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Abstract

This paper studies the online optimal control problem with time-varying convex
stage costs for a time-invariant linear dynamical system, where a finite lookahead
window of accurate predictions of the stage costs are available at each time. We
design online algorithms, Receding Horizon Gradient-based Control (RHGC), that
utilize the predictions through finite steps of gradient computations. We study
the algorithm performance measured by dynamic regret: the online performance
minus the optimal performance in hindsight. It is shown that the dynamic regret of
RHGC decays exponentially with the size of the lookahead window. In addition,
we provide a fundamental limit of the dynamic regret for any online algorithms
by considering linear quadratic tracking problems. The regret upper bound of one
RHGC method almost reaches the fundamental limit, demonstrating the effective-
ness of the algorithm. Finally, we numerically test our algorithms for both linear
and nonlinear systems to show the effectiveness and generality of our RHGC.

1 Introduction

In this paper, we consider a N-horizon discrete-time sequential decision-making problem. At each

time ¢t = 0,..., N — 1, the decision maker observes a state x; of a dynamical system, receives
a W-step lookahead window of future cost functions of states and control actions, i.e. f;(z) +
ge(w), ..., fraw—1(x) + ge=w—1(u), then decides the control input u; which drives the system to a

new state x,1 following some known dynamics. For simplicity, we consider a linear time-invariant
(LTT) system x;+1 = Ax; + Buy with (A, B) known in advance. The goal is to minimize the overall
cost over the NV time steps. This problem enjoys many applications in, e.g. data center management
[LL, 2]}, robotics [3], autonomous driving [4} 5], energy systems [6], manufacturing [7,[8]. Hence, there
has been a growing interest on the problem, from both control and online optimization communities.

In the control community, studies on the above problem focus on economic model predictive control
(EMPC), which is a variant of model predictive control (MPC) with a primary goal on optimizing
economic costs [9} [10, [11} [12] [13) [14} [15| [16]. Recent years have seen a lot of attention on the
optimality performance analysis of EMPC, under both time-invariant costs [[17, 18} [19]] and time-
varying costs [20} [12} 14,21} [22]. However, most studies focus on asymptotic performance and there
is still limited understanding on the non-asymptotic performance, especially under time-varying
costs. Moreover, for computationally efficient algorithms, e.g. suboptimal MPC and inexact MPC
[23} 24, 25, 26], there is limited work on the optimality performance guarantee.

In online optimization, on the contrary, there are many papers on the non-asymptotic performance
analysis, where the performance is usually measured by regret, e.g., static regrets[27, 28], dynamic
regrets[29], etc., but most work does not consider predictions and/or dynamical systems. Further,
motivated by the applications with predictions, e.g. predictions of electricity prices in data center
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management problems [30} 31], there is a growing interest on the effect of predictions on the online
problems [32}133130, (34} 31} 135 136]. However, though some papers consider switching costs which
can be viewed as a simple and special dynamical model [37, 136], there is a lack of study on the
general dynamical systems and on how predictions affect the online problem with dynamical systems.

In this paper, we propose novel gradient-based online control algorithms, receding horizon gradient-
based control (RHGC), and provide nonasymptotic optimality guarantees by dynamic regrets. RHGC
can be based on many gradient methods, e.g. vanilla gradient descent, Nesterov’s accelerated gradient,
triple momentum, etc., [38, 39]. Due to the space limit, this paper only presents receding horizon
gradient descent (RHGD) and receding horizon triple momentum (RHTM). For the theoretical
analysis, we assume strongly convex and smooth cost functions, whereas applying RHGC does not
require these conditions. Specifically, we show that the regret bounds of RHGD and RHTM decay
exponentially with the prediction window’s size W, demonstrating that our algorithms efficiently
utilize the prediction. Besides, our regret bounds decrease when the system is more “agile” in the
sense of a controllability index [40]. Further, we provide a fundamental limit for any online control
algorithms and show that the fundamental lower bound almost matches the regret upper bound of
RHTM. This indicates that RHTM achieves near-optimal performance at least in the worst case. We
also provide some discussion on the classic linear quadratic tracking problems, a widely studied
control problem in literature, to provide more insightful interpretations of our results. Finally, we
numerically test our algorithms. In addition to linear systems, we also apply RHGC to a nonlinear
dynamical system: path tracking by a two-wheeled robot. Results show that RHGC works effectively
for nonlinear systems though RHGC is only presented and theoretical analyzed on LTI systems.

Results in this paper are built on a paper on online optimization with switching costs [36]. Compared
with [36], this paper studies online optimal control with general linear dynamics, which includes
[36] as a special case; and studies how the system controllability index affects the regrets.

There has been some recent work on online optimal control problems with time-varying costs
[41] 142,37, 143]] and/or time-varying disturbances [43]], but most papers focus on the no-prediction
cases. As we show later in this paper, these algorithms can be used in our RHGC methods as
initialization oracles. Moreover, our regret analysis shows that RHGC can reduce the regret of these
no-prediction online algorithms by a factor exponentially decaying with the prediction window’s size.

Finally, we would like to mention another related line of work: learning-based control [44}, 45 46,
47, 148]]. In some sense, the results in this paper are orthogonal to that of the learning-based control,
because the learning-based control usually considers a time-invariant environment but unknown
dynamics, and aims to learn system dynamics or optimal controllers by data; while this paper
considers a time-varying scenario with known dynamics but changing objectives and studies decision
making with limited predictions. It is an interesting future direction to combine the two lines of work
for designing more applicable algorithms.

Notations. Consider matrices A and B, A > B means A — B is positive semidefinite and [A, B|
denotes a block matrix. The norm || - || refers to the Ly norm for both vectors and matrices. Let
denote the ith entry of the vector. Consider a set Z = {ky, ...,k }, then 2% = (k1 ... zFm)T,

and A(Z, :) denotes the Z rows of matrix A stacked together. Let I,,, be an identity matrix in R™>*"™,

2 Problem formulation and preliminaries

Consider a finite-horizon discrete-time optimal control problem with time-varying cost functions
ft(x¢) + g¢(ue) and a linear time-invariant (LTI) dynamical system:

min J0ew) = 3 [ile) + go(u)] + fex) 0

t=0
St. Tiy1 = Ail,‘t —+ But, t> 0

where 7, € R™, uy € R™, x = (2] ,...,z5),u=(ud,...,ul_,) ", zois given, fx(xx) is the

terminal cost To solve the optimal control problem (T, all cost functions from ¢t = 0 to ¢t = N
are needed. However, at each time ¢, usually only a finite lookahead window of cost functions are
available and the decision maker needs to make an online decision u; using the available information.

!The results in this paper can be extended to cost ct(x¢, ug) with proper assumptions.



In particular, we consider a simplified prediction model: at each time ¢, the decision maker obtains
accurate predictions for the next W' time steps, f, g, - . ., fe+w—1, ge+w—1, but no further prediction
beyond these W steps, meaning that f;,yw, g:+w, ... can even be adversarially generated. Though
this prediction model may be too optimistic in the short term and over pessimistic in the long term,
this model i) captures a commonly observed phenomenon in predictions that short-term predictions
are usually much more accurate than the long-term predictions; ii) allows researchers to derive
insights for the role of predictions and possibly to extend to more complicated cases [31} 30449, 50].

The online optimal control problem is described as follows: at each time stept = 0,1, ...,

o the agent observes state x; and receives prediction f;, g¢, ..., frow—1, gt+w—1;
e the agent decides and implements a control u; and suffers the cost f;(z;) + gi(ut);
o the system evolves to the next state x;1 = Az + ButE]

An online control algorithm, denoted as A, can be defined as a mapping from the prediction informa-
tion and the history information to the control action, denoted by u(.A):

ut(A) :A(It('A)v"'7x0("4)7{fsags Z—L‘(/)V—l), t> 07 (2)
where x;(A) is the state generated by implementing A and zo(A) = z is given.

This paper evaluates the performance of online control algorithms by comparing against the optimal
control cost J* in hindsight, that is, J* := min{J(x,u) | 2,41 = Az, + Bu, YVt > 0}.

In this paper, the performance of an online algorithm .4 is measured byE]

Regret(A) := J(A) — J* = J(x(A),u(A)) — J*, 3)
which is sometimes called as dynamic regret |29} 51]] or competitive difference [52]]. Another popular
regret notion is the static regret, which compares the online performance with the optimal static
controller/policy [42, 41]. The benchmark in static regret is weaker than that in dynamic regret
because the optimal controller may be far from being static, and it has been shown in literature that
o(IN) static regret can be achieved even without predictions (i.e., W = 0). Thus, we will focus on the
dynamic regret analysis and study how predictions can improve the dynamic regret.

Example 1 (Linear quadratic (LQ) tracking). Consider a discrete-time tracking problem for a system
Ti11 = Axy + Buy. The goal is to minimize the quadratic tracking loss of a trajectory {0;}
N-1
1 1
J(x,u) = 3 tz:; [(wt — Qt)TQt(SUt —6,) + U:Rtut} + 5(301\1 - ON)TQN(wN —6n).
In practice, it is usually difficult to know the complete trajectory {0;} ¥, a priori, what are revealed
are usually the next few steps, making it an online control problem with predictions.

Assumptions and useful concepts. Firstly, we assume controllability, which is standard in control
theory and roughly means that the system can be steered to any state by proper control inputs [S3].

Assumption 1. The LTI system xy11 = Az + Buy is controllable.

It is well-known that any controllable LTI system can be linearly transformed to a canonical form
[40] and the linear transformation can be computed efficiently a priori using A and B, which can
further be used to reformulate the cost functions f;, g;. Thus, without loss of generality, this paper
only considers LTI systems in the canonical form, defined as follows.

Definition 1 (Canonical form). A system xy,1 = Az, + Buy is said to be in the canonical form if

rot 0 T ro o .-
01 n
* ok * k% * * (1)0
01 0 0 0

A= . ., B=|:: ,

01

* ok k ok ok eee ok oeee % * 0 1

01 0 0 or e
01 .

Lok sk oer ok ok ok eee ok oeee ok ok oeee ko -0 0 1-

2We assume known A, B, no process noises, state feedback, and leave relaxing assumptions as future work.
3The optimality gap depends on initial state xo and { f:, gt}ivzo, but we omit them for simplicity of notation.



where each * represents a (possibly) nonzero entry, and the rows of B with 1 are the same rows of A
with * and the indices of these rows are denoted as {k1, . .., kn} = I. Moreover, let p; = k; — k;i_1
for1 < i < m, where ko = 0. The controllability index of a canonical-form (A, B) is defined as

p=max{p1,...,Pm}

Next, we introduce assumptions on the cost functions and their optimal solutions.

Assumption 2. Assume f; is j1y strongly convex and ly Lipschitz smooth for 0 <t < N, and g is
convex and ly Lipschitz smooth for 0 <t < N — 1 for some s, ly,lg > 0.

Assumption 3. Assume the minimizers to fi,g:, denoted as 0y = argmin, fi(z), & =
arg min,, g¢(u), are uniformly bounded, i.e. there exist 0, & such that ||0:]] < 0, ||| <&, Vt.

These assumptions are commonly adopted in convex analysis. The uniform bounds rule out extreme
cases. Notice that the LQ tracking problem in Example 1 satisfies Assumption[2]and [3if Q;, R; are
positive definite with uniform bounds on the eigenvalues and if 8; are uniformly bounded for all ¢.

3 Online control algorithms: receding horizon gradient-based control

This section introduces our online control algorithms, receding horizon gradient-based control
(RHGC). The design is by first converting the online control problem to an equivalent online
optimization problem with finite temporal-coupling costs, then designing gradient-based online
optimization algorithms by utilizing this finite temporal-coupling property.

3.1 Problem transformation

Firstly, we notice that the offline optimal control problem (T)) can be viewed as an optimization with
equality constraints over x and u. The individual stage cost f;(x;) + g;(u;) only depends on the
current x; and u; but the equality constraints couple x4, us with ;11 for each ¢. In the following, we
will rewrite (I)) in an equivalent form of an unconstrained optimization problem on some entries of
x, for all ¢, but the new stage cost at each time ¢ will depend on these new entries across a few nearby
time steps. We will harness this structure to design our online algorithm.

In particular, the entries of x; adopted in the reformulation are: xfl, o ,xfm, where 7 =
{k1,...,km} is defined in Deﬁnition For ease of notation, we define
. k ke \T
ze = (. o xgm), t2>0 4)
. k; . .
and write 2] = x,” where j = 1,...,m. Letz = (z,...,...,2z%) . By the canonical-form
equality constraint x; = Axy_1 + Buy_1, we have :17} = xiﬂ for i & 7, so x; can be represented by
Zt—p+1, - - - » % in the following way:
1 1.2 2 T
Tt = (Z4_pyg1s -1 2t Zhpatlo o0 Ztr ey Zep 150 2 ) £ 20, %)
P1 b2 Pm

where z; for ¢t < 0 is determined by x in a way to let (3] hold for ¢ = 0. For ease of exposition and
without loss of generality, we consider x¢ = 0 in this paper; then we have z; = 0 for ¢ < 0. Similarly,
uy can be determined by 2;_p41,. .., 2¢, Zt41 by

U = Zg41 — 14(]:7 :)I’t = Zt+1 — A(I, :)(Ztl—pl-i-l? N 7Zt17 o 7Ztnipm+17 e ,Z?L)T7 t Z 0 (6)
where A(Z,:) consists of k1, .. ., ky, Tows of A.

It is straightforward to verify that equations (4] [5] [6) describe a bijective transformation between
{(x,u) | 2441 = Ax;+ Buy} and z € R™¥ since the LTI constraint 241 = Ax; + Buy is naturally
embedded in the relation (5} [6). Therefore, based on the transformation, an optimization problem with
respect to z € R™¥ can be designed to be equivalent with (). Notice that the resulting optimization
problem has no constraint on z. Moreover, the cost functions on z can be obtained by substituting (5]
EI) into fy(z¢) and g¢(us), i-e. fi(2e—pi1,..-,2¢) = fe(xe) and Ge(2e—py1s- - 2t 2e41) = Ge(wr)-
Correspondingly, the objective function of the equivalent optimization with respect to z is

N N-1
C(z) = Z fe(zempit,s o oze) + Z Gt(Zt—pr1,-- -5 2t41) (7N
t=0 t=0

C'(z) has many nice properties, some of which are formally stated below.



Lemma 1. The function C(z) has the following properties:
i) C(z)is pe = puy strongly convex and l. smooth for l. = plg + (p + 1)lg|[Lm, —A(Z, :)]||%
ii) Forany (x,u)s.t. 2441 = Az, +Buy, C(z) = J(x,u) where z is defined in (). Conversely,
Vz, the (x,u) determined by (36) satisfies x;11 = Az, + Buy and J(x,u) = C(z);

iti) Each stage cost ft + g in (El) only depends on z¢_pi1,. .., Zt41.

Property ii) implies that any online algorithm for deciding z can be translated to an online algorithm
for x and u by (5} [6) with the same costs. Property iii) highlights one nice property, finite temporal-
coupling, of C'(z), which serves as a foundation for our online algorithm design.

Example 2. For illustration, consider the following dynamical system withn = 2, m = 1:

l'l 1 o 0 1 {L‘l 0
[I%L T la a 1’% Tl ™ ®

Here, k1 =2, T = {2}, A(Z,:) = (a1,a2), and z; = 22. By @), 2} = 22 and vy = (21, 2) .
Similarly, u; = fo — AL, )y = 241 — AL, ) (26-1,2) . Hence, fi(zi_1,2t) = fi(xy) =
fe((ze-1, Zt)T): Gt(zt—1, 2, 2e401) = ge(ue) = ge(ze41 — AT, 1) (241, Zt)T)~

Remark 1. This paper considers a reparameterization method with respect to states x via the canonical
form, and it might be interesting to compare it with the more direct reparameterization with respect
to control inputs u. The control-based reparameterization has been discussed in literature [54]. It
has been observed in [54] that when A is not stable, the condition number of the cost function
derived from the control-based reparameterization goes to infinity as W — +oo, which may result in
computation issues when W is large. However, the state-based reparameterization considered in this
paper can guarantee bounded condition number for all W even for unstable A, as shown in LemmalT}
This is one major advantage of the state-based reparameterization method considered in this paper.

3.2 Online algorithm design: RHGC

This section introduces our RHGC based on the reformulation (/}) and inspired by [36]. As mentioned
earlier, any online algorithm for z; can be translated to an online algorithm for x, u;. Hence, we
will focus on designing an online algorithm for z; in the following. By the finite temporal-coupling
property of C'(z), the partial gradient of the total cost C(z) only depends on the finite neighboring

stage costs { fr, §- }T?~" and finite neighboring stage variables (Zt—ps - oy Ztp) =1 Zt—pittp-
t4p—1 4 7 trp—1 .
ac af, 85r
87zt(z) = ; afzt(zrfpﬂ, s 2r) F T;1 920 (Zr—p+1,-- -5 2r41)

Without causing any confusion, we use g—g (Z¢—p:t+p) to denote g—g(z) for highlighting the local
dependence. Thanks to the local dependence, despite the fact that not all the future costs are available,
it is still possible to compute the partial gradient of the total cost by using only a finite lookahead
window of the cost functions. This observation motivates the design of our receding horizon gradient-
based control (RHGC) methods, which are the online implementation of gradient methods, such as
vanilla gradient descent, Nesterov’s accelerated gradient, triple momentum, etc., [38},39].

Algorithm 1: Receding Horizon Gradient Descent (RHGD)

inputs: Canonical form (A4, B), W > 1, K = | W=1| stepsize v,, initialization oracle ¢.

1:

p
2: fort=1—-W:N—-1do
3:  Step I: initialize z:4w (0) by oracle ¢.
4
5

for;j=1,..., K do
Step 2: update z,+w—;p,(j) by gradient descent
ziw—jp(7) = 2eew—jp(J = 1) = Yo gz Gerw -G parw—-1p( — 1)).
end for
Step 3: compute u; by z¢11(K) and the observed state x;: uy = 2141 (K) — A(Z, )z,
end for

A

Firstly, we illustrate the main idea of RHGC by receding horizon gradient descent (RHGD) based
on vanilla gradient descent. In RHGD (Algorithm I)), index j refers to the iteration number of the



corresponding gradient update of C(z). There are two major steps to decide z;. Step 1 is initializing

the decision variables z(0). Here, we do not restrict the initialization algorithm ¢ and allow any

oracle/online algorithm without using lookahead information, i.e. z:1 (0) is selected based only on

the information up to £ + W — 1: 2,4 w (0) = o({fs, §s }.EI ). One example of ¢ will be provided

in Section 4. Step 2 is using the WW-lookahead costs to conduct gradient updates. Notice that the

gradient update from z,(j — 1) to z,(j) is implemented in a backward order of 7, i.e. from 7 = t+ W
fole}

to 7 = ¢. Moreover, since the partial gradient 7> requires the local decision variables z; ¢4, given

W -lookahead information, RHGD can only conduct K = L%J iterations of gradient descent for
the total cost C'(z). For more discussion, we refer the reader to [36]] for the p = 1 case.

In addition to RHGD, RHGC can also incorporate accelerated gradient methods in the same way, such
as Nesterov’s accelerated gradient and triple momentum. For the space limit, we only formally present
receding horizon triple momentum (RHTM) in Algorithm 2]based on triple momentum [39]. RHTM
also consists of two major steps when determining z;: initialization and gradient updates based
on the lookahead window. The two major differences from RHGD are that the decision variables
in RHTM include not only z(j) but also auxiliary variables w(j) and y(j), which are adopted in
triple momentum to accelerate the convergence, and that the gradient update is by triple momentum
instead of gradient descent. Nevertheless, RHTM can also conduct K = L%J iterations of triple

momentum for C'(z) since the triple momentum update requires the same neighboring cost functions.

Though it appears that RHTM does not fully exploit the lookahead information since only a few
gradient updates are used, in Section [5] we show that RHTM achieves near-optimal performance with
respect to W, which means that RHTM successfully extracts and utilizes the prediction information.

Finally, we briefly introduce MPC[55]] and suboptimal MPC|[23]], and compare them with our
algorithms. MPC tries to solve a W-stage optimization at each ¢ and implements the first control input.
Suboptimal MPC, as a variant of MPC aiming at reducing computation, conducts an optimization
method only for a few iterations without solving the optimization completely. Our algorithm’s
computation time is similar to that of suboptimal MPC with a few gradient iterations. However,
the major difference between our algorithm and suboptimal MPC is that suboptimal MPC conducts
gradient updates for a truncated 1 -stage optimal control problem based on W -lookahead information,
while our algorithm is able to conduct gradient updates for the complete /V-stage optimal control
problem based on the same W -lookahead information by utilizing the reformulation @] 3] [6] [7).

4 Regret upper bounds

Because our RHTM (RHGD) is designed to exactly implement the triple momentum (gradient
descent) of C(z) for K iterations, it is straightforward to have the following regret guarantees that
connect the regrets of RHTM and RHGD with the regret of the initialization oracle ¢,

Algorithm 2: Receding Horizon Triple Momentum (RHTM)

inputs: Canonical form (A, B), W > 1, K = L%J Stepsizes Ve, Yz, Yu, Yy > 0, oracle .
fort=1-W:N—-1do
Step 1: initialize z;4w (0) by oracle ¢, then let wyyw (—1), werw (0), ye+w (0) be 24w (0)
forj=1,...,Kdo
Step 2: update wirw—jp(J), Ye+w—jp(J), 2e+w—;p(J) by triple momentum.

wirw—jp(F) = (14 0)wrsw—jp(f = 1) = Yowerw—jp(j — 2)
oC

e OYt+w —jp

yt+W*jp(j) =(1+ 'Yy)therjp(j) - ’watJerjp(j -1)

2w —jp(7) = (1 + v )weew—jp(J) — Vawerw—jp(J — 1)

(Yerw—(G+1)pt4w—G—1)p(J — 1))

end for
Step 3: compute u; by z:11(K) and the observed state x4: us = z¢41(K) — A(Z, 1)y
end for




i i -1 - 44 — & - ¢?
Theorem 1. Consider W > 1 and stepsizes vy = 1=, Ye = T VYw = -9 VW = TFd)2=9)

v, = %, ¢ =1—1//C, and let ( = l./p. denote C(z)’s condition number. For any oracle ,

K 2K
Regret(RHGD) < ¢ (<21> Regret(¢), Regret(RHTM) < ¢? (\fc_l) Regret(y)

Ve
where K = L%J Regret(y) is the regret of the initial controller: u(0) = z441(0) — A(Z, :)z(0).

Theorem |I] suggests that for any online algorithm ¢ without predictions, RHGD and RHTM can use
predictions to lower the regret by a factor of ¢ (%)K and ¢ 2(%)21( respectively via additional

K= L%j gradient updates. Moreover, the factors decay exponentially with K = L%J ,and K
almost linearly increases with W. This indicates that RHGD and RHTM improve the performance
exponentially fast with an increase in the prediction window W for any initialization method. In
addition, K = L%J decreases with p, implying that the regrets increase with the controllability
index p (Definition [I). This is intuitive because p roughly indicates how fast the controller can
influence the system state effectively: the larger the p is, the longer it takes. To see this, consider
Example 2} Since u;_1 does not directly affect x}, it takes at least p = 2 steps to change x} to a
desirable value. Finally, RHTM’s regret decays faster than RHGD’s, which is intuitive because triple
momentum converges faster than gradient descent. Thus, we will focus on RHTM in the following.

An initialization method: follow the optimal steady state (FOSS). To complete the regret analysis
for RHTM, we provide a simple initialization method, FOSS, and its dynamic regret bound. As
mentioned before, any online control algorithm without predictions, e.g. [42}!41]], can be applied as
an initialization oracle . However, most literature study static regrets rather than dynamic regrets.

Definition 2 (Follow the optimal steady state (FOSS)). The optimal steady state for stage cost
f(@) + g(u) refers to (2, u®) := argmin, _ s, 4 ., (f(2) + g(u)).

Follow the optimal steady state algorithm (FOSS) first solves the optimal steady state (x§,u$) for
cost fi(x) + g¢(w), then determines z 1 by x5, i.e. 241 = (0%, .. 28T areach t + 1.

FOSS is motivated by the fact that the optimal steady state cost is the optimal infinite-horizon
average cost for LTI systems with time-invariant cost functions [56], so FOSS should yield acceptable
performance at least for slowly changing cost functions. Nevertheless, we admit that FOSS is
proposed mainly for analytical purposes and other online algorithms may outperform FOSS in various
perspectives. The following is a regret bound for FOSS, relying on the solution to Bellman equations.
Definition 3 (Solution to the Bellman equations [57]). Consider optimal control problem:
minlimy_ 4o & Zi\;l(f(a“t) + g(uy)) where x,11 = Axy + Buy. Let \° be the optimal steady
state cost f(x°) + g(u®), which is also the optimal infinite-horizon average cost [56]. The Bellman
equations for the problem is h®(x) + A° = min, (f(z) + g(u) + h®(Azx + Bu)). The solution to
the Bellman equations, denoted by h®(x), is sometimes called as a bias function [57]. To ensure the
uniqueness of the solution, some extra conditions, e.g. h¢(0) = 0, are usually imposed.

Theorem 2 (Regret bound of FOSS). Let (xf,u$) and h§(x) denote the optimal steady state and
the bias function with respect to cost fi(x) + g:(u) respectively for 0 < t < N — 1. Suppose h§(z)
exists for 0 < t < N — 1]|then the regret of FOSS can be bounded by

N
Regret(FOSS) = O (Z(lle_l —zill + hiy(27) — hf(éﬁ))) ;
t=0

where {x}}., denotes the optimal state trajectory for (1), =¢, = z} = z9 = 0, h®;(v) =
0,h% (z) = fn(x), 2% = On. Consequently, by Theorem|l| the regret bound of RHTM with initial-

ization FOSS is Regret(RHTM) = O (g?(%)m SN 2y — gl + he_ (zF) — hg(x:))) .

Theorem 2] bounds the regret by the variation of the optimal steady states z§ and the bias functions
h¢ If fy and g; do not change, z§ and h$ do not change, yielding a small O(1) regret, i.e. O(||z§|| +
hé(xo)), matching our intuition. Though Theoremrequires h¢ exists, the existence is guaranteed
for many control problems, e.g. LQ tracking and control problems with turnpike properties [58, [22].

*h¢ may not be unique, so extra conditions can be imposed on h¢ for more interesting regret bounds.



5 Linear quadratic tracking: regret upper bounds and a fundamental limit

To provide more intuitive meaning for our regret analysis in Theorem [T]and Theorem [2] we apply
RHTM to the LQ tracking problem in Example[I} Results for the time varying Q, Ry, 0 are provided
in Appendix E; whereas here we focus on a special case which gives clean expressions for regret
bounds: both an upper bound for RHTM with initialization FOSS and a lower bound for any online
algorithm. Further, we show that the lower bound and the upper bound almost match each other,
implying that our online algorithm RHTM uses the predictions in a nearly optimal way even though
it only conducts a few gradient updates at each time step .

The special case of LQ tracking problems is in the following form,

N-1

1
S (w0 — 00T Qwe — 00) + ] Rue] + szl P, )
t=0

DN | =

where (Q > 0, R > 0, and P is the solution to the algebraic Riccati equation with respect to @), R
[59]. Basically, in this special case, Q; = Q, Ry = Rfor0 <t < N —1,Qn = P¢,0y =0, and
only 6; changes fort = 0,1,..., N — 1. The LQ tracking problem (9) aims to follow a time-varying
trajectory {6, } with constant weights on the tracking cost and the control cost.

Regret upper bound. Firstly, based on Theorem|I]and Theorem 2] we have the following bound.
Corollary 1. Under the stepsizes in Theorem[l] RHTM with FOSS as the initialization rule satisfies

2 V(-1 2K al >
Regret(RHTM) = O [ (X1 16, — 61|
e ( Y

where K = | (W — 1)/p|, C is the condition number of the corresponding C(z), _1 = 0.

This corollary shows that the regret can be bounded by the total variation of 8, for constant @, R.

Fundamental limit. For any online algorithm, we have the following lower bound.

Theorem 3 (Lower Bound). Consider 1 <W < N/3, any condition number ¢ > 1, any variation
budget 40 < Ly < (2N + 1)0, and any controllability index p > 1. For any online algorithm
A, there exists an LQ tracking problem in form () where i) the canonical-form system (A, B) has
controllability index p, ii) the sequence {0} satisfies the variation budget Ei\[: ol16s — 01| < L,
and iii) the corresponding C(z) has condition number (, such that the following lower bound holds

N
Regret(A) = Q ((\\/fg;i)ﬂ(LN) =Q ((\\/fg—;i)ﬂ( tz:; 16, — 9t—1> (10)

where K = | (W —1)/p| and _1 = 0.

Firstly, the lower bound in Theorem [3] almost matches the upper bound in Corollary [} especially
when ( is large, demonstrating that RHTM utilizes the predictions in a near-optimal way. The major
conditions in Theorem [3] require that the prediction window is short compared with the horizon:
W < N/3, and the variation of the cost functions should not be too small: Ly > 46, otherwise the
online control problem is too easy and the regret can be very small. Moreover, the small gap between
the regret bounds is conjectured to be nontrivial, because this gap coincides with the long lasting gap
in the convergence rate of the first-order algorithms for strongly convex and smooth optimization. In
particular, the lower bound in Theorem [3| matches the fundamental convergence limit in [38], and the
upper bound is by triple momentum’s convergence rate, which is the best one to our knowledge.

6 Numerical experiments

LQ tracking problem in Example[I} The system considered here has n = 2, m = 1, and p = 2.
More details of the experiment settings are provided in Appendix H. We compare RHGC with a
suboptimal MPC algorithm, fast gradient MPC (subMPC) [23]]. Roughly speaking, subMPC solves
the W-stage truncated optimal control from ¢ to ¢ + W — 1 by Nesterov’s accelerated gradient
[38], and one iteration of Nesterov’s accelerated gradient requires 2/ gradient evaluations of stage
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Figure 1: Regret for LQ tracking.  Figure 2: Two-wheel robot tracking with nonlinear dynamics.

cost function since W stages are considered and each stage has two costs f; and g;. This implies
that, in terms of the number of gradient evaluations, subMPC with one iteration corresponds to our
RHTM because RHTM also requires roughly 2 gradient evaluations per stage. Therefore, Figure|[T]
compares our RHGC algorithms with subMPC with one iteration. Figure|l|also plots subMPC with 3
and 5 iterations for more insights. Besides, Figure[T|plots not only RHGD and RHTM, but also RHAG,
which is based on Nesterov’s accelerated gradient. Figure [I] shows that all our algorithms achieve
exponential decaying regrets with respect to W, and the regrets are piecewise constant, matching
Theorem E} Further, it is observed that RHTM and RHAG perform better than RHGD, which is
intuitive because triple momentum and Nesterov’s accelerated gradient are accelerated versions of
gradient descent. In addition, our algorithms are much better than subMPC with 1 iteration, implying
that our algorithms utilize the lookahead information more efficiently given similar computational
time. Finally, subMPC achieves better performance by increasing the iteration number but the
improvement saturates as IV increases, in contrast to the steady improvement of RHGC.

Path tracking for a two-wheel mobile robot. Though we presented our online algorithms on an
LTI system, our RHGC methods are applicable to some nonlinear systems as well. Here we consider
a two-wheel mobile robot with nonlinear kinematic dynamics ¢ = vcosd,y = vsind,d = w
where (x,y) is the robot location, v and w are the tangential and angular velocities respec-
tively, 0 denotes the tangent angle between v and the z axis [60]. The control is directly on
the v and w, e.g., via the pulse-width modulation (PWM) of the motor [61]. Given a refer-
ence path (x},y; ), the objective is to balance the tracking performance and the control cost, i.e.,
min Zi\;o ler (e — ) + (ye — y))?) + ¥ - (v)? 4 ¢ - (wy)?]. We discretize the dynamics
with time interval At = 0.025s; then follow similar ideas in this paper to reformulate the optimal
path tracking problem to an unconstrained optimization with respect to (z¢, y;) and apply RHGC.
See Appendix H for details. Figure 2] plots the tracking results with window W = 40 and W = 80
corresponding to lookahead time 1s and 2s. A video showing the dynamic processes with different W/
is provided athttps://youtu.be/fal56LTBD1s. It is observed that the robot follows the reference
trajectory well especially when the path is smooth but deviates a little more when the path has sharp
turns, and a longer lookahead window leads to better tracking performance. These results confirm
that our RHGC works effectively on nonlinear systems.

7 Conclusion

This paper studies the role of predictions on dynamic regrets of online control problems with linear
dynamics. We design RHGC algorithms and provide regret upper bounds of two specific algorithms:
RHGD and RHTM. We also provide a fundamental limit and show the fundamental limit almost
matches RHTM’s upper bound. This paper leads to many interesting future directions, some of which
are briefly discussed below. The first direction is to study more realistic prediction models which
considers random prediction noises, e.g. [33,135,162]. The second direction is to consider unknown
systems with process noises, possibly by applying learning-based control tools [44} 46, 48]]. Further,
more studies could be conducted on general control problems including nonlinear control and control
with input and state constraints. Besides, it is interesting to consider other performance metrics,
such as competitive ratio, since the dynamic regret is non-vanishing. Finally, other future directions
include closing the gap of the regret bounds and more discussion on the effect of the canonical-form
transformation on the condition number.


https://youtu.be/fal56LTBD1s
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Appendices

In Appendix [A] we will discuss the canonical-form transformation. In Appendix [B] we will briefly
introduce the triple momentum algorithm proposed in [39] and provide the proof of Theorem|[I} In
Appendix [C} we will provide the proof of Lemmal[l} In Appendix D] we will present the proof of
Theorem 2} Appendix [E| provides a proof of Corollary [T|and regret analysis for more general linear
quadratic tracking problems. Appendix [F]provides a proof of Theorem 3] In Appendix[G] we will
provide the proofs of the technical lemmas used in Appendix [E] In Appendix [H] we will provide a
more detailed description of our numerical experiments.

A Canonical form

In this section, we introduce the linear transformation from a general LTI system to a canonical-form
LTI system, and then discuss how to convert a general online optimal control problem to an online
optimal control problem with a canonical-form system.

Firstly, consider a general LTI system: z;, 1 = Ax;+ Bu; and two invertible matrices S, € R"™, S, €
R™. Under the linear transformation on state and control: Z; = S,x¢, u; = Sy, us, the equivalent
LTT system with respect to the new state &, and the new control 4 is

Foy1 = S AS; iy 4+ S, BS; My

By [40, Theorem 1], for any controllable (A, B), there exist S,, S, such that A= S, AS; ! and
B = S,BS; ! are in the canonical form defined in Definition 1} The computation method of S, S,,
is also provided in [40].

In an online optimal control problem, since A, B are known as priors, S, S, can be computed offline.

When stage cost functions f:(x+), g+ (us) are received online, the new cost functions ft(i"t), Je (i)
for the canonical-form system can be computed online by applying S, S.:

fe@e) = felme) = fu(S1a0),  Geltie) = ge(ue) = go(Sy i)

Moreover, it is straightforward to verify that f, (&) and g, (@) still satisfy Assumption [2{and [3] just
with perhaps different parameters. For example, f; (&) is /|| S, ||? strongly convex and [f||S; |2
smooth and g (1) is convex and [,]|S; !||? smooth. Therefore, it is without loss of generality to
only consider online optimal control with canonical-form systems.

B Triple momentum and a proof of Theorem /]

Triple Momentum (TM) is an accelerated version of gradient descent proposed in [39]. When
optimizing an unconstrained optimization min, C(z), at each iteration j > 0, TM conducts

w(] + 1) = (1 + 5w)w(.]) - 5ww(j - 1) - 5('VC(Y(]))

y(i+1) =1+ 0)w(j+1) — dyw(j)

z(j+1) = 1 +0:)w(j +1) — 0:w(j)
where w(j), y(j) are auxiliary variables to accelerate the convergence, z(7) is the decision variable,
w(0) =w(—1) = z(0) = y(0) are given initial values.

T

Suppose z = (z{,...,2%)". Zooming in to each coordinate z;, the update of z,(j) by TM is
provided below

wi(J+1) = (1 +0u)wi () = duwi(j —1) = 5c67jt(}'(j))
4G+ 1) = (1+ 0y )wr(G +1) — 0y (j)
2 +1) = (14 0:)wi(j + 1) = 0:200:(7)

By Section , g—;(y( 7)) only depends on stage cost functions and stage variables across a finite

neighboring stages, allowing the online implementation in Algorithm 2| based on the finite-lookahead
window.
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TM enjoys a faster convergence rate than the gradient descent for p. strongly convex and l. smooth
functlons under proper step sizes. In particular, when y. = - e Y = 2¢ 3 Yy = W@qﬁ)’ Ve =

and ¢ = 1 —1//C, ¢ = l./jte, by [39, Theorem 1], the convergence of TM satisfies:

1— ¢27
ca) - Cla) < (L il a(0) - | < 2

In the following, we will apply this result to prove Theorem I}

)*(C(2(0)) = C(2")) (1)

B.1 Proof of Theorem [

By comparing TM with RHTM, it can be verified that z;,1 (K) computed by RHTM is the same
as z¢1+1(K) computed by the triple momentum after K iterations. Moreover, according to the
equivalence between the optimization min, C/(z) and the optimal control J(x, u) in Lemmal|l}

J(RHTM) = C(2(K)), J(p) = C(2(0)), J* = C(z)
Finally, by utiltizing (TT)), the bound on Regret(RHT M) is straightforward.
The regret of RHGD can be proved in the same way.

C Proof of Lemmal|ll

Property ii) and iii) can be directly verified by definition. Thus, it suffices to prove i): the strong
convexity and smoothness of C(z).

Notice that x;, u; are linear with respect to z by (3)) (6). For ease of reference, we define matrix
M™+ M"* to represent the relation between x;, u; and z, i.e, x; = Mtz and u; = M" z. Similarly,
we write fi(zt—p+1,--.,2t) and §e(Zt—p+1, ..., ze+1) in terms of z for simplicity of notation:

fe(zt—pit, - 2) = filz) = fo(M"*2)
Gt (Zt—pti, -y 2ep1) = Gi(z) = g (M1 2)

A direct consequence of the linear relations is that f,(z) and §;(z) are convex with respect to z
because f:(z+), g+(u:) are convex and the linear transformation preserves convexity.

In the following, we will focus on the proof of strong convexity and smoothness. For simplicity,
in the following, we only consider cost function f;, g; with minimum values zero: f;(6;) = 0, and
g+(&) = 0 for all . This is without loss of generality because by strong convexity and smoothness,
ft> g+ have minimum values, and by subtracting the minimum value, we can let f;, g; have minimum
value 0.

Strong convexity. Since g is convex, we only need to prove that ) _, ft(z) is strongly convex then
the sum C/(z) is strongly convex because the sum of convex functions and a strongly convex function
is strongly convex.

In particular, by the strong convexity of f;(x;), we have the following result: for any z,z’ € RN™

and z; = M%z, 2}, = M*tz':
Ju(e) = Ju(z) = (Vfi(@).2' —2) = EL |1zt = =]
(2) = Jule) = (M) V()7 —2) = Bl |15 = =]
= i(e!) = Fule) = (Vfulw). M (2 ) = E |12 — =]
(2) = Ju(a) = (Vfulae), o) = a1) = F |z = 2]

> fula) = filar) = (V fulan),a) —ae) = Hl o — ]2 > 0

where the first equality is by the chain rule, the second equality is by the definition of inner product,
the third equality is by the definition of x;, x}, the first inequality is by fi(z) = fi(z) and z; =

(zF,...,2¥)T and the last inequality is because f(x) is p 7 strongly convex.
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Summing over ¢ on both sides of the inequality results in the strong convexity of 3, f:(z):

N
> [l@) = fulz) = (Vu(z), 7 —2) = Hollzt — )]

N N
=Y @)=Y file) = (VY fulz). 7 —z)— EL |z —z]? > 0

Consequently, C'(z) is strongly convex with parameter at least ;1 by the convexity of g;.

Smoothness. We will prove the smoothness by considering ft(z) and g (z) respectively.

Firstly, let’s consider ft(z). Similar to the proof for strong convexity, we use the smoothness of
ft(x¢). Forany z,7’, and xy = M ™z, x; = M™z, we can show that

fi(@) = fu(@}) < fulwe) + (Vi) @) — a0) + %Hxé — x|

- ~ l
< file) + (V@) 2 —2) + Ll pir = z2pr|* 4 12— 2])

where the second inequality is by 2y = M**z and the chain rule and (3).

Secondly, we consider g;(z) in a similar way. For any z, 2z, and u; = M"tz, v}, = M"tz’, we have

- l
G1(2") = g¢(uy) < ge(ue) + (Vge(ur), uy — ug) + §g||ug — uy)?

Il
N}

(2) + (M) Vg, ). 2 2} + 2 ], ]
= 9u(2) + (Vai(z). 2~ 2) + 2t — il
Since uy = 241 — A(Z, )z = [In, —A(Z,2)](2/11, 2/ ) T, we have that
1y — el < o AT ()T @)~ )]
< %II[Im, —AZ NP (21 = 2l + llwe — 24]1%)
< %II[Im, —AZ NP (Nzerr = 2z l® + -+ llzepr — 21 piall?)
Finally, by summing f,(2), §;(2')’s inequalities above over all ¢, we have
C(z') < C(z) +(VC(2),2 —2) + (ply + (0 + Vlg[[Im, AL, )]|*)/2l|2" — 2||*
Thus, we have proved the smoothness of C(z).
D Proof of Theorem
Remember that Regret(FOSS) = J(FOSS) — J*. To bound the regret, we let the sum of the

optimal steady state costs, Zt]\i Bl A¢, be a middle ground and bound J(FOSS) — iV: 51 ¢ and

iV: 61 A —J*in Lemmaand Lemmarespectively. Then, the regret bound can be obtained by

combining the two bounds.

Lemma 2 (Bound on J(FOSS) — i\;l A§). Let x,(0) denote the state determined by FOSS.

N-—1 N-—1 N
J(FOSS) =Y X <er Y [laf — 24|l + fv(zn(0) = O (Z 2§ — z)
t=0 t=0

t=0

where we define x%; = dn, ¢, = xo = 0 for simplicity of notation, c; is a constant that does not
depend on N, W and big O hides a constant that does not depend on N, W.
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Lemma 3 (Bound on ZN ! A§ — J*). Let h§(z) denote a solution to the Bellman equations under
cost fy(x) + gi(u). Let {xt } denote the optimal state trajectory to the offline optimal control (T).

N-1 N N
DN =TT (hiy(a) = hi(aD) = hilzo) = Y (hi_y (x7) — hi(x}))
t=0 t=1 t=0

where we define h(x) = fn(x), h® () == 0 and x§ = x for simplicity of notation.

Then, we can complete the proof by applying Lemmaz andl

J(FOSS) - J* = J(FOSS) — Z X+ Z X =T

N
o(Z(nxg =gl + Ry (xF) — h?(xm)

t=0

In the following, we will prove Lemma 2] and 3| respectively. For simplicity, we only consider cost
function f;, g; with minimum values zero: f;(6;) = 0, and ¢;(§;) = O for all ¢. There is no loss
of generality because by strong convexity and smoothness, f;, g; have minimum values, and by
subtracting the minimum value, we can let f;, g; have minimum value 0.

D.1 Proof of Lemmalf2l

Notice that J(FOSS) = iV:Bl(ft(:rt(O)) + g1(u(0))) + fn(zn(0)) and ZN e =

NN(fe(8) + ge(ug)). Thus, it suffices to bound fi(x(0)) — fi(z%) and gq(us(0)) — go(uf)
for0 <t < N — 1. We will first focus on fi(x:(0)) — fe(x§), then bound g;(u:(0)) — g¢(u§) in the
same way.

For 0 <t < N — 1, by the convexity of f;, and the property of Ly norm,

fi(@(0)) = fil2) < (Vfi(2:(0)), 24(0) — af) <[V fi(w:s D[l (0) — 2] (12)
In the following, we will bound ||V f;(x.(0))]|| and ||x¢(0) — z§|| respectively.
Firstly, we provide a bound on ||V f;(z.(0))]|:

IV fe(2:(0))]| = [V fe(2:(0)) = V [ ()| < U¢llz(0) — 0| < 1p(Vnz® +6) (13)

where the first equality is because 6, is the global minimizer of f;, and first inequality is by Lipschitz
smoothness, the second inequality is by ||f;]] < 6 according to Assumption and by ||z:(0)] <
\/nz¢|| proved in the following lemma.
Lemma 4 (Uniform upper bounds on xf, uf, z:(0),u:(0)). There exist T¢ and G° that are inde-
pendent of N,W, such that ||z¢|| < Z¢ and ||u§|| < a° for all 0 < t < N — 1. Moreover,
lz:(0)|] < /nz€ for 0 <t < N and ||us(0)|| < v/nac for0 <t < N — 1, where z4(0), ut(0)
denote the state and control at t determined by FOSS.

The proof is technical and is deferred to Appendix [D.3]
Secondly, we provide a bound on ||z:(0) — z¢||. The proof relies on the expressions of the steady
state z§ and the initialized state x,(0) of a canonical-form system.
Lemma 5 (The steady state and the initialized state of canonical-form systems). Consider a canonical-
Sform system: w111 = Az + Buy.
(a) Any steady state (x,u) is in the form of
e O L S LU L0 L
—— —
P1 P2 Pm
u=(4...,2™" — AT, )z

for some z',... 2™ € R. Let z = (z',...,2™)". For the optimal steady state with

respect to cost f; + g, we denote the corresponding z as zf, and the optimal steady

1 1 _e2 2
state can be represented as x¢ = (z{"", ..., 20,20, 200 20 20™) T and

uf:zf—A(I,:)xfforOStﬁN—l
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(b) By FOSS initialization, z;11(0) = z§, and x4(0), u;(0) satisfy

e, 1l e,l e,2 e,2 e,m e.m
T(0) = (2112 2010 2t s+ et s 2t 21 ) 0<t<N

p1 P2 Pm
u(0) = zf — A(Z, )z, (0) 0<t<N-1
where z;{ = 0 fort < —1.

Proof. (a) This is by the definition of the canonical form and the definition of the steady state.

(b) By the initialization, z,(0) = =", = zt . By the relation between z;(0) and x(0), u(0),

we have 27 (0) = 2:(0) = 2§ _,, and 271 (0) = 2;,_1(0) = z£_,, so on and so forth. This
proves the structure of x;(0). The structure of u(0) is because u(0) = z;41(0) — A(Z,:
)2+(0) = 2 = A(Z,:)x+(0)

O

By Lemmal[5] we can bound ||z (0) — || for 0 < ¢t < N — 1 by

[l (0) — a7l < \/||Zf_1 I R ol [ |

< llwioy = w2 + o+ g, — w1
< gy — gl + o+ g, — 2]

< pllleiy =2l + -+ llaiy, — 25 pall) (14)

Combining (T2) (T3) and (T4) yields

N-1
> fel@:(0) = fula) Z IV fie(2:(0))[[l|:(0) — 7]
t=0

N—
Lp(Vnz® + O)p(|las_y — zfll + -+ [lzf_, — zf_, 1)
t=0
N—1
<pPly(Vnzt +0) Y [la§_, — ]| (15)
t=0

Notice that the constant term p?l¢(1/nz¢ + 0) does not depend on N, W.

Similarly, we can provide a bound on g;(u¢(0)) — g¢(ug).

N—-1 N—-1
9¢(ue(0)) — ge(ug) Z 1V ge (ue (0)) |l (0) — ui |
t=0
N—-1
<3 gl [ue(0) — & l[|ur(0) — ug |
t=0
N-1

ly(Vni® + )| A(Z, 1)z (0) — A(Z, )i |

lo(Vni® + AT, )[]|x:(0) — |

t=

o

< pPly(vnu© + §)||A(Z, )| Z [ (16)

where the first inequality is by the convexity, the second inequality is because &; is the global
minimizer of g; and g; is [,-smooth, the third inequality is by Assumption EI, LemmaE| and Lemma
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the fifth inequality is by (T4). Notice that the constant term p2l,(v/nu¢ + £)||A(Z, :)|| does not
depend on N, W.

By (13) and (I6), we complete the proof of the first inequality in the statement of Lemma [2}
N-1

J(FOSS) — ZA€<61 Z i1 = 2¢ ] + fv(2n (0))

where c¢; does not depend on N, W.
By defining %, = 0, we can bound fn (zn(0)) by ||xn(0) — 25| up to some constants because
fn(xn(0) = fn(zn(0) — fn(fn) < %(\/ﬁzfce +0)||xx (0) — 2%|. By the same argument as in

(T4), we have ||z (0) — 2% || = O(Zi\;o lx¢_; — x£]|), where the big O hides some constant that
does not depend on N, . Consequently,

N
J(FOSS) ~ EQA”f <§jm14xm)
t=0

D.2 Proof of Lemma[3l

The proof heavily relies on dynamic programming and the Bellman equations. For simplicity, we
introduce a Bellman operator B(f + g, h) defined by B(f + g, h)(x) = min, (f(z) + g(u) + h(Ax +
Bu)). Now the Bellman equations can be written as B(f + g, h°)(x) = h®(z) + A\° for any z.

We define a sequence of auxiliary functions Sy: Si(x) = h§(x) + Zii;l A fork =0,...,N
where hy (x) = fn(2).

We first provide a recursive equation for Si. By Bellman equations, we have hf(z) + ] =
B(fr + gk, h§)(z) for 0 < k < N — 1. Let 7§, be the corresponding optimal control policy that
solves the Bellman equations. We have the following recursive relation for S when 0 < k < N — 1:

Sk(x) = B(fi + grs Sk+1 — hipy1 + hi)(2)
where Sy () = fn(x).

Further, let Vj(x) denote the optimal cost-to-go function from k to N, then we obtain a recursive
equation for Vj, by dynamic programming:

Vie(@) = B(fr + gk, Vier1)(2) = fi(@) + gr (7 (2)) + Vier1(Az + By (z))
where 0 < k& < N — 1, and 7}, denotes the optimal control policy and Vi (z) = fn(z).
Now, we are ready for a recursive inequality for Si(z}) — Vi(z}). Let {«} } denote the optimal
trajectory, then x5 | = A} + Bmj(x;). Forany k =0,...,N —1,
(k) = Vi) = BUic+ gbs Sicer — ey + E)(a7) = BUfi + gt Viern) (23)
< fu(ar) + gr(mi(@r)) + Sea1(@ks1) — hiyr (Tr1) + hi(@hgq)
= (fr(ar) + gr (7 (2)) + Vit (2541))
= Sk1(@rq1) = hia (1) + hi(@rg1) = Vira (2541)
where the first inequality is because 7}, is not optimal for the Bellman operator B( fi + gi, Sk+1 —

hi+1 + hi)(@y).

Summing over k =0, ..., N — 1 the recursive inequality for Sy (x},) — Vi (z}) yields
N-1
So(@o) = Vo(wo) < Y (hi(whs) = M (2541))
k=0

By subtracting hf(xo) on both sides,

N—-1
A
t=0

<+

N—1
-J' < Z (hi(@py1) = Pigr (@541)) — h§(@o)
k=0
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For the simplicity of notation, we define h¢ ; (z¢) = 0 and x§; = x¢, then the bound can be written as

N-1 N
SN - < (e (a5) — b))
t=0 k=0

D.3 Proof of Lemmal4]

The proof relies on the (strong) convexity and smoothness of the cost functions and the uniform upper
bounds on 6y, &;.

First of all, suppose there exists Z¢ such that ||z§||; < z¢ forall 0 < ¢ < N — 1. We will bound
ug, 2+(0),u:(0) by using Z°. Notice that the optimal steady state and the corresponding steady control

satisfy: u¢ = 27 — A(Z,:)x¢. If we can bound z¢ by ||z¢|| < z¢ for all ¢, u¢ can be bounded
accordingly:

e e, e e e —e __. —€
lugll < || + |AZ, Do || < [[=f]] + A, )l[leg ]| < 1+ [[AZ, )z =

Moreover, z;(0) can also be bounded by z¢ multiplied by some factors, because by Lemmal3] z;(0)’s
each entry is determined by some entry of x{ for s < t. Asaresult, for0 <¢ < N

(0}l < Valle(0) o < Vi max a5 oe < Vi max at]ls < vz
We can bound u,(0) by noticing that u;(0) = 27, ,(0) — A(Z,:)z,(0) and
[ue Q) < |21 OV + 1A, ) (0)]] < llzes1 (O)] + AT, [z (0]
< (1+ A, ))Vazs = v

Next, it suffices to prove ||z¢|| < z¢ for all ¢ for some Z¢. To prove this bound, we construct another
(suboptimal) steady state: &; = (6}, ...,0}). Let 4y = 2L — A(Z,:)2;. It can be easily verified that
(24, @) is indeed a steady state of the canonical-form system. Moreover, Z; and 4, can be bounded
similarly as follows.

2]l < Vnloi| < Vol < Vallfell < vnd
el < (1 + AT, D[]l < (1 + [ AZ, )V

Now, we can bound ||z§ — 6;|.
Ellas = 01l1% < fula) = Fo(80) + g0u5) = 9a(&0)
< fi(@) = fu(0r) + ge (i) — 9(&)
< Llee - 01+ Ll - &P
< Uyl + 16:1%) + Ly (el + 1))
< Uy (02 + %) + 1, (L + |AZ, ) ) Vh)* +€) = 5

where the first inequality is by f;’s strong convexity and g,’s convexity, the second inequality is
because (z§, uf) is an optimal steady state, the third inequality is by the smoothness and V f;(6;) =
V(&) = 0, the last inequality is by the bounds of ||Z¢||, ||t¢||, 6%, and &;.

As aresult, we have ||z§ — 0;|| < /2c5/p. Then, we can bound z§ by ||z¢]| < ||6:]] + +/2¢5/p <
0 + /2cs5/pu =: z° for all ¢. It can be verified that Z¢ does not depend on N, V.

O

E Linear quadratic tracking

In this section, we will provide a regret bound in Corollary 2] for the general LQT defined in Example
Based on this, we prove Corollary [T} which is a special case when Q;, R; are not changing.
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E.1 Regret bound on the general online LQT problems

Before the regret bound, we provide an important lemma to characterize the solution to the Bellman
equations of the LQT problem.

Lemma 6. One solution to the Bellman equations with stage cost +(z — 0) " Q(z — 0) + 2u" Ru
can be represented by
1
he (@) = 5o~ )T PO~ 6°) a7)
where P€ denotes the solution to the discrete-time algebraic Riccati equation (DARE) with respect to
Q R,AB
P*=Q+ AT(P°—P°B(B"P°B+ R)"'BTP%)A (18)

and B¢ = F0 where F is a matrix determined by A, B, Q, R.

The proof is in Appendix [G|

For simplicity of notation, let P¢(Q, R) denote the solution to the DARE under the parameters
Q, R, A, B and F(Q, R) denote the matrix in 3¢ = F'§ given parameters (), R, A, B. Here we omit
A, B in the arguments of the functions because they will not change in this paper.

In addition, we introduce the following useful notations: Q = psly, Q =1l R = pglpy, R=

lgIm for pug, g > 0,0 < ly,l, < +o0; and P = P¢(Q, R) and P = P¢(Q, R). Based on the
notations above, we define some sets of matrices to be used later: o

0={Q1Q<Q<Q},
R={R|R< R<R}
P={P|P<P<P}.

Now, we are ready for the regret bound for the general LQT problem.

Corollary 2 (Bound on general LQT). Consider the LOT problem in Example Suppose for
t=0,1,...,N — 1, the cost matrices satisfy Q; € Q, Ry € R. Suppose the terminal cost function
satisfies QN € P.E] Then, the regret of RHTM with initialization FOSS can be bounded by

_ 2\/2_121( al e pe e pe ol e e
Regret(RHTM) = O | ¢*( Vi3 AP = Pyl + 185 = Biall) + Y llwg—y — a5

t=1 t=0

where K = |(W—1)/p|, ¢, = xo, 2% = O, ( is the condition number of the corresponding C(z),
(x§,uf) is the optimal steady state under cost Q, Ry, 0y, Pf = P¢(Qy, Ry) and B¢ = F(Q4, Ry)0;
fort=0,...,N —1and B3, = 0N, Py = Qn.

Proof. Before the proof, we introduce some supportive lemmas on the uniform bounds of Pf, 87, x}
respectively. The intuition behind these uniform bounds is that the cost function coefficients Q;, Ry, 0;
are all uniformly bounded by Assumption[2]and[3] The proofs are technical and deferred to Appendix

Lemma 7 (Upper bound on z}). Forany Q) € Q,R: € R,Qn € P, there exists I that does not
depend ont, N, W, such that

=il <z, VO<t<N.
Lemma 8 (Upper bound on 3°). Forany Q € Q, R € R, any ||0]| < 0, there exists 3 > 0 that does
not depend on N and only depends on A, B, 1y, 5,1y, 1ig, 6, such that max(0, ||5¢||) < B, where 3¢

is defined in Lemmal6]

Lemma 9 (Upper bound on P¢). For any @ € Q,R € R, we have P* = P°(Q,R) € P.
Consequently, | P¢|| < Umax(P), where Unax (P) denotes the largest eigenvalue of P.

>This additional condition is for technical simplicity and can be removed.
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Now, we are ready for the proof of Corollary 2]

By Theorem we only need to bound Zivzo( ¢_1(xF) — h{(z})). By definition, P5 = Qn, 8% =
On, hS (z) = fn(x), so we can write h§(z) = $(z — B§) " Pf(x — Bf) for 0 < ¢t < N.

For0 <t < N — 1, we split h{ (7, ;) — hf,(z}, ) into two parts.

e * e * 1 * e e * e 1 * e € * e
hi (xt—i-l) - ht+1(xt+1) = *(zt-r-r — B )Tpt (It-s-l - Bf) — *(xt+1 - 6t+1)TPt+1(xt+1 - ﬂt—i—l)
2 2
1 * e e/ .k e 1 * e e/ .k e
= 5( t+1 — ﬁt)TPt ($t+1 - BY) — i(xt"'l - 6t+1)TPt (xt—i-l - ﬂt+1)
Part 1
1 * e T pe/ .* e 1 * e T pe * e
+ §($t+1 - ﬁt+1) Py (33t+1 - 5t+1) - §($t+1 - 5t+1) Pt+1($t+1 - Bt+1)

Part 2
Part 1 can be bounded by the following
1

Part I = 5(33:“ —Bf txyy — ﬂteJrl)TPte(x:Jrl = Bf — (w341 — Biy1))

1 k e * e e e e
> 5”1}-«-1 —Bf +xiq — 5t+1||2||Pt ||2||ﬁt+1 = Bill2
(x + B)Umam(P)”ﬂf—o—l = Bill2
where the last inequality is by Lemmal 7} [8]9]

Part 2 can be bounded by the following when 0 <t < N — 1,

A

IN

1 * *
Part 2 = §($t+1 - BteH)T(Pte — Piq) (@1 — Biya)

1. ., 1 -
< Sletin = BEall3IPE = Pialle < 5@+ B?IIP7 = Piiall2

Therefore, we have

N N-1
Do (hiy(a) = hi(a))) < D (hj(aip) = B (2740))
t=0 t=0
N-1
=0 (18511 = Billz + 1P = Piyyl2) (19)
t=0

where the first inequality is by h§(z) > 0 and h¢ ;(«) = 0. Thus, by Theorem we have

_ 2 \/Z -1 2K Z e _ pe e _ pe al e _..€
Regret(RHTM) = O | ¢*( e AP = Pl + 1187 = Bicall) + ) laf -y — f|
t=1 t=0

O

E.2 Proof of Corollary/[l]

Roughly speaking, the proof is mostly by applying Corollary and by showing ||3f — 8¢_,|| and
||z§ — 2§_1]|| can be bounded by ||0; — 0;_1]| up to some constants and || Pf — P¢ ;|| = 0 in the LQT
problem (9) where @ and R are not changing. However, directly applying the results in Theorem 2]
and Corollary 2] will result in some extra constant terms because some inequalities used to derive the
bounds in Theorem 2]and Corollary 2] are not necessary when @, R are not changing. Therefore, we
will need some intermediate results in the proofs of Theorem [2]and Corollary 2]to prove Corollary [T}

Firstly, by Lemma[2]and Lemma 3| we have

N—-1 N—-1
J(FOSS) — J* = J(FOSS) = > X+ Y A —J*
t=0 t=
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N-1 N-1
<o Y gy =2l 4 > (hf (i) = ki (@70) + v (@ (0)) = hf (o)
=0 t=0 Part 111

Part I Part IT
We are going to bound each part by >, [|6; — 6:_1 | in the following.

Part I: We will bound Part Iby >, |6, —6;_1 || through showing that z{ = F; F0; for some matrices
Fy, F5. The representation of xy relies on LemmaE}

By Lemma any steady state (z, u) can be represented as a matrix multiplied by z:

=24 ., 22 2 2™, 2™ = Pz
p1 b2 Pm
u=(z...,2™")" — AT, )x = (I, — A(Z,))F})z
where F; € R™™ is a binary matrix with full column rank.

Consider cost function £ (z — 0) "Q(z — 6) + 1u" Ru. By the steady-state representation above, the

optimal steady state can be solved by the following unconstrained optimization:
min(Fiz—0) " Q(Fiz —0) 42" (I — A(Z,:)F1)"R(I — A(Z,:)F\)z

Since F7 is full column rank, the function is strongly convex and has the unique solution
z¢ = F»0 (20)

where Iy = (Fy'QF; + (I — A(Z,:)F1)"R(I — A(Z,:)F1))"*F,' Q. Accordingly, the optimal
steady state can be represented as

¢ = F1F29, u® = (Im — A(I, )Fl)FQH (21)

Consequently, when 1 <t < N—1,||af —z¢_ || < [|[F1Fa||||0s — Ot—1]|- Whent = 0, ||z§—2° 4] <
[|E1Es||||60 — 0—1]| holds since z© ; = g = #_1 = 0. Combining the upper bounds above, we have

N-1
PartI1= O <Z [16: — 9t1||>
t=0

Part II: By in the proof of Corollary 2] and by noticing that Pf = P¢(Q, R) does not change,
we have

N-1 N—-1
Z (hi(xi11) = hiyi(2i)) =0 (Z 18541 — ﬂf||>

t=0 t=0

By Lemma@, Bf = F(Q,R)f, for 0 <t < N — 1. In addition, since 8% = 6 = 0 as defined in
@) and Corollary we can also write 8%, = F(Q, R)0y. Thus,

N-1 N
Partll = O (Z 16541~ Bfll) =0 (Z 16: ~ et-1||>
t=0 t=1
1

Part III: By our condition for the terminal cost function, we have fy(zn(0)) = 5(zn(0) —
B%) T P(xn(0) — B%). By Lemmal6l we have h§(xo) = §(zo — 85) " P¢(x0 — 55). So Part III
can be bounded by

Part 1l = 3 (o (0) — B%)T P2y (0) = 35) = 50 — 55) P (20 — 35)
= S an(0) ~ B+ 0 — B5) TP (an(0) ~ B — (0 — 65))
Sllan(0) = 5 + w0 — GNP llan (0) — 5 — (o — 65)]

1 _
5 (V€ + B+ B)IPN(lln (0) = zoll + 185 — 551

IN

IN
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where the last inequality is by zp = 0, Lemma[d] Lemmalg]

Next we will bound ||z 5 (0) — x| and ||3% — 55| respectively. Firstly, by 8¢ = F(Q, R)0; in
Lemmalf] we have

N-1 N—-1
185 = 861 < D 1B = B S IF@Q, BN Y 161 — 6i]
=0 t=0
Secondly, we will bound ||z (0) — zo]|.
[ (0) = @oll < [len(0) = 2yl + [25—1 — 2ol
N-1
< aw (0) = 2yl + D llzg — 54|
=0

N-1

< Jlan(0) = 2o | + 1P Fal| Y (16 — 0r
t=0
where the second inequality is by z§ = o, the third inequality is by ZI).

Next, we will focus on ||z (0) — 2% _4]|- By Lemma

0) = e,l e, 1l e,2 e,2 e,m em \T

zn(0) = (ZN*ZM’ S N1 ANy s AN AN LZ)
e o e,l e,l e,2 e,2 e.m em \T

TN = (EN g s AN 2t s AN s By s Znt)

As a result,
lon(0) = 2f_1)1* < llef—a — 281 * + - + 2k — 20l
= |l (10x-2 = Onal® + - + [105—p — On—1]*)
where the equality is by (20). Taking square root on both sides yields
zn(0) — 2z 4l < ||F1||\/||9N—2 —Onal?+ -+ [0n—p — Ona?

< |IFal(10n=2 = On—all + -+ [|0n—p — On—1l])
N-2

<Blp—=1) > 01— 6

t=N—p

Combining the bounds above leads to

N-1
Part Il = O (Z 641 — 9t||>
t=0

The proof is completed by summing up the bounds for Part I, II, III.

F Proof of Theorem

Proof intuition: By the problem transformation in Section [3.1} the fundamental limit of the online
control problem is equivalent to the fundamental limit of the online convex optimization problem
with objective C'(z). Therefore, we will focus on C(z). Since the lower bound is for the worst case
scenario, we only need to construct some tracking trajectories {6; } for Theorem [3|to hold. However,
it is generally difficult to construct the tracking trajectories, so we consider randomly generated 6;
and show that the regret in expectation can be lower bounded. Then, there must exist some realization
of the randomly generated {6, } such that the regret lower bound holds.

Formal proof:

Step 1: construct LQ tracking. For simplicity, we construct a single-input system with n = p and
A eR™" and B € R"*! as follows: []

o 1 --- 0 0

A: . ." ..' 5 B:
0 1 0
1 0 - 0 1

81t is easy to generalize the construction to multi-input case by constructing m decoupled subsystems.
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(A, B) is controllable because (B, AB, ..., AP~ B) is full rank. A’s controllability index is p = n.

Next, we construct () and R. For any { > 1 and p, define § = ﬁ. Let Q = 601, and R = 1 for
0 <t < N —1.Let P = P¢(Q, R) be the solution to the DARE. The next lemma shows that P¢ is
a diagonal matrix and its diagonal entries can be characterized.

Lemma 10 (Form of P¢). Let P€ denote the solution to the DARE determined by A, B, Q, R defined
above. Then P¢ satisfies the form

g 0 - 0
0 g -+ 0

Pt = . ;
0 DEEEY qn

where g; =q1 + (i — 1)dfor1 <i<mnandd < q <o+ 1.

Proof of Lemma[I0] The DARE exists a unique positive definite solution [59]]. Suppose the solution
is diagonal and substitute it in the DARE as follows.

P°=Q+AT(P°—P°B(B"P°B+R)"'B"P%)A

@ 0 - 0 Qn/(1+Qn)+6 0 0
0 ¢ -+ 0 0 Ga+s 0
0 e qn O e qn71+5

Sowehave ¢; = ¢;—1 +dforl <i<n-—1,and ¢,/(1 +gq») + 9 = ¢1 = ¢, — (n — 1)J. Thus,

= nObVn2otHAnd g Tt is straightforward that ¢; = gn — (n —1)0 >0 > 0,and ¢; <§+1
by gn/(1+ qn) < 1. So we have found the unique positive definite solution to the DARE. O

Next, we will construct §;. Let §y = 0y = 8%, = 0 for simplicity. For 0, whenl <t < N —1,
we divide the N — 1 stages into E epochs, each with length A = [ L7, possibly except the last

LLNJ
epoch. This is possible because 1 < A < N — 1 by the conditions in Theorem Thus, £ = (%]

Let 7 be the first stage of the each epoch: 7 = {1,A+1,...,(F —1)A +1}. Letd; fort € J
independently and identically follow the distribution below.

Pr(Gti:a):{l/2 fa=0 " iid forallic n),teJ,

1/2 ifa= -0

where 0 = %. It can be easily verified that ||f]| = @ for any realization of this distribution,
so Assumption [3] is satisfied. Let the other 6, in each epoch be equal to the 6 at the start of
their corresponding epochs, ie. Opar1 = Okare = -+ = Oq1)a, when k < E — 1, and
Oxatr1 = -+ = Oy_1 when k = E. The following inequalities show that the constructed {6;}
satisfies the variation budget:

N E—1

D110 =0l =16r = Goll + D 10kass — Orall + [10n -1 — x|

t=0 k=1

+2(E —1)§+é=2éE

| /\

2f| L | <oty _

20154 20 N

where the first equality is by 6y = 6_; = 6y = 0, the first inequality is by ||6;]| = 6 when

1 <t < N — 1, the second inequality is by A = [Lj\&lﬂ > E\i—;l, and thus LLQ—%’J > [ =E.
26 26

The total cost of our constructed LQ tracking problem is

N-1

1 1 1
J(x,u) = Z(int — 041 + 5“?) + §$LP6$N
t=0
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We will verify that C(z)’s condition number is ¢ in Step 2.

Step 2: problem transformation and the optimal solution z*. By the problem transformation in
Section we let z; = x}, and the equivalent cost function C'(z) is given below.

5 & o 1 RS
Z (3 D (s — ) + 3 (Z1 = 2n)?) + 5 P -
t=0 i=1 i=1

and z; = 0and §; = 0 fort < 0.

Since C(z) is strongly convex, min C'(z) admits a unique optimal solution, denoted as z*, which
is determined by the first-order optimality condition: VC(z*) = 0. In addition, our constructed
C(z) is a quadratic function, so there exists a matrix H € RY*¥ and a vector n € R such that
VC(z*) = Hz* —n = 0. By the partial gradients of C(z) below,

oC

aié(zt*9?+2t 0t+1+ +Zt*02+n_1)+ztizt+n+zt*Zt—ny]-StSN*n
t

6C_ n n+t—N-+1

78,2: _5(Zt_9t +"'+Zt—9N_1 )+Qn+t—NZt+Zt_Zt—na N—?’L—FlStSN
t

For simplicity and without loss of generality, we assume that N/n is an integer. Then, by Lemma
H can be represented as the block matrix below

(on 4+ 2)I, -1,

. . I
7 is a linear combination of ¢: for 1 < ¢ < N, wehave n, = §(0) +---+01,, 1) =d(el 0+ +

ey 0t+n_1) where e1, ..., e, € R™ are standard basis vectors and 9t =0fort > N.

By Gergoskin’s Disc Theorem and Lemma[10] H’s condition number is (dn + 4)/én = ( by our
choice of ¢ in Step 1 and p = n. Thus we have shown that C'(z)’s condition number is (.

Since H is strictly diagonally dominant with positive diagonal entries and nonpositive off-diagonal
entries, H is invertible and its inverse, denoted by Y, is nonnegative. Consequently, the optimal
solution can be represented as z* = Y'n). Since 7 is linear in {6, }, z; is also linear in {6, } and can be
characterized by the following.

Z;_l ZY'H-I il = (SZ}/H-I i Z Cn—j z+]
=1
—1
(Z Yt+1,¢+kn€?> O
=1
-1

=0 Z
=0 Vi1, k0K (22)

1

where 0; = 0 fort > N, Y1, =0fori <0,and vpr1 6 = D iy Yit1ith—n€; -

2?}*

>
Il

In addition, we are able to show in the next lemma that Y has decaying row entries starting at the
diagonal entries. The proof is technical and deferred to the Appendix F.1.

Lemma 11. When N/n is an integer, the inverse of H, denoted by Y, can be represented as a block

matrix
yl,l—[n y1,2In te yl,N/nIn
y2,11p yooln - Yan/nin
Y = . . . .
yN/n,l-[n yN/n,QIn t yN/n,N/nIn
where Yy 14, > 517;@ pT >0forT>0andp= %j
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Step 3: characterize 2,1 (.4%). For any online control algorithm .4, we can define an equivalent
online algorithm for z, denoted as A%. A%, at each time ¢, outputs z;1(.4%) based on the predictions
and the history, i.e.,

241 (A7) = A2({0, 1071, t>0

For simplicity, we consider online deterministic algorlthmﬂ] Notice that z;4; is a random variable
because 61, ...,0:+w—1 are random. Based on this observation and Lemma [I]] u we are able to
provide a regret lower bound in Step 4.

Step 4: prove the regret lower bound on .4. Roughly speaking, the regret occurs when something
unexpected happens beyond the prediction window, that is, at each ¢, the prediction window goes
as faras t + W — 1, but if 6,4y changes from 6,1, the online algorithm cannot prepare for it,
resulting in poor control and positive regret. By our construction, when ¢t + W € 7, 6, changes
from 6;4 1. To study such t, we defineaset J; = {0 <t < N—-W —1|t+W € J}. Itcanbe
shown that the cardinality of [J; can be lower bounded by L  up to some constants:

1
ppp— 23
|1 > TR (23)

The proof of is provided below.

Al =W <t<N-1[teJ}
=T -{1<t<W-1]|te T}
N -1 W -1

N-W

>

EN—W
2 A
1 N-W L*J
2N—1+L X |
1 N — N LLN
2N—1+N+1/2 20
12LN_1L7N

>_ZZN - 2
~— 63 20 18 0

where the first inequality is by the definition of the cerhng and floor operators, the second inequality
is by A > 1 under the conditions on N, W, L in Theorem | the third inequality is by A =

+ 1, the fourth inequality is by Ly < (2N + 1)9 in Theorem 3’s statement, the

Y

| \/

1
6

Ly

> =
- 260

Y

1= 2l55]

I =y 7= LLNJ
last inequality is by Ly > 46 in Theorem 3’s statement.

Moreover, we can show in Lemma([I2]that, for all ¢ € 71, the online decision 21 (.A¥) is different
from the optimal solution 2z} ; and the difference is lower bounded,

Lemma 12. For any online algorithm A%, when t € 7,
E|ze41(A%) — 271 [P > c100”p*"

where c1q is a constant determined by A, B,n,Q, R constructed above and p = \/fg:

The proof is provided in Appendix F.2.

The lower bound on the difference between the online decision and the optimal decision results in a
lower bound on the regret. By the nd-strong convexity of C(z),

E(C((A7) ~ (")) > 0 3 Blza(4%) - 2

te1

> |Ji|ero0® p*E

"The proof can be easily generalized to random algorithms
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Ly 2 2K 2K
> = Q(I
= 1890100 14 ( Np )

By the equivalence between A and A%, we have E J(A) — E J* = Q(p*X Ly). By the property of
expectation, there must exist some realization of the random {6, } such that J(A) —J* = Q(p?*X Ly),

where p = \/fg;i This completes the proof. O

F.1 Proof of Lemma[11l

Proof. Since H is a block matrix

(bn+2)1, —I,
—I, (bn+2)1,

. _I'rL

its inverse matrix Y can also be represented as a block matrix. Moreover, let

n+2 -1 - 0
H = -1 om+2 . 0
0 -1 qg,+1

and define Y = (H;)™! = (y”)fvj/:l Then the inverse matrix Y can be represented as the block
matrix: Y = (ylen)f\;/;Ll
Now, it suffices to provide a lower bound on y;;.

Since H; is a symmetric positive definite tridiagonal matrix, by [63], the inverse has an explicit
formula given by (H 1)i_j1 = a;b; and

_ P l_t
R gy <pt p)

t

1 -
by = CSW +cap

s = b ((qn+1)p—p2)

1—p2?
1—(gn+1)p
—py——dn T P
€4 N 1— p2
1
by =

—an—1+ (¢n + 1)an

In the following, we will show y; ¢4 = atbeyr > 517;—45 p” when 7 > 0. Firstly, it is easy to verify

that
P

1_p2(1*p2t)2p

pla; =
sincet > 1land p < 1.
Secondly, we bound by in the following way:
Ny = 1 1—p2Z 1 1—p?
(gn +1)A=p*N) = (p=p>N=1) p (On+2) p
because 0 < (g, + 1)(1 — p*V) — (p — p*N=1) < (6n +2) by nd < g, < nd + 1 in Lemmal[10}
Thirdly, we bound b;4,. When 1 — (g, + 1)p > 0
p

(Qn+1)p_ ’
1—p2?

—~

Y 1— (g, +1 s
pN Tt bt+T:bN( )+bN1(qp2 )pPQ(N =)
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1—p2?
_ 42
ZbN(®n+Up p>
1—p?
L—p
b
1—p2 N

where the first inequality is by 1 — (g, + 1)p > 0, the second inequality is by gn > nd in Lemma
and the last equality is by p? — (6n +2)p+ 1 = 0.

When 1 — (g, +1)p <0

e n+1)p— p? 1—(gn+1 e
PN Tl = by ((q - ),02 P )+bN (q _ )pp2(N t—)
—p L—p

(gn +1)p—p? 1— (g, +1)p
Spy (M TP TL 2 T Un TP
_N( -2 +OnN 1— 2

> by > b
ZON Z 7T 0N

where the first inequality is by 1 — (g, + 1)p < 0, p < 1, the second inequality is by p?(N —t=7) < 1.
Thus, we obtained a lower bound for by ;.

Combining bounds of a;, b, ,, by together yields

1—p __ 1—p
— b > b - F =N R P
Yt t+1 a t+r_pN1_p2p =z (5n+2)0

F.2 Proof of Lemma[12]

Proof. By our construction, 6; is random, zgil is also random and its randomness is provided by
01,...,0:w—1, while 2}, ; is determined by all §;. Whent € 71,

N-1

E |Zﬁr1 —z{1[* =E |ZEL}H -9 Z Vg1,
i=1

t+W-—-1 N-—1
=Bl =0 D v bil? + R[] D vl
=1 i=t+W
N-1
>0E[ Y viprabil,
i=t+W

where the first equality is by (22), the second equality is by E#, = 0 for all 7, and 04y, ..., 0y are
independent of 01, ...,60, yw_1 whent € Ji.

Further,
N-1 WA N-1
El > vqibil>=El Y wiibuwl++El > wiribe-nanl
=W =t W i=(E—1)A+1
WAL N-1
=1 Y. vl D vllPe?
=W i=(E-1)A+1
N-1
> o? Z [lvgs1,s 2
R~
N-1 -1 N-1
=o? Z (Z thil,ifk) > o’ Z Yt2+1,z'
i=t+W k=0 i=t+14+W—n
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N

_ 2 2
=0 E Yt+1,z‘

i=t+14+W-—-n

where the first equality is because the theta in one epoch are equal by our construction, the second
equality is because cov(6,) = o21,,, the first inequality is because the entries of v, ; are nonneg-
ative, the third equality is by the definition of v, 41 ; in (22)), and the last equality is because when
teJ1,Yirin=0.
N 2 2 —
When 1 < W < n, 35t iwon Yiii 2 Yitim = Yigriin(w=r). When W > n,
N 2 2 w— _ (w1

D it i Wn Y1 = YHLHH”[W;”. Moreover, when W > 1, [¥=2] = |W=1] Ip

summary, for W > 1,

N
I—p
2 2 2K 2
Z Yt—&-lﬂ' = Yt+1,t+1+n[%j Zp (6n + 2)
i=t+14+W—n

where the last inequality is by Lemma[T1] This completes the proof.

G Proofs of the LQT’s properties used in Appendix [E|

In this section, we provide proofs for the properties of LQ tracking (LQT) used in Appendix [E}

G.1 Preliminaries: dynamic programming for finite-horizon LQT
In this section, we consider a discrete time LQ tracking problem with time-varying cost functions and
time-invariant dynamical system:

N—1

min % ; (2t — 0:) T Qe(we — 02) + u) Rewy] + %(JCN —0n) " Qn(zn —ON)
s.t. xyp1 = Az + Buy, t=0,...,N—1

where zy = 0 for simplicity.

The problem can be solved by dynamic programming.

Theorem 4 (Dynamic programming for the finite-horizon LQT). Consider a finite-horizon time-
varying LQ tracking problem. Let V;(x+) be the cost to go fromk = tto k = N, then

N-1

Vilen) = (o~ BT Pl — 60 + 5 3 (Ad) — Beer) T Hy(ABk — Bira)
k=t

fort=0,..., N. The parameters can be obtained by
Po=Q:+A"MA, t=0,...,N—1, Py=Qu
M, =P — P 1B(Ri+B"P B 'BTP,,, t=0,...,.N—1
By = (Qi + AT MA) 1 (Qub; + AT MBiy1), t=0,...,N—1
By = 0n
H, = M, — MyA(Q, + ATM,A)"*A"M,, t=0,...,N—1

The optimal controller is
uf = Koy + K{Bi11, t=0,...,N—1
where the parameters are
K,=(R,+B"P B 'B"P A
K/=(Ri+B"P.1B) 'B"P,,
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There is another way to write the optimal controller:
uy = —Kixy + Kfoyy t=0,...,N—1
where the parameters are
=R, +B"P.,1B)'BT
ay = Py
= Qi + (A —BEKy) "ayq, t=0,...,N—1
any = PyOyn

Proof. The proof is straightforward by following dynamic programming procedures.

Firstly, it is direct to verify that Vi (zn) = (x N —0 N) Qn(zn — 0n). Then, suppose the claim
of Theorem[]is true at ¢ + 1, we will verify the stage ¢ in the following.

.ol 1
W(l‘t) :H}LIH [i(zt —_ et)TQt(mt — Gt) -+ iutTRtut -+ ‘/%+1(A"Et -+ But)}

1 .
=3 I [(CUt - at)TQt(ﬂUt —0) + U:Rtut + (Azy + Buy — Bt+1)TPt+1(ACL’t + Bug — fBi11)

N-1

+ > (A — Brgr) " Hi(Ab) — Bri1)]
k=t+1

1
=§(Al‘t = Bi+1) " (Piy1 — Pa B(Ry + BT Py B) ' BT Py ) (Azy — Bigr)

N-1

1 1
+ i(xt —01) " Qe — 01) + 3 k:zt;rl(fwk — Bra1)  Hi (A0 — Bry1)
:%(A-Tt — Beg1) " My(Azy — Bryr) + %(JR —0p) " Qi(wr — 6y)
| M-l
+3 gj“(fwk — Brs1) | Hi(AO — Bry1)

Z%(ﬂit - /Bt)TPt(xt —Bt) — %(Qtat + ATMtﬁt+1)T(Qt + ATMtA)fl(Qtat + ATMtﬁt—i—l)

N-1

1 1 1
+ 59;Qt9t + 5/6;:-1Mtﬂt+l +3 D (A = Brir) T Hy(AGy — Brin)
k=t+1
1 1~
=5z~ Be) " Po(we — Br) + 3 2 (A% = Brs1) THy (A0 — Br1)
K=t

where the third equality is by noticing that the optimal control input is
~(Ry + B' Py B) "B Py (Ay — Bya1) = —Kywy + KBy,

the fourth equality is by M;’s definition, the fifth equality is by combining the two quadratic terms of
x, as one quadratic term with a constant, and the last equality is by definition. O

G.2 Proof of Lemma[9]

In the following, we first prove that the recursive solution P; to the finite-horizon LQT is bounded.
Then, we can prove Lemma 9] by taking limits.

Lemma 13 (Bounded P; for finite-horizon LQT). Consider a finite-horizon time-varying LOQT
problem. Forany N, any0 <t < N,any @Q; € Q,R; € R,Qn € P, we have P, € P where P, is
defined in Theorem[d)

Proof. In the following, we use the notations and definitions introduced in Appendix[E}1 and Theorem

i
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Since P; does not depend on 6;, we let ; = 0 and consider the LQR problem for simplicity. Since
QL@ <QR<R <R for0<t<N-1land P < Qn < P, we have for any x4, ug, k,
Qt7 Rta QNs

N-1

=2

(:ctTtht + utTRtut) + z;QN:cN < (aszth + U;FRUf) —+ xLPxN

-

=k

2
> o~
oo

() Qe +u/ Rywy) + 2y Qnan > Z (z{ Quy + u) Ruy) + z Py

t= t=k

E

Taking minimum over all feasible trajectories on both sides yields
N—-1 N—1
min Z (x] Qs + uf Ryuy) + x5 Qnxy < min Z (z] Qz; +u/) Ruy) + x5 Py
k t=k
—1 N-1
min (xtTQtJ:t + utTRtut) + a:]TVQNxN > min (xtTth + utTEut) + x;BxN
t= t=k

ol

S

Notice that the left-hand-side terms of both inequalities are equal to kakak. Moreover, notice that

N-1
z) Pxj, = min (z] Q¢ + u) Ruy) + z\ Pry
k E t t N
rip1=Axi+Buy pa

because P = PE(Q, R) is the solution to the DARE. The same holds for P. Therefore, we have
xlﬂxk < x,Ikak < xgpxk

for any x,. Thus, P < P, < P,i.e. P, € P. O

Proof of Lemma(9] In the following, we use the notations and definitions introduced in Appendix
[El1 and Theorem[] Since P* is not influenced by 6, we let §; = 0 for simplicity. Consider a
finite-horizon LQR problem: ZkN:_Ol(x;sz + u;chuk) + N QnzN, where Qn € P. By Lemma
E[, we have P, € P. Since P, — P¢as k — —o0 [39], and since P is a closed set [64], we have
P¢ € P. Since P¢ and P are positive definite, we have || P¢|2 < Upyqsz(P).

O

G.3 Proof of Lemmald

In the following, we will provide and prove an enhanced version of Lemma 6] with detailed character-
ization of the solution to the Bellman equations in Proposition I}

Proposition 1 (Optimal solution to average-cost LQ tracking). Suppose (A, B) is controllable, Q, R
are positive definite. The optimal average cost A° does not depend on the initial state xq and is equal
to

X = (A0~ )T HE (A0 — 5°),

DN =

where M¢ = P® — P B(R+ BT P¢B)~ BT P¢ and H® = M*® — M°A(Q + AT M¢A)~LAT Me.

In addition, a bias function of the Bellman equations h®(x)+ ¢ = min, (f(z)+g(u)+h¢(Az+ Bu))
can be represented by

n(@) = 3w~ )P~ 5°).
where P¢ = P¢(Q, R).

The optimal controller is
u=—-K+ K'j3°
where K¢ = (R+ BT P°B)"'BTP°A, K' = (R+ BT P°B)~'BT P?, and /3¢ satisfies
Be _ (Pe)—lae = F0 (24)
where a® = Q0 + (A — BK®)Ta® and thus F = (P*)~1(I — (A— BK*) ")~ Q.
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Proof of Proposition[l] It is easy to see that the formulas of A\°, h¢(x), and the optimal controller
are the limits of the corresponding formulas or the limiting solutions to the corresponding iterative
equations under fixed @, R, 6 in Theorem 4] However, to formally prove these formulas, we still
need to prove the existence of the limits, which is the focus of the following proof. In particular,
the proof consists of three parts: i) verify the formula of the optimal average cost A\°, ii) verify the
formula of the bias function h¢(z), iii) verify the formula of the optimal controller.

Part i): Verify the formula of \°. Consider a finite horizon LQT problem:

1 N-1

min 3 Z [(zt —0)"Q(z, — 0) + utTRUt]

Tt Ut
t=0
S.t. J;t+1:Axt—|—But, t=0,7N—1
Given an initial state z, by Theorem[d] the total optimal cost in NV time steps is

N-1

IN (o) = %(3?0 — Bo) " Po(wo — Bo) + % > (A0 = Bry1) T Hi (A6 — Bri)
k=0

If we can show that 5, — 8¢ and P, — P°¢ and H, — H° as k — —oo, then, consequently, we will
have 1(A0 — Byi1) " Hp(AO — Bry1) — 2(A9 — B¢)THE(AO — B°) as k — —oo, and bounded
%(xo — Bo) T Py(wg — Bo) for fixed x5. Then the formula of the optimal average cost in infinite
horizon can be proved by

N-1
e . 1 , 1
A= NLHEOO [N zt+1112¥t1+3ut (2 ; ((xf o Q)TQ(xt - 9) + U:RUQ)
1

RN T 18 .
= Jim == > (z0 = bo) Po($o-ﬁo)+§Z(A9—ﬂk+1) Hy, (A — Bry1)

N—+oo | N \ 2
k=0

S(A0 — )T HE (40— 5°),

Therefore, it suffices to prove 8y — ¢, P, — P¢and Hy — H® as k — —o0.

By Proposition 4.4.1 [S9]], P, — P¢ as k — —oo. Then, M, — M*¢ as k — —oo since M, is a
continuous function of P, by noticing that the matrix inverse operator is continuous when the matrix
is invertible. Similarly, H, — H® as k — —oo since Hy, is a continuous function of M} In addition,
K, — K¢ and K - K® and K; — K’ as k — —oo since Ky, K, K, are continuous functions
of Pk .

To show B — (3¢, we only need to show a, — o as k — —oo since S = P,;lak. «y, satisfies
the recursive equation aj, = Q + (A — BKj41) "ags1. Since (A — BKy)" — (A — BK®)T
ask — —ooand (A — BK@)T is a stable matrix, by the claim below, we can show aj — a® as
k — —oc. Then, the proof of Part i) is completed.

Claim: If A; — A and A is stable, then the state of the system x,y1 = Ayxy + 1 will converge to
x®, where x* = Ax® + 1, for any bounded initial value x.

The proof of the claim lemma is provided at the end of this subsection.

Part ii): Verify h¢(x)’s formula. The proof is by showing the Bellman equations hold under the
formulas of h¢(x) and A° provided in the statement of the lemma.

min %(x —-0)"Q(x —0)+ %UTRU + %(Ax + Bu — %) " P°(Ax + Bu — B°)

= &= 0)T QU — 6) + 5(Az — 5T M (Ax — 5°)

2
+ min %(u + K — K'8°)T(R+ BT P°B)(u + K¢z — K'j3°)
= 3@ =07 Q —0) + 3 (4w — 6) M (Az — 5°)
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(A9 B)TH (A0 — B) + *( —B°) TP (a — B°)

where the last equality is by Q + AT M¢A = P¢, 3¢ = (P¢)"laf, a® = Q0+ (A— BK®)Ta® and
the formulas of K¢, M*€.

Part iii): Verify the formula of the optimal controller. We prove u = — K¢z + K’ 3¢ is the optimal
controller by showing that the average cost by implementing this controller is no more than the
optimal average cost A\°. Let x4, u; be the state and control at ¢ by implementing the controller
u=—Ke°r+ K'j3°.

1 (1 T T
N <2 Z [(ze = 0)" Q(xy — 0) +u, Rut])

N—1
< % (; (¢ — 0) " Q(z¢ — 0) + u) Ruy] + %(m‘N — B9 T P(zy — Be))
t=0
1 (1 L1 —
=% <2<xo =8P (oo = 5% 5 3 (40 = 5°)TH'(40 - m)
where the last equality is by Theorem[d] Taking N' — +oc on both sides, we have
11 T T 1 T pre e
Jim = ; [0 = )T Qe — 0) + ] Rua] < 5(40 — 5°)TH (49 — §°) =
This completes the proof. O

Proof of Claim: Define the error term d; = x; — z°. The dynamics of d; is dy11 = Ad; + w;, where
wy = (A — A)(dy + 2®). Tt suffices to show d; — 0 as t — +o0. In the following, we will first
prove two facts, based on which we prove d; — 0.

Fact 1: Consider a stable matrix A and a sequence of uniformly bounded vectors: ||v¢||a < D for all
t. There exists a constant cg > 0 determined by A, such that, forany k = 1,2, ...

9
k—1
|| Z AtthQ S CGD.

t=0

Proof of Fact 1: This is a consequence of the fact that exponential stability implies bounded-input-
bounded-output stability. To see this, consider a system ;1 = Ax; + u; with g = 0. Since A is
stable, the system is exponentially stable. By Theorem 9.4 53], the exponential stability implies the
bounded-input-bounded-output stability. Thus, there exists c¢g such that |||z < cgD for any k and
any input sequence satisfying ||u||2 < D for all ¢.

For any k > 0, consider inputs u; = vip_1— for 0 < ¢ < k — 1, then x5, = Zf;ol Atv,. Since
||lue]| < D, we have ||x|| < cgD, which completes the proof. O

Fact 2: There exists a constant D > 0, such that max;>o(||z°|], ||d:||) < D.

Proof of Fact 2: Since A; — A, for e; = 1/(4cg), there exists Ny, such that when ¢ > Ny,
[|[A; — Al| < €;. Since A is stable, we have A* — 0, so for €5 = 1/2, there exists Nz, such that when

t > No, AtH < €9.
Let D = max(||dol|, .-, [[dN,+ ]I, |2°]]). By definition, ||d:|| < D for ¢ < Ny + N5. We can
show ||dn, +N,+1]] < D in the following.
Hle-i-Nz-HH = ”ANTHle + WNy 4N, T+ Ale-i-Nz—l +eee ANszl ”
< ||AN2+1||2D =+ ||”UJN1+N2 + Ale-‘er—l +ee AN2wN1||
<€D +cg max [lwg|]
N1<k<Ni+N:

< D +2c6,D = (1/2+1/2)D =D

34



where the second inequality is by Fact 1 and the definitions of €5, and the third inequality is by
wy = (A — A)(dg + 2®), k > Ny, and the definitions of D and ;.

It can be shown by induction that ||d;|| < D for any ¢ > Ny + N5 + 1 in the same way, which
completes the proof. O

Prove d; — 0. We will show that for any e3 > 0, there exists N3, such that ||d;||2 < €3 when ¢ > N3.
The proof is very similar to the proof of Fact 2.

Since A; — A, when €] = e3/(4cgD), there exists Ny, such that when ¢t > N7, ||A: — Al < €],
where D is defined in Fact 2. Since A is stable, we have A* — 0, so when €}, = €3/(2D), there exists
N, such that when t > N3, || At]| < €,. Let N3 = Nj + N}. Whent > N3,
Idaall = AT g+ wp - Awpey 4o+ ANy |
<JATNED 4 ey + Awpoy + -+ AN wny o

<D +cg max |lwg
N{<k<t

< ehD +2c6ei D = (1/2+1/2)e3 = €3
where the second inequality is by Fact 1 and the definitions of ¢», and the third inequality is by
wi = (Ar — A)(di, + 2°), k > N1, maxy>o(||di||, |z°|]) < D, and the definition of €.

This completes the proof of the claim. O

G.4 Proof of Lemmal[7

Let 2}, u; denote the optimal state and the optimal control input at time ¢ respectively. By Theorem
[} the optimal controller is u; = —K;x} 4+ K{*cy. For ease of notation, define

Dy := A— BK,.
Then, the dynamical system of =} can be represented as

xr_,’_l = DtlL';k + BKtaOét_;'_l.

Proof outline: We will prove z} is bounded by three steps: 1) show that system x;; = Dz is
exponentially stable, 2) show that BK*a;41 is bounded, 3) show z} is bounded by the fact that
exponentially stable systems are bounded-input-bounded-output stable.

Step 1: show xy1 = Dy is exponentially stable by a Lyapunov function.

Lemma 14 (Exponential stability). Consider dynamical system x;y; = D.x,. Define the state
transition matrix:

@(t, to) = Dt—l e Dto
Sfort > to, and ®(t,t) = 1. Forany N, any 0 <tg < Ntg <t < N,anyQ: € Q,R; € R,Qn €
P, and for any x.,, the system is exponentially stable, i.e.

1@t to) ]| < crey ™ (25)
where c; = Z:“Zg;;;, cg=,/1—~ ’ff(ﬁ,) €10,1).

Proof. We prove the exponential stability by constructing a Lyapunov function: L(t,z;) = =] P,
fort > 0.

Claim: For any x4, the Lyapunov function satisfies
Umm(B)Hﬂ?tH% S L(ty th) S U’maw(P)”xtH27 L(t + 1; Dtxt) - L(t7xt) S _/f"fotH%
where Upaq(+) and Upmin (+) denote the maximum and minimum eigenvalues of a matrix respectively.

Proof of Claim: By Lemmal[13] P, € P, 50 vyin(P)I, < P < Py < P < ¥4 (P)I,. Thus, for
any I, _
Vmin(P) |23 < Lt, 20) = 2 Poay < Upao(P) ||z
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Besides,
L(t+1,Dyxy) — L(t, 2y) = xtTDtTPtHDtJ:t — J;tTPtxt
=/ (D] Py 1D, — P)xy
=/ (—Q¢ — K R Ky)zy
< —xf Quy = —pugl|a]®

where the third equahty is by Theorem [A] the first inequality and the last equality are by Q; +

By the claim above,

L(t+1,2041) — Lt 20) < —pgllael3 < L L(t,2,)
Umazx (P)

Thus, L(t + 1,2441) < c3L(t, z¢) where c3 = , /1 — U”ﬁ. Here, ¢y is well-defined because
0 < ,Uf—[n < Q < P < Umax(P)'

For any ;, and any x, it is easy to verify that the state x, satisfies z; = ®(¢, t;,)x,. Therefore,

HfﬂtH
®(t,1t0)]| = max
19010l = max 1
< max Umaz(P) L(t, zy)
93150750 Umwy P thzto)

< 'Umaac t to
Um’Ln

Step 2: show that BK o4 is bounded. We will show that

C — Q
" Upao(P) =@, | BE{aull2 < || BJ3—. (26)
Co Ng

Joell < =

By Theorem EI, a; satisfies the dynamical system a; = D/ a1 + Q40;, with initial condition
any = Qn0Ox. As aresult, we can write «; in terms of 6 and the transition matrix ®(¢, s) as follows

= Q0 + D/ Qiy10i41 + -+ D) ... DN_1QnON
=0, 1) Qb + Ot +1,8) T Qui10ip1 4+ -+ P(N, 1) QnnN
Then, the bound of «; can be derived as follows.
el < @) TI1Q:b: ]| + - - + [N, 1) T [ @nbn]|
=12 DIQ:0:] + -+ + 2N, )| QnOn|
< crVmaze(P)O+ -+ 0702 “Vmaz (P)0
1
1-— Co N
where the second inequality is by Lemma(l4, Q; < Q < Pand Qx € P.

S C7rUmax (p)e_

QI

Consequently,
IBEKf ]| = | B(R: + B PryaB) ™' B |
< IBIPI(Re + BT Prya B) " l[l e

—~

<[1BJ?

S| =

Step 3: bound zj.
lzf |l = | ®(t, t) BK !y + ©(t,t — 1) BK: ya4—1 + ... ®(¢, 1) BK§ o ||

=T

1 Q
1BI|>—

<eBIP=—(1+4ec+c2+...)=c
71 BII° ug( 2+ 3 ) T o o
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G.5 Proof of Lemmal§]

eorem = . Qg @ tor an an and an t € t
By Th Pl € — L ~py@ for any k, any N and any QR €

R,Qn € P. Wheth Q 6 QR =R= R for all ¢, Br — B¢ as k — —oo by the proof (Part
i)) of Proposmon I < ch Define 3 = max(, % @). This completes the

proof.

H Simulation descriptions

H.1 LQT

The experiment settings are as follows. Let A = [0,1;—1/,5/6], B = [0;1], N = 30. Consider
diagonal @, R; with diagonal entries i.i.d. from Unif[1, 2]. Let 6; i.i.d. from Unif[—10, 10]. The
stepsizes of RHGD and RHTM are based on the conditions in Theorem [T} The stepsizes of RHAG

can be viewed as RHTM with 6. = 1/l.,d, = 6, %ﬁ and 6, = 0.

H.2 Robotics tracking

Consider the following discrete-time counterpart of the kinematic model

Tep1 = x¢ + At - cosdy - vy
Yi+1 = Yt + At - sinét sVt
Orr1 = 0p + At - wy

Thus we have

o = aurctan(M
Tt41 — Tt
1
Ut = A V(@1 = )2 + (e — ve)?
41 — 0. 1 — —
L ) Bl L arctan(yt” Yt+1 ) — arctan(ytﬂ Yt
At At T2 — Tt41 Ti41 — Tt

So that (0, v, wy) can be expressed by the state variables (x¢, y¢).
In the simulation, the given reference trajectory is

x} = 16sin3(t — 6)

y; = 13 cos(t) — 5cos(2t — 12) — 2 cos(3t — 18) — cos(4t — 24)
As for the objective function, we set the cost coefficients as

[0 t=0 Lo t=N o [0, t=N
71, otherwise 1 15At2, otherwise t | 15At2, otherwise

The discrete-time resolution for online control is 0.025 second, i.e., At = 0.025s. When imple-
menting each control decision, a much smaller time resolution of 0.001s is used to simulate the real
motion dynamics of the robot.
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