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A Further details on the lower bound

Our formal lower bound reads as follows:

Theorem 9 Let p € (0,1), and let C = 12 + 4log,(Q/p). Assume that log(N)N ) €10 <

1
d 4

(ie., N < \/d/ log (d)). Fix a randomized algorithm that queries at most Q) points per iteration

(both function value and gradient), and that runs for at most N iterations. Then, with probability at
least 1 — p, when run on the shielded Nemirovski function f one has for any queried point:

1

— > —.
To prove Theorem[9, we consider the following game between the algorithm (player A) issuing the
queries, and the adversary (player B) building the hard shielded Nemirovski function f (as defined in
Section m and Section M, i.e., player B chooses the orthonormal vectors in the definition of f. To
make explicit the dependency of the shielded Nemirovski function on the choice of the orthonormal
vectors vy, - - - , vy, We denote it by fU1--UN (with similar notation for the Nemirovski function
N and the wall function W). We restrict our attention to a deterministic player A and randomized
player B, which is without loss of generality thanks to the minimax theorem. The game has N
iterations, and at each iteration ¢, players A and B maintain a common set of orthonormal vectors
Vi = {v1,v2, -+ , v}, and common sets of vectors Q1, Qs, - - - , Q; where initially Qg = ). At each
iteration,

1. Simultaneously:

)

(a) Player A queries a set of () points Q; = {z(l) e Z(Q)} inside the unit ball.

(b) Player B randomly sample N — ¢ + 1 orthonormal vectors vt( ), (tH), .- ,vt(N) from
span(V;_1)*.
2. Player B returns fv1:v2 weop T ”Jt(N)(w) and V friv S0 T o) (2) to player

A for every x € Q; where v; := vt( ),
Note that at each iteration Player B answers the query with a different function, however we will
show that in fact with high probability all the given answers are consistent with the final function.
More precisely let us introduce the high probability event under which we will carry the proof. We
say that Player B wins the game if the following holds:

/Clogd
x,véiﬂ og HP‘/J_ x

Lemma 10 Let p € (0,1). Assume N < & and let C = 12+ 41og,(Q/p). Then player B wins with
probability at least 1 — p.

Vt € [N],z € Q¢, 81,82 >

Proof For any s; and so, we note that vgf) follows the uniform distribution on the unit sphere

restricted on the subspace V 1" For any x € Q,, we have that
(w,0i3?)) = (Pys @, Py o).

By [Ball} {1997, Lemma 2.2], we have that
2
L5
Since dim V" ; =d—s,+1>d— N > ¢ and ||PVSJ17137||2 < [Py ]2 (using t < s51), we
have that

[Clogd d 1 logd
IP’( x,vg‘jz) ¢ og HP‘/L xH > < 2exp( —3 5.0 Zg ):2d7%.

11

Pq;i?) <’<Ple x,PV;_lvgfzw >t HPVSﬁ_leg) < 2exp(— dim VSJl‘
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probability at least 1 — () - d3=%, which concludes the proof. |

Taking union bound over at most N? pairs of v;”’ and N@Q many x, we have that player B wins with

Next we show that if Player B wins the game, then indeed all answers are consistent with the final
function.

Lemma 11 Assume player B wins the game and that v = 2§/ Clng(d). Then, for all t € [N] and
all x € Qy, we have that

7U§N) (x) — fvlﬂfm'“ sVt V41,7 UN (l’) (7)

(t+1)
fv177]21"':vt"ut [

and that
(t+1) . (N)

Vflul’vz’m RIPRT U; (l‘) — val,vg,m YUt Vt41,7 ,UN (,T) ()

Proof Fix anyt € [N]and any x € Q,. Write x = w + z withw € V;_; and z € V;%,. Since
player B wins, we have that

s Clogd
|0 < =2 e
for all s > t. Lemmal2] shows that
(t+1) . L)
PPVLV2,0 080 REN (I)ZWUI’W’ YUt Vi1, 7’UN(:Z:). 9)

Moreover the equations following Lemma[2|show that (9) also holds for the function f itself provided
that ||z|]] > § (indeed, as discussed there if the argmax index in the definition of the Nemirovski
function is attained at an index > ¢ then in fact f(x) = W(x), and otherwise the Nemirovski function
value itself does not depend on v,EtH), ceey vt(N)).

Thus we only need to consider the case where ||z|| < 4. In this case we prove that (9) also holds for
the Nemirovski function (and thus it also holds for f). Indeed for any s > ¢

(vs, ) — v+ 8= (vs,2) — (vg,2) + (v, ) — v+ s

C'logd
<2 Zg 0+ (v, x) — -8
S <Ut,l'> _’yt7
where the last inequality uses that / % < 2. This concludes the proof of (7). For (8) we simply
note that (7)) remains true for infinitesimal perturbations of x. |

Finally we show that no queried point could have a suboptimal gap smaller than o(1/v/N).

Lemma 12 Assume player B wins and that log(N)N Clng(d) < L Then, forallt € [N] and all

T € Oy, we have that
1

— >
fl@)—f > N
Proof First we claim that
1 C'log(d)
> 2 AN
flz) = "> ~ ] gl

This follows from (1)), Lemmal[I] and the fact that:
f(x) =2 N(z) = (v, @) =N .

Next recall from Lemma E that we take v = 264/ %g(d), and from LemmaEthat m =

44/ %"g(d) + \/#ﬁ < \/% where the inequality follows from the assumption on N. In particular we

12
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log(N/2) .
have § < o Thus:

1 C'log(d) 1
z)— > —— 7<1+210 N/2 N>27,
T =208~V BNV 2 (R
where the second inequality follows from the assumption on /V. |

B Acceleration with Approximate Proximal Step Oracles

Here we provide the proofs associated with Section and prove Theorem[6} Our proof is split into
several parts. In Section[B.T we provide the acceleration framework we leverage, in Section[B.2 we
show how to instantiate the framework using our oracles, and in Sectionwe then prove Theorem@
This analysis relies on a line search result deferred to Appendix [E.

B.1 Framework

In this section we present the general acceleration framework based on Monteiro and Svaiter [[2013]]
which we leverage to achieve our result. This acceleration framework is given by Algorithm 3|and is
a noise-tolerant analog of the one present in Bubeck et al.|[2018]. The framework maintains points
x, and yy, in each iteration k. To compute the next point, a careful convex combination of them is
chosen, denote Zy, and the next yx41 is chosen a point that has similar properties to the result of
an approximate proximal step oracle and the next xj; is then the result of moving from zy, in the
direction of Vg(yg+1). Here we provide general results regarding the iterates in the general setting
of Algorithm[3] In the next section we show how to implement the framework and ultimately bound
the error.

Algorithm 3: Acceleration Framework

t Input: 2o =y =04,0 € (0,1), 4o=0,K >0
2 for k=0,...,K —1do

Compute Ag41 > 0and yr41 € R< such that for

de de ~aer Ap g1
aps1 = 3 [/\k-+1 + /A T 4/\k+1Ak] cApi1 € Agtagsr T = Aror yk+Akilxk7

the following condition holds

[Me+1Vg(Wkt1) + Yrr1 — Trll < ollypsr — Till + A 16 - (10)

Compute x1 such that the following holds

lzk41 — (26 — ar+1Vg(Yrt1)) || < arg10 (11)

end

6 return yx

Remark 13 The definition of ai41 was chosen such that A1 Ag41 = a%_H. To see this, note that
aj11 s a solution to a%_H — Akt10k11 — Aer1Ag = 0, which is equivalent as A1 = Ap + ag.

In the following theorem we give a general bound for the quality of the iterates in Algorithm 3]

Theorem 14 (Framework Convergence) Algorithm[3|above gives for all k > 1 that

Arlg(yn) = g1 + gllax — 27l + > o = Fall? < Sl + o
ielk] v
where 52

ielk] i€ (k]

13
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464

Proof Let Ay Lof Ter1 — (T — ak+1Vg(Yk+1))s Tk B %ka —x*||?, and &, Lof 9(yr) — g* so

1 . ap
QHmkH — 2" = Ap1]? =1 + a1 V() ' (2% — ap) + k2+1 Vg (yrs1)]?

Now, since

Ak 1/~ A 1/~ Ak
Th= Y + — (T — Yr) = ki1 + — Tk — Yrr1) + —— (Yrr1 — Yr)
A+1 Ak+1 Af41

and by convexity g(2) > g(yr+1) + V9g(yr+1) " (2 — yr+1) for all z we have
ar1Vg(yr) " (@ = 21) < A1 Ve(yrr1) " (b — T) + Arer — Appicpir -
Combining these inequalities and applying Cauchy Schwarz yields

1 1
Mot = 5| 2her — 27 — A | + A (Ther — 2" — Dpyr) + *\|Ak+1|\2
2

<1+ A1 V(i) T (ke — Tn) + Arer — Apnieri + o= [Va(yrs) |1

+ [ Aptalllzrr — =]
Now rearranging (I0) and applying (a + b)? < (14 t)a? + (1 + ¢ ~1)b? for t = 1=2 yields
201V 1) T (Wrr1 — T) + A2 1 VI )P < —(1=0) [grerr = Tall* + (1 = 0) 7' AZ110°
Combining with the facts that A, Ay, = a2 and || Ag41| < ag416 yields

(1—0)Aks ~ 12 82 2
T”yk+l = Zkl|* <1+ Ager + apprd||zr — 2 + m%ﬂ

Summing over k and using that Ay = 0 and ¢ = 0 yields the result. ]

Th1 + Aky1€p+1 +

Next we show that for sufficiently small §, the error in Theorem |14 is increased by only a constant
factor. This will allow us to apply Theorem.when 0 #0.

Lemma 15 (Error Tolerance) Algorzthm[wzth 0 < 1 —o||x*||/Axk for some ¢, K > 0 gives
that 8y, < c(1 + 3c)||x*||%. Consequently, if c < + thenfor allk € (K|

Ar[g(yr) — 971 + *Hx —z7* + Z IIyz = Tial® < [l (12)
(%]

In particular, this implies that taking § < Mfor n= \;1% then ||z — x*|| < 2||a*|. Further-

*HZ

more, we have that either g(y) < g* + e or A < l="1%

Proof Theorem , the assumption on 6, o € [0,1) and Ag = }_,;¢ ) @i yield that for all k € [K]
1 1 2
Sl = a7l < a7+ e’ s s — o] + S|P

Since this holds for all k € [K] it clearly holds for k € arg max;¢ g [|[z; — z*|| and therefore

max |l — @ *II* = 2l max [|lz; — 2% = (1 +¢ lz** <0
K2

Solving the quadratic and using v/a + b < v/a + /b implies that

max [l — o < 3 [2C||3«“ I+ VA4e2[|l2* 2 + 4(1 + 2)l|l*[[2] < (e + (1+ev2))l|z"| .

Therefore by the definition of §;, we have
2
c
Sk = cle + (1+ vV20)][lz*|* + *Ilw*IIQ < (3¢ + ¢o)f|*|?

for all k£ € [K] and (12) follows from Theoremnand that ¢(1 + 3¢) < 1 forc € [0, 1]. |

14



465 B.2 Leveraging Approximate Proximal Step Oracle

466 Here we show how to implement and bound the convergence of Algorithm [3 given an approximate
467 proximal step oracle. First, we show that given Ay 11w (||yx+1 — Zk]|) is sufficiently close to 1 then
468 Y41 can be computed with an approximate proximal oracle. We show that such a yj 1 can always
460 be found (for suitable choice of o) in Appendix [E.

470 Lemma 16 (Line Search Guarantee) If in each iteration k of Algorithm |3 we choose A1 and
471 Ygy1 such that for d = ||yx+1 — Tk ||

~ 1—0o
IVa(yrsr) +w(d)(yr1 = 2p)l < @ wld)d+6  and  -— < Apaw(d) <1

a2 fora €(0,1) andw : Ry — R then is satisfied.
473 Proof Leveraging that the assumptions imply |Ax11w(d) — 1| = 1 — Agy1w(d) yields
A1V I(Yrr1) + Ykt — Tell < Arrr [V(Wrt1) +w(d) (Yrr1 — Ze) | + [Meprw(d) = 1 lyks1 — Tkl
< Apt1 (- w(d)d+9) + (1 — Apr1w(d))d
=[1—-(1-a) \r1w(d)]d+ Ap419 .
474 Since (1 — @) Ag+1w(d) > 1 — o by assumption the result follows. [ |
475

476 Note that the update x4 can simply be read as xx+1 = X — agy1 - Vg1 wWhere |Jvgsr —
477 Vg(yr+1)|| < 6. Consequently, vi41 can just be the result of a J-approximate gradient oracle
478 (Definition 5. Consequently, this lemma shows that Algorithm [3]can be implemented with the oracles
479 at our disposal, provided line search can be performed to achieve the guarantee of Lemma[l6. We
480 discuss this in the next section.

481 Next we bound the diameter of the iterates of the algorithm, i.e. how much the points vary.

482 Lemma 17 (Diameter Bound) If in Algorithm E we have § < “m I - for = \/1\(70 and some

483 K > 0. Then forallk € [K] and 0 € [0,1 we have ||y, — z*| < ,uHas I and ||:£9 —ax*|| < pllz*|
ass  forTg = (1 — 0)xy + Oyy.

a5 Proof Let Dy = ||yr — 2*||. Using Ty, = Yk + Axf xy, we have

Ak+1
. Ay 2a541
T — x| < Dy, + z*|.
il < D 2

a6 Hence, Dyy1 < Ak Dy, + 20841 || 2* || + ||yp+1 — T || Rescaling and summing over k yields

Akt
Ap_q
Ak

~ Ay -
Dyy1 <2l|z"|| + llyr+1 — Te|l + T”yk — Tp—1|| + Hyk 1— Tp_o| +-
ket 1

k+1
<2zt + —— S Aslly; — Fia
Il oy 2 Aol =Tl

ST AN Ky
<2 * v=s= - - 7 .7'\’._ 2
< 2f|z* || + e E 5y ly; — @l

J
R
1A 2 II?
<2+ Y2 A
VAkr1
2V/2
Vi—o

a7 where we used A is increasing and Lemma [13]in the third to last equation, and equation[14]for the

488 second to last. The assumption on the relation between o and o implies 0 = HT"‘ = [%, 1) and the
489 definition of 1 gives the last inequality.

< 2" + [z} < ™|
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The second part of the claim follows by observing that Zy is a convex combination of x and yy,
therefore

2o — ™[] < max{|lzy — 27|, [lyr — 27|} < pll=™]|.
|

Finally, we bound the growth of Ay; this is crucial to derive the final convergence rate of the algorithm.

Lemma 18 (Growth of Ay) Let p = 1= = 2 and pp = \;‘1‘[720 = \/Sfa. If in Algorithm Efor
K > 0 we have § < ”x ” and A\, > mfor all k € {0, ..., K} then forall J € (0, %)
we have
47 k/J)?
A2 0 T Ty (20
w(pl|z 16p.w<(k‘;J)3/2>
Further, if ||«*|| < R, for all k € [K| then Ay, > m

Proof Letdy, = ||y — Z_1]|. By of Lemmawe obtain for all k € [K]

Ai o 20l
— . 1
DA<=, (13)
1€ k]

QH:E H

Since Ag = 0 we have A; = a; = A; and consequently, yields d% and therefore

dy < %jz*||. Since w is monotonic the assumptions imply
1 1
> .
c-w(dy) ~ p-wlplle*]/4)

Since the Ay, increase monotonically this immediately implies A, > Ay > 1/[pw(pl|z*||/4)] as
desired. Further, this implies that if A, > 47 A; then the result holds.

On the other hand, suppose A;, < 47 A;. Then, for some 1 < i < j < k we have Aj < 44; and
|7 — | > k/J. The construction of Ay, then implies

V> VI V= [V - VA - zﬁjrﬁzm o

Hence, at least P ﬂ many \’s have value less than ( )2 Letting .S denote the indices of these A
we have by (13)) that

2||JU*H2 Z d2 [—ﬂ Z Z £
l—o0 b= <(16A ) 1S t= 32 4 |S\
J

Ay =X >

tes tes

\/% (k%)! 5 < &?}%B Il and ), < A)’; < (,13?)2 for some ¢ € [k]. However,

the monotonicity of w and the assumptions on A also 1mply

Consequently, d; <

1 1
At > > oo
w(dt) P w((il;uj)?,/HQ)

and the result now follows by observing that
(k/J)?
16

giving the second term in the result. |

Ap > Ar > M
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B.3 Putting It All Together

Here we put together the analysis from the preceding sections and prove Theorem[6] Our proof relies
on the following theorem giving our main guarantee regarding such a line search algorithm (See
Section [E for the proof.)

Theorem 19 (Line Search Algorithm) Let g : R? — R be a twice differentiable function that is

minimized at a point x* € R% with ||z*|| < R. Further, let w : R, — R, be a continuously

differentiable function where 0 < w'(s) < 7@ for some fixed v > 1 and all s > 0. Further, let
dof g8

= 7ia and suppose

€
p-R-9c[(1+4 a)c+1]

1
0 < min{ , SMR-w(SuR)} and 64 (a+ c) 72 < 1 for some ¢ > 1.

Thenfor any inputs x(l)’ ./L'(2) With ||‘T(1) ||7 ||x(2)H S 2MR’ m g A S RTQ there is an algorithm

at returns Yy an. SUC a .”E = xr - or a = w ﬂ’lat either satisfies
that returns y and X such that & = 22 + -A_x() A

9(y) <g"+e and w(lly—2|2) ly—zl2<c-§
or, satisfies

SAw(lly—zl2) <1, wllly=2l2) - ly —zl2 > ¢4,

N |

and
[Va(y) +w(lly = zll2) - (y = D) < - w(lly — zl|2) - ly — Zll2 + 0
after

6 + log, [(1605}% + ?)

calls to the (o, §)-approximate w-proximal step oracle Tp,yox for g.

. W(SCMR)}

Leveraging this we can prove our main theorem regarding our acceleration framework. We first give
this result below as a slightly more general result and then use it to immediately improve the theorem.

Theorem 20 (General Tunable Acceleration Framework) Ler g : R? — R be a convex twice-
differentiable function minimized at x* with ||z*|| < R, ¢ > 0, a € [0,1), and ¢ > 150,y > 1 such
that 64(a + ¢ 1)y2 < 1. Further, let w : R, — R, be a monotonically increasing continuously
differentiable function with 0 < w'(s) < v-w(s)/sfor all s > 0. There is an algorithm which for all
k computes a point yy, with

dullo®
32w (L) o2 s
9(yx) — 9" <max<e, 3 where p =
k 1—a

using k(6 + log,[(1500p3 R3c?[(1 + a)c + 1]) - w(8cuR) - e ~1])? queries to a (o, §)-approximate
w-proximal step oracle for g and a §-approximate gradient oracle for g provided that it holds that
§ <e/[20*R[(1 + a)c+ 1]} and e < 72¢[(1 + a)c + 1](pR)? - w(8uR).

Proof Consider an application of Algorithm [3 where in each iteration k we invoke Theorem [19
with 2V = g, ®) = 25, and A = Ay, to compute y1 = y and A\, = \. Now supposing that
Ay < R?/e and that in this invocation we choose the § of Theoremto be &' = min{e’/(uR), SpuR-
w(8uR)} = ¢'/(uR) for e’ = ¢/[u- R-9¢[(1+a)c+1]], we have that the conditions of Lemma
and Theorem 19| are met as ¢’ < e. Further, if w(||y — Z||2) - ||y — Z||2 < ¢ - ¢’ then we output Y11
and are guaranteed that g(yx+1) < ¢* + & by Theorem|19|and the choice of parameters.

Otherwise, w(||y — Z||2) - ||y — Z||2 > ¢ - 0’ and the necessary conditions are met for Algorithm [3]to
proceed by Lemma Further, in this case, we have that

L lwn =@l 2]
ol —ml) = o8 ed

Akr1 <

17
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Furthermore, the assumption that Ay <

, Remark and the assumption on ¢ yield

2u||x* 2 1 z*
App1 = A +agp1 < A+ A MH < @ + §Ak+1 + Mll(;/ H

which implies that

(|2 « 2 2 p2 2 p2
2||=*| N 2u|=*| < 2R? n 19u°R?[(1 + a)c + 1] < 200 RA[(1 4+ a)e + 1]
€ c- o € € €

Agqr <

Since, ||z*||/(#Ak+1) > €/[20p3R[(1 + a)c + 1]] > § by the assumption ¢ > 150, we have that
Lemmastill holds and therefore either Ay < [|z*||?/c or g(yr+1) — g* < € and we can repeat
the inductive argument.

Consequently, if after k steps we have not already returned an e-approximate point then we have from
Lemma [[5]and Lemma|[I8]the convergence rate to an e-optimal point of the general framework as

o 2 w(uler/a) 32w ()
r < min max wiplie (/) ||95‘*H2

— *<
glyr) —g" < 4, S D 1 , )2

and the convergence rate follows by considering J = [1 + log, (2||z*||?w(u||z*||/4)/€)] and the
monotonicity of w. Putting together with Theorem [I9] we have that for

o [1 +log (2||”5*H2“<M||x*||/4)ﬂ . (6 ©log, [<160u||a: le 9||x€*|\2) -w(SCMHJ/’*H)D

€ o'
170p2 R? 1
< <6 + log, [% -w(8c,uR)D . [1 + 3 log, <2R2 ﬂ
170p2 R? 2 1500 3R3 2[(1 2
< (6 + log, [# -w(SCuR)]) < (6 + log, { K [( +ajet ] w(SCuR)D
KC queries to a («a, 0")-approximate w-proximal step oracle is needed at each iteration.
]

Leveraging this, we prove Theorem [6]
Proof [Proof of Theorem |6 l_] Consider invoke Theorem|_w1th ¢ = 1502, Since v > 1 we have
¢ > 150. Further, since o < 1/(128+?) and c_1 < 1/(128+2) we have 64(a + ¢ 1)42 < 1.

Further, under these assumptions we have 1 < 8/(v/T — ) < 10 and [(1 + a)c + 1] < 200~2.
Consequently, § and ¢ are constrained sufficiently to invoke Theorem[20|and the result follows. M

C Applications

Here we briefly sketch several applications of the acceleration framework described in Section [3.1]
First we show how minimizing the regularized p-th order Taylor approximation to g is yields an
approximate w-proximal step oracle.

def

Lemma 21 (Accelerated Taylor Descent) Suppose that NVPg is L,-Lipschitz and that T (z) =
argmin, g,(y; )+ PPTL lly—z||PT! where g,(y; z) is the value of the p’th order Taylor approxima-
tion of g about x evaluated at y and L > 0. Then, Tprox is a (14+p)~*(14+L/L,) ™1, 0)-approximate

w-proximal step oracle (Definition4)) for w(d) S de_l.

Proof Let y = Tprox () for arbitrary 2. The optimality conditions of y yield that

(p+ 1)(L +1)

Vygp(y;x) = ly = ="~ (@ = y) = w(lly — =)z —y) .

18
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Further, since Taylor expansion of Vg(y) yields

IVg(y) + w(lly — 2Ny — )| = [Vg(y) = Vygp(y; )l < %Ily —xff?

L
= mw(lly —z|))lly — |l
P
the result follows by observing that « = (1 +p)~ (1 + L/L,)~! and § = 0, as claimed. [ |

Now, note that for w(d) defined in this lemma we have that w’(d) = (p — 2)w(s)/s. Consequently,
with respect to Theorem [6 we have that v = p — 2 and a = (14 p)~}(1 + L/L,)~! for the
oracle defined in this lemma. Consequently, by picking L = O(L,poly(p)) this oracle satisfies the
necessary conditions of the theorems and therefore (up to logarithmic factors) with & queries to the
oracle and a gradient oracle invoking Theorem 6] yields that one can compute a point yj, with
o WGP _ (Ly+ L) - (4 1) [l [+
9(yk) — 9" < 12 S Ty :
pl-k2

This matches the rate of |Gasnikov et al., 2018, Jiang et al., 2018, Bubeck et al., |2018] up to
polylogarithmic factors.

Next we show how approximately minimizing a regularization of g yields an approximate w-proximal
step oracle.

Lemma 22 (Approximate Proximal Point) Suppose that g is L-smooth and convex and that T ()
def

is a point y, where for G.(y) = g(y) + 5|y — «||* we have G, (y.) — G < p where G is

the minimum value of G,. Then, Tprox is a (0, p(L + k))-approximate w-proximal step oracle
d

(Definition @)for w(d) = k.

Proof Since G is L + k-smooth we have that

1 1
> _— = — —_ .
p 2 = IVGa )l = T IV () + w(us — )]
The result follows by observing that « = 0 and § = p(L + k), as claimed. |

Now, note that for w(d) defined in this lemma we have that w’(d) = 0. Consequently, with respect to
Theorem[6 we have that v = 0 and a = 0 for the oracle defined in this lemma. Consequently, this
oracle satisfies the necessary conditions of the theorems for some € so long as p = O(e/[||z*||(L+ )]
and therefore (up to logarithmic factors) with & queries to the oracle and a gradient oracle invoking
Theorem [6] yields that one can compute a point y, with

Bl 2 _ s o

k2 ~ k2

This matches the rate of [Frostig et al.l [Lin et al.,[2015] up to polylogarithmic factors with slightly
stronger assumptions. We leave it to future work to use this framework to fully generalize this result
and develop further applications.

o

9(yk) — 9" S

D Upper Bound

Here we provide the proofs associated with Section and prove Theorem [3. Our proof is split
into several parts. In Section we provide basic facts about the convolved function we optimize,
in Section we analyze our algorithm for approximating the gradient, in Section we then
analyze our algorithm for computing an approximate proximal step, and in Section[D.4|we then put
everything together to prove Theorem

Throughout this section we use || - ||, to denote the operator norm of a matrix and D as the differential
operator.
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D.1 Gaussian Convolution for Approximation

Here we prove Lemma([7 which provides basic facts about g, e.g. convexity and continuity, that we
use throughout our analysis.

Proof [Proof of Lemmal7] Since g is a weighted linear combination of shifted f, i.e.

o) = | 2el)f(y—a)da

and as f is convex, so is g. Similarly, we have g is L-Lipschitz. Finally, we note that

90 ~F W) < [ =)@~ @lde < L [ o)llo=ylads = LE,er ol < IV

where we used E,, |22 < /Epmn, [[7]3 < Vd - 7.
Next, we note that Vg = ~, * Vf and hence V?g = Vv, * Vf

T

0= [ty —) (L) (VH @0 dn

So we have for any ||v||2 = 1, by the fact that f is L-Lipschitz that

L Yy—x L L 2 L
[0 V2g(y)o] < = / Yy — ) < ,v>‘ dy == Eeononll==-1/= <=
T JRrd T r T T T
and therefore [|V2g(y)|lop < £. m

D.2 Noisy Gradient Oracle: Sampling

In this section we prove Lemma [§|bounding the performance of Algorithm [I]for approximating the
gradient of g. We begin by studying each sampled vector in Algorithm|[I]

Lemma 23 (Statistics of one sample) Given a L-Lipschitz function f on RY, a vector ¢, radius
r > 0, and error parameter 1 > 1 > 0. Sample x according to 7,.(x — ¢). Define the vector field

act Vr(y — @) T

ly) = m V@) x((@—¢) (y—o0))- 1Hm—c”§(\/3+%)?”'

For any y such that ||y — c|| < 7, we have that

IE€(y) — V(3 * )W)z < 2L - exp(— =),

2n
1)l < 3L,

20LVd
D < .
[ D€(y)llop < o

Proof For the bias, we note that

Bt = [ m )X~ )T €)7o ) Ly sy d
B /Rd ey = 2) - VI(@) x((@ =) (=€) Vg <(vie1)r 40
=V D) = [ ely =) Vf(a) Bl da

where
Bly,x) =1—x((z — C)T(y —c))- 1Hm,c||§(\/g+%)r-
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Since 1 > S(y,z) > 0 for all z, y, we have

IIW(y)—V(%*f)(y)HzS/Rd%( — ) [[Vf(@)l2- By, ) dx

<L [ =2 A0 de
SL'Pw [B(yvx) >0]'

Now, we note that 3(y, z) > 0 implies either ||z — || > (v/d + Sror|(@—c)T(y—c)| > .

By a tail bound of Chi-square distribution [Laurent and Massart, 2000]], we have

P, (|x —c| > (\/g—&- 1) r) < exp (—12) . (15)
" 2n

Next, we note that for any fixed c and 3, (z — ¢) " (y — c) follows the normal distribution A/ (||y -
clf?, lly — cf|*r

%) when x is sampled from ,.(y — x). By the assumption that ||y — c[| < Zr < 7, we
have that

2

~Ally - Cll?")
2

.
< [
= eXp( 32||y—c||2)

1
27}2) (16)

Union bound over case and case gives that P, [B(y, z) > 0] < 2exp(— %) This gives the
bound on E/(y).

For the bound on ||¢||, we note from the Lipschitz assumption of f that

lewls < L- 2922 (@ = )Ty - o)).

P, [|(a; —o) (y—o)| > 7“22} < Peaonion) (‘C|

< exp(—

Yr(z —c)
ey — )
<L ————= - 1y,— _
sL- i Ne-aTw-als
For any x with |(x — ¢) T (y — ¢)| < 72, we have that

log =) ; —orally = 2l + g e~ al
o (~2e =) (=)~ 1y~ el3)
0T

= 7”2

<1 A7)
Hence, we have ||¢(y)||2 < 3L.

For the bound of the Jacobian of ¢, we note that

() =2 =0 gy (< L50) M- 0T - ) Ly

’Yr(x - C) r2
" W V@)@ =o)X (=) =€) e ar e

Smce the Lipschitz constant of  is bounded by 2 7 and the Lipschitz assumption of f is bounded by
L, (I7) and the above equation shows that
ly — [l 2
IDEllop < €+ L+ 5= Ljo_gievartyr te- Lolle —cllz 5 o_oy<var sy
Vd+ 1+ + Vd+ Ly
BT S I (Las

<e-L 5

r T
L 9L 1 20L/d
<S4 (Vi+ )< m\f.
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By a concentration and e-net argument we use Lemma[23]to prove Lemmal8]

Proof [Proof of Lemma Fix y such that ||y — c[» < Zr, weletv(y) — Vg(y) = + 2511 () be
the sum of N independent vectors (). Lemma shows that

IEe® ||, < 2L - exp ( - 2—2) and |||, < 3L + L = 4L.
n

Pinelis’s inequality [[Pinelis, |1994] shows that
1 N
il (@)
(B>

To make this holds for all y with ||y — ¢||2 < 77, we pick an e-net N on {y : ||y — ¢|l2 < 7} with
_ o, o®(-5m)
e=ar 3\/377

Nt?

1
> 2L - - 4L -t ] <2 —-_— .
= exp( 2772) + ) < 2exp ( 5 )

- It is known that |NVZ(B4(0,7))| < (22)%, therefore, using 0 < n < 1

d
3y d d dlog(81d)
|N| < #12) = (9\/a> exp (22> < exp (2) .
gr . 3\/277 n n

For any y with [|y — ¢||z < %r, there is y' € N with ||y — y||> < e, therefore by Lemma|[7| we have
Le 1
IVa(y') = Va)ll < o <L- exp(—ﬁ),

Lemmashows that || Dv(y)|lop < %ﬁ. Hence, we have

20LVd
n

1
[o(y") —v(y)ll2 < e- = 2Lexp(—ﬁ)~

Taking the union bound on A/, we have that

1 dl 1d Nt?
P ( max  |lv(y) — Vg(y)ll2 > 5L - exp(—5—) + 4L - t) < 2exp (og(S) - > .

yilly—cll2<4r 2n n? 2
Setting 2 exp (’“%(fld) — Nth) = J, we get
4L  [2dlog(81d) 2 8L [dlog(9d) 1
4L -t < — | ——=— +2log = < — | —=—= + log =
=N \/ 7 Bs VN ®5
on the LHS. u

D.3 Approximate Proximal Step Oracle Implementation
Here we prove the following theorem which bounds the performance of Algorithm

Theorem 24 AlgorithmEoutputs y such that |Vg(y) +w(ly —¢c|]) - (y —c)|| < L-ein (9(175#)
iterations with N = O([dlog dlog(1) + log(})]e %) oracle calls to f in parallel with probability at

least 1 — 0 where w is defined by (EF withr = L

Proof [Proof of Theorem[24] First, we need to prove that y stays inside ||y — ¢||2 < 7. Given this,
the correctness of the output follows from the error bound on v and the stopping condition.
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We prove ||y — ¢||2 < 7 by induction. Let 3’ be the one step from y, namely ' =y — h - §,. Then,
we have

ly" = cllz < lly = k- w(lly = cll2) - (y = ¢) = cll2 + hllv(y)ll2
4
= 1= h-w(ly = cll) lly = cll2 + 5Th
where we used the induction hypothesis ||y — ¢||2 < 7 and the approximation guarantee to show that

lo@)ll2 < [lv(y) = Va@)ll2 + [Vg(w)ll2 < Le + I < £L. Next, we note from the assumption on
step size that

h-w(lly —cll2) < h-

[t

<
rp+l —

Hence, we have
4
[y —clla < (1 = h-w(lly —cll2)) lly —cll2 + 3Lh
4
= lly = ellz = hw(lly = cll2)lly — ¢ll2 + g L.

Note that %Lh < %. Hence, if ||[y — c[[2 < (1 - %) 7, we know that ||y’ — c||2 < 7. Otherwise if

ly —cll2 > (1 - —31p> 7, we know that
AL 1\” 4
_ ~p+l
w(lly = ell2)lly —ell2 = =75 (1 - 3p> GaRP

which implies ||y’ — ¢|l2 < |ly — ¢||2. Hence, in both cases, we have ||y’ — c||2 < 7. This completes
the induction.

Finally, we need to bound the number of iterations before the algorithm terminates. Let £L(y) :=
9(y) + ®(|ly — cl|2) where ® is defined in (6). By Lemma[7} we have that

L 5LVd 6LvVd
2 1o S

V2L < (; I <

Hence, by smoothness we have
L
L(y') < L(y) — h(VL(y),dy) + 3;\/& B8, )12

Note that 6, = VL(y) -+ n for some vector 1) such that ||||o < L - £ by the approximation guarantee.
Therefore

£0') < £ly) ~ WIVEG) + RIVEG) il + 32 Van* @I TLG) I +2]nl)
< L) = IR + VLGl + 2 lnl?

h h h h
< Lly) = IVEQI + SIVLE@I® + 5 lnl” + glinl®

gﬁ(y)—@<L~%)2+%(L~f)2

8 3 8 6
h 7Le?
=L(y) - - L*?=L(y) - ———=
) -3 W =1 v
where we used that [|[VL(y)|| > ||d,]| — [[n]] > % L from the stopping criteria. This shows that £
FLe?

decreased by every iteration. Since £ has Lipschitz constant L + 4L = 5L on ||y — c|| < 7,

144pVd

max L(y)— min L < 10Lr.
lly—cl|<7 2 ly—cll<7 ) <

pVd

Therefore the number of step is at most O( 2

) and we have

Le be
Vg(y) +w(lly —cll2) - (y — o), < o tglsle
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678 as claimed. |
679

680 The above theorem shows that we can implement (1) a noisy gradient oracle with g = 6 ;and (2)
e81 an optimization oracle with & = 0 and § = L - . Since by Theorem [24 we have ||yj11 — Ik|| <,
682 i.e., the output of the optimization oracle is bounded in a ball of radius 7 from the center, therefore
683 Gyp,y = U(Ykt1) as the vector field formed by sampling satisfies ||gy, ., — Vg(yr+1)| < &,
684 justifying its validity as a noisy gradient oracle at Y ;.

685 D.4 Parallel Complexity

ess Here we show how to put everything together to prove Theorem [3| our main highly-parallel optimiza-
687 tion result.

e83 Proof [Proof of Theorem [3] Invoking the result of Section [B|and following the discussion in

689 Section[D.1| with r = —£—, we have 7 = L = £ and since
.‘ Vdr’ V10g(8))  Ly/dlog(%})

ALzP  ALP*2gP[dlog(90)] "+
Pl T el :

w(x) =

2

690 from Theorem |§| we have for T = % < L the convergence rate to an e-optimal point as

64>
o2, L2 [Pldlog(2)]*F |
fln) — fr =0k ?)=o( a1
eptl . k2. k3
691 with O(dlogdlogi/z )J+log(3) X IC) (sub)gradient queries to f in parallel in each round for &’ =

692 (’)(W), as required by the accuracy for which the optimization oracle is implemented in Theo-
s93 rem|6land the number of proximal oracle calls the line search procedure needs where

p+1

{LP+2||x*||p:£d210g(;>}2D .

{1500@3}2302[(1 +a)e+1]

i ot (6+1
9]

LL;(SCMR)D2 = (’)(lo 2

694 Setting the result to the desired accuracy €, we have that it suffices to pick k¥ = K for

K= (9({L1’+2 . ||=T*Hp+2} T . [[dlog(;;l;)] 241 }SPQH)

o e () P ) e () )

s95 Picking p such that log(-%) = 3(3p + 4), end up with

g

K=0((4)" ()7t (1) (i (1))

ss6  which is O(d'/3c72/3), as claimed. Setting p = O( %) for the algorithm to succeed with probability

so7 atleast 1 — v, denote = log( ) the number of parallel (sub)gradient queries is

dlog dlog(L) + log(d'/3e=2/3
(9( og og(5)+§g( € /”)xlc)

3

0

22
dlogdlog(%)+log(d1/3s_2/3/u) log? [dlog(é)]lfﬂ7 5
( = xlog |2 )

(dogion2) lonld ) s o)

I
O

698 With the choice of p, it suffices to pick c large enough such that 81‘ > (1og(%) — 12)? for the
699 assumption to hold. |

700
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E Line Search Implementation

In this section, we assume access to an («, §)-approximate w-proximal step oracle Tprox for a convex
function g. The goal is to use 7Tp.ox to find a point y that satisfies Lemma [E, as required by the
algorithm framework at each iteration. In particular, below is the assumption we are making and the
main theorem we are going to prove, which we recall from Appendix

Theorem 19 (Line Search Algorithm) Let g : R? — R be a twice differentiable function that is
minimized at a point z* € R% with ||z*|| < R. Further, let w : R, — R, be a continuously

differentiable function where 0 < w'(s) < 7@ for some fixed v > 1 and all s > 0. Further, let
def

= \/% and suppose

- R-9¢[(1+4 a)c+1]

0 < min{ , 8uR-w(8uR)} and 64 (a+ 1) ~? <1 forsomec>1.
c

Then for any inputs V), ) with ||z, ||| < 2uR, m <AL R?z there is an algorithm

a_..(1) A .(2) _ AEVAZHANA
AraT )t AaT fora = 5

that returns y and \ such that T = that either satisfies

gy) <g"+e and w(lly—2|2) ly—zl2<c-6
or, satisfies

SAw(lly—zl2) <1, wllly=2l2) - ly —2l2 > ¢4,

N |

and
Vg(y) +w(lly —Zll2) - (v —2)|| < - w(lly = |l2) - ly = Zll2 + 6
after

6+ log, [ (10005, O

calls to the (o, §)-approximate w-proximal step oracle Tprox for g.

. w(8c,uR)}

We assume § < j—/R to make sure the oracle gives out information for different = (and therefore we

can achieve sufficiently small error). Furthermore, assume § < 8 R - w(8uR). The reason is that if
both 2 and y lie in a radius R ball, o - w(|ly — z||2) - ||y — x||2 is bounded by 2puR - w(2pR). So if
¢ is much larger than this, the oracle essentially can always output the same y regardless of x.

E.1 Line Search Algorithm

To simplify the notation, we define Zy L (1- 9):1:(1) + 622, Now, our goal is to find @ such that

1 . ~
5 SCO) <1 where ((60) = Ao -w(llyo — Toll2) (18)
for Yo = 7;)1"0}((59) and )\0 = (1_3)2A-

First, we note that (0) = +oo and {(1) = 0 (or otherwise, we find an approximate minimizer).
Lemma 25 We have either ((0) = +oo or g(z™M) < g(z*) + £. Moreover, we have ((1) = 0.
Proof By the definition of the («, ) proximal oracle, we have

|V9(Tonex @) + (1 Toron(a) = 2D )+ (Tpron (00) = 20

< Ty () = 2O - [ Tyrona®) — 20 + 6.

If || Tprox (z1) — (V|| = 0, we have Tprox(z1) = 2(1) and hence ||Vg(z(V))|| < 6. By convexity
of g, we have that from Lemma

9(@W) < g(@®) + 6|2V — 2¥[|2 < g(a™) + pdR < g(z*) + €.
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where we used § < ;_—/R at the end. Otherwise, we have || Tprox (™) — 2| > 0 therefore

¢(0) = 400 and ¢(1) = 0 from the definition. [ |

Therefore, to find 6 such that {(§) = %, we can simply perform binary search. In particular, in
log, (1) iterations, we can find 0 < ¢ < u < 1 with [ — u| < 7 such that {(¢) — 3 and ((u) — 2
have different signs. See Algorithm [4]for the algorithm details. The key question is how small 7 we
need to make sure + < (&%) < 1.

The difficultly here is that { may not be continuous. Therefore, we cannot bound the Lipschitz
constant of ¢ directly. Different from previous papers [Bubeck et al., |2018], our proof does not
depend on how we implement the proximal oracle Tp,ox and do not assume how Tp.0x () changes
with respect to x. In fact, the oracle 7prox We constructed in Section Emay not even give the same
output for the same input. Therefore, it is difficult to bound how far Tp,.ox(2) changes under the
change of A. To avoid this problem, we first relate the noisy oracle 7prox With the ideal oracle with
a = § = 0. We note that the ideal oracle is exactly performing a proximal step as follows:

Lemma 26 (Exact Proximal Map) Given x, let y* := O(z) := argmin,, G(y) where

(o) gly) + W(lly — zll2)  with W@ﬂiAiwmwMu

then O is a (0,0) proximal oracle for g. Furthermore, G is strictly convex with VG (y) = w(|ly —
z||2) - I for any z.

Proof From the optimality condition we have for y* = O(x)

VG(y*) = Vgy*) +w(lly* —zl]2) - (y* —x) =0,

which means O is a (0, 0) proximal oracle according to the definition. Note that

(y—a)(y—=)'

VGl) = Vgly) +ellly — o)+ (ly ) - R

= w(lly — zll2)1

where we used g is convex and w is increasing. Since G is strictly convex, this shows that y* is the
unique minimizer of G. |

In Section|E.2| we show that ¢ is close to some continuous function (* (except for some cases that
we can handle separately).

E.2 Line Search Regime: Relation between Exact and Inexact Proximal Map

The goal of this section is to relate

wr (1—0)%A ~
)= C= gy — 1)
for yg = Tprox(Te) is output of an («, d) proximal oracle to
. 1-024 .
(0 = T s~ 7oll)

where y; = argmin, Gy(y) with

Go(y) = g(y) + W(lly — Zell2), (19)

the exact proximal map. In particular, we will show in Lemmathat ¢(0) is an constant approxima-
tion of (*(#). Therefore, one can study the binary search of ¢ via (*.

First we give a lemma that relates ||yg — Zg||2 and ||y; — Zg||2-
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Algorithm 4: Line Search Algorithm

Input: (Y, (2 ¢ R? and 5 < A< B

1 2
30 2nE) c

Input: e = m S (O, 1}

Input: an («, §) proximal oracle Torox for a convex twice-differentiable function g.
Assumption: ||z |y < 2uR, |||z < 2uR, ||2*|]2 < R for some minimizer 2* of g.
Assumption: § < min{;—,R, 8uR - w(8uR)}. 0 < w'(s) < 7@ forall s > 0. 1=2 = 1.

64(c + 1) < 1 for some ¢ > 1.
Define 7g = (1 — 0)x™M) + 022, yp = Tpr0x(To) and (0) according to (I8).

L — min 11 /1 1 Ad cd 1 .
et 472\ 4 AwBeuR)’ 64uR’ 360pyR-w(8cuR)’ 200(1+A-w(8cpR)+ 45 + 4 w(8cuR))
Set/ =0,u=1.

9 while v > ¢+ 7 do

10
11
12
13
14
15
16
17
18
19
20
21
22
23

759

760

761

762

763

764
765

_ fl+u
m——z .

if ((m) > 3 then
| £ m.
else
| u < m.
end
end
if w(|lye — Fell2) - lye — Fell2 < c- 6 then
\ Return y, as an approximate minimizer.
else if w([|yu — Zull2) * [|yu — Tull2 < - 6 then
| Return y, as an approximate minimizer.
else
| Return y, as an approximate solution for the line search.
end

Lemma 27 Assume that 8(cc + 1)y < 1. If w(|lys — Zoll2) - [lyo — Toll2 = c - b, then

1 N . 1 _
(1= (e 2) ) o= Foll < 1o~ Foll < (148 (a4 ) ) o~ Tl

Proof We define yét) = (1 —t)yg + ty;. Then, we have that

1
VGo(ys) — VGolys) = / V2Go (D) - (45 — yo)dt. (20)
0

Lemma[26] shows that o "
V2Go(yy) = w(llyy’ — Toll2) - 1. 1)

To lower bound ||y£)t) — Tpl|2, we split the proof into two cases:
Case 1: |lyo — y5ll2 > 4[lye — Zol|2. Since yét) = (1—t)yo + ty;, then for t > 1,

Iy — Follz = llye — T + t(ys — vo)ll2
> tlys — yoll2 — llye — Toll2
> [lyo — Tg||2-

Since w is increasing, we have w(||y£)t) — Tg|l2) > w(||lyg — Tgl|2). Together with and (1), we
have that

1
IVGo(ye) — VGo(yp)ll2 = // w(llye — Toll2)dt - [lys — gl
1/2

1 ~ *
= 5w(llye — Toll2) - llye — vsll2-
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Case 2: |lyg — y5ll2 < 4|lys — To]|2. Since yét) = (1 —t)yp + ty;, we have

t ~ ~ ~
Iy = Folla > llyo — Toll2 — tllyg — volla > (1 — 48)|lys — Fo|l2-

Using this and w(n - 8) < n?w(B) (which is implied by w’(s) < 7@ from Gronwall’s inequality),
for 0 <t < 1, we have that

w(lly” = Foll2) > (1 — 48)w(|lyp — Toll2)-
Together with and (21)), we have that

1/4
IV Ga(ye) — VGo(yg)l2 > / (1 — 4t)Vdt - w(llyo — Foll2) - lyo — vz
0

1 e~ *
= m'w(\\yo—we\lz)-IIye—yellz. 22)

In both cases, we have 22)) as v > 1.

On the other hand, the assumption on yy shows that

IVGo(ye) — VGa(yg)lla = IVGa(ye)llz < - w(llye — Toll2) - [|lye — Toll2 + 9
1 - -
< (a+2)-wlllye = Toll2) - llye — Toll2 - (23)

where we used the assumption on w(||yg — Zo||2) - [|[ye — To||2-
Combining and (23, we have that

§ 1 N 1 _
lye — ygll2 < 4(a + E)(W +1) - lyo — Zoll2 < 8(a + E)v “[lye — Zol|2

where we used that v > 1. The claim now follows from triangle inequality. |

Since ( is only a function of ||yy — Zg

2, we have the following main result of this section:
Lemma 28 [f64(a+2)y* < 1and w(|lys—Zol|2)- llye —Toll2 > c-d, then $¢(0) < ¢*(8) < 5¢(0).
Proof Lemma[7lshows that

(1= 8+ D))l — Follo < Il — Follz < (1+8(a+ =) o — Foll

Using w is non-decreasing and w(7 - 8) < n7w(B), we have
1 - .~ 1 ~
(1 =8(a+ )7)"w(llye — Toll2) < wlly — Toll2) < (1 +8(a + —)7) wllye — Toll2)-

The result now follows from the assumption 64 (« + %)72 <1 ]

E.3 Approximate Minimization Regime: when y; is close to Zy

In Section[E.2] we show that if ||yg — Zy||2 is large, ¢ approximates (* up to constant factor. In this
section, we handle the other case. We show that if ||yg — Zg||2 is small, then we can find a y with
small function value g(y). First, we show that ||ygp — Zy||2 cannot be too large.

Lemma 29 Assume that 16(a + %)’y < 1. We have
lyo — Toll2 < 8cuR
forall 6 €[0,1].
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Proof Case 1: w(||lyg — Zgl|2) - |lyo — Toll2 > ¢ 6. Using this and 16(a + 1)y < 1, Lemmalz
shows that

llye — Toll2 < 2[|lyg — Tgll2- 24)
To upper bound ||y; — Tg||2, we use the fact that y; is the minimizer of Gy and get
g9(x*) + W(l[z* = Tpll2) = Go(27) = Go(yp) = 9(z*) + W(llyg — Toll2)-

Since W is increasing, we have ||y; — T2 < [|[#* — Zg||2 < R where we used Lemmal17] Putting
it into (24) gives the result.

Case 2: w(||lyo — Zoll2) - lyo — Toll2 < ¢ - 6. Since § < 8uR - w(8uR) and that w is increasing, we
have that
lye — Toll2 < 8cuR.

Therefore in both cases we have [|yg — Tg|l2 < 8cuR as ¢ > 1. |

Now, we show that small ||yg — Tg||2 implies small g(yp).
Lemma 30 Ifw(||ye — Toll2) - lyo — Toll2 < ¢, we have that

9(ye) < g(x™) +e.

Proof By the definition of yg and the assumption, we have
IVg(yo)llz < (1 + )w(llys — Toll2) - [lys — Tolla + 6 < (1 + a)e+1)d (25)
Hence, convexity of g shows that
9(ye) — 9(x") < (Vg(ys),yo — ") < (1 + a)c +1)d[lys — 7|2
To bound ||y — x* |2, we note that
lyo — "2 < [|Zo — 2"[|l2 + llye — Tpll2 < pR + 8cuR < 9euRk
where we used Lemma[29)and Lemma[I7] Hence, convexity of g shows that
9(ye) — 9(x") < (Vg(ye),yo — ") < (1 + a)e + 1)0 - 9cuR < 9e((1 + a)e + 1)e’.

’
where we used § < —==.
n-R

E.4 Bounding Lipschitz constant of (*(¢)

To derive the stopping criteria 7 (and therefore the iteration complexity), we need to bound the
Lipschitz constant of (*(6). We first give an upper bound on || & (y5 — Zg)|.

Lemma 31 We have:

d
H < 12uvR.

@(y; — Tp)

Proof To compute the derivative of yg, we note by optimality condition that
VGo(yy) = 0.

Taking derivatives with respect to € on both sides gives

d * * d *
@VGO(?JG) + V2Gol(ys) - 5% = 0.
Hence, we have
d * sy ) — 1 d *
i == (76u) ™ (VG- 26)

29



812

813

814

815

816

817

818

819

820

821

822

823

824

825

826
827

828

To bound £y, we first compute -4 VGy(y) and V2Gy(y). For £V Gy (y), we have
5VGa(y) = 55 llly — Folla) - (v — Fo)]
a0 Gy_dawy Toll2) - Y — Zg

T =T
Y—29) Yy — Tp B
( ly )_(59|2 ) (x(2) 71(1)),w(||y,x0”2) ,(x(z)

= —w'(|ly — Toll2) -

For V2Gy(y), Lemma[26] shows that
V2Go(y) = w(lly — Toll2) - 1

Now, shows

w'([lyg — Zoll2) k= NT /(2 (1) (2) (1)
HdeOH = w(”y& — g9”2) <y0 330) (SL’ z ) + H.T € ||2
< W llys — Toll2)
w(llyy — Toll2)
< (14+9)- o 2],

w(S)

Nlys = Foll - 2 — 2| + 2 — 2V

where we used that w’(s) <« - at the end. Hence, we have

d
l=5 (s — To)ll < ||*y9||+”33(2) —2W) < @+))z® —aW];.

The result follows from v > 1 and [|2?) — (M|, < 4uR.

We now give a bound on the Lipschitz constant *(6).

Lemma 32 We have p 2p
2 1 12
log ¢* (0 >] + 5+

+
@ T=6" 0" i —7oll2
Proof Note that
d10g<(> 21wl Foll) (s ) gy~ )
do 1-0 0 (”yQ — .’ﬂg” ) Hye _ 1,0“2

UJ

Using w’'(s) < -

|(vs — 7o) " 35 (v — o)
lys — Zoll3

2

0
1 1155 — o)l
S = oyt
1-6 40 ly5 — Zoll2
1
0

2 1
’ log ¢*(0 ‘ _04—*—&-7

<2 12u7?R
T 1-0 lys — Zoll2

from Lemma[31]

_ z(l)).

Since the Lipschitz constant of ¢* depends on the term 0 and £, we need to show that 6 cannot be

too close to 0 and 1. First, we give an upper bound 6.

Lemma 33 (Upper bound on 6) Assume that 16(c + 1)y < 1. Forany 0 € [0, 1] with 3 < ((6),

we have

0 < ma 11— L
=l o 4 A-w(8cuR)

In particular, we have v < max (i, 1-—- %1 /im).
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Proof Suppose that 6 > %, then we have

2
<c(0) = Ty — Foll) < 201 07 Awlo — Foll).

The bound on ¢ now follows from Lemma[29] Since we stop the binary search when |u — ¢| less than

| —

1oso (1 /1 1
5 min (5, 1 W) , we have the upper bound on w. |

Next, we give a lower bound on 6.

Lemma 34 (Lower bound on 0) Assume 16(cc + 1)y < 1. For any 6 € [0,1] with {(0) < 1 and
w(|lye — Toll2) - |lye — Toll2 > ¢ - 6, we have

1A6)

>min (=, —— ).
9—““‘“(2’32#}%

In particular, we have £ > min (i, %) orw(|lye — Toll2) - [lye — Toll2 < c- 6.

Proof Suppose that § < %, then we have from the assumption

(1-6)%A

12 ¢(0) = —5——w(llys — Zoll2)-

1 A -

> 1 Swllve — Fola)
1 A co

Z T
40 [lye — Toll2
1 A ¢b

> .=

— 4 60 8cuR

where we used Lemma|[29. This gives the lower bound on 6. Since we stop the binary search when

L 5 ), we have the lower bound on /. |

1o A
|u — /] less than 5 min (5, Eoma

Now, we are ready to show the correctness of Algorithm ] with the assumed 7.

Theorem 35 (Correctness of Algorithm) Assume 64(« + %)72 <L Algorithmoutputs either y
such that

9y) <g" +e¢
ory = yp such that

<¢) <1

N =

with
1Vg(ye) +w(llye — Toll2) - (yo — To)ll < a-w(llye — Tall2) - lye — Tall2 + 0
where § < Lw(|lyg — Toll2) - |lyo — Toll2-

Proof For the case w(||ye — Z¢|l2) - |lye — Zell2 < ¢+ 6 and w(|jyu — Tull2) - [|yu — Zull2 < ¢+ 46,
Lemma [30]shows that g(y) < g* + €.

Otherwise, Lemma|[33|and Lemma [34] show that

1
£ > mi 27
- {4 64uR @7)

3 1 /1 1
<max{ S 1— [}
v= ax{4, ! 2 4A-w(80uR)} (28)
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Therefore, together with Lemma@ we have

2 1 12u7*R
—1lo e T T e
‘ B¢l ’ =0 0 -l

64 R 12uy%R

<124 44/4A - w(8cuR) + P (29)
Ay — Toll
for all ¢ < 6 < w. To bound the term ||y; — Zg||2, note from Lemma 28| we have
8 cd
s = Tullz = llyu — Tullz > ——=—7—- (30)
7 W(llyu = Tull2)
Using 2 > ((u) (due to binary search), we have
3 (1—u)?A - ~
2> = T Ry Fulla) > (1~ ) Al — Full2).
Putting it into gives
.~ 28¢0(1 —u)2A _ Tc6A 1 cd
1 = Zull2 > > >
24 6 16A-w(8cuR) ~ 15-w(8cuR)
where we used for the last inequality. Lemma[31]shows that
H —Tp)|| < 12uvR.
Since we have from the stopping criteria 7 = |u — £| < WZ(SWR)’ for all ¢ < 6 < u, this gives
cd
£zl > ulle =120 R- 7>
I3 = Folle > I = Fulle — 277 > g

Put together with we have

64uR | 360u72Rw(8cuR
‘ log ¢*(6 ‘<12+8 A - w(ScuR) + K 20 w(8cuRR)

Ad cé
64uR  6puRw(8cuR
<204 204 - w(scuR) + BB | OuFwepR)
Ad )
4uR R
<20 (1+A- w(BeuR) + = + B (8cuR)
Ab )
where we used 64(a + %)72 < 1 and a < 1. Due to the choice of 7 <
200(17 A W(SCMR):“RJF“R oEenR))’ this shows that *(¢) < eTo ¢*(u). Now, using Lemma |§,
we have
8 8 1 8 15 8 153
0) < 0) < Zeto < Zet02 . < el <1,
() S 2CW < ZehC ) < Seh 2 cu) s Zeh 2t <
Moreover, by the definition of binary search, we know ¢(¢) > %. This completes the proof that we
have found a point satisfying 1 < ((6) < 1. |

E.5 Bounding the number of steps

To bound the number of steps, we need to have a lower and upper bound on A. We note that when
we apply the line search procedure, we have A = Ay, at iteration k. Furthermore, we assume k > 1

. . . 2
because no line search is needed for £ = 0. Under the assumption, we have m <A< R?.
Below we give the proof of the main theorem for the line search implementation.
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Proof [Proof of Theorem@ﬂ Recall from the algorithm description, we set

1 < 4+ /IR (Bl + 64uR 360uyR - w(8cuR)

cd
4uR uR

+ 200 (1 + A-w(8cuR) + I + 5 w(&uR))

4uR  uR

<300 (1 + A-w(8cuR) + — + — w(80uR)>

where we used 16(« + )fy < 1. Now using 5 ERemo]

where we used § < 8uR -

Ad ]

2 .
2u i) <AL % from the assumption we get

1 R?>  9uR
< N i N
300 (1 + ( + 5 ) w(80,uR)>

160 R 9R?
e I 7} .
) 5

<40 [ w(8cuR)

w(8uR) at the end. Putting together with Theoremyields the result. l
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