or due to picking an
outlier). We also denote by n; the number of uncovered optimal clusters at time ¢. We let H; denote
the union of points in covered (optimal) clusters, and U; be the union of points in uncovered (optimal)
clusters (note that this does not include the outliers). In this notation, define the potential

Wy - ’T(Ut, St)
T ’

\I/t:

As before, we will bound the expected increase in the potential ¥, ; — U, conditioned on .S;.
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Lemma 8. Let S; be the set of points chosen in the first t steps of the algorithm, and consider step
(t+1). We have

ﬁ - OPT + T(Ht,st) < B - OPT + T(Ht,St>

EWir1 — ¥y | S < 12
[ t+1 t | t] = N = k— ¢t ( )
Before proving the lemma, let us see why it implies our theorem. We need another observation.
Lemma 9. Foranyt > 0, we have
E[T(Ht, St)] S 64 - OPT. (13)

Proof. Note that the expectation in (13) is over S;. The lemma is then a direct consequence of
Lemma 6. A formal proof of this can be shown via an inductive argument. Let HJ be the set of
indices of the covered clusters (recall that H, is the union of the points in these clusters). Then we
claim that for any J C [k] of size < ¢,

E[r(Hy, Sp) | Hf = J] <64 ¢*(C)).
jeJ
This claim implies the lemma, by taking an expectation over .JJ. The claim itself follows easily
by induction, because we can expand the expectation on the LHS using all the choices for H,_;.
Either no new cluster is covered in step ¢ (in which case H; = H,;_;, and we can use the fact that
7(Hy, St) < 7(Hy, Si—1)), or anew cluster j (for some j € J) is covered in step ¢, in which case we
can apply Lemma 6 along with the inductive hypothesis. O

We can now complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Combining Lemmas 8 and 9 and summing over 0 < ¢ < k — 1, we get that
E[Ty] < (8 + 64)logk - OPT. ]

Thus it only remains to show Lemma 8.

Proof of Lemma 8. Conditioned on S, let us evaluate E[¥;]. Let V denote the indices of the
uncovered clusters (thus |V| = n;). Then,

(Ci, St) th(Ut \ Ci, St) T(X \ Ut, St) (UJt + 1)T(Ut7 St)

-
- .
E[Wi11 | S < ; (X, 5, ng — 1 7(X, St) ny o

For convenience, write ; = 7(C}, St), and let I = 3, ., v;. Then (14) can be simplified as,

ws (T — T wy + DI
E[\Ifwl'st]:iezvm+<1_T<X7St>>( nt) '

As in our analysis for k-center, we now use the fact that >, ., 7 (I — ;) < T?(1 — L), Plugging

this in above and simplifying, we have '

r r
E[W Sy < ¥ 1——F —.
[ t+1| t]_ f+( T(X,St)) ¢
Now using the fact that X \ U; = H; U Xy, along with the observation that 7(Xey) < 3 - OPT
(which follows from the definition of the threshold), the lemma follows. O

A.3 Bi-criteria guarantee for k-means with outliers
We now define a slightly different potential. We let H;, U, be defined as before (Section 3.1).
(pt = W ‘T(X, St) (15)

There are two differences here. First, we do not have a denominator of n;. Second, we include
7(X, S;) instead of 7 restricted only to the uncovered inlier clusters. This makes the computation
simpler, while also giving slightly better bounds.
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Lemma 10. Ler S; be the points chosen in the first t steps of the algorithm, and consider step (t + 1).
Then for Sy,
E[(I)t+1 — P, | St] < BOPT + T(Ht7 St)

Again, assuming Lemma 10, we can use Lemma 9 to conclude the proof of Theorem 3.2.

Proof of Theorem 3.2. By using Lemma 9 and summing over ¢, we have that

E[®(140)k] < (B +64)0OPT(1 + c)k.

Thus by Markov’s inequality, we have a probability at least § of having

B+ 64)(1+ c)k - OPT
Diion < ( )<(1 — (;)) .

Now, whenever we run for (1 + ¢)k iterations, at least ck of them have to be wasted (by definition,
there cannot be more than k iterations in which a new cluster is covered). This implies that with
probability > ¢, the potential 7(X, Sy) satisfies the desired inequality. O

‘We now turn to the proof of Lemma 10.

Proof of Lemma 10. The proof is actually simpler than the one for Lemma 8. We simply use the fact

that (X, S;) is monotonically decreasing with ¢ (because we only add elements to .S;). Thus,
]E[q)t+1 — q)t] S Pr[le = w + 1} . 7'()(7 St)

Le., the increase in potential is bounded by the probability that w; increases, times 7(X, S;) (this
is true since w; increases by at most 1 in each iteration). The probability is precisely 7(X \
U;, Sy)/7(X, St) (i.e., the probability that we choose a point that is not in the uncovered clusters,
in other words, an outlier or an already covered point). Thus the probability is equal to 7(Xou U
H;, S:)/7(X, St). Plugging this into the equation above, we have

E[®1 — @] < 7(Xow, St) + 7(Hy, S¢) < BOPT + 7(Hy, Sy).
This completes the proof. O
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