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Abstract

We present a randomized primal-dual algorithm that solves the problem
min, max, y ' Az to additive error ¢ in time nnz(A4) + /nnz(A)n/e, for ma-
trix A with larger dimension n and nnz(A) nonzero entries. This improves the best
known exact gradient methods by a factor of y/nnz(A)/n and is faster than fully

stochastic gradient methods in the accurate and/or sparse regime € < \/n/nnz(A).
Our results hold for z, y in the simplex (matrix games, linear programming) and
for x in an /5 ball and y in the simplex (perceptron / SVM, minimum enclosing
ball). Our algorithm combines the Nemirovski’s “conceptual prox-method” and a
novel reduced-variance gradient estimator based on “sampling from the difference”
between the current iterate and a reference point.

1 Introduction

Minimax problems—or games—of the form min, max, f(z,y) are ubiquitous in economics, statis-
tics, optimization and machine learning. In recent years, minimax formulations for neural network
training rose to prominence [15, 23], leading to intense interest in algorithms for solving large scale
minimax games [10, 14, 20, 9, 18, 24]. However, the algorithmic toolbox for minimax optimization
is not as complete as the one for minimization. Variance reduction, a technique for improving
stochastic gradient estimators by introducing control variates, stands as a case in point. A multitude
of variance reduction schemes exist for finite-sum minimization [cf. 19, 34, 1, 4, 12], and their impact
on complexity is well-understood [43]. In contrast, only a few works apply variance reduction to
finite-sum minimax problems [3, 39, 5, 26], and the potential gains from variance reduction are not
well-understood.

We take a step towards closing this gap by designing variance-reduced minimax game solvers that
offer strict runtime improvements over non-stochastic gradient methods, similar to that of optimal
variance reduction methods for finite-sum minimization. To achieve this, we focus on the fundamental
class of bilinear minimax games,

minmaxy' Az, where A € R™*",
TEX yeY
In particular, we study the complexity of finding an e-approximate saddle point (Nash equilibrium),
namely x, y with
"NTAz — min y' Az’ <e.
) A iy Ars e
In the setting where X and ) are both probability simplices, the problem corresponds to finding an
approximate (mixed) equilbrium in a matrix game, a central object in game theory and economics.
Matrix games are also fundamental to algorithm design due in part to their equivalence to linear
programming [8]. Alternatively, when &’ is an {5 ball and ) is a simplex, solving the corresponding
problem finds a maximum-margin linear classifier (hard-margin SVM), a fundamental task in machine
learning and statistics [25]. We refer to the former as an ¢1-¢; game and the latter as an ¢5-¢; game;
our primary focus is to give improved algorithms for these domains.
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1.1 Our Approach

Our starting point 1is Nemirovski’s “conceptual prox-method” [28] for solving
minge x maxyey f(z,y), where f : X x ) — R is convex in = and concave in y. The
method solves a sequence of subproblems parameterized by o > 0, each of the form

find €,y S.t. vxla y/ <vfbf(‘r7 y)7 €T — (E/> - <vyf(m7 y)7 y—- y/> S aVIO (IE/) + aVyo (y/) (1)
for some (z9,yo) € X x ), where V, (b) is a norm-suitable Bregman divergence from a to b: squared
Euclidean distance for ¢ and KL divergence for ¢;. Combining each subproblem solution with an
extragradient step, the prox-method solves the original problem to € accuracy by solving O(a/€)
subproblems.! (Solving (1) with o = 0 is equivalent to to solving min,c maxyey f(z,y).)

Our first contribution is showing that if a stochastic unbiased gradient estimator g satisfies the
“variance” bound

E gz, y) = Vf(zo.yo)ll2 < L* |l = zo]|* + L* |y — wol” 2)
for some L > 0, then O(L?/a?) regularized stochastic mirror descent steps using g solve (1) in a
suitable probabilistic sense. We call unbiased gradient estimators that satisfy (2) “centered.”

Our second contribution is the construction of “centered” gradient estimators for ¢1-¢1 and {5-4
bilinear games, where f(z,y) = 3" Az. Our ¢, estimator has the following form. Suppose we wish
to estimate g = ATy (the gradient of f w.r.t. z), and we already have g5 = AT yo. Let p € A™ be
some distribution over {1, ..., m}, draw ¢ ~ p and set

[yl — [yol:

K2

b

gx = 96 +A7,

where A;. is the ith column of AT. This form is familiar from variance reduction techniques [19,
44, 1], that typically use a fixed distribution p. In our setting, however, a fixed p will not produce
sufficiently low variance. Departing from prior variance-reduction work and building on [16, 6], we
choose p based on y according to

[[y)i — [yoli|
1y —wolly
yielding exactly the variance bound we require. We call this technique “sampling from the difference.

pi(y) =

7

For our ¢y gradient estimator, we sample from the squared difference, drawing X'-block coordinate
j ~ g, where q;(z) = ([2]; — [z0];)?/ |z — x0||§. To strengthen our results for ¢2-¢1 games, we
consider a refined version of the “centered” criterion (2) which allows regret analysis using local
norms [37, 6]. To further facilitate this analysis we follow [6] and introduce gradient clipping.
We extend our proofs to show that stochastic regularized mirror descent can solve (1) despite the
(distance-bounded) bias caused by gradient clipping.
Our gradient estimators attain the bound (2) with L equal to the Lipschitz constant of V f. Specifically,
_ [max;; |A;;|  inthe £1-¢; setup 3)
" | max; [|A;]l, inthe £5-¢; setup.

1.2 Method complexity compared with prior art

As per the discussion above, to achieve accuracy e our algorithm solves O(«/€) subproblems. Each
subproblem takes O(nnz(A)) time for computing two exact gradients (one for variance reduction and
one for an extragradient step), plus an additional (m + n)L?/a? time for the inner mirror descent
iterations, with L as in (3). The total runtime is therefore

0O <(nnz(A) + W) O‘) .

& €

! More precisely, the required number of subproblem solutions is at most © - %, where © is a “domain
size” parameter that depends on X', ), and the Bregman divergence V' (see Section 2). In the ¢; and /> settings
considered in this paper, we have the bound © < log(nm) and we use the O notation to suppress terms
logarithmic in » and m. However, in other settings—e.g., /oo-¢1 games [cf. 38, 40]—making the parameter ©
scale logarithmically with the problem dimension is far more difficult.



By setting « optimally to be max{e Ly/(m+n) / nnz(A)}, we obtain the runtime

O(nnz(A) + y/nnz(A) - (m+mn)-L-€e ). 4)

Comparison with mirror-prox and dual extrapolation. Nemirovski [28] instantiates his concep-
tual prox-method by solving the relaxed proximal problem (1) with & = L in time O(nnz(A)), where
L is the Lipschitz constant of V f, as given in (3). The total complexity of the resulting method is
therefore _

O(nnz(A) - L-e ). ®)
The closely related dual extrapolation method of Nesterov [31] attains the same rate of convergence.
We refer to the running time (5) as linear since it scales linearly with the problem description size
nnz(A). Our running time guarantee (4) is never worse than (5) by more than a constant factor, and
improves on (5) when nnz(A4) = w(n + m), i.e. whenever A is not extremely sparse. In that regime,
our method uses v < L, hence solving a harder version of (1) than possible for mirror-prox.

Comparison with sublinear-time methods Using a randomized algorithm, Grigoriadis and
Khachiyan [16] solve ¢;-¢; bilinear games in time

O((m+n)-L* ¢2), (©6)

and Clarkson et al. [6] extend this result to £5-¢; bilinear games, with the values of L as in (3). Since
these runtimes scale with n + m < nnz(A), we refer to them as sublinear. Our guarantee improves
on the guarantee (6) when (m +n) - L? - €2 > nnz(A), i.e. whenever (6) is not truly sublinear.

Our method carefully balances linear-time extragradient steps with cheap sublinear-time stochastic
gradient steps. Consequently, our runtime guarantee (4) inherits strengths from both the linear and
sublinear runtimes. First, our runtime scales linearly with L /e rather than quadratically, as does the
linear runtime (5). Second, while our runtime is not strictly sublinear, its component proportional to

L/eis y/nnz(A)(n + m), which is sublinear in nnz(A).
Overall, our method offers the best runtime guarantee in the literature in the regime

\/nnz n+m n+
<<*<<,/
nnz

min{n, m}*

where the lower bound on € is due to the best known theoretical runtimes of interior point methods:

(max{n m}* log(L/e)) [7] and O(nnz(A) 4+ min{n, m}2)y/min{n, m}log(L/¢)) [21], where

w is the (current) matrix multiplication exponent.

In the square dense case (i.e. nnz(A) ~ n? = m?), we improve on the accelerated runtime (5) by a
factor of \/n, the same improvement that optimal variance-reduced finite-sum minimization methods
achieve over the fast gradient method [44, 1].

1.3 Related work

Matrix games, the canonical form of discrete zero-sum games, have long been studied in economics
[32]. The classical mirror descent (i.e. no-regret) method yields an algorithm with running time
O(nnz(A)L?e=2) [30]. Subsequent work [16, 28, 31, 6] improve this runtime as described above.
Our work builds on the extragradient scheme of Nemirovski [28] as well as the gradient estimation
and clipping technique of Clarkson et al. [6].

Balamurugan and Bach [3] apply standard variance reduction [19] to bilinear £2-¢2 games by sampling
elements proportional to squared matrix entries. Using proximal-point acceleration they obtain a

runtime of O(nnz(A) + || A||p v/nnz(A) max{m, n}e*log 1), arate we recover using our algorithm

(Appendix E). However, in this setting the mirror-prox method has runtime O(|| A|| op nnz(A)e 1),

which may be better than the result of [3] by a factor of y/mn/nnz(A) due to the discrepancy in
the norm of A. Naive application of [3] to ¢; domains results in even greater potential losses. Shi
et al. [39] extend the method of [3] to smooth functions using general Bregman divergences, but their
extension is unaccelerated and appears limited to a ¢ ~2 rate.

Chavdarova et al. [5] propose a variance-reduced extragradient method with applications to generative
adversarial training. In contrast to our algorithm, which performs extragadient steps in the outer loop,



the method of [5] performs stochastic extragradient steps in the inner loop, using finite-sum variance
reduction as in [19]. Chavdarova et al. [5] analyze their method in the convex-concave setting,
showing improved stability over direct application of the extragradient method to noisy gradients.
However, their complexity guarantees are worse than those of linear-time methods. Following up
on [5], Mishchenko et al. [26] propose to reduce the variance of the stochastic extragradient method
by using the same stochastic sample for both the gradient and extragradient steps. In the Euclidean
strongly convex case, they show a convergence guarantee with a relaxed variance assumption, and in
the noiseless full-rank bilinear case they recover the guarantees of [27]. In the general convex case,
however, they only show an e~ rate of convergence.

1.4 Paper outline and additional contributions

We define our notation in Section 2. In Section 3.1, we review Nemirovski’s conceptual prox-method
and introduce the notion of a relaxed proximal oracle; we implement such oracle using variance-
reduced gradient estimators in Section 3.2. In Section 4, we construct these gradient estimators for
the ¢1-¢1 and ¢5-¢; domain settings, and complete the analyses of the corresponding algorithms; in
Appendix E we provide analogous treatment for the ¢5-¢5 setting, recovering the results of [3].

In Appendix F we provide three additional contributions: variance-reduction-based computation of
proximal points for arbitrary convex-concave functions (Appendix F.1); extension of our results to
“composite” saddle point problems of the form min, ey maxycy { f(z,y) + ¢(z) — ¥ (y)}, where f
admits a centered gradient estimator and ¢, v are “simple” convex functions (Appendix F.2); and a
number of alternative centered gradient estimators for the ¢5-¢1 and ¢5-5 settings (Appendix F.3).

2 Notation

Problem setup. A setup is the triplet (£, |||, ) where: (i) Z is a compact and convex subset of
R™ x R™, (ii) ||-|| is @ norm on Z and (iii) r is 1-strongly-convex w.r.t. Z and ||-||, i.e. such that
r(2') > r(2) + (Vr(z),2 — 2') + 3 |/ — 2| forall z, 2" € 2.2 We call r the distance generating
function and denote the Bregman divergence associated with it by

1
Va(&) = () = r(2) = (Vr(2), 2" = 2) 2 S II2 = 2|
We also denote © := max,s r(z’) — min, r(z) and assume it is finite.

Norms and dual norms. We write S* for the set of linear functions on S. For { € Z* we define the

dual norm of ||-[| as |[([[, = max<1 (¢, 2). For p > 1 we write the £, norm |[|z||, = (3_, 2P)/p

with ||z|| , = max; |z;|. The dual norm of £, is £, withg=' =1 —p~1.

Domain components. We assume Z is of the form X x ) for convex and compact sets X C R"
and ) C R™. Particular sets of interest are the simplex A? = {v € R? | [jv||; = 1,v > 0} and the

Euclidean ball B = {v € R? | ||v||,, < 1}. For any vector in z € R™ x R™,
we write 2* and z¥ for the first n and last m coordinates of z, respectively.

When totally clear from context, we sometimes refer to the X’ and ) components of z directly as x
and y. We write the ith coordinate of vector v as [v];.

Matrices. We consider a matrix A € R™*™ and write nnz(A) for the number of its nonzero
entries. For i € [n] and j € [m] we write A;., A.; and A;; for the corresponding row, column
and entry, respectively.’ We consider the matrix norms ||A|| = max;; |4;;], [|4] =

p—q
maxjjg|| <1 HAJJH,] and [|Al[p = (Zi,j A?j)l/?

max

? For non-differentiable r, let (Vr(z), w) = SUD., cor(») (7, W), Where Or(z) is the subdifferential of 7 at .
3Fork € N,welet [k] :={1,...,k}.



3 Primal-dual variance reduction framework

In this section, we establish a framework for solving the saddle point problem

min max f (@,9),

where f is convex in = and concave y, and admits a (variance-reduced) stochastic estimator for the
continuous and monotone* gradient mapping

9(2) = 9(2,y) = (Vaf(z,9), = Vy f(z,y)).
Our goal is to find an e-approximate saddle point (Nash equilibrium), i.e. z € Z := X x Y such that

Gap(z) == “ ) — min f(a',2) < e. 7
ap(z) g}gf(z,y) min f(a',2%) < 7
We achieve this by generating a sequence 21, 22, . . ., 2 such that % > le (9(zk), 2z — u) < e for
every u € Z and using the fact that
| K
< — —
Gap ( E zk> Iz?eag kg 1 (9(zk), 21 — u) (8)

due to convexity-concavity of f (see proof in Appendix A.1).

In Section 3.1 we define the notion of a (randomized) relaxed proximal oracle, and describe how
Nemirovski’s mirror-prox method leverages it to solve the problem (3). In Section 3.2 we define a
class of centered gradient estimators, whose variance is proportional to the squared distance from a
reference point. Given such a centered gradient estimator, we show that a regularized stochastic mirror
descent scheme constitutes a relaxed proximal oracle. For a technical reason, we limit our oracle
guarantee in Section 3.2 to the bilinear case f(z,y) = y " Az, which suffices for the applications in
Section 4. We lift this limitation in Appendix F.1, where we show a different oracle implementation
that is valid for general convex-concave f, with only a logarithmic increase in complexity.

3.1 The mirror-prox method with a randomized oracle

Recall that we assume the space Z = X x ) is equipped with a norm ||-|| and distance generating
function r : Z — R that is 1-strongly-convex w.r.t. ||-|| and has range ©. We write the induced
Bregman divergence as V, (2') = r(z')—r(z)—(Vr(z), 2/ — z). We use the following fact throughout
the paper: by definition, the Bregman divergence satisfies, for any z,2’,u € Z,

—(VV(¢), 2 —u) = Vo (u) = Var(u) — Vo (2'). )

For any o > 0 we define the a-proximal mapping ProxJ (g) to be the solution of the variational
inequality corresponding to the strongly monotone operator g + aVV,, i.e. the unique 2, € Z such
that (g(za) + aVV.(24), 2o — u) < 0 for all uw € Z [cf. 11]. Equivalently (by (9)),

Prox? (g) == the unique zo € Z s.t. (9(2a), 2o — u) < aV,(u) —aV,_(u) — aV,(zq) Yu € Z.
When V. (2) = VX(z') + V/ (y'), Prox7 (g) is also the unique solution of the saddle point prob(llegz
min max {f(z',y') + aVi(@') — oV ()}

Consider iterations of the form zj, = Prox] | (g), with 2o = argmin, r(z). Averaging the defini-
tion (10) over k, using the bound (8) and the nonnegativity of Bregman divergences gives

K

K
1 1 a(Vy(u) = Vi (u)  a®
— < — — < 0 K < —
Gap (F k§_12k> < max - ,;:1 (9(26), 2 — w) < max e < =

Thus, we can find an e-suboptimal point in K = a© /e exact proximal steps. However, computing
Prox$ (g) exactly may be as difficult as solving the original problem. Nemirovski [28] proposes
a relaxation of the exact proximal mapping, which we slightly extend to include the possibility of
randomization, and formalize in the following.

* A mapping ¢ : Z — Z* is monotone if and only if (q(z') — ¢q(2),2' —2) > Oforall 2,2’ € Z; g is
monotone due to convexity-concavity of f.
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Definition 1 ((«, €)-relaxed proximal oracle). Let g be a monotone operator and a,e > 0. An
(a, e)-relaxed proximal oracle for g is a (possibly randomized) mapping O : Z — Z such that
2! = O(z) satisfies

E 2n€a%({ (9(),2 —u) —aVi(u)}| <e.

Note that O(z) = Prox{(g) is an (o, 0)-relaxed proximal oracle. Algorithm 1 describes the
“conceptual prox-method” of Nemirovski [28], which recovers the error guarantee of exact proximal
iterations. The kth iteration consists of (i) a relaxed proximal oracle call producing zj_;/2 =
O(zk—1). and (ii) a linearized proximal (mirror) step where we replace z — g(z) with the constant
function z > g(2j_1/2), producing z;, = Prox], _ (g9(zx—1/2)). We now state the convergence
guarantee for the mirror-prox method, first shown in [28] (see Appendix B.1 for a simple proof).

Algorithm 1: OuterLoop(O) (Nemirovski [28])

Input: («, €)-relaxed proximal oracle O(z) for gradient mapping g, distance-generating r
Parameters : Number of iterations

Output: Point Z;c with E Gap(z) < 22 + ¢

Zp ¢ argmin, z 7(2)

fork=1,..., K do

L 2p—1/2 + O(21-1) > We implement O(z;_1) by calling InnerLoop(zk—1, Jz,_;, )

2 < Prox?,  (g(zk—1/2)) = argmin . z {<g (zk,l/g) ,z> + aVZk*l(z)}

- 1 K
return Zx = 3 > .4 Zk—1/2

Proposition 1 (Mirror prox convergence via oracles). Let O be an (a,e)-relaxed proximal oracle
with respect to gradient mapping g and distance-generating function r with range at most ©. Let

21/2,23/2, - - - » 2K —1/2 be the iterates of Algorithm I and let Zyc be its output. Then
K
_ 1 a®
E Gap(ZK) < ]Eglea%( E kz_l <g(zk_1/2), Zk—1/2 — u> < ? + €.

3.2 Implementation of an («, 0)-relaxed proximal oracle

We now explain how to use stochastic variance-reduced gradient estimators to design an efficient
(o, 0)-relaxed proximal oracle. We begin by introducing the bias and variance properties of the
estimators we require.

Definition 2. Let 29 € Z and L > 0. A stochastic gradient estimator G,, : Z — Z* is called
(20, L)-centered for g if forall z € Z

I E[gz(2)] = 9(2),
2. Egs(2) = 9(20)ll; < L2 |1z = 2ol
Lemma 1. A (2o, L)-centered estimator for g satisfies E |3z, (z) — g(2)||> < (2L)? ||z — 20|

Proof. Writing 6 = §.,(z) — g(z0), we have Ed = g(z) — g(z0) by the first centered estimator
property. Therefore,

B - - (@) - - (42) - (44%)
E [|§:(2) — 9(2)|I; = E|I — E3|Z < 2E[1812 + 2 ES||? < 4E[87 < (2L)°[|= - =],

where the bounds follow from (7) the triangle inequality, (i7) Jensen’s inequality and (¢3¢) the second
centered estimator property. O

Remark 1. A gradient mapping that admits a (z, L)-centered gradient estimator for every z € Z is
2L-Lipschitz, since by Jensen’s inequality and Lemma 1 we have for all w € Z

lg(w) = g(2)|l, = IEG:(w) = g()l. < (Ega(w) = g(2)II)"* < 2L w - 2.



Remark 2. Definition 2 bounds the gradient variance using the distance to the reference point. Similar
bounds are used in variance reduction for bilinear saddle-point problems with Euclidean norm [3],
as well as for finding stationary points in smooth nonconvex finite-sum problems [2, 33, 12, 45].
However, known variance reduction methods for smooth convex finite-sum minimization require
stronger bounds [cf. 1, Section 2.1].

With the variance bounds defined, we describe Algorithm 2 which (for the bilinear case) implements a
relaxed proximal oracle. The algorithm is stochastic mirror descent with an additional regularization
term around the initial point wg. Note that we do not perform extragradient steps in this stochastic
method. When combined with a centered gradient estimator, the iterates of Algorithm 2 provide the
following guarantee, which is one of our key technical contributions.

Algorithm 2: InnerLoop(wo, Guw,, )

Input: Initial wy € Z, gradient estimator g,,,, oracle quality oo > 0
Parameters : Step size 7, number of iterations T’

Output: Point wy satisfying Definition 1 (for appropriate gy, 7, 1)
fort=1,...,Tdo

| wr e argming ez {(Guy (we1), w) + § Vo, () + LV, (w)}

_ T
return Wy = £ >, wy

Proposition 2. Let o, L > 0, let wy € Z and let Gy, be (wy, L)-centered for monotone g. Then, for
n= 1oz and T > 7% = 4‘;%2, the iterates of Algorithm 2 satisfy

1
E max Ttez[;] (g(we), we — ) — AV, (u) | < 0. (1)

Before discussing the proof of Proposition 2, we state how it implies the relaxed proximal oracle
property for the bilinear case.

Corollary 1. Let A € R™*" and let g(z) = (AT2Y, —AzX). Then, in the setting of Proposition 2,
O(wp) = InnerLoop(wo, fuw,, ) is an («, 0)-relaxed proximal oracle.

Proof. Note that (g(z),w) = — (g(w),z) for any z,w € Z and consequently {(g(z),z) = 0.
Therefore, the iterates wy, . . ., wr of Algorithm 2 and its output wr = % ZtT: 1 wy satisfy for every
u € Z,

=3 fgw) we ) = 7 3 {g(u),w) = {g(u), wr) = {g(or), wr —u).
]

te[T] te[T

Substituting into the bound (11) yields the («, 0)-relaxed proximal oracle property in Definition 1. [J

More generally, the proof of Corollary 1 shows that Algorithm 2 implements a relaxed proximal oracle
whenever z — (g(z), z — u) is convex for every u. In Appendix F.1 we implement an («, €)-relaxed
proximal oracle without such an assumption.

The proof of Proposition 2 is a somewhat lengthy application of existing techniques for stochastic
mirror descent analysis in conjunction with Definition 2. We give it in full in Appendix B.2 and sketch

it briefly here. We view Algorithm 2 as mirror descent with stochastic gradients d; = Gy, (wi) —g(wo)
and composite term (g(wo), z) + § Vi, (2). For any u € Z, the standard mirror descent analysis

(see Lemma 4 in Appendix A.2) bounds the regret Zte[T] <§w0 (we) + §V Vi (wy), wy — u> in

terms of the distance to initialization V,,, (u) and the stochastic gradient norms ||d;||2 for ¢ € [T7.
Bounding these norms via Definition 2 and rearranging the (VV,,, (w;), w; — u) terms, we show that

E |+ > term) (9(we), we — u) — Vi, (u)} < 0 for all u € Z. To reach our desired result we must

swap the order of the expectation and “for all.” We do so using the “ghost iterate” technique due
to Nemirovski et al. [29].



4 Application to bilinear saddle point problems

We now construct centered gradient estimators (as per Definition 2) for the linear gradient mapping

g(z) = (AT 2, — A2¥) corresponding to the bilinear saddle point problem ng} max y' Ax.
z€X y

Sections 4.1 and 4.2 consider the ¢1-¢; and {5-/; settings, respectively; in Appendix E we show
how our approach naturally extends to the £5-/5 setting as well. Throughout, we let wq denote the
“center” (i.e. reference point) of our stochastic gradient estimator and consider a general query point
w € Z =X x ). We also recall the notation [v]; for the ith entry of vector v.

4.1 /(,-f, games

Setup. Denoting the d-dimensional simplex by Al welet ¥ = A", Y =A™ and Z = X x ).
We take ||| to be the ¢; norm with conjugate norm ||-||, = ||-|| ... We take the distance generating
function r to be the negative entropy, i.e. r(z) = ) _.[2]; log[z];. We note that both |[|-||, and r are
separable and in particular separate over the X and ) blocks of Z. Finally we set

[ AT o 3= max | Ay
i

and note that this is the Lipschitz constant of the gradient mapping ¢ under the chosen norm.

Gradient estimator. Given wy = (w§,w}) and g(wg) = (ATwf, —Awy), we describe the

reduced-variance gradient estimator g, (w). First, we define the probabilities p(w) € A™ and
q(w) € A™ according to,

|[w]; — [wp]i

[ — [wd)s] ”
Teo¥ — |, (12

and ¢;(w) = .
’ [w = wll

pi(w) =
To compute §,,, we sample i ~ p(w) and j ~ g(w) independently, and set

Gy (W) = (Ang + AW —Awj — AJW) , (13)

where A;. and A.; are the ith row and jth column of A, respectively. Since the sampling distributions
p(w), g(w) are proportional to the absolute value of the difference between blocks of w and wy, we
call strategy (12) “sampling from the difference.” Substituting (12) into (13) gives the explicit form

Guo (w) = g(wo) + (Ai:[[w” — wg|l1sign([w” —wgls), = A [[w* — wi|l1sign([w* —w];)) . (14)

A straightforward calculation shows that this construction satisfies Definition 2.

Lemma 2. In the {,-{; setup, the estimator (14) is (wo, L)-centered with L = || A|| ...
Proof. The first property (Eg.,, (w) = g(w)) follows immediately by inspection of (13). The second
property follows from (14) by noting that

150 (w) = g(wo)ll o = max {{| Aicll I’ — w1, [ A;]] o 0 = will1} < Al 1w = wolly

2

for all 4, j, and therefore E || Gu, (w) — g(wo)||io <A ax 1w = wol|2. O

The proof of Lemma 2 reveals that the proposed estimator satisfies a stronger version of Definition 2:
the last property and also Lemma 1 hold with probability 1 rather than in expectation.

Runtime bound. Combining the centered gradient estimator (13), the relaxed oracle implemen-
tation (Algorithm 2) and the extragradient outer loop (Algorithm 1), we obtain our main result for
{1-£1 games: an accelerated stochastic variance reduction algorithm. We write the resulting complete
method explicitly as Algorithm 3 in Appendix C.1. The algorithm enjoys the following runtime
guarantee (see proof in Appendix C.2).



Theorem 1. Let A € R™*", € > 0, and oo > ¢/ log(nm). Algorithm 3 outputs a point z = (2%, 2Y)
such that E [maxyeAm y' Az — mingean (zy)TAx] =E {maxl- [Az¥], — min; [AT2].] < ¢

o ((nnz(AH (m+n;2||A||fnax> alog(mn)) )

and runs in time

€

Setting o optimally, the running time is

C)<HHZL4)*_\/anc4>wvb+—n1nAunwxlogonn>> . 16)

4.2 (5-f1 games

Setup. We set X = B™ to be the n-dimensional Euclidean ball of radius 1, while )V = A™ remains
the simplex. For z = (2%, 2Y) € Z = X x ) we define a norm by

2 2 2 . 2 2 2
Izl = I2°|l3 + |2 |l] with dual norm ||g||; = [lg*||5 + |l¢” ||, -

For distance generating function we take r(z) = r(z*) 4+ r¥(2¥) with *(z) = 1 \x||§ and rY(y) =

) s 1- . 1 ;
i J1 Qs ILL < . s
> ; yilogy; v is 1-strongly convex w.r.t. to ||-|| and has range 5 + logm < log(2m). Finally, we
denote
||A||2~>oo = Inax ||Al||2 3
i€[m]

and note that this is the Lipschitz constant of g under ||-||.

Gradient estimator. To account for the fact that X’ is now the /5 unit ball, we modify the sampling
X1 —[wX].: 2 . . .

distribution ¢ in (12) to ¢;(w) = M, and keep p the same. As we explain in detail
WX —w§

in Appendix D.1.1, substituting these probabilit2ies into the expression (13) yields a centered gradient

estimator with a constant (3_; ¢, (|4 ||io)1/2 that is larger than ||A||,_, . by a factor of up to \/n.

Using local norms analysis allows us to tighten these bounds whenever the stochastic steps have

bounded infinity norm. Following Clarkson et al. [6], we enforce such bound on the step norms via

gradient clipping. The final gradient estimator is

5 [|w” — wglly Jw* — wg|
Guo (W) = ATw) + A ——— 0 —Auwl — T, | A j ,
< O sign(fwy —wgl) I wT; = [wgl;
-7 vy < =7
where [T, (v)], =< [v]; —7<[v); <7
T [v]; > T,

The clipping operation T, introduces bias to the gradient estimator, which we account for by carefully
choosing a value of 7 for which the bias is on the same order as the variance, and yet the resulting
steps are appropriately bounded; see Appendix D.1.2. In Appendix F.3.1 we describe an alternative
gradient estimator for which the distribution ¢ does not depend on the current iterate w.

Runtime bound. Algorithm 4 in Appendix D.5 combines our clipped gradient estimator with our
general variance reduction framework. The analysis in Appendix D gives the following guarantee.

Theorem 2. Let A € R™*", ¢ > 0, and any o > €/log(2m). Algorithm 4 outputs a point z =
(2%, 2%) such that E [maxyeam y' Az* — mingepn (2¥) " Az] = E [max; [A27]; + [|[AT2Y|,] <«

and runs in time )
0 ((nnz(A) + (m +n) ||A||2~>OO> alog(2m)> . (17)

o? €

Setting o optimally, the running time is

o <nnz )+ /nnz(A)(m + n)6|\A||2_m 10g(2m)> | .
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Appendix

A Standard results

Below we give two standard results in convex optimization: bounding suboptimality via regret
(Section A.1) and the mirror descent regret bound (Section A.2).

A.1 Duality gap bound

Let f : X x ¥ — R be convex in X, concave in ) and differentiable, and let g(z) = g(z,y) =
(Vaof(z,y),—Vyf(z,y)). For z,u € Z define

gap(z;u) = f(25, ) — f(u*,2¥) and Gap(z) = mea%cgap(z;u).

Lemma 3. Forevery z1,...,2x € Z,
1 & 1 &
Gap (K ; zk> < max - ; (9(zk), 21 — u) .

Proof. Note that gap(z; u) is concave in u for every z, and that gap(z; z) = 0, therefore

gap(z;u) < (Vugap(z; 2),u — 2) = (9(2), 2 —u) .

Moreover, gap(z; ) is convex in z for every u. Therefore, for a sequence z1, ..., zx and any u € Z
1 & 1 &
gap( Zz;e, ) < 2 D_eap(ekiu) < 2 > {a(ek), 2 — ).
k 1 k=1
Maximizing the inequality over v yields the lemma. O

A.2 The mirror descent regret bound

Recall that V,(2') = r(2') — r(z) — (Vr(z),z — z) is the Bregman divergence induced by a
1-strongly-convex distance generating function 7.

Lemma 4. Let Q : Z — R be convex, let T € N and let wy € Z, v9,71,---,77 € Z*%. The
sequence w1, . .., wr defined by

Wt = ar{%enzlin{CYtil’ >+Q( ) wt 1(w)}

satisfies for all u € Z (denoting w41 = u),

T

T
D e+ VQwe)swy = u) < Vi () + Y { (v we = wer) = Vi, (wen)}

t=1 t=0
1 T
2
53 Il
t=0

Proof. Fix u = wry1 € Z. We note that by definition w; is the solution of a convex optimization
problem with (sub)gradient ;1 + VQ(-) + VV,,_, (-), and therefore by by the first-order optimality
condition [cf. 17, Chapter VII] satisfies

(V-1 + VQ(wy) + VVi,_, (wy), wy — wpy1) < 0.

By the equality (9) we have — (VV,,_, (wi), wy — wri1) = Vi, (wrs1) — Vi, (Wrg1) —
Viw,_, (wy). Substituting and summing over ¢ € [T] gives

T
Z Vi1 + VQ(wy), wy — wri1) < Vi (Wrg1) Zth Wit1)-
t=1 t=0

13



Rearranging the LHS and adding (-y;, wr — wy41) to both sides of the inequality gives

T
Z Ve + VQ(wy), wy — wrg1) < Vi (wrg1) +Z{%7wt Weg1) — Vi, (Weg1) },

t=1 t=0

which is the first bound stated in the lemma. The second bound follows since for every ¢ we have

0) @1 o, 1

(v, we — wign) < el lwe — wega || < 3 llyells + 3 flwe — wt+1\| ||Vt|| + Vo, (we1)
(19)

due to (i) Holder’s inquality, (#4) Young’s inequality and (i) strong convexity of . O

B Proofs from Section 3

B.1 Derivation of the Nemirovski’s conceptual prox-method

Proposition 1 (Mirror prox convergence via oracles). Let O be an («,c)-relaxed proximal oracle
with respect to gradient mapping g and distance-generating function r with range at most ©. Let

21/2,%23/2, - - - s 2K —1/2 be the iterates of Algorithm I and let Z be its output. Then
K
1 a®
EGap(zk) < ]Erlfleag 7 kz_l <g(zk,_1/2), Zg—1/2 — u> < 5a +e.

Proof. Fix iteration k, and note that by the definition (10), zx = Prox?, | (g(21—1/2)) satisfies

(9(zh—1/2), 26 —u) < a (Vo (u) = Vo (u) = Vo, (21)) Vu € Z.

Summing over k, writing

<9(2k71/2), Rk — U> = <g(2k71/2)’2k71/2 - U> - <g(2k71/2)’2k71/2 - Zk>
and rearranging yields

K

K
Z (9(zh—1/2)s 2k—1/2 — u) < AV (u) + Z 9(zK-1/2)s Zh—1/2 — 2k) — AVa_, (21)]
k=1 k=1

for all w € Z. Note that since zo minimizes 7, V,(u) = r(u) — r(z9) < © for all u. Therefore,
maximizing the above display over u and afterwards taking expectation gives

K K

Egleag (9(zh—1/2), 2k—1/2 — u) < a© + ZE [(9(zk-1/2), Zh—1/2 — 2k) — AV, (2)] -
k=1 k=1

Finally, by Definition 1, E [(g(zk_1/2), zk—1/2 — 2x) — @V, _, (21)] < € for every k, and and the
result follows by dividing by K and using the bound (8). O

B.2 Proof of Proposition 2

Proposition 2. Leta, L > 0, let wg € Z and let Gy, be (wqg, L)-centered for monotone g. Then, for

n=qorzandT > 4 4% , the iterates of Algorithm 2 satisfy
1
Er;leaz),( T Z (g(wy), wr — u) — aVy,(u)| <0. (11)

(w) + Vi, _, (w) } for

Proof. Recall the expression w; = arg min,,¢ z { (NG, (Wi—1), w) + B2V, 0
+ %Vwo( ) and Y+ = T]5t,

the iterates of Algorithm 2. We apply Lemma 4 with Q(z) = (g(wyp), 2)
where

8¢ = Guo(we) — g(wo).
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Dividing through by 7, the resulting regret bound reads
S (Gunw) + § Vi (), — ) < P2 L TS 52 0)
te(T) te[T
where we used the fact that 50 = 0 to drop the summation over ¢ = 0 in the RHS. Now, let
A = 9(we) = Guwy (wr).
Rearranging the inequality (20), we may write it as

3" {glwe) + 2V Vi, (wr), we —u) < +1 SO NBE+ Y (Arwi—u). @D
te[T] te [T] te([T]
Define the “ghost iterate” sequence s1, So, . . ., ST according to

$¢ = argmin {<77At_1, s> + Vs, (s)} with sg = wp.
se€EZ

Applying Lemma 4 with ) = 0 and ; = nAs, we have
S (Au s —u) < Vio (w) | 2> A, (22)
te[T) te[T
where here too we used AO = 0. Writing <At,wt — u> = <At,wt — st> + <At, St — u> and
substituting (22) into (21) we have

3 (glws) + $V Vi (we), wy — ) < 2‘/”7; e o> [\|5t|\2+||At|| } 3 (Brwi—st).

te[T) tE[T] te[T)

Substituting
_% <vvwo (wt)th - u) = %Vwo(u) - %th (u) - %Vwo (wt) < %Vwo (u) - %Vwo (wt)
and dividing by T', we have

1 ~ ~ -
=3 (ot ) < (Z 4 8) Vil 30 [HIBIZ + HIANZ — § Vi () + (B — )]
te (1] te[T]
Subtractlng &V, (u) from both sides and using 7 — § < OduetoT" > —-, we obtain
” ) aVi () < gn&nz FBIAME — 4V (w0 + (Brwn — s1)]
Y T

te T] te[T]

Note that this inequality holds with probability 1 for all u. We may therefore maximize over u and
then take expectation, obtaining

E max {; > {glwe), we — ) — Vi, (u)}

ueZ
te[T]
1 ~ ~ o -
<7 D E[BIGIE + FIAE - §Vaolwr) + (Rwi—s)] . @3
te[T]
It remains to argue the the RHS is nonpositive. By the first centered estimator property, we have
E[At | whst] = E[g(wt) - gwo(wt) | wt,st] =0
and therefore E(A;,w; — s;) = 0 for all £. By the second property
E[16]12 = Ellgu, (we) — g(wo)[|? < L* wy — wol|* < 2L7Viy, (wy),
where the last transition used the strong convexity of r. Similarly, by Lemma 1 we have
E| A2 = El|guw, (wi) — g(w)||2 < AL? [Jwy — wo||* < 8L Vo, (wr).
Therefore .
E (21502 + 21 A2 — §Vuo(w0)] < (51L2 = §)EV,y, () =0,
using n = 157z
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C The (;-¢; setup

C.1 Complete pseudo-code

Algorithm 3: Variance reduction for /1-/; games

Input: Matrix A € R™*" with ith row A;. and jth column A, ;, target accuracy e
Output: A point with expected duality gap below e
1L maxg |Aij o+ Ly /200 K [M] N 18, T [ﬂ 20— (L1,,11,,)
2fork=1,...,Kdo
> Relaxed oracle query:
3| (%0,90) < (Zio1.2(_1)s (95, 90) < (AT w0, —Axo)
4 fort=1,...,Tdo

> Gradient estimation:
5 Sample i ~ p where p; = —| [ye—1)i — [yol:] , sample j ~ g where ¢; = —| [7e-1ls — [zl
lye—1 — voll; [zt—1 — o,
] Set Gyt = go + (Ai: [ye—li — [yO]i,—A:j (41, — [xo]j>
2 q;
> Mirror descent step:
e (' frogaes ™ logan i (o) o
7 w707 (OgmH + 5 log o —ngH) > Iy (v) =
m . ~y _ eﬂ
B e Iy (1 a2 (logyt—l + 5 logyo ngt_l)) > 1y (v) = o

T
1
9 Zk—1/2 < T ;(mtayt)
> Extragradient step:

10 2 Ty <log 25— éATzzil/z)

1 2« Iy (log 2+ éAzZ?l/z)

K

1
12 return I ; Zk—1/2

C.2 Proof of runtime bound

Theorem 1. Let A € R™*", € > 0, and o > €/ log(nm). Algorithm 3 outputs a point z = (z*, z

such that E [maxycam y' A2" — mingean (2¥) TAz] = E {maxi [Az¥], — min; [Asz]j <

and runs in time
2
o(Gmmﬂxm+mMmm>m%mm>. s

a? €
Setting o optimally, the running time is

0 <nnz(A) 4 vonz(A)(m + ”>€ 1A log(m”)> . (16)

Proof. First, we prove the expected duality gap bound. By Lemma 2 and Corollary 1 (with L =
| Al ,,.i)> InnerLoop is an (v, 0)-relaxed proximal oracle. On A%, negative entropy has minimum
value — log d and is non-positive, therefore for the ¢;-¢; domain we have © = max, r(z’) —
min, r(z) = log(nm). By Proposition 1, running K > alog(nm)/e iterations guarantees an
e-approximate saddle point in expectation.
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Now, we prove the runtime bound. Lines 3, 10 and 11 of Algorithm 3 each take time O(nnz(A)), as
they involve matrix-vector products with A and AT. All other lines run in time O(n 4 m), as they
consist of sampling and vector arithmetic (the time to compute sampling probabilities dominates
the runtime of sampling). Therefore, the total runtime is O((nnz(A) + (n +m)T)K). Substituting

T <1+ %L and K < 1+ 280 gives the bound (15). Setting

a=max{—"— ||A| ntm
B lognm’ max \/ nnz(A)

gives the optimized bound (16). O

Remark 3. We can improve the log(mn) factor in (15) and (16) to v/log mlogn by the transfor-

mation ¥ — X llzgm and )y — Y llog" . This transformation leaves the problem unchanged
gn ogm

and reduces © from log(mn) to 21/log m log n. It is also equivalent to proportionally using slightly
different step-sizes for the X and ) block.

D The (5-¢; setup

D.1 Derivation of gradient clipping
D.1.1 Basic gradient estimator

We first present a straightforward adaptation of the ¢;-¢; gradient estimator, which we subsequently
improve to obtain the optimal Lipschitz constant dependence. Following the “sampling from the
difference” strategy, consider a gradient estimator g,,, computed as in (13), but with the following
different choice of g(w):

|[w]i = [wlil ([w); = [wyl;)?

pi(w) = and ¢;(w) = 24
[ = wily ’ = il
The resulting gradient estimator has the explicit form
. [w” — willx " — wl;
. = A — ,—A. . 25
Junlt) = (i) + ( “Sign(wr — ol = wg; =

(Note that g,,, of the form (13) is finite with probability 1.) Direct calculation shows it is centered.

Lemma 5. In the (>-Uy setup, the estimator (25) is (wo, L)-centered with L = /3y [ A:][3.

Proof. The estimator is unbiased since it is of the form (13). To show the variance bound, first
consider the X-block. We have

~ 2 2 2
12 (w) = g*(wo)||5 = 14 ll3 lw” — wgll} < 1All5 o0 lw” — willF < L?[lw” — willlt,  (26)

where we used ||A||§HOO = MaX;e[n] HAZHg <D ieim) ||AJ||iO = L2. Second, for the )-block,

w* — w2
E ||, (w) — ¢ (wo)|2, = > oy _ e [ — w2 7)
J€[n]

Combining (26) and (27), we have the second property E ||, (w) — g(wo)||> < L2 [|w — wol*. O

D.1.2 Improved gradient estimator

The constant L in Lemma 5 is larger than the Lipschitz constant of g (i.e. || A||,_, ) by a factor of
up to \/n. Consequently, a variance reduction scheme based on the estimator (25) will not always
improve on the linear-time mirror prox method.
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Inspecting the proof of Lemma 5, we see that the cause for the inflated value of L is the bound (27)

onE H 3o (w) — g¥(wo) io We observe that swapping the order of expectation and maximization
would solve the problem, as

Aij [w* — wé]?

max E [, (w) — ¢’ (wp)]} = max = Al ol —wills. (@8)

ke[m) - kelm] £ qj(w)

Moreover, inspecting the proof of Proposition 2 reveals that instead of bounding terms of the form

E ||, (1:) — g (wo)||2, we may directly bound E [1(g, (1;) — g (wo). ye — ye41) — Vi, (y41)].
where we write w; = (x,y;) and recall that 7 is the step-size in Algorithm 2. Suppose that
|3, (we) — g* (wo) Hoo < 1 holds. In this case we may use a “local norms” bound (Lemma ?? in
Appendix D.2) to write

77<§ZUO (wt) — g/ (wo), yr — yt+1> - Vy, (yt+1) < 772 Z [yt]k[gzuo (wg) — Qy(wo)}i
ke[m]
and bound the expectation of the RHS using (28) conditional on wy;.

Unfortunately, the gradient estimator (25) does not always satisfy n H Gy (wi) — g (wo H <1
Following Clarkson et al. [6], we enforce this bound by clipping the gradient estimates, ylelci>O ing the
estimator

)= (ATwp4 4, RO g (L))

pi(w) q;(w)

-7 i< -7 (29)
where [T, (v)]; = ¢ [v]; —T <l <7

T [v]; > T,

where i ~ p(w) and j ~ g(w) with p, g as defined in (24). The clipping in (29) does not significantly
change the variance of the estimator, but it introduces some bias for which we must account. We
summarize the relevant properties of the clipped gradient estimator in the following.

Definition 3. Ler wy = (w§, w}) € Z and 7, L > 0. A stochastic gradient estimator Gy, : Z — Z*
is called (wo, L, T)-centered-bounded-biased (CBB) if it satisfies for all w = (w*,w¥) € Z,

1. Egy, (w) = g*(w) and ||[EgY, (w) — ¢¥(w)]|, < £ |[w —wo|,
2. ||, (w) — ¢¥(wo)]|, < 7 and ||@, (w) — ¢¥(w)]|, < 2L+,
3. B35, (w) — ¢*(wo) || + maxiepm E [6, (w) — ¢¥(wo)]2 < L2 [Jw — wo|*.

Lemma 6. In the (>-(; setup, the estimator (29) is (wo, L, 7)-CBB with L = || A||5_, .

Proof. The X component for the gradient estimator is unbiased. We bound the bias in the ) block as
follows. Fixing an index ¢ € [m], we have

R e et € e e ||

< 3 g AUM_TT (Aij[w]j—MN
JET-(4) 45 qj

< ST A — [wgl]

JETL(3)

where the last transition used |a — T (a)| < |a] for all a, and

7o) = {i e b1 7 (4ol ) o g L 2B

4;
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Note that j € J- (¢) if and only if

2
[|w* —wg |l | Al

o s = Twsls | L s = Wy - [wgl;] <

ij = Jw* — w3 | Ayl

qj [[w]; — [wily
Therefore,
2 1, 5 X112 2
S Ml bl foflal < =t =l 32 1Al <~ w4l
JjE€T- (1) FSVAO)

and [[Eg, (w) — ¢*(w)| < & L2 |l — w3 follows by taking the maximum over i € [m].

By definition of T, we have H G (w) — g (wo HOO < 7 and by the triangle inequality and L-
Lipschitz continuity of g we have

3%, (w) = g (w)|| . < 9" (w) = ¢ (wo) [l o +|| G (w) — ¢ (wo) ||, < L[l = willy+7 < 2L+,
since we assume X is the unit Euclidean ball.

Finally, we note that for all %, the addition of T, never increases [g¥, (w) — ¢”(wo)]3, and so the
third property follows from (28) and (26). O

To guarantee 7 || 32, (we) — ¢* (wo) HOO < 1, we set the threshold 7 to be 1/1. By the first property in
Definition 3, the bias caused by this choice of 7 is of the order of the variance of the estimator, and
we may therefore cancel it with the regularizer by choosing 7 slightly smaller than in Proposition 2.
In Appendix D we prove (using the observations from the preceding discussion) that Algorithm 2
with a CBB gradient estimator implements a relaxed proximal oracle.

Proposition 3. In the {3-01 setup, let o, L > 0, let wy € Z and let G, be (wo, L, %)-CBB
for monotone g. Then, fora < L, n = 55z and T > % = 8%2, the iterates of Algorithm 2

satisfy the bound (11). Moreover, for g(z) = (A" 2Y, —Az*), O(wg) = InnerLoop(wg, Ju,, @) is
an («a, 0)-relaxed proximal oracle.

We remark that the proof of Proposition 3 relies on the structure of the simplex with negative entropy
as the distance generating function. For this reason, we state the proposition for the ¢5-¢; setup.
However, Proposition 3 would also hold for other setups where ) is the simplex and Y is the negative
entropy, provided a CBB gradient estimator is available.

With Proposition 3 in hand, the proof of Theorem 2 follows identically to that of Theorem 1, except
Proposition 3 replaces Corollary 1, L is now || Al|,_,  instead of || Al and © = max, r(2') —

min; r(z) = 1 4 logm < log(2m) rather than log(mn).

max’

Before giving the proof of Proposition 3 is Section D.4, we first collect some properties of the KL
divergence (Section D.2) and of centered-bounded-biased (CBB) gradient estimators (Section D.3).

D.2 Local norms bounds

For this subsection, let ) be the m dimensional simplex A™, and let r(y) = > .~ y; log y; be the
negative entropy distance generating function. The corresponding Bregman divergence is the KL
divergence, which is well-defined for any y, 3’ € RY, and has the form

V,) =Y {yzlogy%-yz y} /dt/ Z _TyH_Tysz. (30)

i€[m)] i€[m]

In the literature, “local norms” regret analysis [37, Section 2.8] relies on the fact that r*(y) =
log (>, €7) (the conjugate of negative entropy in the simplex) is locally smooth with respect to a

Euclidean norm weighted by Vr*(~) = W More precisely, the Bregman divergence V.1 (7') =
(7)) = () = (Vr*(7),7" — ) satisfies
* 2 « .
V(v 4 0) < N0lf3pe oy = D_[Vr™(1)]i - 67 whenever §; < 1.79 Vi. (31)

i

Below, we state this bound in a form that is directly applicable to our analysis.
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Lemma 7. Let y,y' € A™ and 6 € R™. If § satisfies §; < 1.79 for all i € [m] then the KL
divergence V,(y') satisfies

6.y =y = Vo) < l6lly = Y wid?

1€[m)]

Proof. 1t suffices to consider y in the relative interior of the simplex where r is differentiable; the
final result will hold for any y in the simplex by continuity. Recall the following general facts
about convex conjugates: (7,y’) — r(y’) < r*(v/) forany v/ € R™, y = Vr*(Vr(y)) and
r*(Vr(y)) = (Vr(y),y) — r(y). Therefore, we have for all y' € A™,
(0,9 —y) = V() = (Vr(y) + 0,9) = r(y/) = [(Vr(y),y) — r(y)] = (v, 9)
< (Vry) +0) =7 (Vr(y)) — (V' (Vr(y)),0) = Vi, (Vr(y) +9).

The result follows from (31) with v = Vr(y), recalling again that y = Vr*(Vr(y)). For complete-
ness we prove (31) below, following [37]. We have

Dicim €T\ @) Dicim) € (0 +67)
r(y+6)—ri(y)=log| —=———— | <log | 1+ :
Dicpm) € Diepm) €

— log(L 4+ (Vr*(1),8 4 82)) € (Vr*(1).8) + (Vr*(1).62).

where (i) follows from e® < 1+ x + 22 for all z < 1.79 and (i4) follows from log(1 + z) < z for
all z. Therefore,

Vi(y+08) =1 (y+08) — 1 (y) = (Vr*(7),8) < (Vr*(7),6%) = [6]|%(5)
completing the proof. O

D.3 Properties of CBB gradient estimators

We recall the definition of a centered-bounded-biased gradient estimator.

Definition 3. Ler wy = (w§, w() € Z and 7, L > 0. A stochastic gradient estimator Gy, : Z — Z*
is called (wy, L, T)-centered-bounded-biased (CBB) if it satisfies for all w = (w*,wY) € Z,

1. ngm(w) = g*(w) and ||E§ZUO(w) — gy(w)H* < LT ||w — wo

2. |g%, (w) — g (wo) ||, < 7 and ||g,,(w) — ¢*(w)||, < 2L+,

s

~X X 2 ~ 2
3. E||g5, (w) — g*(wo) ||, + maxepn E[gh, (w) — ¢¥(wo)]7 < L? w — wo]™.
CBB estimators have the following additional property, analogous to Lemma 1.

Lemma 8. In the l5-£; setup, a (wg, L, T)-CBB estimator with for g with T > 2+/2L also satisfies,
forallw € Z,

E |75, (w) = g (@)l + max B (3%, (w) = " (w)]} < 2L Jw — wo*
Proof. We have E ||, (w) — g*( H2 < E|gy, (w) — gx(wo)Hz since the X' component is unbi-
ased. For the ) component, fix ¢ € [ ] and write

E (3%, (w) — ¢ (w)]? = (g%, (w) — Eg,, (w)]? + [EgL, (w) — ¢*(w)]?
< E[g, (w) — g(wo))? + (£ [lw —wol* ),

where the last inequality follows from the first CBB property and the fact that [v]? < ||v ||iO Using
7 > 2v/2L and ||w — wy|| < 2v/2 for every w, wy € B™ x A™, we obtain the result. O
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D.4 Proof of Proposition 3

Proposition 3. In the {3-0y setup, let o, L > 0, let wy € Z and let G, be (wo, L, %)-CBB

2
for monotone g. Then, fora < L, n = sz and T > % = Sgﬁ , the iterates of Algorithm 2

satisfy the bound (11). Moreover, for g(z) = (AT2Y, —A2%), O(wg) = InnerLoop(wy, Ju,, &) is
an (a, 0)-relaxed proximal oracle.

Proof. Letwy, ..., wr denote the iterates of élgorithm 2 and let w41 = u. We recall the following
notation from the proof of Proposition 2: §; = Gy, (w:) — g(wo), Ar = g(wt) — G, (wr) and
St = argmin .z {(nﬁt,l, s> + Vstfl(s)}. Retracing the steps of the proof of Proposition 2

leading up to the bound (23), we observe that by using the first inequality in Lemma 4 rather than the
second, the bound (23) becomes

]Emax{jl1 Z {g(wy), wy —u) — anO(u)} < % Z E [—%Vu,o(wt) + <At,wt - st>}

uez
te[T)

+LT Z E [<7]St; We — wt+1> — Vi, (wt+1) + <7]At7 St — 8t+1> - Vst(StJrl)} . (32)
N te[T]

Let us bound the various expectations in the RHS of (32) one by one. By the first CBB property,
~ ~ 2
E[AY | wy, s¢] = 0and also | E[AY | wy, ]|, < £ [Jwy — wol|?. Consequently,

* — T

- L?
E<At7wt - St> < T]E [|we — w0||2 [wy — st -

Using ||y —¢'||; < 2foreveryy,y € Y =A™ aswellas 7 = % we obtain

]E<At,wt — st> < 2nL*RE |lwy — w0||2 < 477L2]EVu,0 (wy). (33)

To bound the expectation of <n5t, Wy — wt+1> — Vi, (W 11), we write wy = (x4, y:), and note that

for the ¢5-¢; setup the Bregman divergence is separable, i.e. Vi, (wit1) = Vi, (2e41) + Vi, (Yeg1)-
For the X component, we proceed as in Lemma 4, and write

x 232
(10, — w41) — Vi (wer1) < 5 (10l
For the ) component, we observe that
1967 loc = 1132, (we) = ¢ (wo)lloo < 17 =1
by the second CBB property and 7 = % Therefore, we may apply Lemma 7 with § = —ngz and
obtain _ .
0L,y = yerr) = Vi (1) < Z [y]i[673-

i€[m]
Taking expectation and using the fact that y; is in the simplex gives

E[(n8), 90 = o) = Vi (wrsn)| < 0°E max B [[57]2 | w] -

1€[m]

The third CBB property reads E [||5§||; | wt} + max;e(m) E [[5{]12 | wt} < L2 |lw; — wol|*. There-
fore, for t < T, the above discussion yields

~ ~ 92 ~
E [<7l5t7wt —wet1) — Vi, (wt+1)} <7’E [%W”z + ¥2[3X]]E {W]? | th
< PL2E |wy — wol” < 20° L*EV,, (wy). (34)

To bound the expectation of <nAt7 St — st+1> — V4, (st+1) we proceed just as we had with St. By
the second CBB property,

- R 2c0
1A lloo = 1|30, (we) = ¢ (wr)]| < 20L 407 = S57 +1 < 179,
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1

2

10

-
[

where we used n = ﬁ, T = %, and o < L. Therefore, Lemma 7 with § = —775{ gives
E[(nBese = suer) = Va(sean)| < B D (MY < B max B [[AY7 ]
i€[m]

where in the final transition we used the fact that At conditioned on wy is independent of s;.
Since av < L, we have 7 = % > 20L > 2+/2L. Therefore, by Lemma 8, E {HA’;H; | wt} +

max;c  E {[A{ﬁ | wt} < 212 ||Jw, — wol|>. Substituting back, this gives

~ ~_ 92 ~
E (1050 = s102) = Vi (o100)] < 7 [ UG + max B (1872 | ]|
< 22 LR ||lwy — wol|* < 402 L2EVy, (wy). (35)
Substituting (33), (34) and (35) back into (32), we have

E max {; Z (g(we), wy — u) — Vi, (u)} < % Z [10nL? — &] EViy, (wy) =0

uez te[T] te[T]

where the last transition follows from 1 = ﬁ; this establishes the bound (11) for the iterates
of Algorithm 2 with a CBB gradient estimators. By the argument in the proof of Corollary 1,
for g(z) = (AT2Y,—Az"), the average of those iterates constitutes an (v, 0)-relaxed proximal
oracle.

D.5 Complete pseudo-code

Algorithm 4: Variance reduction for ¢5-¢; games

Input: Matrix A € R™*" with ith row A;. and jth column A.;, target accuracy ¢
Output: A point with expected duality gap below e

L (Al 06 Ly [0 K BB ] o r o LT [, (@0,90) = (O, 1)
fork=1,...,Kdo

> Relaxed oracle query:
(l‘o,yo) <~ (Zz—la Zz_l)’ (géag%) — (ATyOa 7A:EO)

fort=1,...,T do
> Gradient estimation: 5
Sample i ~ p where p; = w, sample j ~ ¢ where ¢; = (el = [IO};)
lye—1 = wolly [[#¢—1 — @oll;
Set §,_1 = go + (Ai: [%4];; [Yoli T, <A;j [xtfl]jé‘_ [:mb‘))
7 J
> [T (v)]g == min{r, max{—7, [v]x}}
> Mirror descent step:
m 1 no ~x I _ v
e o (s (e o —ndi) > H12(0) = iy
11 ! (1 + 1% 3 ) > Ty (v) = <
—— (logy;—1+ —1o — v) =
i Yt Y iTo a2 8Yt—1 T 57108 Y0 — NGt y e T,

T
1
Zk-1/2 1 Z(xm Yt)

t=1
> Extragradient step:

25+ My (zz_l - éATz,yFlﬂ), 2+ Ily (log 2+ éAZZ—l/Q)

1 K
return ITe ; Zp—1/2
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E The /5-/5 setup

Setup. In the ¢5-¢5 setup, both X = B™ and ) = B™ are Euclidean unit balls, the norm over
Z = X x )Y is the Euclidean norm (which is dual to itself), and the distance generating function

isr(z) =% ||z||§ Under the Euclidean norm, the Lipschitz constant of g is || A|,_,, (the largest
singular value of A), and we also consider the Frobenius norm || Al = (3=, ; A7;)'/?%, i.e. the
Euclidean norm of the singular values of A.

Remark 4. In the /3-¢5 setup, problems of the form mingcp» maxycpm y ' Az are trivial, since

the saddle point is always the origin. However, as we explain in Section F.2, our results extend to
problems of the form mingcg» max,cpm {yTA;v + o(x) — w(y)} for convex functions ¢, 1, e.g.

mingep» Maxycpm {yTAx +bTx+ cTy}, which are nontrivial.

Our centered gradient estimator for the /5-¢5 setup is of the form (13), where we sample from

([w”]; — [wg]:)? ([w]; = [w§ly)*

pi(w) = V2 d g;(w) = N 2 (36)
[[wY = wpll; [[w* — w5
The resulting gradient estimator has the explicit form
2 2
- [[w” — willy [ = will,
Guwo (W) = g(wo) + | Ape———7, —Aj——0 | - (37)
wole) = gluo) ( gl o,
Lemma 9. In the (-l setup, the estimator (37) is (wo, L)-centered with L = || A||g.
Proof. Unbiasedness follows from the estimator definition. The second property follows from
2 2
~ 2 HAZH ||A|| X X
E [|Guo (w) = g(wo)llz = D =2 ([w]i = [wi]i)® + Y =2 ([w]; - [wg];)*
Pi q;
i€[m] J€[n]
2 2
= [|Allg [lw = woll -
O

In Appendix F.3.2 we provide two additional sampling distribution that yield estimators with the same
guarantee. We may use these gradient estimator to build an algorithm with a convergence guarantee
similar to Theorem 2, except with || A||, instead of ||A||,_,  and 1 instead of log(2m). This result
improves the runtime of Balamurugan and Bach [3] by a log(1/¢) factor. However, as we discuss
in Section 1.3, unlike our ¢1-¢; and ¢5-¢; results, it is not a strict improvement over the linear-time
mirror-prox method, which in the ¢5-(5 setting achieves running time O(||A|,_,, nnz(A)e~'). The
regime in which our variance-reduced method has a stronger guarantee than mirror-prox is

Al A
srank(A) = I L\F nnz( )’
||A||2*>2 n—+m

i.e. when the spectral sparsity of A is significantly greater than its spatial sparsity.

We remark that /5-/5 games are closely related to linear regression, as
TEB™ yEIB’"

2
. 2 — - T _ T
min |Ax — b5 <m1n max {y' Az —y b}) .

The smoothness of the objective || Az — b||§ is ||AH§ _,5, but runtimes of stochastic linear regression

solvers typically depend on ||AH§ instead [41, 19, 35, 13, 22, 36, 34, 1]. Viewed in this context, it is
not surprising that our /5-¢5 runtime scales as it does.
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F Extensions

In this section we collect a number of results that extend our framework and its applications. In
Appendix F.1 we show how to use variance reduction to solve the proximal subproblem to high
accuracy. This allows us to implement a relaxed gradient oracle for any monotone operator that admits
an appropriate gradient estimator, overcoming a technical limitation in the analysis of Algorithm 2
(see discussion following Corollary 1). In Section F.2 we explain how to extend our results to
composite saddle point problems of the form min, e y max,ecy { f(z,y) + ¢(x) — ¥ (y)}, where f
admits a centered gradient estimator and ¢, v are convex functions. Finally, in Section F.3 we return
to the bilinear case and provide a number of alternative gradient estimators for the /5-¢; and ¢5-(5
settings.

F.1 High precision proximal mappings via variance reduction

Here we describe how to use gradient estimators that satisfy Definition 2 to obtain high precision
approximations to the exact proximal mapping, as well as a relaxed proximal oracle valid beyond
the bilinear case. Algorithm 5 is a modification of Algorithm 2, where we restart the mirror-descent
iteration N times, with each restarting constituting a phase. In each phase, we re-center the gradient
estimator g, but regularize towards the original initial point wq. To analyze the performance of the
algorithm, we require two properties of proximal mappings with general Bregman divergences (10).

Lemma 10. Let g by a monotone operator, let z € Z and let « > 0. Then, for every w € Z,
zq = Proxy(g) satisfies

(g(w) + aVV,(w),w — zq) > oV, (w) + aViy(2a).

Proof. By definition of z,, (g(z4) + aVV,(24), 2o — w) < 0 for all w € Z. Therefore
(9(w) + aVVi(w),w — za) 2 (g(w) + aVVa(w), w — za) + (9(2a) + aVV(24), 20 — w)

= (9(w) = 9(2a), 0 — 2a) + A (VVi(w) = VV.(20), 0 — zq)
a(VV (w) — VV,(z4), 0 — 24) (E) aV,, (w) + aVy(za),

=V

7

—~

where () follows from monotonicity of g and (4¢) holds by definition of the Bregman divergence. [J

Lemma 11. Let g be a monotone operator and let o > 0. Then, for every z € Z, z, = ProxJ(g)
satisfies

Vo (2) + Vi(2a) < lg(2)l. 12 = zall < Hg(z)||i

o o?

Proof. Using Lemma 10 with w = z gives

aVz, (2) + aVi(za) < {(9(2) + aVVi(2),2 — za) < (9(2),2 — 2a) ,

where we used the fact that z minimizes the convex function V., (-) and therefore (VV,(z),z —u) <0
for all w € Z. Writing (g(2), 2 — za) < ||g(2)]], ||z — 2a|| gives the first bound in the lemma. Next,
strong convexity of r implies

Iz = zall® < Via(2) + Va(za) < ”9(2)“*22 — el

and the second bound follows from dividing by ||z — z4 |- O

We now state the main convergence result for Algorithm 5.

Proposition 4. Let o, L > 0, let wy € Z, let §, be (z, L)-centered for monotone g and every z € Z
and let zo, = Proxy, (g). Then, forn = 3=, T > 7% = 5262 and any N € N the output Wy of

Algorithm 5 satisfies

EViy (2a) < 27N Vi, (24)- (38)
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AW N =

W

Algorithm 5: RestartedInnerLoop(wp, z — §., @)

Input: Initial wy € Z, centered gradient estimator g, Vz € Z, oracle quality o > 0

Parameters : Step size 7, inner iteration count 7, phase count N

Output: Point wy satisfying EVy (24) < 27V, (24) where 2z, = Prox§, (g) (for appropriate g,
n, T)

Set wg <+ wo

forn=1,...,Ndo

Prepare centered gradient estimator gy, , > e.g. by computing g(,—1)

Draw 1" uniformly from [7]

(n) — iy
fort: L...,Tdo

ol argmingez {(Go, ) (")) + Vi (w) + 5V, 0 (w)}

- (n)
Wy = W,

return Wy

Proof. Fix a phase n € [N]. For every u € Z we have the mirror descent regret bound

S 1) #8902 5 ) ot

te[T) te[T]
see Lemma 4 in Appendix A.2, with Q(z) = 1 (g(Wn—1), 2) + naVi, (z). Choosing u = z,, taking
expectation and using Definition 2 gives

n EV@ 1 Ra L2 n . 2
B3 (o) + a9V () uf?) — 20) < Tt Co) B2 57 g ) |
te(T) te(T)
(39
(Note that z,, is a function of wq and hence independent of stochastic gradient estimates.) By the
triangle inequality and strong convexity of r,

™ — 1| < 20|20 — Dt ||? + 20w = za]|? < 4V, (2a) +4Vz, (w™). (40)

By Lemma 10 we have that for every ¢t € [T

<g( (n) ) + aVVwU( w; ))7w§n) — za> > antm (20) +aV,, (wt(")) 41
Substituting the bounds (40) and (41) into the expected regret bound (39) and rearranging gives
1 2nL? 277L2 1
S Z EV,,m(7a) < <naT + = )vanl(za Z EV., (w") < 3 BV, 0 (2a),
te [T] te[T]

where in the last transition we substituted 1) = g7 and 7' > . Noting that 7 3=, BV, o (2a) =
EVi,, (24) and recursing on n completes the proof. O

The linear convergence bound (38) combined with Lemma 11 implies that Algorithm 5 implements a
relaxed proximal oracle.

Corollary 2. Let G, D > 0 be such that ||g(z)||, < G and ||z — 2'|| < D for every z,2' € Z and

G G+2LD)>

let £ > 0. Then, in the setting of Proposition 4 with N > 1 4 2log, ( ( — , we have that

O(wp) = RestartedInnerLoop(wy, §, @) is an («, €)-relaxed proximal oracle.

ﬁroof. Let 1 = RestartedInnerLoop(wo, g, ) and let z, = Proxy, (g). Forevery u € Z, we
ave

(g(), 0 —u) = (9(2a); 20 — U) +(9(2a), W — 2a) + (9(D) — g(2a), W — u) .
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By the definition (10) of z, we have (g(24), 2a — u) < aV4,(u). By Holder’s inequality and
the assumption that g is bounded, we have (g(z,), %W — zo) < G| — z,]||. Finally, since g is
2L-Lipschitz (see Remark 1) and ||@ — u|| < D by assumption, we have (g(w) — g(zq4), w0 — u) <
2LD || — 2, /|- Substituting back these three bounds and rearranging yields

(g(0), W — u) — aViy, (u) < (G +2LD) || — 24| < (G + 2LD)\/2Vg(za),
where the last bound is due to strong convexity of r. Maximizing over » and taking expectation, we
have by Jensen’s inequality and Proposition 4,

E max {{g(), & — u) — aVu, (u)} < (G+2LD)\/2EVy(20) < 2~V =D/2(G42LD)\/ Vi, (2a)-

Lemma 11 gives us +/Vi,(za)

IN

lg(wo)||” /o2 < GJa, and therefore N > 1 +

2log, (w) establishes the oracle property Emaxy,ecz {(g(w0), 0 — u) — aVy,(u)} <

[e%3 -

E. O

Remark 5. In the /5-¢; setup of Section 4.2, Proposition 4 and Corollary 2 extend straightforwardly
to centered-bounded-biased gradient estimators (Definition 3) using arguments from the proof of
Proposition 3.

Since Algorithm 5 computes a highly accurate approximation of the proximal mapping, it is reasonable
to expect that directly iterating z;, = RestartedInnerLoop(z;_1, g, «) for k € [K] would yield an
O(a®©/K) error bound, without requiring the extragradient step in Algorithm 1. However, we could
not show such a bound without additionally requiring uniform smoothness of the distance generating
function r, which does not hold for the negative entropy we use in the ¢; setting.

F.2 Composite saddle point problems

Consider the “composite” saddle point problem of the form

min max {f(z,y) + o(z) —¢(y)},

rzeX ye

where V f admits a centered gradient estimator and ¢, are “simple” convex functions in the
sense they have efficiently-computable proximal mappings. As usual in convex optimization, it is
straightforward to extend our framework to this setting. Let T(z) = ¢(2*) + 1(z¥) so that g(z) +
VY (z) denotes the (sub-)gradient mapping for the composite problem at point z. Algorithmically,
the extension consists of changing Line 4 of Algorithm 1 to

2k argergin {<9 (Zk71/2) + VY (2r-1/2), Z> + aVZk—l(Z)} )

changing line 2 of Algorithm 2 to

. N « 1
wy ¢ arg min {<gwo (We—1),w) +T(w) + 5 Vo (w) + anH(w)} :
we

and similarly adding Y (w) to the minimization in line 7 of Algorithm 5.

Analytically, we replace g with g + VY in the duality gap bound (8), Definition 1 (relaxed proximal
oracle), and Proposition 1 and its proof, which holds without further change. To implement the
composite relaxed proximal oracle we still assume a centered gradient estimator for g only. However,
with the algorithmic modifications described above, the guarantee (11) of Proposition 2 now has
g + VT instead of g; the only change to the proof is that we now invoke Lemma 4 (in Appendix A.2)
with the composite term 1 [(g(wo), 2) + T (2) + $ Vi, (2)], and the bound (20) becomes

D o (we) + VY (wr) + § Vi, (wy), wy — ) < Vuo W) | g > 11612

te[T) g te[T]

Proposition 3, Proposition 4 and Corollary 2 similarly extend to the composite setup.

The only point in our development that does not immediately extend to the composite setting is
Corollary 1 and its subsequent discussion. There, we argue that Algorithm 2 implements a relaxed
proximal oracle only when (g(z), z — w) is convex in z for all u, which is the case for bilinear f.
However, this condition might fail for g + V'Y even when it holds for g. In this case, we may still use
the oracle implementation guaranteed by Corollary 2 for any convex Y.
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F.3 Additional gradient estimators

We revisit the bilinear setting studied in Section 4 and provide additional gradient estimators that meet
our variance requirements. In Section F.3.1 we consider ¢5-¢; games and construct an “oblivious”
estimator for the ) component of the gradient that involves sampling from a distribution independent
of the query point. In Section F.3.2 we describe two additional centered gradient estimators for £5-£5
games; one of them is the “factored splits” estimator proposed in [3].

F.3.1 /5-¢1 games

Consider the ¢5-¢1 setup described in the beginning of Section 4.2. We describe an alternative for the
Y component of (29), that is “oblivious” in the sense that it involves sampling from distributions that
do not depend on the current iterate. The estimator generates each coordinate of gy, independently

in the following way: for every i € [m] we define the probability ¢(*) € A™ by
i 2 .
o)) = A5 /1As 5 Vi € [n].

Then, independently for every i € [m], draw (i) ~ ¢(*) and set

Wiy — w5l
30 (W) = —[Augs — T [ sy 200 (i)[ o | (42)

£40)

where T is the clipping operator defined in (29). Note that despite requiring m independent samples
from different distributions over n elements, g3, still admits efficient evaluation. This is because
the distributions ¢(*) are fixed in advance, and we can pre-process them to perform each of the m
samples in time O(1) [42]. However, the oblivious gradient estimator produces fully dense estimates
regardless of the sparsity of A, which limits its running time guarantees to terms proportional to m
rather than the maximum number of nonzero elements in columns of A.

The oblivious estimator has the same “centered-bounded-biased” properties (Definition 3) as the
“dynamic” estimator (29).

Lemma 12. In the {5-£; setup, a gradient estimator with X block as in (29) and Y block as in (42)
is (wo, L, 7)-CBB with L = ||Al|,_, ..

Proof. We show the bias bound similarly to the proof of Lemma 6,

E (%, (w) = ¢" ()] ,] < > Ayl [w]; — [wil]

ISVALO)
for all i € [m], where
JIr (i) = {j €nl| T, (;4(?) ([w*]; = [%]j)) # ;4(?) ([w; = [wé]j)}.

Note that j € J- (¢) if and only if

Aij oo | 1Al [ — gl 1 SR
iy ([0 = [wfly)| = =20 > 7= Ay < 2 a0 - il
a; ij

Therefore,

X X ]' 2 X X 2 ]- 2 X X112
S Ml = [wils] < =~ 14al3 3 1w — el = 14l o - w3
JET- (i) JjET-

and ||Eg,, (w) — ¢*(w)]| _ < L [lw* — w§||§ follows by taking the maximum over i € [m)].

oo — T
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The second property follows exactly as in the proof of Lemma 6. For the third property, note that the
bound (26) on the X’ component still holds, and that for each i € [m] we have qj(l) = A7 /|| As. H; and

E (g1, (w) = ¢ ()]} = > o (TT (Ai;‘ ([w); - [wmn))

(i
j€ln] 45

2
i At X x X X
<Y g <q<5 ([w ]j—[wom) = [l Aillz o™ = w3 -
J

J€[n]

F.3.2 /5-/> games

In the ¢2-¢5 setup described in Section E it is possible to use a completely oblivious gradient estimator.
It has the form (13) with the following sampling distributions that do not depend on wq, w,

2

_[14a i3 _ A4

= 2 an q; = 3 -
1Al Al

(43)

i

2

Balamurugan and Bach [3] use these sampling distributions, referring to them as “factored splits.
Another option is to use the dynamic sampling probabilities

il )~ el Al ) — ]
> ety MAw: Il |0 — [w]i] > e 1A T Ty — [l |

Both the distributions above yield centered gradient estimators.

pi(w) = . (44)

Lemma 13. In the {2-£5 setup, the estimator (13) with either sampling probabilities (43) or (44) is
(wo, L)-centered for L = || A||g.

Proof. Unbiasedness follows from the estimator definition. For the oblivious sampling strategy (43)
the second property follows from

- Ai: 2 ||A||2 X X
E lwo () — glwn)2 = 3= 12l quyy, gz ¢ 5 1l i g 2
Di : q;
i€[m] J€[n]
= || All l[w — woll3 .

For the dynamic sampling strategy (44), we have

2
E |G, (w) = g(wo) 5 = < D Al ] - [%]i/l) + ( > 1Ayl 11wy —[WS]J"|>
i'€ln]

i/ €[m]

2

2 2
< [[Allp [lw = woll,

where the inequality is due to Cauchy—Schwarz. O

We remark that out of the three sampling strategies (36), (43) and (44), only for (44) the bound

E || Gu, (w) — g(wo) Hg < ||A||§ ||lw — wg ||§ is an inequality, whereas for the other two it holds with
equality. Consequently, the dynamic sampling probabilities (44) might be preferable in certain cases.
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