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Abstract

This paper establishes that optimistic algorithms attain gap-dependent and non-
asymptotic logarithmic regret for episodic MDPs. In contrast to prior work,
our bounds do not suffer a dependence on diameter-like quantities or ergodic-
ity, and smoothly interpolate between the gap dependent logarithmic-regret, and

the O(VH SAT)-minimax rate. The key technique in our analysis is a novel
“clipped” regret decomposition which applies to a broad family of recent opti-
mistic algorithms for episodic MDPs.

1 Introduction

Reinforcement learning (RL) is a powerful paradigm for modeling a learning agent’s interactions
with an unknown environment, in an attempt to accumulate as much reward as possible. Because
of its flexibility, RL can encode such a vast array of different problem settings - many of which are
entirely intractable. Therefore, it is crucial to understand what conditions enable an RL agent to
effectively learn about its environment, and to account for the success of RL methods in practice.

In this paper, we consider tabular Markov decision processes (MDPs), a canonical RL setting where
the agent seeks to learn a policy mapping discrete states © € S to one of finitely many actions a € A,
in an attempt to maximize cumulative reward over an episode horizon H. We shall study the regret
setting, where the learner plays a policy 7y for a sequence of episodes k = 1, ..., K, and suffers a
regret proportional to the average sub-optimality of the policies 71, ..., 7Tk.

In recent years, the vast majority of literature has focused on obtaining minimax regret bounds that
match the worst-case dependence on the number states |S|, actions |.4|, and horizon length H;
namely, a cumulative regret of \/ H|S||A|T, where T = K H denotes the total number of rounds of
the game [[1]. While these bounds are succinct and easy to interpret, they paint an overly pessimistic
account of the complexity of these problems, and do not elucidate the favorable structural properties
of which a learning agent can hope to take advantage.

The earlier literature, on the other hand, establishes a considerable more favorable regret of the
form C'log T', where C' is an instance-dependent constant given in terms of the sub-optimality gaps
associated with each action at a given state, defined as

gapoo(x, a) = Vﬂ-* (:E) - Qﬂ* (l’, a)? (1)

where V™" and Q™" denote the value and @ functions for an optimal policy 7*, and the subscript-oo
denotes these bounds hold for a non-episodic, infinite horizon setting. Depending on the constant
C, the regret C'logT can yield a major improvement over the v/7 minimax scaling. Unfortu-
nately, these analyses are asymptotic in nature, and only take effect after a large number of rounds,
depending on other potentially-large, highly-conservative, or difficult-to-verify problem-dependent
quantities such as hitting times or measures of uniform ergodicity [8. [15} [11]].
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To fully account for the empirical performance of RL algorithms, we seek regret bounds which
take advantage of favorable problem instances, but apply in finite time and for practically realistic
numbers of rounds 7.

Contributions: As a first step in this direction, [16] introduced a novel algorithm called EULER,
which enjoys reduced dependence on the episode horizon H for favorable instances, while main-
taining the same worst-case dependence for other parameters in their analysis as in [1].

In this paper, we take the next step by demonstrating that a common class of algorithms for solving
MDPs, based on the optimism principle, attains gap-dependent, problem-specific bounds similar to
those previously found only in the asymptotic regime. For concreteness, we specialize our analysis
to a minor modification of the EULER algorithm we call StrongEuler; as we explain in Section
our analysis extends more broadly to other optimistic algorithms as well. We show that

* For any episodic MDP M, StrongEuler enjoys a high probability regret bound of Crq log(1/4)
for all rounds 7" > 1, where the constant C'y, depends on the sub-optimality gaps between actions
at different states, as well as the horizon length, and contains an additive almost-gap-independent
term that scales as AS?poly(H) (Corollary

Unlike previous gap-dependent regret bounds,

* The constant C'y( does not suffer worst-case dependencies on other problem dependent quantities
such as mixing times, hitting times or measures of ergodicity. However, the constant Cyq does
take advantage of benign problem instances (Definition [2.2)).

* The regret bound of Caqlog(1/6) is valid for any total number of rounds 7' > 1. Selecting
0 = 1/T, this implies a non-asymptotic expected regret bound of C'rq log T[H

* The regret of StrongEuler interpolates between instance-dependent regret C'aq logl" and mini-

max regret O(y/H|S|[A[T), the latter of which may be sharper for smaller 7' (Theorem .
Following [16], this dependence on H may also be refined for benign instances.

Lastly, while the StrongEuler algorithm affords sharper regret bounds than past algorithms, our
analysis techniques extend more generally to other optimism based algorithms:

» We introduce a novel “clipped” regret decomposition (Proposition [3.1) which applies to a broad
family of optimistic algorithms, including the algorithms analyzed in [[16, 16} S} 9} [1]].

* Following our analysis of StrongEuler, the clipped regret decomposition can establish analogous
gap-dependent log T-regret bounds for many of the algorithms mentioned above.

What is C'n? In many settings, we show that C'x4 is dominated by an analogue to the sum over
the reciprocals of the gaps defined in (I). This is known to be optimal for non-dynamic MDP
settings like contextual bandits, and we prove a lower bound (Proposition[2.2) which shows that this
is unimprovable for general MDPs as well. Furthermore, building on [[16]], we show this adapts to
problems with additional structure, yielding, e.g., a horizon H-free bound for contextual bandits.

However, our gap-dependent bound also suffers from a certain dependence on the smallest nonzero
gap gap,;, (see Definition [2.1), which may dominate in some settings. We prove a lower
bound (Theorem [2.3) which shows that optimistic algorithms in the recent literature - including
StrongEuler - necessarily suffer a similar term in their regret. We believe this insight will motivate
new algorithms for which this dependence can be removed, leading to new design principles and
actionable insights for practitioners. Finally, our regret bound incurs an (almost) gap-independent
burn-in term, which is standard for optimistic algorithms, and which we believe is an exciting direc-
tion of research to remove.

Altogether, we believe that the results in our paper serve as a preliminary but significant step to
attaining sharp, instance-dependent, and non-asymptotic bounds for tabular MDPs, and hope that
our analysis will guide the design of future algorithms that attain these bounds.

1.1 Related Work

Like the multi-armed bandit setting, regret bounds for MDP algorithms have been characterized both
in gap-independent forms that rely solely on S := |S|, A := | A|, H, T, and in gap-dependent forms

1By this, we mean that for any fixed T > 1, one can attain C'a( log T regret. Extending the bound to
anytime regret is left to future work



which take into account the gaps (), as well as other instance-specific properties of the rewards and
transition probabilities.

Finite Sample Bounds, Gap-Independent Bounds: A number of notable recent works give undis-
counted regret bounds for finite-horizon, tabular MDPs, nearly all of them relying on the principle
of optimism which we describe in Section [4, 11} 15,19, [16]. Many of the more recent works [1,116} 6]
attain a regret of v/ H S AT, matching the known lower bound of v/ HS AT established in [12} 8] [4].
As mentioned above, the EULER algorithm of [16] attains the minimax rates and simultaneously en-
joys a reduced dependence on H in benign problem instances, such as the contextual bandits setting
where the transition probabilities do not depend on the current state or learners actions, or when the
total cumulative rewards over any roll-out are bounded by 1 in magnitude.

Diameter Dependent Bounds: In the setting of infinite horizon MDPs with discounted regret,
many previous works have established logarithmic regret bounds of the form C'(M)log T, where
C(M) is a constant depending on the underlying MDP. Notably, [8]] give an algorithm which attains

a (5(\/ D252 AT) gap-independent regret, and an 6( D;i “A log(T")) gap-dependent regret bound,

where gap, is the difference between the mean infinite-horizon reward of 7, and the next-best
stationary policy, and where D denotes the maximum expected traversal time between any two
states x, 2, under the policy which attains the minimal traversal time between those two states.
We note that if gap__(z,a) denotes the sub-optimality of any action a at state z as in (I, then
gap, < min, ,gap.. (x,a). The bounds in this work, on the other hand, depend on an average
over inverse gaps, rather than a worst case. Moreover, the diameter D can be quite large when there
exist difficult-to-access states. We stress that the bound due to [§] is non-asympotic, but the bound
in terms of gap, dependences other worst-case quantities measuring ergodicity.

Asymptotic Bounds: Prior to [8]], and building on the bounds of [3]], [[15] presented bounds in
terms of a diameter-related quantity D > D, which captures the minimal hitting time between
states when restricted to optimal policies. [15] prove that their algorithm enjoys a regreﬂ of

2 (s.0)€CRIT gapDi(zxa) log(T") asymptotically in 7" where CRIT contains those sub-optimal state-

action pairs (x,a) such that a can be made to the the unique, optimal action at = by replacing
p(s’|s, a) with some other vector on the S-simplex. Recently, [L1] present per-instance lower bounds
for both structured and unstructured MDPs, which apply to any algorithm which enjoys sub-linear
regret on any problem instance, and an algorithm which matches these bounds asymptotically. This
bound replaces D? with H?, where H denotes the range of the bias functions, an analogue of H
for the non-episodic setting [2]]. We further stress that whereas the logarithmic regret bounds of [8]
hold for finite time with polynomial dependence on the problem parameters, the number of episodes
needed for the bounds of [3} 15, |11]] to hold may be exponentially large, and depend on additional,
pessimistic problem-dependent quantities (e.g. a uniform hitting time in Proposition 29 in [[14])).

Novelty of this work: The major contribution of our work is showing problem-dependent log(7T")
regret bounds which 1) attain a refined dependence on the gaps, as in [15]], ii) apply in finite time
after a burn-in time only polynomial in S, A, H and the gaps, iii) depend only on H and not on
the diameter D (and thus, are not adversely affected by difficult to access states), and iv) smoothly

interpolate between log 1" regret and the minimax v H .S AT rate attained by [[1] et seq.

1.2 Problem Setting, Notation, and Organization

Episodic MDP: A stationary, episodic MDP is a tuple M := (S, A, H,r,p, po, R), where for
each z € S,a € A we have that R(x,a) € [0,1] is a random reward with expectation r(z, a),
p: S x A — AS denotes transition probabilities, py € AS is an initial distribution over states,
and H is the horizon, or length of the episode. A policy 7 is a sequence of mappings 75, : S — A.
For our given MDP M, we let E™ and P™ denote the expectation and probability operator with
respect to the law of sequence (z1,a1),...,(xy,an), where 1 ~ pg, ap, = 7p(xph), The1 ~

p(zh, ar). We define the value of mas VJ :=E7™ [Zthl r(zh, ah)} andfor h € [H]and z € S,
Vi(z) :=E7 [Zﬁzh r(zp,aq) | zp = x} which we identify with a vector in RS. We define

the associated Q-function Q™ : S x A — R, Qf(z,a) := r(x,a) —|—p(x,a)TV}{+1, so that

D2sA
min(s)a) cCRIT 82P (%,a)

2[[13]] actually presents a bound of the form log(T') but it is straightforward to extract

the claimed form from the proof.



Qf (z,mh(z)) = VJ(z). We denote the ser of optimal policies 7* := argmax, V{, and let
i (z) = {a : mp(x) = a,m € 1} denote the set of optimal actions. Lastly, given any optimal
m € 7*, we introduce the shorthand V}; = V7 and Q} = QJ, where we note that even when 7 is
not unique, V7 and Q7 do not depend on the choice of optimal policy.

Episodic Regret: We consider a game that proceeds in rounds k£ = 1,..., K, where at each state
an algorithm Alg selects a policy 7, and observes a roll out (x1,a1),...,(zg,ay) ~ P™. The

goal is to minimize the cumulative simple regret, defined as Regret ;- := Zle Vi — Vir.

Notation and Organization: For n € N, we define [n] = {1, ...,n}. For two expressions f, g that
are functions of any problem-dependent variables of M, we say f < g (f 2 g, respectively) if there
exists a universal constant ¢ > 0 independent of M such that f < cg (f > cg, respectively). <
will denote an informal, approximate inequality. Section [2] presents our main results, and Section 3|
sketches the proof and highlights the novelty of our techniques. All references to the appendix refer
to the appendix of the supplement. All formal proofs, and many rigorous statement of results, are
deferred to the appendix, whose organization and notation are described at length in Appendix [A]

1.3 Optimistic Algorithms

Lastly, we introduce optimistic algorithms which select a policy which is optimal for an over-
estimated, or optimistic, estimate of the true Q-function, Q*.

Definition 1.1 (Optimistic Algorithm). We say that an algorithm Alg satisifes optimism if, for each
round k € [K] and stage h € [H], it constructs an optimistic Q-function Qy, ;,(z,a) and policy

T = (W’Lh) satisfying Va,a : Qg q(x,a) = 0, Qk’h(;v,a)iz Q;‘L(x,i), and 7 p(z) €
argmax, Qy, (v, a). The associated optimistic value function is Vi, ,(z) := Qy, (@, T n (7).

We shall colloquially refer to an algorithm as optimistic if it satsifies optimism with high prob-
ability. Optimism has become the dominant approach for learning finite-horizon MDPs, and all
recent low-regret algorithms are optimistic [3} 16} [1, |16} 9]]. In model-based algorithms, the overesti-
mates Qy, ;, are constructed recursively as Qy, , (2, a) = i (z, a) + pr(z,a) " Vi g1 + b n(, a),
where 7 (z,a) and py(x,a) are empirical estimates of the mean rewards and transition probabil-
ities, and by, 5 (x,a) > 0 is a confidence bonus designed to ensure that Q,, , (z,a) > Q*(z,a).
Letting ng(x, a) denote the total number of times a given state-action pair is visited, a simple bonus
b, ) =/ TEECAEELD
[1]. This leads to an episodic regret bound of v/ H2SAT, a factor of v/H greater than the minimax
rate. More refined bonuses based on the “Bernstein trick” achieve the optimal H-dependence [1]],
and the EULER algorithm of [[16] adopts further refinements to replace worst-case H dependence
with more adaptive quantities. The StrongEuler algorithm considered in this work applies similarly
adaptive bonuses, but our analysis extends to all aforementioned bonus configurations. We remark
that there are also model-free optimistic algorithms based on Q-learning (see, e.g. [9]]) that construct
overestimates in a slightly different fashion. While our main technical contribution, the clipped re-
gret decomposition (Proposition[3.1)), applies to all optimistic algorithms, our subsequent analysis is
tailored to model-based approaches, and may not extend straightforwardly to Q-learning methods.

suffices to induce optimism, yielding the UCBVI-CH algorithm of

2 Main Results

Logarithmic Regret for Optimistic Algorithms: We now state regret bounds that describe the per-
formance of StrongEuler, an instance of the model-based, optimistic algorithms described above.
StrongEuler is based on carefully selected bonuses from [16], and formally instantiated in Algo-
rithm[T)in Appendix [E] We emphasize that other optimistic algorithms enjoy similar regret bounds,
but we restrict our analysis to StrongEuler to attain the sharpest H-dependence.The key quantities
at play are the suboptimality-gaps between the Q-functions:

Definition 2.1 (Suboptimality Gaps). For h € [H], define the stage-dependent suboptimality gap
gap,(z,a) = Vi(z) — Qf(x,a), as well as the minimal stage-independent gap gap(z,a) =
miny, gap, (z, @), and the minimal gap gap,;, := min, , ,{gap,(z, a) : gap, (z,a) > 0}.

Note that any optimal a* € 77 (z) satisfies the Bellman equation QJ (z,a*) = max, Q} (z,a)=
Vi (x), and thus gap, (z,a*) = 0 iff a* € 7} (z). Following [16], we consider two illustrative
benign problem settings which afford an improved dependence on the horizon H:



Definition 2.2 (Benign Settings). We say that an MDP M is a contextual bandit instance if
p(z’|x, a) does not depend on x or a. An MDP M has G-bounded rewards if, for any policy T,

Zthl R(zp,ar) < G holds with probability 1 over trajectories ((zp, an)) ~ P™.

Lastly, we define Z, as the set of pairs (z, a) for which a is optimal at = for some stage h € [H]:
Zopt = {(z,a) : Jh € [H| witha € 77 (x)} and its complement Zgp, := S x A — Z,,;. Note
that typically | Zop | H|S] or even |Zope| S |S| (see Remark [B.2]in the appendix). We now state
our first result, which gives a gap-dependent regret bound that scales as log(1/d) with probability
at least 1 — 0. The result is a consequence of a more general result stated as Theorem [2.4] itself a
simplified version of more precise bounds stated in Appendix [B.T]

Corollary 2.1. Fix 6 € (0,1/2), and let A = |A|, S = |S|, M = (SAH)?. Then with probability
at least 1 — ¢, StrongEuler run with confidence parameter § enjoys the following regret bound for
all K > 1:

o3 MT 03|z, MT
Regret ;- < Z log + | Zopt| lo
(e, BP@a) 70 83Pnin 0
MH MT
+ H*SA(SV H)log log = (2)

min
Moreover, if M is either a contextual bandits instance, or has G-bounded rewards for G < 1, then
the factors of H3on the first line can be sharped to H. In addition, if M is a contextual bandits
instance, the factor of H?3 in the first term (summing over (z,a) € Zgw) can be sharped to 1.

Setting 6 = 1/T and noting that Zszl Vi — V{* < KH = T with probability 1 (recall R(x,a) €

[0, 1]), we see that the expected regret E[Zle V§ — Vi*] can be bounded by replacing 1/0 with
T in right hand side of the inequality (2)); this yields an expected regret that scales as log T'.

Three regret terms: The first term in Corollary 2.]reflects the sum over sub-optimal state-action
pairs, which a lower bound (Proposition 2.2)) shows is unimprovable in general. In the infinite
horizon setting, [[11]] gives an algorithm whose regret is asymptotically bounded by an analogue of
this term. The third term characterizes the burn-in time suffered by nearly all model-based finite-time
analyses and is the number of rounds necessary before standard concentration of measure arguments
kick in. The second term is less familiar and is addressed in Section 2.2] below.

H dependence:Comparing to known results from the infinite-horizon setting, one expects the op-
timal dependence of the first term on the horizon to be H 2. However, we cannot rule out that
the optimal dependence is H® for the following three reasons: (i) the infinite-horizon analogues
D,D,H (Section are not directly comparable to the horizon H; (ii) in the episodic setting, we
have a potentially different value function V7, for each h € [H], whereas the value functions of the
infinite horizon setting are constant across time; (iii) the 72 may be unavoidable for non-asymptotic
(in T') bounds, even if H? is the optimal asymptotic dependence after sufficient burn-in (possibly
depending on diameter-like quantities). Resolving the optimal H dependence is left as future work.
We also note that for contextual bandits, we incur no H dependence on the first term; and thus the
first term coincides with the known asymptotically optimal (in 7"), instance-specific regret [7]].

Guarantees for other optimistic algorithms: To make the exposition concrete, we only provide
regret bounds for the StrongEuler algorithm. However, the “gap-clipping” trick (Proposition [3.1))
and subsequent analysis template described in Section can be applied to obtain similar bounds
for other recent optimistic algorithms, as in [[1} 5} 16} 6]

2.1 Sub-optimality Gap Lower Bound

Our first lower bound shows that when the total number of rounds 7' = K H is large, the first term
of Corollary 2.1]is unavoidable in terms of regret. Specifically, for every possible choice of gaps,
there exists an instance whose regret scales on the order of the first term in ).

Following standard convention in the literature, the lower bound is stated for algorithms which have
sublinear worst case regret. Namely, we say than an algorithm Alg is a-uniformly good if, for an
MDP instance M, there exists a constant C 4 > 0 such that E*[Regret ;] < CpgK® for all K

3To achieve logarithmic regret, some of these algorithms require a minor modification to their confidence
intervals; otherwise, the gap-dependent regret scales as log® T'. See Appendix@for details.
“We may assume as well that Alg is allowed to take the number of episodes K as a parameter.



Proposition 2.2 (Regret Lower Bound). Let S > 2, and A > 2, and let {Ay o} ac)5x4] C
(0, H/8) denote a set of gaps. Then, for any H > 1, there exists an MDP M with states S = [S+2),
actions A = [A], and H stages, such that,

gapl(x7a) = Aw,av Vo € [S},a cA
gap,(z,a) >1/2, Vxe{S+1,5+2},ac A-{1},

and any a-uniformly good algorithm satisfies

EM t H?
lim % >(1-a) 3 4
K—o0 og 2, a:gap, (z,a) >0 gapl(xa Cl)

The above proposition is proven in Appendix |Hl using a construction based on [4]. For simplicity,
we stated an asymptotic lower bound. We remark that if the constant Cn4 is poly(|S], |.A|, H), then
one can show that the above asymptotic bound holds as soon as K > (|S||.A|H/gap,)°/(1=)),
where gap, := {mingap,(z,a) : gap,(z,a) > 0}. More refined non-asymptotic regret bounds
can be obtained by following [7].

2.2 Why the dependence on gap,;,?

ithout the second term, Corollary would only suffer one factor of 1/gap,;, due to the sum
over state-actions pairs (z, a) € Zg,, (Wwhen the minimum is achieved by a single pair). However, as
remarked above, | Z:| typically scales like |S| and therefore the second term scales like |S|/gapy;,.
with a dependence on 1/gap,;, that is at least a factor of |S| more than we would expect. Here, we
show that |S|/gap,;, is unavoidable for the sorts of optimistic algorithms that we typically see in
the literature; a rigorous proof is deferred to Appendix [G]

Theorem 2.3 (Informal Lower Bound). Fix § € (0,1/8). For universal constants cy,ca, C3,Cq,
if e € (0,c1), and S satisfies calog(e™1/5) < S < cze=1/log(e71/6), there exists an MDP
with |S|= S, |A|= 2 and horizon H = 2, such that exactly one state has a sub-optimality
gap of gap,;, = € and all other states have a minimum sub-optimality gap gap,(z,a) >

1/2. For this MDP, Zh,w,a:gaph(a;,a)>0 m < S+ ga;m but all existing optimistic algo-

rithms for finite-horizon MDPs which are 6-correct suffer a regret of at least —> log(1/8) 2

83Ppin
Z log(1/6) + Slog(1/6)
h,z,a:gap,, (z,a)>0 gap,, (z,a) 83Pyin

with probability at least 1 — c40.

The particular instance described in Appendix [G] that witnesses this lower bound is instructive be-
cause it demonstrates a case where optimism results in over-exploration.

2.3 Interpolating with Minimax Regret for Small T’
We remark that while the logarithmic regret in Corollary[2.T]is non-asymptotic, the expression can be

loose for a number of rounds 7" that is small relative to the sum of the inverse gaps. Our more general
result interpolates between the log T' gap-dependent and /T gap-independent regret regimes.

Theorem 2.4 (Main Regret Bound for StrongEuler). Fix § € (0,1/2), and let A = |A], S = |S],
M = (SAH)2. Futher, define for all ¢ > 0 the set Zgp(€) = {(7,a) € Zop : gap(r,a) <
€}. Then with probability at least 1 — 6, StrongEuler run with confidence parameter 6 enjoys the
following regret bound for all K > 2:

Regretyc < i {y/|Zen(0|Ff Tos o M)+ Y-
(w,a)ezsub\zsub(ﬁ)

H3
+min{\/|Zopt|HT(logT) log %, | Zopt| . log (A/{ST)}

min

HS

7 log (M) }

gap(z,a

+ H'SA(SV H) minlog% {log ¥7 log gﬁin}

< \/HSATlog(T) log(%) + H*SA(S Vv H)log? % ,

where the second inequality follows from the first with max{max,|Zsu(€)|, | Zopt|} < SA. More-
over, if M is an instance of contextual bandits, then the factors of H under the square roots can be
refined to a 1, and if M has < 1-bounded rewards, then these same factors of H can be replaced by
a 1/H. In both settings, logarithmic terms can be refined as in Corollary



By the same argument as above, Theoremwith 0 = 1/T implies an expected regret scaling like

gap-dependent log T" or worst-case v H S AT'. In Appendix we state a more refined bound given
in terms of the reward bound G, and the maximal variance of any state-action pair (Theorem [B.2).

3 Gap-Dependent bounds via ‘clipping’

In this section, we (i) introduce the key properties of optimistic algorithms, (ii) explain existing
approaches to the analysis of such algorithms, and (iii) introduce the “clipping trick”, and sketch
how this technique yields gap-dependent, non-asymptotic bounds.

Definition 3.1 (Optimistic Surplus). Given an optimistic algorithm Alg, we define the (optimistic)
surplus By p(x,a) = Qyp(x,a) — r(z,a) — p(x,a) " Vi ntr.  Alg is strongly optimistic if
Ei n(z,a) > 0forall k > 1, and (z, a, h) € S x A x [H], which implies that Alg is also optimistic.

While the nomenclature “suplus” is unique to our work, surplus-like terms arise in many prior regret
analyses [5, [16]. The notion of strong optimism is novel to this work, and facilitates a sharper H-
dependence in contextual bandit setting of Definition [2.2} intuitively, strong optimism means that
the Q-function Q;, 5, at stage h over-estimates Qj, more than Qy, 5, ; does Qj ;, ;.

The Regret Decomposition for Optimistic Algorithms: Under optimism alone, we can see that
for any h and any a* € 7*(z),

vk,h(‘x) = mgx@wl(x, a) 2> Qk,h(xva*) 2 QZ(J?, a'*) = VZ(.I),
and therefore, we can bound the sub-optimality of 7, as V§ — V{* <V o — V[*,

We can decompose the regret further by introducing the following notation: we let wy, p(x,a) =
P™[(zp,ar) = (z,a)] denote the probability of visiting = and playing a at time h in episode
k. A standard regret decomposition (see e.g. Lemma E.15 [5]) then shows that for a trajec-
tory (zn, an)ily. Vio — Vir = E™ [0 Ben(zn,an)] = Sy Y o Wi (7, a)Epp(z, a),
yielding a regret bound of

K

> Vi Vik <

k=1

K H
Vho — ng < Z Z Zwk,h(x, a)EML(a:, a).

1 k=1h=1 z,a

M=

>
Il

Existing Analysis of MDPs: We begin by sketching the flavor of minimax analyses. Intro-
ducing the notation ng(z,a) := {Ftimes (z, a) is visited before episode k}, existing analyses
carefully manipulate the surpluses Ej, ,(x,a) to show that Zle Y waWhn(T,0)Eg p(z,a) S
Zle > Whoh (T, a)\/% + lower order terms, where typically C' s = poly(H,log(T/s).
Finally, they replace ny(x, a) with an “idealized analogue”, Ty (z, a) := Zle ZhH:1 win(z,a):=

Z?:l w;(x,a), where we introduce w;(z,a) := Zthl wj.n(z,a) denote the expected number of
visits of (z,a) at episode j. Letting {Fy} denote the filtration capturing all events up to the end
episode k, we see that E[fi,(x,a) — Tig—1|Fk—1] = wi(z, a), and thus by standard concentration
arguments (see Lemma[B.7} or Lemma 6 in [6]]), 7% (, @) and ng(x, a) are within a constant factor
of each other for all k such that 7i;(x, a) is sufficiently large. Hence, by replacing n(z,a) with

7 (z, a), we have (up to lower order terms)

K K =
Z Vi —-Vir < Z Z wi(z,a) _Cm + lower order terms. 3)
k=1

z,a k=1 \% ﬁk(ﬂ?, Cl)

A /SAK poly(H) bound is typically concluded using a careful application of Cauchy-Schwartz,
and an integration-type lemma (e.g., Lemma[C.T). An analysis of this flavor is used in Appendix[B.4]

On the other hand, one can exactly establish the identity Vj — Vg k =
Yowa Zle wi.n(x,a)gap, (x, a). Then one can achieve a gap dependent bound as soon
as one can show that the algorithm ceases to select suboptimal actions a at (x, h) after sufficiently
large T. Crucially, determining if action a is (sub)optimal at (x, h) requires precise knowledge
about the value function at other states in the MDP at future stages A’ > h. This difficulty is
why previous gap-dependent analyses appeal to diameter or ergodicity assumptions, which ensure
sufficient uniform exploration of the MDP to reason about the value function at subsequent stages.



3.1 The Clipping Trick

We now introduce the “clipping trick”, a technique which merges both the minimax analysis in terms
of the surpluses Ey, 5 (z,a), and the gap-dependent strategy, which attempts to control how many
times a given suboptimal action is selected. Core to our analysis, define the clipping operator

clip [z | €] = al{z > €},

for all z, e > 0. We can now state our first main technical result, which states that the sub-optimality
V§ — V{* can be controlled by a sum over surpluses which have been clipped to zero whenever
they are sufficiently small.

8Py, \, 82P (%,a) ; P e
= vV =L, Then, if Ty is induced by an optimistic

Proposition 3.1. Let gap, (z,a) :=
algorithm with surpluses Ej, j,(x, a),
H
Vi —V{iE < 2e Z Z‘-%,h(% a) clip [Eg p(z, a) | gap, (z,a)] .
h=1 z,a
If the algorithm is strongly optimistic, and M is a contextual bandits instance, we can replace
gap;, (¢, a) with gapy (v, a) := Eaggn v ERufn0),

The above proposition is a consequence of a more general bound, Theorem given in Ap-
pendix [B] Unlike gap-dependent bounds that appeal to hitting-time arguments, we do not reason
about when a suboptimal action a will cease to be taken. Indeed, an algorithm may still choose a
suboptimal action a even if the surplus Ey, j,(x, a) is small, because future surpluses may be large.
Instead, we argue in two parts:

1. A sub-optimal action a ¢ w7} (x) is taken only if Q, ,(z,a) > Q}(x,a*) for some
a* € m;(z), or equivalently in terms of the surplus, only if Ex 5, (2, a)+p(z,a) " (Vi pi1—
Vin +1) > gapy,(z,a). Thus if Alg selects a suboptimal action, then this is because either
the current surplus Ey, j, (, a) is larger than Q(gap"i}gw’a)), or the expectation over future sur-
pluses, captured by p(z,a) " (Vi nt1 — V% hy1) is larger than (1-O (%))gap,(z, a). In-
tuitively, the first case occurs when (z, a) has not been visited enough times, and the second
when the future state/action pairs have not experienced sufficient visitation. In the first case,
we can clip the surplus at Q(%@ﬂ)); in the second, E 5, (2,a) + p(z,a) " (Vi pi1 —
Vina) < (1+0 (F))p(,a)T (Vs — Vi h+1)s and push the the contribution
of Ey 5 (z,a) into the contribution of future surpluses. This incurs a factor of at most
(14 O (%)) < 1, avoiding an exponential dependence on H.

2. Clipping surpluses for pairs (z, a) for optimal a € 7} (x) requires more care. We intro-
duce “half-clipped” surpluses Ey ,(z,a) := clip [Ex (7, a)| &= where all actions
are clipped at gap,,,/2H, and recursively define value functions V7*(-) correspond-
ing to these clipped surpluses (see Definition . We then show that, for \"/'gk =

Ezrpo [Vl(x)} , we have (Lemma i

Vi = Vit <2(VgE = V).

This argument is based on carefully analyzing when 7, 5, first recommends a suboptimal
action 7y, 5, (z) ¢ 7*(x), and showing that when this occurs, Vi — V* is roughly lower
bounded by gamem times the probability of visiting a state = where 7, j,(x) plays subopti-

mally. We can then subtract off &= from all the surplus terms at the expense of at most

halving the suboptimality, and using the fact Ey, ;, — &b < clip [Ej, | &= | concludes
the bound. This step is crucial, because it allows us to clip the surpluses even at pairs (x, a
where a € 7} () is the optimal action. We note that in the formal proof of Proposition 3.1}

this half-clipping precedes the clipping of suboptimal actions described above.

Unfortunately, the first step involving the half-clipping is rather coarse, and leads to S/gap,;, term
in the final regret bound. As argued in Theorem [2.3] this is unavoidable for existing optimistic
algorithms, and suggests that Proposition 3.1 cannot be significantly improved in general.



3.2 Analysis of StrongEuler

Recall that StrongEuler is precisely described by Definition [I.T]up to our particular choice of con-
fidence intervals defined (see Algorithm [I]in Appendix [E). We now state a surplus bound (proved
in Appendix[F) that holds for these particular choice of confidence intervals, and which ensures that
the strong optimism criterion of Definition [I.1]is satisfied:

Proposition 3.2 (Surplus Bound for Strong Euler (Informal)). Let M = SAH, and define the
variances Vary . . = Var[R(z,a)] + Vary wp(z.a)[Vi1(2')]. Then, with probability at least
1 —4/2, the following holds for all (x,a) € S x A, h € [H] and k > 1,

Vary log(Mng(z,a)/d
0 < Egp(z,a) S \/ bz, 108(Mn(7, 0) /) + lower order terms.

ng(x,a)

B}f}ld(x,a)

We emphasize that Proposition 3.2} and its formal analogue Proposition[B.4]in Appendix[B.2] are the
only part of the analysis that relies upon the particular form of the StrongEuler confidence intervals;
to analyze other model-based optimistic algorithms, one would simply establish an analogue of this
proposition, and continue the analysis in much the same fashion. While Q-learning [9] also satisfies
optimism, it induces a more intricate surplus structure, which may require a different analysis.

Recalling the clipping from Proposition [3.If we begin the gap-dependent bound

with Zszl Vi — Vot S 2 aknwWkn(T,a)clip [Egp(z,a) | gapy,(z, a)l. Neglect-
ing lower order terms, Proposition ensures that this is approximately less than
> wakh Whh (2, a)clip B}f)id (z,a)|gap,(z, a)] . Introduce the minimal (over h)

clipping-gaps gap(r,a) := miny,gip(z,a) > % and maximal variances

Vary , := maxy,Vary , . We can then render B}f}d(x,a) < f(nk(z,a)), where f(u) <

T,a

clip [\/%Var;a log(Mu/d) | gap(x, a)] Recalling the approximation ng(z,a) =~ T7ig(x,a)
described above, we have, to first order,

ZVO ViE S Z wip(z,a) clip [Blead(x,a) |géph(x,a)]

k=1 x,a,k,h
S Y wrl@a)f(ni(w,a)) S Y wilz,a) f(n(z, a)),
z,a,k z,a,k
where we recall the expected visitations wy(z,a) := Zthl win(x,a). Since Tg(z,a) =

Z§:1 wj(z,a), we can regard the above as an integral of the function f(u) (see Lemma ,

with respect to the density wy(x, a). Evaluating this integral (Lemma yields (up to lower order
terms)

K HVar*  log 4T HVar} log

VEi-Vi" 2 ) ——
]; 0 0 N;mlnhgaphxa Nzgapxa \/gapmln

Finally, bounding Var} , < H? and splitting the bound into the states Zqp, := {(x,a) : gap(z,a) >

0} and Zopy = {(, a) gap(z,a) = 0} recovers the first two terms in Corollary 2.1} In benign
instances (Deﬁnition , we can bound Varj, . , < 1, improving the H-dependence. In contextual

bandits, we save an addition H factor via gap,,(z,a) 2 (gapy,/H) V gap(x, ). The interpolation
with the minimax rate in Theorem [2.4]is decribed in greater detail in Appendix
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General Notation

< denotes inequality up to a universal constant.
f=gdenotes f < g < f.log, (x) :=logmax{x,1}.

I denotes an indicator function

M = (S, A, [H], po, p, R) denotes an MDP

H denote the horizon,

A and S denotes the space of actions and states
A:=|Aland S := |S]

h € [H|,a € A, x € S are used for stages, actions, and states
R(z,a) € [0,1] denotes the R.V. with reward distribution at (z, a).
r(z,a) := E[R(z, a)] denotes expected reward

po(x) denotes initial distribution of

p(z'|z, a) denotes transition probability.

M =SAH

K denotes number of episodes, indexed with k € [K]

T = K H denotes total length of game.

A Notation and Organization

Organization: This section describes the organization of the appendix, and clarifying our notation.
The remainder of the appendix is divided into three parts:

Part [[| presents more detailed statements of the regret upper bounds obtained by StrongEuler, and
their complete proofs. Section[B.2]introduces Corollary[B.T|and Theorem|[B.2] refining Corollary2.1]
and Theorem [QZf], from the main text. The section continues to prove both results. In addition, we
introduce Theorem B.3] which refines the clipped regret decomposition Proposition The proofs
in this section rely on numerous technical lemmas, whose proofs are defered to Section[C] Finally,
this section states Proposition which ensures that StrongEuler is optimistic and provides a
precise bound on the surpluses Ey, 1, (z, a), described informally in Proposition

In Part [l we present the StrongEuler algorithm and its guarantees. Section [E] describes how
StrongEuler instantiates the model-based examples of optimistic algorithms described in Sec-
tion[I.3} the algorithm and choice of confidence bonuses are specified in pseudocode. In Section [F}
we prove the surplus bound Proposition and verify that StrongEuler is strongly optimistic

Lastly, Part contains the proofs of our lower bounds. Section@] proves the Q(S/gap,;,) lower
bound described in Theorem[2.3] and rigorously describes the class of algorithms to which it applies.
Finally, Section [H| proves the information theoretic lower bound, Proposition 2.2}

Notational Rationale: Unfortunately, the regret analysis of tabular MDPs requires significant no-
tational overhead. Here we take a moment to highlight some notational conventions that we shall
use throughout. The superscript (-)* denotes “optimal” quantities, i.e. the optimal policy 7*, the
optimal value V*, and variances of the optimal policy Varj, , ,. The accents (-) will be used to
denote upper bounds on quantities, e.q. an optimistic Q-function Qk,h is an upper bound on Qj .
and Var is an upper bound on the variance, and so on. () will denote lower bounds on quantities.

For example, StrongEuler will maintain lower bounds on the values V; ;, < V*. The accent (-) will
pertain to clipped quantities; e.g. gap is the gap-value at which surpluses are clipped. Many quan-
tities, like gapy, (v, a) (gaps) and Var}, , . (variances) depend on the triples (z, a, h). The quantities
gap(,a) and Var}, , with h suppresed to denote worse-case bounds on these term over h € [H];

e.g. gap(w,a) := miny ¢y gapy,(z, a) and Var} , := maxyc (g Vary, , ..

13



Policies, Value Functions, Q-functions

7 = (m,) 1, denotes a policy with 7, : S — A

V7§ denotes the value of 7

V7 (z) denotes the value of rat h € [H] and x € S

Q7 (x, a) denotes Q-function of 7

V. Vi(z), Q*(x, a) denote optimal value, value function, Q-function
7} (x) denotes the set of optimal actions at h € [H], z € S.
Vin(%)/Qy, 1, (, a) denotes optimistic value/Q function

7p,n(x) = argmax, Qy 5, (2, a) denotes optimistic policy

Problem Dependent Quantities

gaph(x’ CL) = VZ(T) - Q;(Jj’ CL).

gap(z,a) := miny, gapy, (z,a)

8Py, := Ming o {gap, (z, a) : gap, (v, a) > 0}

;o1 € [0, 1] denotes transition suboptimality (Definition|B.3)

Vary ., = Var[R(z, a)] + Vary wp(z,a) [Vi11(@)]
Var} , := maxy, Var} ,
Var := maXg a,h Varz x,a°

G < H: upper bound on Zthl R(x,mh(x)) (Deﬁnition
Hr :=min{Var,G?/H}

Quantities for Analysis

L(u) := y/2log(10M?2 max{u, 1}2/0)

wi.p(z,a) == P™[(x}, a,) = (z,a)] denotes the surplus

wi(z,a) = Zthl win(x, a) denotes the surplus

nk(x, a) denotes the number of times (x, a) is observed up to time k — 1
g (z,a) == Zle wi(x,a).

7(z, a) denotes time after which 7, (z, a) is sufficiently large

A "¢ (good concentration event)

£54mP (good sampling event, Lemma[B.7)

Hgmple S Hlog % number of sampes for £5*P to apply

gap, (v, a) == & v T flag’; (::31) (clipped gap)

83AP, i, ‘= Ming . » gap, (x, a) (clipped gap)

Varf . := Var[R(z,a)] + Vary wpz,a) [ Vi, (27)]

Tk

J— 3 *
= min {Varh@’a, Varh%a

Ein(z,a) :== Qp p,(x,a) — r(x,a) — p(x,a) ' Vi phy1 denotes the surplus
Epn(z,a) S B}ﬁd(x, a) +E™ [ZtH:h B (24, a4) | (5, an) = (=, a)] (surplus bound, Proposition D

Var(k? 1 Mny (x,a)
Bi3d(x,a) :== H A \/ L G ) (lead bound on surplus)

ng(z,a)

Slog(HMEE0)  glog(Mrn0))

nk(z,a) n(z,a)

) (bound on future surpluses)
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Part I
Precise Results and Analysis

B Precise Statement and Rigorous Proof Sketch of Main Regret Bounds

In this section, we present a precise statements and formal proofs of the upper bounds, Corollary
and Theorem [2.4] from the main text. These bounds both makes the improvements in the benign
instances of Definition[2.2] and takes advantage of other possibly-favorable instance-specific quanti-
ties. The remainder of the section is organized as follows. In Section[B.T] we introduce the relevant
problem-dependent quantitites in terms of which we state our more refined bounds. We then state
Corollar a more precise analogue of the log-regret bounds in Corollary followed by The-
orem , which refines the regret bound Theorem in interpolating between the log 7" and /T’
regimes.

Next, in Section we set up the preliminaries for the proof of our upper bound, including (a)
Theorem[B.3] the granular clipping bound strengthening Proposition[3.1] (b) Proposition[B.4} which
upper bounds the surpluses Ej, (2, ) for StrongEuler, and (c) Lemma|B.6{which combines the two
into a useful form.

Then, in Section [B.2] we present a rigorous proof of Corollary [B.1] based on integration tools de-
veloped in Section [C] Finally, we modify the arguments slightly to obtain the interpolation in Theo-
rem[B.2] The proof of Proposition [3.1]is given in Section[F} Theorem[B.3]is given in Section[D] and
the remainder of technical results in the present section are established in Section [C|

We emphasize that the tools in this section provide a general recipe for establishing similar regret
bounds for the existing model-based optimistic algorithms in the literature. We have attempted to
present our tools in a modular fashion in hope that they can be borrowed to automate the proofs of
similar guarantees in related settings.

B.1 More Precise Statement of Regret Bound Theorem

We shall begin by stating a more precise version of Theorem [2.4] Following [16], we begin by
defnining the variances of the value optimal functions::

Definition B.1 (Variance Terms). We define the variance of a triple (z, a, h) as
Varj , , = Var[R(z,a)] + Vary p(z,q) (Vi1 (2],

and the statewise maximal variances as Var} , := maxy Varj} , ., and the maximal variance as
* 9 bl
—— *
Var = maxy q hVarh z.a

Remark B.1 (Typlcal Bounds on the variance ). While Var < H? for general MDPs (see e.g. [1]]),
we have Var is smaller for the benign instances in Definition [2.2] We briefly summarize this
discussion from [16]: If M has G bounded rewards, then V7 +1($) < @ for any z, and thus

Vary .. < 1+ G? whichis $ 1if G < 1. For contextual bandits, p = p(x,a) does not de-
pend on x,a, and V;_ | (7) = (max, R(z,a)) + (Ew~pVj_ 5(2')), where the second term does
not dependent Hence, Var,/ [V}, (2')] < Var[(max, R(z,a))] < 1, and thus Varj, , , < 2.

We can then define an associated “effective horizon”, which replaces H with a possibly smaller
problem dependent quantity:

Definition B.2 (Effective Horizon). Suppose that M has G-bounded rewards, as in Definition
We define the effective horizon as

— G
Hp = min{Var,HlogT} .

Since any horizon-H MDP has H-bounded rewards, Hrp always satisfies Hr <
min { H?, HlogT'}.
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< 1, whereas if M has G-

~

We note that the bound Var S 1 for contextual bandits implies Hr
bounded rewards with G <1, Hyr < 1A % logT.

Lastly, we shall introduce one more condition we call transition suboptimality, which is a notion of
distributional closeness that enables the improved clipping and sharper regret bounds for the special
case of contextual bandits (Definition [2.2]):

Definition B.3 (Transition Sub-optimality). Given a € [0, 1], we say that a tuple (z,a, h) is a-
transition suboptimal if there exists an a* € 77 (x) such that

p('|2,0) - p(a'|z,a*) < ap(a'|z,a) Va' €.

Intuitively, the condition states that the transition distributions p(z,a) and p(z,a*) are close in a
pointwise, multiplicative sense. This is motivated by the contextual bandit setting of Definition [2.2}
where each (z, a, h) is exactly O-transition suboptimal. For arbitrary MDPs, the bound p(z'|z, a*) >
0 implies that every triple (x, a, h) is at most 1-transition suboptimalE]

With these definitions in place, we can state the more precise analogue of Corollary [2.T]as follows:

Corollary B.1 (Logarithmic Regret Bound for StrongEuler). Fix § € (0,1/2), and let A = | A,
S = |S|, M = (SAH)2. Then with probability at least 1 — , StrongEuler run with confidence
parameter 0 enjoys the following regret bound for all K > 2:

Var; ,(1VaH)
gap(z,a)

Var H
M H
108 (5 (gaptmay N 1)) + |Z°p“|m

Regret; S Z
(z,0) € Zew

+ H*SA(S vV H)log T min {log LA 1o TTM}

log(% (gtey A 1))

In particular, if M is an instance of contextual bandits, then Var can be replaced by 1, Hr can be
replaced by 1 and max{aH,1} = 1. If M has G < 1 bounded rewards, then Var can be replaced
by 1 in the above bound,

Moreover, our more precise analogue of Theorem 2.4 which interpolates between the log 7" and /T
regimes, is as follows:

Theorem B.2 (Main Regret Bound for StrongEuler). Fix § € (0,1/2), and let A = |A|, S = |S],
M = (SAH)2. Let Hr be as in Deﬁnition and suppose that each tuple (x, a, h) is a-transition
suboptimal. Futher, define Zsy,(¢) := {(z,a) € Zsw : gap(z,a) < €}. Then with probability at
least 1 — ¢, StrongEuler run with confidence parameter § enjoys the following regret bound for all
K >2:

— max{aH, 1} Var}
< MT ’ za M/ __H
Regretye S min & \/Fr | Zou(e)| Tlog 85+ 3" et AT)
(T7G)€Zsub\zsub(€)
. — HVar
+mm{\/HT|zopt|T10g”{;T, | Zope| = log(jgl(gapflm/\T))}

MH
+H4SA(S\/H)log]‘/{STmin{log ,1og1‘?}
< \/HSAT log(T) log(ML) 4+ H*SA(S v H) log? T,

where the second inequality follows from the first with max{max,|Zsw(€)|,|Zopt|} < SA. In

particular, if M is an instance of contextual bandits, then Var can be replaced by 1, Hp can be

replaced by 1 and max{aH,1} = 1. If M has G < 1 bounded rewards, then Var can be replaced

by 1 in the above bound, and H replaced by min{1, lolg_IT }.

We observe that Theorem 2.4} and Corollary [2.T]are direct consequences of the above theorem.

>The condition can be relaxed somewhat to only needing to hold for a set S for which p(z’ € S | =, a) is
close to 1; for simplicity, consider the unrelaxed notion as defined as above.
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Remark B.2 (Bounds on | Z,.|). Note that | Zp|< Zx |77 (2)]; in particular if for each (z, h)
there is exactly one optimal action, then | Z,p¢|< H|S|. If in addition the same action is optimal at
x for each h € [H], then | Z,p¢|= |S|. For many environments | Z,. | < |S|; for instance, a race car
doing many laps around a track may have h-dependent optimal actions in the first and last laps, but
for the steady-state laps the optimal action will depend just on the current state.

Remark B.3 (Coupling Variances and Gaps). For state action pairs (x,a) € Zgu, Corollary

1VaH)Var) . .
Theorem [B.2| suffer for the term w, where Var* = := maxy Var’ is the maximal
gap(z,a) T,a h,a,a
variance over stages, and gap(z,a) = miny, gap, (z, a) is the minimal gap. This quantity can be
Vari .

refined to defend on roughly max;, coupling the variance and gap terms. To do so, one

gapy, (@,a)” 7T
needs to bin the gaps into intervals of [27~'H, 27] or integers j € N, and apply numerous careful
manipulations. In the interest of brevity, we defer the details to a later work.

B.2 Rigorous proof of upper bounds: Preliminaries

We now turn to a rigorous proof of the regret bounds for StrongEuler: Corollary and Theo-
rem [B.2] (and consequently Theorem [2.4]and Corollary [2.1).

We first state our generalized surplus clipping bound in terms of the transition-suboptimality condi-
tion, which generalizes Proposition 3.1}

Theorem B.3. Suppose that each tuple (x,a,h) is O transition-suboptimal, and set

gapy, (z,a) = gzl}?“ V 4(Ig_1a§’;:(j’:&1). Then, if 7y, is induced by a strongly optimistic algorithm
with surpluses Ey, ,(x, a),
H
Vi —V{iF < 2e Z Zwk,h(x, a) clip [Eg 1 (z, a) | gap, (z,a)] .
h=1 z,a

If the algorithm is optimistic but not strongly optimistic, then the above holds by replacing o, , p,
with 1 in the definition of gap;,(z, a).

The proof of the above theorem is given in Section[D] We remark that the above theorem specializes
to Propositionby noting that each tuple (x, a, h) is O-transition suboptimal for contextual bandits.
For simplicitiy, we shall assume in the proof of Theorem that each state is a-suboptimal for a
common «; the bound can be straightforwardly refined to allow « to vary across (z,a, h).

Next, in order to ensure optimal H-dependence when interpolating with the O ( \/T) regret bounds,
we introduce policy-dependent variance quantities:

Definition B.4. Define the variances

Varj ., = Var[R(z,a)] + Vargy p(z,q) (Vi1 (2)].

* .7 T (k)  _ * Th
where we recall that Varj = Varhma. Further, define Var, , , = min {Varh,w,a, Var,® . ¢

We are now ready to state the formal version of Proposition [3.2] which upper bounds the surpluses
of StrongEuler, and verifies that the algorithm satisfies strong optimism:

Proposition B.4 (Surplus Bound for StrongEuler). There exists a universal constant ¢ > 1 and
event A°°"°, with P[A°°"°] > 1 — §/2, such that on A, forallz € S, a € A h € [H] and
k>1,

H
1
0< EEk,h(I,Q) < Blkfﬁi,d(x7a) +E™ ZB?t(xhat) ‘ (xhvah) = (xva)l .
t=h
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where have defined the terms

v o (52

lead
By% (z,a) := HA o , and
2
Slog <7M""(“‘ “)) Slog (7M”"("L “))
B(z,a) = H3 A H?
ng(z,a) ng(x,a)

The above proposition is proven in Appendix E Here B'®d denotes a “lead term” in the analysis,
which contributes to the dominate factors in our regret bounds. B'* notates “future” bound terms
under a rollout of 7y, starting at a given triple (z,a, h); these terms are responsible for the lower

O (SAH*(S v H))-term in the regret.

Remark B.4 (Remarks on Proposition [B.4). First, the dominant term in the upper bound on
Ej p is B}ﬁ*}f (2, a), which decays as O (ni(z,a)~1/2). The terms B*(z, a) decay more rapidly
o (nk(m, a)*l), and will thus be responsible for the (nearly gap-free) portion of the regret. Sec-
ond, in order to analyze similar optimistic algorithms in the same vein (e.g. [, 4} 15]]), one would
instead prove the appropriate analogue to Proposition [B.4] and follow the remaining steps of the
present proof. Little would change, except one would be forced to replace Varj , , with a more
pessimistic, less problem-dependent quantity. Lastly, note that the lead term B}fé}ld(z, a) depends on
the minimum of the variance of the optimal value function, Var}, , , and of the variance of the value
function for 7y, Varl* b As in the aforementioned works, this dependence on Var;;fwya is crucial

for obtaining the correct minimax O(v/HSAT) regret.

Next, let us combine Proposition [B.4] with our main clipping theorem, Theorem [B.3] - Since
Ein(z,a) S B}f‘;d (x,a)+E™ [>2(...) | (-..)], combining the two results into a convenient form
requires that we reason about how to distribute clipping operations across sums of terms. To this
end, we invoke the following technical lemma:

Lemma B.5 (Distributing the clipping operator). Let m > 2, ay,...,a, > 0, and € > 0.
clip 307 ai €] <2377, clip [a; ] 55, ]-

Proof. Let us assume without loss of generality 0 < a; < ... < a,,, and that 21";1 a; > €.
Defining the index i* := min{i : a; > 55}, we observe that a;« > 35, and since (a;) are non-
decreasing by assumption, >;" . a; = Y. clip [a; | 55| < Y clip [a; | 55 ]. It therefore
suffices to show that >~ a; < 2> .. a;. To this end, we see that, since a; < 5= for i < i*,
222_11 a; < Z’ T 5= < (12;1) < €/2. On the other hand, since Y ", a; > €, we must have

m

that Y. .. a; > S, and thus )" a; <237 .. a;, as needed. O

Applying the above lemma careful, we arrive at the following useful regret decomposition:

Lemma B.6 (Clipped Regret Decomposition Lead and Future Bounds). Let gap, .,
ming o » gapy, (z, a). Then on the event A°°™° the regret of StrongEuler is bounded by

Regret ;- < 4e Zzzwkh (z,a) chp{ Blead( )|gaph4(x,a)]

k=1h=1 z,a

gap
+8HeZZZwkh (z,a)clip [ch‘”(x a')l mm]
k=1h=1 z,a 8SAH

where c is a universal constant.

B.3 Proof of Corollary[B.I: A proof via integration

Note that Lemma m bounds Regrety by a sum of local bounnds terms B}fjld (z,a) and B,

which depend only on the number of samples ny(x, a) obtained from state action pair (z, a). More
precisesly, we can represent the bound terms by defining the functions
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2
gl () = ke 8,

Slog (”f;") N Sbg(%)

u u

and ¢"'(u) = H?

lead .__ ..+ 83P,(%,0) _fut .__ 83Pmin
Further, define €rq ‘= Min, LS e = 2o, and lastly set

_,lf’zd (u) := H Aclip [cgfid( )|elead] . fM(u) i= H3 Aclip [eg™ (u)[e™] .

Then, recalling the definitions of B!, B™*, and the fact that Bi3(z,a) < H and B} (z,a) <
H?3, we can write

Regrety S ZZZwkh (z,a)f edd(nk (z,a) +HZZZwkh (z,a) f" (ng(z, a)).

k=1h=1 z,a k=1h=1 z,a
4)

As described in Section 3 the crucial step now is to relate the empirical conunts ny(z,a) to the
visitation probabililties. Precisely, let us aggregate

H k
) = thh(m,a), ik (z, a) == ij(a:,a).
h=1 j=1

Note that if {F)} denotes the filtration corresponding to the episodes k, then, E[ng(z,a) |
Fr—1] = ng—1(z,a) + wi_1(z,a). In other words, Ty_1(x, a) is precise the sum of the incre-
ments E[n;(z,a) —n,;_1(x,a) | F—1]forj =1,...,k—1["| Hence, by a now-standard martingale
concentration argument, we find that ng(x, a) will be be lower bounded by 72x(x, a), provided that
the latter quantity is sufficiently large. More precisely:

Lemma B.7 (Sampling Event). Define the event

1
EXMP(Hample) 1= {V(w,a), Yk > TH, e (T,0),  np(z,a) > 1 ik (x, a)}
where T,(x,a) :=inf {k : g (x,a) > n}
Then, for some Hyample S H log 75 M , E5P (Hyumple) holds with probability at least 1 — § /2.

Lemma is proved in Appendix [C.2]as a consequence of Lemma 6 in [6]. Together, the events
Acen¢ and £5#™MP account for 1 — ¢ probability with which our regret bounds hold. For short, we
will let £52™P denote £5*™P (Hgample) When clear from context, and 7 := T,

sample *

After neglecting the first 7(z, a) samples in the sum (3)), we can approximately bound

Regret; < Z Z Zwkhxa lead(nk(l’ a)/4)

z,a k>7(z,a) h=1

K H
+ ZH Z Zwk,h(fﬂ, a) M (g, (xz, a) /4),

z,a k=7(z,a) h=1
where < denotes an informal inequality. Now, wy, 5 (z, a) and 7 (z, a)/4 are directly related via
ng(z,a)/4 = Zj 1 ZhH 1 wj.n(z,a). Hence, we can view the above regret bounds as discrete in-

tegrals of the functions f1°2d and ff'* (7 (x, a)/4). This argument is made precise by the following
lemma, which comprises the workhorse of out argument:

Lemma B.8 (Integral Conversion). Suppose that the event E5*™P(Hgumpie) holds. Then, for any
collection of functions fy o(-) non-increasing functions from N — R bounded aboved by fuax and
any €g o.n, > 0, we have that

nk (z,a)

ZZZwk w(z,a) foa(ne(z,a)) < 2ASHsamplefmax+Z ni(r,a) > H)/ flu/4)du

k=1h=1 z,a H

®Note that we induce 7y (z, a) to include a sum up to index k; thls makes the following arguments more
convenient, and will only accrue constant factors in the analysis
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Since Heample < H log(M/5), and the functions ff, flead are bounded by H®, we see that, on
£s2mp N A it holds that

nK (z,a)
Regret; < SAH® log(M/6) + Z]I(WK(x, a) > H)/ ad(u/4)du
H

z,a

T -
+ 3 U (e, a) > H) /H S (4 /4) du, )

z,a

where for the term on the second line, we have bounded Tix (z,a) < T and used that ff¢(-) > 0.

All that remains is to evaluate the above integrals. This is directly adressed by the following technical
lemma, proved in Section[C.3}

Lemma B.9 (General Integration Computations). Lef f(u) < min { fiax, clip [g(u)|€]} where € €
[0, H] and g(u) is a non-increasing function is specified in each of two cases that follow. Further,
let M > 1, and § € (0,1/2) be problem dependent constants. Finally, let < denote inequality up to
a problem independent constant. Then, the following integral computations hold:

(a) Suppose that C > 0 is a problem depedendent constant satisfying log C < log(2M), and

that g(u) < \/@. Then,
N C M
/ flu/4)du < min{ CN log ¥ = log (5 -min{T, IZ}) } :
= €

(b) Suppose that C,C" > 0 are a problem depedendent constant satisfying log(CC") <

2
log 2M, and that g(u) < C (\/ < log(uMu/g) +< log(uMu/é)> . Then,

N
[ 1/t (14 € s los()
+CC' log (%) min {log %, log (MeH)}

Note that the special case g(u) < mu can be obtained by setting C' = 1 in the
above inequality.

Lastly, the above computations hold if f(u/4) is replaced by f(u/c) for any universal constant
¢ > 0. Moreover, the above computations hold if f(u) < min { fiax, g(u)} by taking € = 0 and
setting % = Q.

Remark B.5 (Integration without anytime bounds). If instead we consider functions g(u) satisfying

2
the looser bounds (a) g(u) < 4/ w and (b) g(u) S C (\/ < log(uMT/é) +¢ log(uMT/é))

for T" > N, then we can recover the bounds

/N PR {min{./()N log MT Clog MT} case (a)
; <

(1+C") fimaxlog % + CC" log (L) min{log 4L log w} case (b)

These sorts of bounds arise when the confidence intervals are derived via union bounds over all time
T, rather than via anytime estimates. In particular, we see that using a naive union bounded over
all time T incurs a dependence on log T - (loglogT'), and thus does not imply a strictly O (logT')
regret.

Let us conclude by applying the above lemma to the terms at hand. First, applying the Part (a)

: — rlead lead — — ead ._ gapy, (¢,a) ap(z,a
with f = f24, g = g3, C = Var} ,,and H > ¢ = %" 1= min,, &= > %1521}1; for
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(z,a) € Zoup, and H > ex,a 2 &= for (z,a) € Zope, we have that
Nk (z,a)

S W (, ) > H) / 1624 (1 /4) du

T,a H

S 1 o
Z ming, gaph T a) Og(6m1nh gaph(ac,a))

1VaH Var* H
5 Z z,a( ) lo og 5gap(z a) Z z,a lo og 6?1:"
(I-G)GZsub gap(l', CL) (x a)ezopt gapmin(x7 (l) min
Var} ,(1V aH) Var H
< z,a MH z, log MH
> . )ZEZ gap(x’ CL) 0og dgap(z,a) + ‘ Pt‘ gapmfm(x, a) 0g 58ap,., "

Similarly, applying the Part (b) with f = f*, g = g™, ¢/ = Sand C = H? and e = "' :=

22’2"}‘1‘ 2 EPxa (and also satisfying ¢™* < H), we can bound

< S?AH?log (1) min {log MT Nog ( AL )} )

823Ppin

Plugging the above two displays into (3)) concludes the proof of Corollary [B.T}

B.4 Proof of Theorem [B.2

We conclude the section by proving the regret bound of Theorem [B.2] which interpolates between
the v/T and log T regimes. Let us recall the subset Zgu(€) := {(x,a) : gap(z,a) < €}, as well as
Hyp := min {H7 %2 log T} .. Retracing the proof of Corollary it suffices to establish only
two points:

Z Zzwkhxa chp[Blead( )géphim,a)}

(z,a) € Zsup(€) k=1 h=1

< \/FT | Zews (€)| T'log 2L + SAH? log(M5/T)

Z Zzwkh T,a chp{ Blead( )|géph4(x,a)}

(z,0) € Zope k=1 h=1

S\ Hr | Zope | Tlog MT 4 SAH log(M3/T)

For both of these inequalities, we will discard the clipping, and thus the two bounds will be syntati-
cally the same. Hence, let us simply prove the following bound:

K H
ZZ Z Byl (z )ﬁ\/FﬂZoPtITlog%.

k=1h=1 (z,a)€ Zpt

Since Hr := min {E7 %2 log T}, it suffices to prove the above bound first with Hr replaced by
Var, and then replaced by %2 logT.

Bound with Var:  To obtain a bound involving Var, we use the fact that BZ3%(x,a) <

~

g'**d(ny.(z,a)), for the function ¢'**d(u) = \/Var log(Mu/J)/u. Hence, following the integration
arguments in the proof of Corollary @ clipped at e = 0, we can bound

Z Wi, Q) B (2, 0) < Hlog(M/6) + \/Var g (a, a) log i (, a) M /)
k=1 h=1

< H?1og(M/5) + \/Var i (2, a) log(T M/6).
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Hence, by Cauchy Schwartz, and the bound Z(m,a)ezo},t nk(z,a) < 3, 0 0k (z,0) =T,

Z ZZwkﬂh(x,a)B}sa (x,a) S SAH log(M/6) + Z \/VarnK (x,a)log(TM/d)

(z,a) € Zope k=1 h=1 z,a€ Zopt

< SAH log(M/5) + \/Var|Zopt| > Tik(z,a)log(TM/5)

Z,a€ Zopt

< SAH log(M/8) + |/ VaT | Zope T log(TM]5),

as needed.

Bound with H: This bound requires a little more subtely. Define the function f(u) =
(1/max{u, 1}) Then, using the definition of Blead(a:, a) from Proposition we have

K H
Z ZBlead ZZ Z Wiz, a)(H A \/log Mny(z,a)/0) f(ng(z,a))Vary, , )

(z,a0)€Zopy h=1 k=1h=1 (z,a)€Zop:

K H
<Y Y wenlaa)(H Ay log(MT/0)f (ne(x, a))Vars, . ,).

k=1h=1 (z,a)€Zp

Applying the recipe we used for Corollary will not quite carry over in this setting. Instead, we
apply an argument based on Cauchy-Schwartz, defered to Section [C.4}

Lemma B.10 (Cauchy-Schwartz Integration Lemma for G-bounds). Let {V,, 4 k.1 } be a sequence of
numbers, and let f(u) be a nonnegative, non-decreasing function, fumax > 0, L a problem dependent
parameter, and let Zy C S X A. Then, on E5*™P,

K H
S 3N @ 0) frua AL (1, 0)) Vi

(z,a)€Zp k=1 h=1

K

< |ZO ‘Hsamplcfmax + L Z E™«
k=1

H

E Vx,a,k,h

h=1

e / £ (u)du).

We apply the above lemma with Vy, 4 .5 = Vargf“ayh, fmax = H and f(u) = 1/max{u,1}, and
L = log(MT/4). It is easy to see that the term | Zo| Hsample fmax < SAH?log(M/§) will already

~

absorbed into terms already present in the final bound. On the other hand, by a now-standard law of

total variance argument
U
E Vary» .- h] <K mj}xE“ E Vary, ., n

§ :IE”
h=1 h=1

where the last 1nequa11ty is from the proof of [16], Proposition 6. On the other hand, we can
bound(H f )+ fl u)du) < 1+ logT. This finally yields

S g
k=1
as needed.

H
<TG*/H, (6)

Z Varlt - h] < SAH?log(M/8) + \/log(MT/6)T - G2/H log(T),

C Proof of Technical Lemmas
C.1 Proof of clipping with future bounds, Lemma

Since strong optimistm holds on A", Theorem B.3]yields

H
Va - ng < 2e Z Z wk:,h(x7 a) Chp [Ek,h(Qj? a) | gé'ph(w7 CL)] .

h=1 z,a
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Applying Lemmawith m =2, a; = B (x, a), and
H

S eBY(w,0) | (an,an) = (x,@] ,

t=h

as = E™*

H .

Vi- Vi <4630 Y wnalea)clip [eBl e, o) ERLE]
h=1 z,a

H

e Z Z wip(z,a)clip

h=1 xz,a

H

ZCB?t(fctvat) | (zn,an) = (x,a)] |géph4(xva)] '

t=h

E

The term on the right hand side of the first line of the above display is exactly as needed. Let us turn
our attention to the term on the second line. We have that

H H
ZchC”t(xt,at) | (xh,an) = (m,a)} = Z ZCBZUt(x’,a’)P[(xt,at) = (', d") | (xh,an) = (z,a)].
t=h

z’,a’ t=h

Hence, applying Lemma with the terms a;-terms corresponding to B (2/, a/)P[(z¢, a;) =
(z',d") | (xp,an) = (x,a)] and the number of such terms m bounded by SAH, we have

H

S 0.0 - 0] 52

clip lIE”’“
=h

<2 Z chip [cBiut(m’,a’)P[(xt,at) = (a',a') | (wn,an) = (ﬁ@”%] :

z’,a’ t=h

Since clip [az|e] < aclip [z]e] for & < 1, and since the probabilities P[(x¢, a:) = (2/,a’) |
(xh,an) = (x,a)] are bounded by 1, we can bound the above by

2 Z ZP (ve,a¢) = (¢/,0") | (vn, an) = (2, a)] clip [chC“t(ggQa’Hgélphw} _

—= 8SAH
Hence,
< . T - fut géph(fﬂ, a)
e ZZwkvh(x,a) clip |E™* Zch (z¢,at) | (zh,an) = (z,a)| | —
h=1 z,a t=h
4 = gap, (z, a)
< 8e ;; Z Z wn(z, a) ;P[(zt, a;) = (a',a") | (zn,an) = (z,a)] clip {CBQM(I’, a’)|8§AI’{}
2 < gap
< 8¢ ;1 ; Z W n(z,a) ;P[(wt, ar) = («',ad") | (zn,an) = (2,a)] clip {chyt(x’, a’)l&gﬂ,‘]

H H y
: u 838Pmin
=8¢ E E E wip(2',a’) clip {chQ Y2, a")| SSAH}

h=1t=h z’,a’

H ~
<8He) Y win(z,a)clip |:CB1;€ut(£L'/,a/)|gapmin:| '

8SAH
h=1 z,a
Altogether,
Vi — ViF <de ; ;wk n(z,a)clip {cBlead( a) | gap,l(x,a)} .
& a
+ 8He;;wk7h(x,a) clip {chc“t(x',a')g;}E} :
Summing over k = 1,..., K proves the inequality.
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C.2  Proof of sampling lemma (Lemma [B.7)

Recall (£520P) := {Vk,s,a : ng(z,a) > $7_1(z,a) — Hlog 2254 }; Lemma 6 in [6] in shows
that this event occurs with probability at least 1 — §/2. We show that (£52™P)" C E52™P(H,01e),
for Heample = 4H log 2254 < Hlog &

Noting that 7, < Tp_1 + H, (€5*™P)’ implies that ny, > imy(z,a) — Hlog 2854 — 1 =
ing(z,a) — Hlog %. Hence, for any k > 7(z,a), we have ;, > 4H log 2254 and thus
ny(z,a) > " 4 2 — [ log 254 > Tk Bounding log 2234 < L(1) concludes the proof.

C.3 Proof of integral conversion, Lemma [B.§|

Recall that 7(z, a) denote inf{k : Ty (z, a) > Hgample }- Then,

T(z,0)—1
E > " wi(@,0) fa.a(ne(z,a)) = § wi(2,0) foa(ne(@,0) + > Y faal)
k=1 z,a x,a z,a k=7(z,a)
T(z,0)—1

<Z Z wkxafmax—i-z Z fr,a(ni)

T,a k=7(z,a)

< SAHsamplefmax + Z Z f:v,a nk(m7 CL))

T,a k=7(x,a)

< SAHsamplcfmax +Z Z fx,a(ﬁk(xva)/4)a

T,a k=7(x,a)

since Zzzml’a)_l Wi(2,a) = Mp(g,0)—1(2,a) < Hgamplemadn f(-) < frax. We now appeal to the

following integration lemma, which we prove momentarily.

Lemma C.1 (Integration over wy(z,a)). Let f : [H,00) — Rsq be a non-increasing function.
Then,

K Nk (z,a)
> wwafmea) <HE@ + [ fud ™
k=7(z,a) H

To conclude the proof of Lemma|[B.8] we apply the above for each (, a) with the functions f(u) <
fz,a(u/4)’ and note Hf:v,a (H/4) S Hfmax S Hsamplefmax~ O

Proof of Lemma@ The proof generalizes Lemma E.5 in [5]. For ease of notation, define kg =
7 (2, a). We can define the step function g : [ko, K] — Rviag(t) = ZkK:_klo w1 (z, a)I(t € [k, k+
1)]. Then, letting G(t) := Ty, (x,a) + fo u)du, we see that G'(t) = ¢(t) almost everywhere, G

is non-decreasing, and G (k) = my(x, a) for all k € [ko, K. We can therefore express
K K K k
S e ) fT@a) = Y el a) @) = Y ( / <t>dt> F(GR):
k>7(z,a) k=ko+1 k=ko+1 \’/F—1
i & k K
G(t))dt | = G(t))d
<y ( | s t) |, stsc
@y [CF) (i) [TE@)
= du = du,
Lo, Tt € [ stan
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where (i) uses the fact that f o G is non-increasing, (i%) is the Fundamental Theorem of Calculus,
with G'(t) = ¢(t), and (i23) is G(k) = Mg (z, a) for k € [ko, K]. Hence, we have the bound

K Tk (T,a)

S wn i, @) (2, 0)) < i (2, @) (7 (,0)) + / F(u)du

k>ko Tk (z,a)
(7‘) K (I’a) (“) NK (z,a)
< HfGu@a)+ [ fde < HFE S [ fwdn
Tk, (z,a) H
where () uses wg, < H, and that f(u) > 0, and (i) uses the fact that f is nonincreasing, and
nko (1[,’ a) Z Hsamplc Z H. O

C.4 Proof of interal conversion for G-bounds, Lemma [B.10]

Let 7(x,a) = g x, a). Then, as in the proof of Lemma|B.8|

sample (

Z Z Z wk},h(xa a)(fmax A \/f‘f(nk(xv a))Vz,a,k,h)

(z,a)€Z k=1h=1

K H —
Z Z Z wk,h(xa a) \/Lf(nk (l‘, a))vm,a,k,h + ‘Zopt ‘Hsamplcfmax~

(z,0)€Z k=7(z,a) h=1

By Cauchy-Schwartz

2. 2 D wnal@a)

(z,a)EZ k=71(z,a) h=1

K  H K H
Z Z Zwk’h(%a)vx’a’m xL1/? Z Z Zwk’h(x,a)f(nk(na)).

(z,0)€Z k=7 (z,a) h=1 (z,a)€Z k=7(z,a) h=1

N

The first term in the above product can be bounded as

> Z Zwkhxa makh<zzzwkh$a vakh = ZEﬂkZVwakh

(x,0)€Z k=7(z,a) h=1 k=1h=1 z,a k=1

Using Lemma|[C.T] the second term can be bounded as

> Z Zwkhxa (ni(x, a)) < | Z|(H f(H /f du).

(z,a)€Z k=7(z,a) h=1

C.5 General Integral computations (Lemma [B.9)

For convenience, let us restate the lemma we are about to prove.

Lemma B.9 (General Integration Computations). Let f(u) < min {fmax, clip [g(u)|€]} where € €
[0, H] and g(u) is a non-increasing function is specified in each of two cases that follow. Further,
let M > 1, and 6 € (0,1/2) be problem dependent constants. Finally, let < denote inequality up to
a problem independent constant. Then, the following integral computations hold:

(a) Suppose that C > 0 is a problem depedendent constant satisfying log C < log(2M), and

that g(u) S /L) Ty,
N
[ sy min{JoN tog 5, o (Y omingr, )1
H €
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(b) Suppose that C,C" > 0 are a problem depedendent constant satisfying log(CC") <
2
log2M, and that g(u) < C (\/ i loggMU/é) + ¢ log(uMu/ﬁ)> . Then,

N
[ 1S (140 funeloz(3)
+CC'log (@) min {log %, log (MEH)}

< mu can be obtained by setting C' = 1 in the

Note that the special case g(u)
above inequality.

Lastly, the above computations hold if f(u/4) is replaced by f(u/c) for any universal constant
¢ > 0. Moreover, the above computations hold if f(u) < min { fiax, g(u)} by taking ¢ = 0 and
setting % = Q.

Proof. By inflating C' by a problem-independent constant if necessary, we may assume without
loss of generality that g(u) = 1/Clog(Mu/d)/u in part (a) and g(u) = C(y/C"log(Mu/d)/u +
C"log(Mu/6)/u)?, with equality rather than approximate inequality <.
Next, define
e max{u : g(u/4) > €e}e >0
end AN e=0.

Throughout, we shall assume the case € > 0, as the e = 0 can be derived by just taking nepg = V.
Note then that f(u/4) = clip [g(u/4)|e] = 0 for all u > nenq. Hence, it suffices to upper bound

N ANena

I(neng > H)/ fmax A g(u/4)du

H

Lastly, let us define L(u) := log(Mu/§) for u > H. We shall rquire the following inversion lemma,
which is standard in the multi-arm bandits literature.

Lemma C.2 (Inversion Lemma). There exists a universal constant ¢ > 0 such that for all b > 0,
( )/u < bas long as u > L(1 + b~Y) /cb. Moreover, for u < L(b)/cb, it holds that L(u) <
(1 +b71).

Proof. Let u = L(1/b)/cb for a constant ¢ to be chosen shortly. Then,
L(LLObY)  logl +log(M/bd) + log(log 21)

u)/u = cb—= =c
L(/u=cbg log(1,/00)
cblog;
— log2 +2¢b,

where we use loglog(z) < x and L(1 + b~1) > L(1) > log 2. It is easy to see that this quantity is
less than b for a constant c sufficiently small that does not depend on M, §, b. The second statement
follows from an analogous computation. O

Proof of Part (a): Suppose g(u) = 4/ iju(“). It is straightforward to bound

N ANend — N ANena du
I(nena > H) / P A g(u/D)dts < Tnena > H)A/CL(N A ngna) / du
H 1 Vu

<AV OL(N Anena) - V(N Anena)
< min { \/ CNL(N), \/ cnendi(nend)}

MN =~
:min{m, \/m}
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To conclude, let us find nena (2, a). By our inversion Lemma[C.2] we can see that

C~ C C~ C
nend N E2]:1(]. + ) ?L(l + :)

- ‘o
L(nend) S L1+ ).

\/Cnendf;(nend) < gi (1 + C) )
€ €

Moreover, for if logC' < log M and ¢ < H, we can bound L (1 + %) < log @ Hence, we

haveshow
N
/ Fu/4)du < min{ ON 1o 25, Clog <J‘64 . fj) } _
H

To conclude, it remains to show that we can replace % with N. For this, we use a simpler argument:

Therefore,

N N CL(u
/ flu/4)du < / clip 7< )\e
H H

N CL(N)
< / clip [ —|e
H

U
F N 1 =
= L(T)/ clip [e’} ,  where ¢ = \/L(T).
H Vu
Using similar arguments to above, we can bound f IJ{V clip {ﬁ\e’} < i, yielding the bound

I flufaydu < B0 E@)

€

Proof of Part (b): A first step This proof will require slightly more care than part (b). We shall
first require the following lemma:

Claim C.3. In the setting ofLemma@ ifglu) = Clos 75" Cl;(u), then

u

N
/ fu/d)du < finaxlog M + Clog (MT/§) min {IOg(]V([ST) log (JWGH> }
H

Proof of Claim[C.3} Define ng = 2 + log(M/4). Then, we have

NAnena

N ANena
]I(nend 2 H)/ fmax A g(u/4)du S fmaxn0 + ]I(N A Nend Z nO) : / g(u/4)du
H no
no+N Anend
S fmaxn() + / g(u/4)du
o
no+NAnend
SJ Jmax 1Og(M/6) + / g(u/4)du
n0

Now take g(u) = CL(u)/u. Since L(u) < log(M/8) + log(u) for u > ng > 2, it it is straightfor-
ward to bound

no+N ANend N A NA
/ g(u/4)du < Clog(M/6)log(1 + —— 10y 4 Clog?(1 + ——end

o no No

),

)

N A Nena

< Clog(MT/6)log(1 + -
0
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where in the final inequality, we use N < T, M/§ > 2, and ny > 1. By the same token, we can
crudely bound the above by C' < log®(MT/6).

Let us now develop a more refined bound by taking advantage of n.,q. By our inversion lemma, we
have

C~ C C C M
Nend S — L (1+> = — (log1+)+log>.
€ € € € )
Since ng = 1 + log %,

nd _ C c. Clog¥ ¢ C
Mg—log(l—i——ﬂ—f og;;\/[ §log<1+>.
no € € EIOgT €

Hence, with some algebra we can bound

11 C
log(1+ —2d) < log(1+ =)
o €

This leads to the more refined bound f"ﬁNA"e“d g(u/49)du S Clog(l + <) log(MT). Again,

no

since log C' < log M and € < H, we bound again bound log(1 + %) <log @ O

Concluding the proof of Part (b) Define

ng := {infu :

Then, we have
N N
/ f(u/4)du S fmaxno + / fmax A Chp [g(U/4)|€} du
H no

Note that for u > ng, g(u/4) < h(u/4), where h(u) < Cwai(u) Hence, applying the bound from
Lemma[C.3|with C +— CC’, we have

N
/ Fu/)du S frax log M + CC"log(MT) min {log(J\{sT), log( MH )}
H

€
On the otherhand, by our inversion lemma and using C’ < M O we can bound
~ M
ny < C'L(CY) S C'log(5).

Combining these two pieces yields the bound. O
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D Proof of ‘clipping’ bound: Proposition 3.1/ Theorem B.3|

In this section, we prove Theorem (of which Proposition in the body is a direct conse-
quence), which allows us to clip the surpluses when they are below a certain value. The center of
our analysis is the following lemma, which tells us that if gap, (z,a) > 0 for a pair (z, a, h), then
either the surplus Ej ,(z, a) is large, or expected difference in value functions at the next stage,

p(x,a) T (Vinpr — Viky), is large:
Lemma D.1 (Fundamental Gap Bound). Then suppose that Alg is strongly optimistic, and consider
a pair (z,a, h) with gap;, (x,a) > 0 which is is c-transition optimal. Then
gap, (z,a) < Eyp(w,a) + o p(a,a) (Vi — Vi5,).
If Alg is possibly not strongly optimistic, then the above holds still holds o = 1.

Lemma [D.T] is established in Section [D.2] Notice that as a gets close to zero, the above bound
implies that when Ey, 5, (x, a) is much smaller than the gap,, (z, a), the difference in value functions

at the next stage, p(z,a) " (Vi n41 — V}% | ), must become even larger to compensate. The extreme
case is a = 0, e.g. in contextual bandits, where the gap always lower bounds the surplus.

Continuing with the proof of Theorem [B.3] we begin with the “half-clipping” which clips the sur-
pluses at at most gap,;,:

Definition D.1 (Half Clipped Value Function). We define the half-clipped surplus Ey (z,a) :=
clip [Ex n(x, a) | €cip], Where eclip = gapy;,/(2H). We set V%, (z) = 0 forall z € S, and
recursively define

Q7 (x,a) = r(x,a) + By p(z,a) + p(, a)T\"/';;’“hH, VZ’“h(x) = Q7 (z, T (),

denote the value and Q-functions of under 7y, associated with MDP whose transitions are transitions
p(+, -) and non-stationary rewards r(x, a) + Ej 5 (z, a) at stage h.

After the half-clipping has been introduced, it is no longer the case that 7 is optimal for this half
clipped MDP. As a result, it is not certain that the half-clipped Q-function for 7y, is optimistic in the
sense that Q% (x,a) > Qj (x,a). We shall instead show that if V™ is approximately optimistic,

in the sense that its excess relative to V™, V""" — V7 is at least a constant factor of the regret
Vi — V{k:
Lemma D.2 (Lower Bound on Half-Clipped Surplus). For eciip, = gap,;,/2H, it holds that

Vir - Vit = E™

L 1
ZEk,h<$h»ah)] > §(VS—V6”“)7
h=1

The above bound is established in Section[D.1} Hence, to establish the bound of Theorem [B.3] it
Tk,h

suffices to bound the gap V" — V[*. For a given h, and an @ : my, 5, (x) ¢ 77 (x), let us consider
the difference

Vi (@) = V(@) = B (o, mn () + ple, mon(@) T (Vis, = ViEL) -

We now introduce the following lemma, proven Section which allows us to further clip the
bonus for suboptimal actions a ¢ 7} (z), i.e. , actions with gap, (z,a) > 0:

Lemma D.3 (Gap Clipping). Suppose either Alg is strongly optimistic and each tuple is oy o 1,-
transition suboptimal. Then the fully-clipped surpluses

i ap, (z,a
By, (. 0) = clip {E()v gap, (7, 0)) }

4(aw,a7hH V 1)

satisfy the bound
. - . 1 S -
Vit (@) = Vir(2) < Ben (om0 (2)) + (1 + H) pla, (@) (Vit, = Vit

If Alg is just optimistic, then the above bound holds with oy o p, = 1.
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Unfolding the above lemma, and noting that even when Alg is not strongly optimistic, the clipping
ensures that Ey, 5 (z,a) > 0, so that we can bound

Vivo = Vi* = E™[VI*(z1) — VI*(a1)]

< E™* [Ek,h (1‘1, a1) + (1 +

= [E7* [Elmh (3’51, al) + (1 +

H
H [/ h 1 H H
< E™ Z (H (1 + H)) Ek,h(xh7ah)‘| < (1 + ) E™ ZEk,h(fﬂmah)]
h=1 \h/=2 h=1
H H
< eE™ Z Epn(zn,an)| = BZ Zwk,h(% a)Ern(z, a),
h=1 x,a h=1
where we recall wy (x,a) = P™[(zp,ap) = (x,a)]. Combining with our earlier bound

Vi — ViE o < 2(Vik(z) — Vi*(z)) from Lemma we find that Vi — V& <
2e)y .. Zle wi.n(2,a)Eyg (2, a), thereby demonstrating Theorem
D.1 Proof of Lemma[D.2]

We can with a crude comparison between the clipped and optimistic value functions.

Lemma D.4. We have that Ek7h(x, T n(2)) > By p (@, e n(x)) — €ctip, which implies

Vit (x) + (H = h+ Deeip > Vien(z) = Vi (2). (8)

Proof. The bound ]'E')k,h(x, Tin(x)) > By p (@, 7, n(x)) — €cip follows directly from
Ek,h(xa a) = Eg p(z,a)I[(Eg n(x,a) > €aip) > Eg n(z, @) — €cip.

Hence,

V() = Vir (@) = E

H
D Bip(w, mron(@n) | wn = x]

t=h

H
ZEk,t(xtaﬂ'k,h(l't))) — €clip | Zh = x}

t=h

> E™

H

= K™k ZEk’t(xt’ Wk,h(xt)))‘| — (H —h+ 1)€clip
t=h

ib) — -
O N n(@) = VI (@) — (H — h + ectip,

where (i.a) and (i.b) follow by recursively unfolding the identities V;C”“h (x)—=ViF(z) = By (z,a)
+p(a,a) T (Vi (2) = ViF(2) and Vi (2) = Vi*(2) = Bin(@,a) + pz,a) T (Vigpa (@) -
Vit ().

O

We now turn to proving Lemma|[D.2]

Proof. The strategy is as follows. We shall introduce the events over P™, &, = {m n(zpn) ¢
77 (z1,)}, which is the event that the policy 7, ;, does not prescribe an optimal action x;,. We further
define the events

An=28En () &,

h'<h
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which is the event that the policy 7 agrees with an optimal action on x4, ..., 2,1, and disagrees
on xp,. Below, our goal will be to establish the following two formulae for the suboptimality gap

Vi — Vikand VI* — Vi
. H
Vir =ik > Y B [I(An) {gap(zn, mrn(zn)) — Hecip + Qf (@n, mrn(2n)) — Vi* (n)}]
h=1
9

and
- Vgt = ZE”" [(An) {gap(xn, mkn(zn)) + Qp(xh, mhn(zn)) — Vik(zn)}]  (10)

Note that on Ay, &, = {mpn(xn) ¢ 75(xp)} also occurs, and therefore gap(zp, m n(zn)) >
gap,;,- In particular, displays () and both imply

} o &
Vi Vi 2 Y B A { geap(on mun (o) + Qhanmin(on) - V@) ]
h=1

(“) . ZEWk (An) {gap(wn, Tk h(fﬂj)) + Qh(l‘h, Tk h(a:h)) — VZ’“ (2)}]

h 1

@i 1, W
> §(V0 7V0k)7

where (i) uses ey, = 5#= and display @), (i7) uses that Q} (x4, 7k n (1)) — V7" (2) > 0, and
(4i1) uses display

Let us start with proving (9). First, consider a stage h, state x, and suppose that 7y, 5, (z) ¢ 77 (z).
Observe that by Lemma [D.4] optimism, and the definition of gap,, (z,a), we have that for any
a* € mr(x),

Hecip + Vi (@) > Via(e) = (9j T (2)) 2 Qpp(, @)
> Qj(z,a ) ap(x, Tk n (2)) + Q (2, Tk 1 (7).
Subtracting, we find that for 7y, 5 () ¢ 77 (z),
Vz’”h(x) — V¥ (x) > gap(x, mpn () — Heaip + Qf (@, mr,n(2)) — ViF(2). (11)

Now, on the other hand, if 7, j,(x) € 7} (x), then,

Vi (@) = Vit (2) = Bxnle, mn (@) + (@, mon(@) + plamen(@) TV
—r(z, me,n (@) — p(a, Tk h(x))TVZk
= Epn(, mon(2)) + p(z, men(2) T (V Zkhj»l Viii) (12)
@ Epn (@, mn(2)) + p(@, mon(2) TOVii
(i) ..
> p(x, men(2) "0V, (13)

where in (i) we have defined the increment V), := Vm“ " — Vk with OV 41 = 0, and (ii) holds
since By, p, (2, mp 5 (2)) = By p(x, Fk)h(l‘))ﬂ(Ek’h(a?,ﬂ'k,h(.’L')) > €aip) > 0.
Now, recalling that £, denotes the event that 7y , (x) ¢ 7y (x), we have
E™[0V1] > E™ [I(&1) {gap(21, k1 (21)) — Heanp + Qi (1, mr1(21)) — Vi* (2)}]
(by Eq. (T1))
+ E™ |I(E)p(21, T (21)) TOVa| . (by Eq. (13))
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We continue with
E™ [1E)p(ar, a1 (1)) TOV:
SE™ [[(E9)L(Es) {gap(z2, mr.2(12)) — Heap + Q3 (22, p2(22)) — VI*(2)}]
+ B [1(E))I(ES)p(w, T (22)) OV

Recalling the event Ay, = &, N[/}, £/, we can continue the above induction to find that,

H

E™[0V1] > > " E™ [I(An) {gap(wn, en(wn)) — Heeip + Qf (@n, min(zn)) — Vi* (2)}]
h=1

H
+E™ (1) Ep@n, men(@n) OV ),
h=1

=0
as needed. Now let’s prove (T0). We can always write
Vi(z) = Vi*(2) = gapy, (¢, a) + Qp (@, mn(2)) — Vi (2),

where gap,, (r,a) = 0 when 7}(x) € 7 n(x), that is, on £°. Hence, the same line of reasoning
used to prove Eq. (9) (omitting the subtracted e.ip H), verifies Eq. (T0). O

D.2 Proof of Lemma[D.1l

Proof. For simplicity, set a = w5 (z), and let a* € 77 (x) be an action which witnesses the a
transition-suboptimality condition. We then have

_ 5 (i) _
Vin(@) 2 Qu(e,a) > Quy(x,a)
= Q} (2, a") + (Quplz,a*) — Q) (x, "))

W gap,(z,a) + Q}(x,a) + (Qu 4 (z,0") — Q) (w,a*),

where (i) is by definition of V, ,(x), (ii) is since a = 7 () = argmax,, Qy ,(z,a’), and (iii)
is the definition of gap, (x, a). Rearranging, we have

gap, < Vin(2) = Qi(x,a) = (Qy p(w,0") — Q*(x,a%) (14)
If Alg is not necessarily strongly optimistic then we bound Q, j,(z,a*) — Q*(z,a*) > 0 and
Qj(z,a) > V;*(x), yielding
gap;, (7, a) < Vin(x) — Vik(z)
= Qk,h(fv a) = Vi*(z)
=Epn(z,a) +7(2,a) + p(x,a) " Vi1 — ViF(z)
=Epn(z,a) +p(x,a) (Vine — Vi)
which corresponds to the desired bound for a = 1.

When Alg is strongly optimistic, we handle (14) more carefully. Specifically, we compute
Vin(z) — Qh(x,a) = Epn(z,a) + r(z,a) + p(z,a) Vi per — (r(z,a) +p(z,a) Vi)
= Epn(z,a) +p(x,0) (Vi — Vi)
Moreover, recalling that o™ € 7} (z), we have
th(az, a*) — Q*(z,a") =r(z,a") + By p(z,a") + p(z, a*)Tvk,h_H —r(x,a") — p(x, a*)TVZ_H
= Epn(z,a*) +p(z,a*) (Vighir — V).
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where the last inequality uses strong optimism of Alg. Hence,
gap,, (7, a) < Viu(2) — Qp(,a) — (Q4 n(,0%) — Q*(w,a"))

= Epn(z,a) +p(a,a) (Vi — Vh+1) ( k(2 a*) +p(@,a) (Vightr = Vi)
= Epn(2,0) — Egn(e,a*) + (p(z,a) — p(z,a*))"
< Epn(z,a) + (p(z,a) —plz,a*) " (Vin — Vi
< Ein(z,a) + ap(z,a) (Vs — Vi),

(Vi = Vi)
) (Strong Optimism)

where the lastar line uses the component-wise inequalityes p(z, a) — p(x, a*) < ap(z, a) due to the
fact that a* witnesses the « transition-suboptimality, and Vi, — Vi, | > 0 due to optimism. [

D.3 Proof of Lemma[D.3]

Proof. For ease, we suppress the dependence of o on (z,a, h). By our fundamental gap bound
(Lemma[D.I)) and then Lemma[D.4] we have that

gap;, (z,a) < B n(x,a) + o - p(, a)T(vk nt1— Vi)

< Epn(z,a) +a-px,a)T (VE e = Vik ) 4 (H = b+ 1) aeap
< Epn(z,a)+o-ple,a) (Vih, — Vi) + gapy, (2, a)/2,
)

where the inequality bounds at(H — h+ 1)eqip < agap,;,/2 < a-gap,(z,a)/2 < gap,(z, a)/2.
This yields

sgap, (v,a) < Byp(r,0) + a-pla,a) (V5 — ViLy).

Now, fix a constant ¢ € (0, 1] to be chosen later. Either we have that By, , (z,a) > 5gapy,(z,a), or
otherwise,

- - 1 C .
o p(w,0) (Vs = Vi) = (1= 0)5gap, (0,0) = — Bpa(e,a),
which can be rearranged into
.. cox - .
Epn(z,a) < Ep(ﬂfva)T(Vk,th - Vhil)'
Hence, we have

Epn(z,a) < Eyp(z,a)l {Ek n(z,a) > 5gapy,(z, )}
COx - - . c
1o p(,0) (Vg = VL)L {Bra(e,a) < Sgap, (,a) |

.. .. co . -
< Egp(z,a)l {Ek,h(l'v a) > 5gapy(z, a)} + 1fp(x a) (Vs = Vs,

and thus,
Ek7h(x, a) + p(x, a)T(ngthl -Vit) < Ehh(az,a)ﬂ {Ek,h(x, a) > Sgapy(, a)}

(6181 L -
+(1+ E)p(gc, a) " (Vih— Vi)

In particular, choosing ¢ = £ min{1, (aH) ")}, we have (1 + £2£) <1+ &, and

(1A (aH)™Y) 1

1 -
2 4 HaH V1)

so that By, p, (z, a)l {Ek7h(x, a) > Sgapy,(z, a)} = Ej. (2, a). This concludes the proof. O
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Part 11
StrongEuler and its surpluses

E The StrongEuler Algorithm

Before continuing, let us define a logarithmic factor we shall use throughout:
L(u) := v/2log(10M2 max{u, 1}/9), (15)

where we recall that M = SAH > 2. This section formally presents StrongEuler, which makes
two subtle modification of the EULER algorithm of [16].

First, similar to [5} 6], StrongEuler refines the log factors in the bonuses to depend on the number of
samples ny(z, a) via L(ng(z, a)) o« log(Mny(x,a)/d), rather than the overall time 7' = K H via
L(nk(z,a)) « log(MT/§), which is necessary to ensure the optimal log 7" regret. Following [5}
6], our confidence bounds can be slightly refined using law-of-iterated logarithm bounds, but for
simplicity we do not pursue this direction here.

Second, StrongEuler satisfies strong optimism. We remind the reader that strong optimism is not
necessary to achieve gap dependent bounds, but can achieve sharper bounds for settings with simple
transition dynamics like contextual bandits. The EULER algorithm, or its predecessors (e.g. [1]]),
would also achieve-gap dependent bounds due to our analysis. Moreover, running these algorithms
with the refined log(Mny(x,a)/d) log factors would also yield log T- asymptotic regret, whereas
implementing log(MT'/§) confidence intervals may yield asymptotic regret that scales as log® T'

(see Remark [B.3).

The EULER algorithm proceeds by standard optimistic value iteration, with carefully chosen explo-
ration bonuses, and keeps track of various variance-related quantities:

Algorithm 1: StrongEuler

1 Input:

RN I B WY B NS

11
12
13
14

15
16
17
18

Initialized: Foreacha € Axz,2’ € S, ni(x,a) =0,n1(z" | x,a) =0, rsum; = 0, rsumsq; = 0,
pi(xz,a) =0, Var1[R(z,a)] =0

fork=1,2,... do
Vi1 <0
forh=H H—-1,...,1do
for x € S do
for a € Ado
Call ConstructBonuses.
Qk7h(m,a) +— min{H — h+ 1,7(x,a) +ﬁk’h($,G)TVk’h+1+
b (2, a) + bR (2, a) + b3, (z,0)}
end
ﬂch(l‘) = argmax, Q. (7,a), @ T ()
Vin(x) := Qk,h(%a)
Xk,h(x) =
max{0,7(z,a) — by¥, (z,a) + Do (2,@) TV g — bifﬁb(m,a) — by (z,a)}.
end
end
Call RolloutAndUpdate(k).
end

The RolloutAndUpdate function (Algorithm 2] below) executes one trajectory according to the pol-
icy 7y, and records all count- and variance- data regarding the relevant rewards and transition prob-
abilities. Finally, the bonuses are are defined in Algorithm 3]
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Algorithm 2: RolloutAndUpdate(k)

Input: Global current episode k, global counts and empirical probabilities. Initialize k£ + 1-th
episode counts: ng11 (-, ) < ng(y ) npr1(c | ) < ne(- |- +), rsumgiq (s, <) < rsumg(-,-),
rsumsqy 1 (-, ) <= rsumsqy(-, -).

forh=1,...,Hdo
Observe state xp, play ap, = 7y, (), recieve reward R and view next state 1.
ni(xn, an) += 1, ng(xp|zn, an) += 1, rsum(z,a) += R, rsum(x,a) += R?
end
fora e A,x € Sdo
for 2’ € S do
| (@'l 0) = Tz
end
_ rsum 7. rsumsq _ 9
Trr1(z,a) = Wk«t;)’ Varg1[R(z,a)] = W]:;l) — Tra1(x,a)?.
end

b}

Algorithm 3: ConstructBonuses

Bonuses:

bE(,) 1= 1 A \/2\//a\rk[R(x,a)]L(nk(m,a)) . SL(u(z,0))

ng(z,a) 3(ng(z,a) — 1) (16)

2Vars, (z.a) [V |L(ng(xz,a))  SHL(nk(x,a))

prob L Pr(z,a)l ¥V k,h+1 L\,
bR (2, a) == H A <\/ on(e.a) + S0 () — 1)
N 2
N fL(nk(x, DIV i1 = Virs1l3 5,600 ) -
ng(z,a)
tr — SL(nk(z,a 8 SHL(nk(z,a

bZEh(x,a) = [Vipt1 — yk,h+1”2ﬁk(m,a) (al, 9)) 2 el 0)) (18)

ng(x,a) 3 ng(x,a)

F Analysis of StrongEuler: Proof of Proposition

Proposition requires demonstrating a lower bound on the surplus, 0 < E ,(z,a), thereby
establishing strong optimism, as well as an upper bound on the surplus, which we shall use to
analyze the same complexity. We address strong optimism first in the next subsection, and then the
upper bound in the following subsection. Throughout, we will assume that a good event .4°°"¢ holds.
To keep the proofs modular, the event A“™° will only appear as an assumption in the supporting
lemmas used in Sections E] and @ Then, in Section E], we formally define .A°°"¢ in terms of 6
constituent events, establish P[.A°"] > 1 — g, and conclude with proofs of the supporting lemmas
which rely on .4°°"¢. We remark that many of the arguments in this section are similar to those from
[L6], with the main differences being strong optimism and the additional care paid to log-factors,

necessary for log T regret. Again, recall the definition L(u) := /21log(10M?2 max{u, 1}/9).
y g g g g

F.1 Proof of Optimism

Here we establish the optimism of StrongEuler, and in particular, the bound Ey, 5, (z,a) > 0.
Proposition F.1. Under the good event A°°",

(a) StrongEuler is optimistic: my () = arg max, Qy, , (z, a), where Q. ;,(x,a) > Qj (z, a)
forall h,z,a. In particular, V. p,(x) > Vi(z) for h € [0 : H].
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(b) StrongEuler is strongly optimistic Egpx(z,a) = Quulw,a) — r(z,a) —
p(z,a) Vi (z) > 0.

(¢) Vi S Vi < VE< Vi,

Proof. The policy choice 7, (x) = arg max, Q. ; (, a) holds by definition of the algorithm. We
now give the remainder of the argument by inducting backwards on h. Forh = H + 1, Vi 41 =
Vg1 = Viga = VZ{“H 0. Now, suppose as an inductive hypothesis that Vi ;1 >
Vi 12 Vik >V, and Eg oy (7,a) > 0 forall 2, a.

First, we shall show that Ej, 5 (x,a) > 0 for all z,a. This will establish the induction for point
b. It also establishes (a), since then Q ;,(z,a) > r(z,a) + p(z,a) Vi pga(z) > r(z,a) +
p(x, a)TV,*LJrl = Qi (z, a), proving optimism. To this end, note that
Ein(z,a) = Q. p(x,a) — r(z,a) — p(z, a)"Vin(x)
= min{H — h+ 1,7(x,a) + pp.n(z,a) Vi1 + bpmb(x, a) + by (z,a) + by} (z,a)}
- T(x, Cl) - p(xa a)Tvk,h+1('r)'
Since r(x,a) + p(z,a) " Vi py1(x) < H — h + 1, it suffices to show that
(2, a) + Din(,0) Ve + bgf;?b(ﬂﬂ, a) + b (z,a) + b?%(m a) —r(z,a) — p(z,a) Vi s (z) > 0.
Grouping the terms, it suffices to show that 7(x, a) — r(z, a) + b} (z,a) > 0, and that
0< (Prn(@a)’ —p,a0) Vin (@) + IR (2, a) + bl (2, a)
~ * rob
—{Brne,@)" = p(2,0) Vi (@) + PR ()}
+ {Drn(z,a)" = pla,a)" (Vi (2) = Vi (@) + by (z,0) } -

We lower bound 7(, a) — r(x, a) + by (x,a) and (Dr,n(2,a) " —p(,a)) " Vi, (z) + bpmb(x, a)
by zero with the following lemma:

Lemma F.2. On the good concentration event A", it holds that
r(z,a) —r(z,a)| <b"(z,a),
(P, 0) = p(a,a)) Vi | SBR (@,a) i Vs < Vi < Vin
We conclude the proof of (b) with the following lemma, which lets us bound
(Br(z,a) " = p(z,0)) " (Vinsa(z) = Vi (@) + byl (z,a) 2 0
Precisely we apply the following lemma with V5 = Vk,h+1 andV; =Vj

Lemma F.3. Suppose that AP™" O A holds, and suppose that V1,Va : S — R satisfies
NVint1 Vi< Vo< Vg1 Then,

|(B(z, @) — p(z, ) " (Vi = V)| < b} (2, a)

This finally establishes (b). We conclude by establishing (c). Here, we note that by definition
VZ"’ < V7,and V; < Vi, as show above. Hence, it suffices to show Xk,h < VZ"’. We begin
with the inequality

Vik(z) = p(z, *)TV”’“ L +r(z,a")
p(x, a*)TV”’c L+ 7z, a")
) )

.

- + (r(w,a*) = Pz, a*) + (p(x,a*) T = pla,a”) )V,
(2,a") TV 4 7(@,a*) + (r(z,a%) — 7z, 0*)) + (p(z,a*)T = plw,a*) ) Vi,
+ (p(x,a*) = p(x,a”)) (V3 — Vi)

Pla,a®) Vi +7(x,a*) — b, (z,a) — b (2, a) — b3, (2, ),

)

|
=)
&

I \/
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where the last inequality uses the bounds (r(z,a*) — 7(z,a*)) > —b}¥,(z,a) and (p(z, a*)T —

pla, )V, > —bifﬁb(x,a) on A" due to Lemma , and bounds (p(x,a*) —
pla,a*)T (Vi — Vi) > —bj', (x,a) by applying Lemma with V; = V3t and
Vo =V; 11 which satisfy Xk,h 1< <Wwn<L th“ by our inductive hypothesis (namely,

Vit > Vi > Vit >V, 0. Since Vi*(z) > 0 as well, and since V}*, >V, , ., by
our inductive hypothesis, we therefore have

Vit (@) 2 0V plz,a%) "V, 0 + Pz, a%) = bty (w,a) = b3 (@,a) — by} (z,0) = Vi, (@),

This completes the induction. O

F.2 Proof of Surplus Bound Upper Bound

Throughout, we assume the round k is fixed, and suppress the dependence of p, \//a\r, and 7 on k. We
use the shorthand p = p(z, a) and p = p(z, a), where the pair (x, a) are clear from context.

Epn(z,a) = Vip(z,a) — r(z,a) — p(z,a) " Vini
< by (x,a) +7(x,a) + p(x,a) Vi + bif}ib(a:, a) —r(z,a) = p(z,a) " Vi n
= (F(z,a) — r(z,a) + (p(z,a) — p(z,a)) Vi,
+ b (z,a) + bR (2,a) + (B —p) " (Viwsr — Vi)
< 2bpY(z,a) + 2bY0 (2, a) + b}, (2, a).

where the last line is by Lemmas[F-2]and [F:3] Next, we state a standard lemma that lets us swap out
the empirical variance for the true variance in upper bounding b} (z, a):

Lemma F4. Under the event A°°"°, b} (z,a) < \/Var[R(m’a)]L(n’“(x’a)) + Llne(@a)

ni(z,a) nk(z,a)

Next, we recall from the definition of bPrP,

by (@) S

Var,(z,q) [V}, 41/ L(nk (7, a)) N HL(ng(x,a)) N L(ng(z,a)) |V hi1 —vk,hﬂ”g@
nk(xva) nk(xva) nk(m7a) .

where we replaced ng(x, a) — 1 by ng(z, a) in the deminator of one of the terms by taking advantage
of the ‘HA’. Furthermore, we can bound

Vary, ;. a) [V2+1]L(nk(o:,a)) < min{Varp(l.,a) [V;+1],Varp(w,a) [VZﬁ_l]}L(nk(x,a))
n(x,a) - n(x,a)

L(n(z, a))

+ ‘\/Warp(x,a) Vil — \/Varp(w,a) [Vﬁ-ﬂ’ (7, Q)

We can control the difference \\/ [Vary,q) V1] — \/Varp(w,a) [Vii1]| using the following
lemma:

Lemma FE.5. Let X,Y be two real valued random variables, and let |-||,2:= +/E[(-)?]. Then
VVarX] — y/VarlY]|< /Var[X = Y] < X = Vo,

Proof. The inequality Var[X — Y] < E[(X —Y)?] = [| X — Y3, follows since Var[Z] < E[Z?]
for any random variable Z. For the first inequality, we can assume WLOG that X, Y are mean zero,

in which case y/Var[X] = || X||2,,, and similarly for Y and X — Y. The result now follows from
the fact that the norm ||-||,, 2 satisfies the triangle inequality. O

We shall also need the following simple fact:
Fact F.6. If Vi(z) < Va(x) < Vi(z) < Vi(z) forall x € S, then |Va — Vsl2,,< [|[Vi — Va||2,p-
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Since Vi 5 S V3E < VE < Vi hi1 by Proposition Lemma and Factabove yield

\\/Varp(w,a) Vil — \/Varp(w,a) ViE IS IVie = Viillep< [Vinis = Vi g llop

Together the with the elementary inequality, v/a + b < v/a + vb < Va + b, this in turn yields

by (2, a) + by, (2, a)

< b (2,0) + min{Vary o) [V, 1] Varpe,q [V L(ne (2, a)) N HL(ny,(z,a))
R (2, a) ni(z, a)

. L(ng(z,a0) [V 1 — Vins1ll3 54,
nk(z,a)

< \/Var[R(:E,a)} + min{Var,; q) [V;H],Varp(z’a) [VZil]}L(nk(x,a)) N HL(ng(z,a))
~ ng(x,a) ni(z,a)

)

N \/L(nk(1'7 AV g1 — Vit H%,ﬁﬂ?

ng(x,a)

)

- -
o JVariin Ln(@.0) | HLeu(z,) (L@ ) Ve = Vil
~ nk(gj, a) ’flk(l’, a) nk(wva)

where we use the shorthand ||V |2 51,= /[IVI3,+IIV]3 5» and where in the last, we recall that

(k)

Var,  , = min{VarZ:“La,Var,*L)I’a} = Var[R(z, a)] + min{Var, o) [V 1], Vary(z,qa) [VZ{‘H]}

SL(nk(z,a))
ng(x,a)

8 SHL(ny(z,a))

Next, substituing in bzt;t(x, a) = ||Vk,h+1 — Xk,h—&-l”lﬁ(aha) + —— ey

obtain

b (,a) + b (2, a) + bilh (2, a)

, we

< \/V3'r§1,lfi,aL(nk(x7a)) + HL(nk(x, CL))
~ ni(z, a) ng(r,a)

L(ng(z,a))|Vy pia *Vk,h+1||g,ﬁ+p SV n+1 *Xk,h+1||§,gL(nk(fC7a)) SHL(nk(x,a))
+ + +
ny(z, a) ny(x, a) n(z,a)

<¢w&@umoﬂ» SHL(ny(x, a)) VSWMH—VMHﬁH&mmw»

ni(z, a) ni(x,a) iz, a)
19)
9 Var(")  L(ny(z,a)) N SHL(ny(z,a))  SL(ng(z,a)) Y v ,
a ny(x, a) nk(z,a) ng(z,a) kht1 ™ Yk ht1ll2,54p

—
<

i) \/ Var") L(m(z,0))  SHL(nu(x,a))

2|V -V 2 P -p)(V -V 2
le(ﬂ?,a,) TLk(J?,U,) + || k,h+1 fk,h—i-lHQ,p—’_(p p)( k,h+1 fk,h+1)

(k)
i) [Var,, L(nk(z,a))  SHL(ng(z,a)) _ ) SR
< \/ lnk(z,a) (@) + 2 Vit = Vingilla, PH® = D) (Vihtr — Vi i1,
where (i) uses the inequality a/b < a®+ 3, and (i) uses the facts that | V[|3 5, ,= VI3 ,+[IV 3 5

and |V[|3 5= (9, V?) = (5, V?) + (p—p, V?) = |V |5 5+(P — p, V?). Lastly, inequality (iii) uses

0 S Xk,h+1 S Vk,h+1 S H.

We continue bounding H(p — p) " (Vi,hs1 — V1,4 1) in much the same way that we bounded the

term in Lemma [F.3]in terms of b***, with the exception that we seek a term which depends on the
true transition probability p(x, a), and not the empirical p(x, a):
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Lemma F.7. Under A",

N — — SL(ng(zx,a SHL(ny(x,a
(B, @) — p(. ) (Vionss — Venes)| < Vensr - Viras (i (2, ) (i (z,a))

2p(z,a) ni(x,a) ni(x,a)

The proof of the above lemma is ommitted for the sake of brevity, and follows from a simplified
version of the proof of Lemma[F:3] where we need not pass through an empirical variance. Applying
the bound in Lemma we have

SL(n(z,a))  SH?L(ng(x,a))

H(p - ﬁ)T(vk,h—H - Xk,hﬂ) 5 H||Vk7h+1 - ¥k7h+1 ”2713

nk(xaa) (SL’ )
_ H?SL(ni(z,a SH2L(n
SIVentr = Vingalla, nk((xkit) ) + nk((xkgt) ));

where the last line uses the inequality ab < (a? + b%)/2. Finally, combining the above with our
previous bound, we arrive at

Ey. (2, a) S b (z,a) + b5 (z,) + bi, (2, )

(k)
var;, L(ni(z,a))  SH?L(nkg(z,a)) <
S \/ + I Vintr = Vi1 I3 piaa)-

nk(x,a) ng(z,a)

From first principles, it is straightforward to show that E, ;,(x,a) < H, which implies that

(k)
Var L(nk(x,a
mmL@sHA¢ © L (x.a)) o0
' ng(z,a)
SH?L(ng(z,a)) — 9
+ (H A nk(x,a) + ||V1€,h+1 _Xk:,h+1| 2,p(z,a)" (21)

To conclude the proof, it remains to unravel the term ||V, 511 — V. 1,113 ()"

Lemma FE.8. Define the term

Zi(x,a) = H> N H? ( SL(ny(z,a)) i SI—J(nk(a?,a))>27

n(x,a) n(x,a)

Then, we have the bound

Vin(@) =V p,(z) SE™

Z VL(zy,a) | xp = x] . (22)

As a consequence, we can compute

2 H
(th(as) —X,@’h( )2 <R <Z Zy(xy, a4 > | xp, = x| < HE™™ lz Zy(re,a¢) | xp = x] .

t=h

Hence, we have
IVihe1 = Vingill3p = Barpa,a) Vi1 (@) = Vi i (2))?
H
< HE™ l Z Zi(ze,at) | (xh,ap) = (ama)] .
t=h+1

Since HZy(z,a) > H A SHL(n(2.0)) Hence, we can bound via 20

ng(z,a)

(k) H

Var L(nk(z,a

Ek,h(x,a)gHA\/ LR, ) o, S HZy(wiar) | (2n,a) = (2,0)
ng(z,a) e

=B (z,at)

= ij;i (z,a)
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where we note that the summation in the expectation now begins at ¢ = h to account for the term
H A SHLu(.a) (20), and recal that

ng(z,a)

2

) = HZy(z,a)

SL(ng(x,a)) . SL(nk(x,a))

B} = H*NH?
e (@a) w(ea) | nalea)

To conclude, we recall the definitions,

L(u) := \/2log(10M?2 max{u, 1}/6).

so that, for u > 1, L(u) < log 24

F.3 Definition of .4°°"¢, and proofs of supporting lemmas

Before proving the lemmas above, we formally express the good event 4°™° as a list of constituent
concentration events, and verify that it occurs with probability at least 1 — §/2:

Proposition F.9. The event A" := A™ N APTP N AVal N Avarvaly AVarsw occyr with probability
1 — 0/2, where each of the constituent events occurs with probability at least 1 — §/12:

2Ln(wa) 2L<nk(:c7a))}

ng(z,a) 3ng(x, a)

A = {sz,x,mh Crk(x,a) = r(x,a)|< \/Var[R(:L‘,a)]

2L(ng(x,a))

3nk(z,a)

AProb . {Vk 2,2 a,h: |pla’ | z,a) — pla’ | z,a0)|< \/p(x’ | z,a)(1 — p(’ | I’“))Z%Z&EZ;}))
A= {Vk: z,a,h: (P, a) — plz,a) TV, |< \/Varp(m) A H]QLTEZE“;Z;‘)) QH?)I;L(’Z’;(’“;)“))}
Avarprob {Vk hyz,a: |p(z’ | z,a) —p(’ | z,a)|< W}
el {Vk hoaa: [IVillagon— IVillepen| < H ffg())i}

AV — {Vk h,z,a: ‘\/Var x,a)) —+/ Var(R(z, a) ‘ an)l)}
n _

Proof. The proof of these the first four events follows from standard applications of Bernstein’s
and Hoeffding’s inequality, and the last two from Theorem 10 in [10]. Similar proofs can be found
in [16, 1} 15]. As in those works, the only subtlety is to use the appropriate concentration inequality
with respect to an appropriate filtration to attain bounds that depend on L(n(x, a)), rather than on
L(T).

Let’s prove A™ as an example. We it suffices to only consider rounds for which ng(x,a) > 1,
for otherwise the bound is vacuous. Fix an action (z,a), and let 7; € {1,2,...} U {oco} denote
the round &k + 1 immediately after the -th round & at which a pair (z, a) is observed at least once
during the rollout, and define a sub-filtration {G,} via G; = F.,. Then, for any given ¢, a martingale
analogue of Bernstein’s inequality yields

p [?T‘ (2,a) — (2, a)|(7, < 00) > \/QVar[R(a:,a)} log(2/n) n 210g(2/n)] <.

nr, (z,a) ?’nn (z,a)

Now fix an ¢ > 1. Since 7 (z, a) and ny(x, a) are constant for k € {r;,...,7;41 — 1}, we have

vn, P lEIk e{ri,...,Tit1 — 1} [Te(z,a) — r(z,a)|> \/

ng(x,a) 3ng(x,a)

40
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Applying the above with 7 - 21/i? and union bounding over n, we have

P [31’ kok e {r ... Tier — 1}, [Pu(z, @) — (2, a)|> \/2Var[R(x,a)] log(4*/n) , 21°g(4i2/’7)] <7

ng(x,a) 3ng(x,a)

Since ny(x, a) increments by at least one for each 7;, we have i < ny(x,a) fork € {r;,..., 741 —
1}. Thus,

P FZ_ bk € {rin i — 1) [Pe(z, @) — (@, 0)|> \/2Var[R(x,a)] log(4ng(z,a)?/n) N 21og(4nk(x,a)2/n)] .

ng(z,a) 3ng(z,a)

Lastly, since for any k, there always exist some 4 for which k € {7;,..., 7,41 — 1}, we have

2Var[R(z, a)] log(4nk(x, a)?/n) n 2log(4n(z,a)?/n)
n(z,a) 3ng(z, a)

<.

P [k D |re(z,a) — r(z,a)|> \/

We then conclude by union bounding over SA, and letting n = §/125A, yielding the
following log factor: log(48SAny(z,a)?/5) < L(ng(x,a)), where we recall L(u) =
V/21log(10M2 max{u,1}/6) for M = SAH. The proof for AP™P is analogous, the proof
for A2l requires union bounding over states z’, incuring a log factor log(45% Any(z,a)?/8) <

L(ng(z,a)).

Proof of Lemma We prove the bound |(p(z, a) — p(z,a)) T Vi < b2 (2, ); the analogous
bounds for rewards is similar. Note that since p(z,a)" V},, € [0, H] and p(z,a) "V}, | € [0, H],
|(p(z,a) — p(x,a)) "V}, |€ [0, H]. This takes care of the first’HA’ in bzf,?b(x, a). Next, on A3
and Avar,val’

|(B(z, a) - p(z,a)) " V]|

2Vary () [ Vi L(ne(@,a)) | 2HL(ng(2,a))
= \/ ng(x,a) + 3ni(z,a)

( on Aval )

S \/2\/&1"13(337(1) [V;;+1]L(nk (x, a)) I 8HL(’Ilk (1’, (l)) (OIl Avar,val)

ng(x,a) 3(ng(z,a) — 1)

_ \/2varﬁ(ac,a) (Vi nt1]L(nk(z, a)) . 8HL(w(x,a))
ng(z,a) 3(ng(z,a) — 1)

2L(ng(z, a)) .

ng(x,a)

+ (\/Varﬁ(m)a) Vil — \/Var/p\(z_,a) [P(z,a) T Vi ni1])

Lastly, by Lemma[F5] we have the bound

‘ VVarsten Vi) - VVarse.a Vi)

< ||!k,h+1 - Vk,h+1|

2,p(z,a)"
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Proof of Lemma Summing up the condition of event AP™P over states 2’ € S, and then apply-
ing event AY2"P™® to control |p(2’|x, a) — p(a'|z, a)|:

(P(z,a) — p(z,a)) " (Vi per — Vi) < Z\/ (ng(z, a))p(z |z, a) (1 — (I/|x’a))|V2(x’) — ()|

nk(m a)

+= Z "’““ Va(a') = Vi(a)],

le x, a
< Z\/ (g a;kax £ x|z, a)|V2(x’) V)
L(n(z,a)) , /
+ 3D ey )~ L
Z\/ (n, :;kam . ¥'|z, a)|V2(x’) V)|
+32L;Z’“(Sf;;))IV< V@),
<5 HSLln ()

np (z,a)

where (i) uses p(2'|z, a)(1 — p(a'|z,a)) < p(2’|x, a), (ii) uses event Avarprob fand where bound
in the bracket is because there |V;€.7t+1(:£’) - Vi (2")|< H by Propositionpart (b), and there
are at most .S terms in the summation. To bound the first term, we have

Z\/2L (ng(z,a) e, a)\Vz(xl) - Vi(a")]

k(x a)

= ”"“Z¢ vz, a)[Va(2') = Vi(a)|

ng(z,a)

(4) L(ng(z,a))

< — — 2

S\ e VOIS

(i) SL(ng(z,a))

< Vi1 = Vi piallep (. )

() bounds uses Cauchy-Schwartz, and (iz) uses Proposition [F.1| part (c) to bound ||Va — Vi |2, <
Va1 — Vi gallagfor Vi iy < Vi < Va < Vi g, in light of Fact[Fg]

O
Proof of Lemma Under the event A" we have
bj*(z,a)
Var[R(z,a)]L L
1o [ [FERE 0L 5.0) | Lin(z.) etmition
nk(xaa) nk(x,a) -1

Nk

<1A (\/Var[ (m,a()]L () ‘\/Var z,a)] Var (x,a)]
x

nk x,a)) n L(nk(x,a))>

ng(z,a) ng(z,a) — 1

<1n (\/Var[ (v, a)|L(nx(x,a)) , L(nk(x,a))> < \/Var[R(z,a)]L(nk(a:,a)) \ L(ni(z,0))
o

ng(z,a) ng(z,a) — 1 (z,a) ng(z,a)
where i second-to-last 1nequal1ty, we used the event AY"™ to control
’\/Var z,a)] — 1/ Var[R(z,a)] ﬁfféi(f a)l). O
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Proof of Lemma[F:8 Let a = m (x). Then, by definition of Vi, (), V., ()

Vin(@) = Vi u(@) = (H = h+1) A Brn(@,0) Vs + b (z,a) + BP0 (2, a) + by, (2, a))
— 0V (Prn(x,a) Vi iy — bR (z,a) — YR (2, a))

< HA {ﬁhh(l‘, a)T(VkJL-H - Xk,thl) + 2b2W(‘T7 a’) + 2bgf}?b(x7 a) + bq]ct,l;l(x7 a’)}

=HA {P(%a)—r(vk,hﬂ - Xk,h+1) + (p(x, a) — p(x, a))T(vk,h+1 - zk,h+1)

+2b} (2, @) + 2bY5° (2, a) + bl (x, a)}

< H A p(.0) (Vs — Viin) + 267 (e.0) + 26050 (2. ) + 26585, (2.0)}
(Lemmal[F3)

< p(,@) (Vinss = Viena) + H A {261 (2,0) + 2D (2,0) + 2B (2. 0) }

where the last line uses the fact that p(z,a) " (Vins1 — Vi ,01) > 0 on A" (Proposition
part (c)). Unfolding the above expression inductively, we then find that

Vin(a) — Vin(z) <E™

H
D HA {2b;w(xt, ay) + 2620 (2, a0) + 2b7;§gl(xt7at)} | 2, = 4 .
t=h

To conclude, it suffices to check that H A {2b2.w(x, a) + 2bzf,‘zb(:c, a) + 2b3'%, (z, a)} <
\V/Zy(z,a), for any triple z, a, h. To check that this bound holds, we have from (I9) that

Qb};W ((Et, at) + QbE?b(act, at) + 2b7;t’§ (l’t7 at)

< \/Vart*@ﬁaL(nk(wt,at)) n SHL(ng(x¢, ar)) n \/SHVk,t—i-l —Xk,tﬂ||§,(5k+p)(wt7%)1‘(7%(3%7at))

Ny (xt, at) ng(xt, at) ng(xt, at)

HL(ng(z¢,at))  SHL(ng (2, at)) SL(ng(x¢, ar))
ng(xe, ar) + ng(xe, ar) i ng(xy, ar)

2.5+p= \/IIVI3,+IIV 3 5 and thus the final bound holds since

Vart*w,a < H 1mply1ng that |‘V}€7t+1 — X’C}t+1|‘%,(ﬁk+p)(mt, <4H fOI‘ 0 S Kk,tJrl S Vk7t+1 S

= at)_

H. Consolidating the terms, we have 2b}" (24, a;) + 2b£f§b(mt, at) + 2b3% (x4, a;) is at most

< (H Stlulral) 4 SHLGCe) ) and thus 7 A 25 (24, ap) + 2b0"" (24, a0) + 2657 (24, ay)

n(z,a) ne(x,a

. SL(ng(z,a SHL(nk(z,a L
is<SHA (H Tfk(’iﬂ(a) ) 4 7”5(;((1) ))) =/ Zg(z,0a). O

where we recall the notation ||V
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Part 111
Lower Bounds

G Min-Gap Lower Bound for Optimistic Algorithms (Theorem [2.3)

G.1 Formal Statement

We begin a formal version of the lower bound, Theorem 2.3]

Theorem G.1. Let ¢y, co,c3 be absolute constants that may depend on the constants defined in
Section Let Alg denote an algorithm in the class described in Section run with confidence
parameter § € (0,1/8). Forany S > 1 and ¢ < 1/[c151og(5/9))], fix any MDP in the class
described in Section so that |S|= 25 + 1, |A|= 2, H = 2, and exactly one state has a sub-
optimality gap of gap,;, = € and all other states have a minimum sub-optimality gap of at least
1/2. tThen Zh,x,a:gaph(z,a)>0 m < S+ ﬁ but Alg for all sufficiently large K suffers a
regre

CQS

Regret ;- >

1 S
log(1/6) 2 > +
8Pnin h,z,a:gap,, (x,a)>0 gaph(z’ a) €3Pnin

with probability at least 1 — coSe2log(1/8)e™°% — 36.

In particular, for any € € (0, ¢) for some constant ¢, if log(e~1/8) < S < e~ !/log(e~1/§) then the
above regret lower bound holds with probability 1 — O(9).

G.2 Algorithm Class

Optimistic Q-functions: We consider algorithms where the optimistic Q-function is constructed
as follows: given a reward bonus function b}"(x,a) > 0 and an additional nonnegative stage-
dependent bonus by j,(x,a), and empirical estimates 7j(x,a) of the reward and py(z,a) =
(p(#'|z, a)) of the transition probabilities. We set the Q-function at stage H as Q; y(z,a) =
Ti(x,a) + by (x, a), where 7y (z,a), and for h € {1,..., H — 1},

vk,h+1(33) = mgxék:,h-i-l('r/a a)
Qo n(x,a) :=Tr(x,a) + bR (z, a) + Pr(z, a) ' Vini1 + ben(z,a) (23)

Lastly, suppose that b} (x, a) depends only on rewards collected when the state (z, a) is visited.

Note that this template subsumes the model-based approaches of [1} [L6L 6], and if b™ (x, @) is made
to be time dependent, captures the approach of [S]] as well. For the specific lower bound instance
we consider, each stage = € S can only be visited at a single stages h € [2], so b™ may be chosen
to be time dependent without loss of generality. In order to capture the “model-free” methods based
on Q-learning due to [9], we can instead mandate that
Qua(@,0) == Ti(w,0) + b (2,0) + (p(w,0) TV} 3) + bea(a,a),

where (p(x,a) TV} ;) is a generalized estimate of p(x,a) "V} |, and such that (p(z,a)T V)
is nonnegative. In Lemma 4.2 in [9], one can see that we can take

. ng(z,a)
(P(l”»a)TV;*LH) = Z aSPks,h(x7a)TVks,h+1(xva)?
s=1

where k; is the round at which (x, a) was selected for the s-th time, « is an appropriate weight,
@ks,h(fﬁ, a) is the empirical probability estimate @ks (z,a)[z'] = I(2' = 2, pt1) equal to indicator
at the state xj, ,1 visited after playing a at  at round k,, and where Vks,hﬂ is an optimistic
estimate of V7, 41 atround ks.
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For simplicity, we shall work with the model based formulation (23), though the lower bound can
be extended to this more general class.

Confidence Interval Assumptions: Our class of algorithms takes in a confidence parameter § €
(0,1/8). We shall also assume that there exists consants ¢pon, Chon Such that, when the algorithm is
run with parameter ¢, the bonuses b™ and b} satisf

log(M(1V ng(z,a))/d)

~ 1V ng(z,a)’ Cbon 1V ng(z,a)

Cbon Var[R(z,a)]log(1/4)
by n(z,a) > \/ 1V ng(z,a)

S b;qw(m? a) S Cbon\/

We further assume that b™ (x, a) is d-correct, in the sense that,
PVz,a,k : by (z,a) + P (z,a) > r(z,a)] > 1—=4.

Lastly, we shall assume that the optimistic overestimate is consistent in the sense that for any MDP
M with optimal value V;’M, for any €, 6 > 0 there exists a function f, such that

Pk > fa(e,d), Vio—ViM < >1-0.

Intuitively, this condition states that with high probability, the optimistic over-estimate of the value
estimate approaches the expected reward under the optimal policy. Note that this does not assume
uniform convergence of the entire value function itself, just the expected reward with respect to the
initial state distribution py on the optimal policy.

Remark G.1. Note that we do not require that our algorithm’s confidence intervals are “inflated”,
in the sense that, with high probability, 7 (z, a) + b}V (z, a) — r(z,a) > cb}¥ (x, a), for a universal
constant c¢. With this stronger assumption, we note that the proof of the lower bound can be sim-
plified, and some restrictions on S, e removed. In the interest of generality, we refrain from making
this assumption.

G.3 Formal Lower Bound Instance

Consider the following simple game with H = 2, A = {-1,41} and § =

{=S,...,—-1,0,1,...,8} =8S_U{0}US,, where S_ = —[S] and S = [S] (note |S|= 25 +1).

The game always begins at state z; = 0 with two available actions, a € {—1,+1}. Then,
unzf unzf

zol(x1 = 0,41 = +1) Sy, and zo|(z1 = 0,41 = —1) S_. Lastly, let D denote
any symmetric distribution on [—1, 1] with (1) variance. For ¢ € (0,1/8), we formally define the
reward distributions

0 x=0o0ra=—1
R(z,a) ~ S 5 +e+ 3D (z,a) = (s,1),5 € [S]
%—’_ip (xaa):(_‘S?l?se[S]

It is straightforward to verify the following fact
Fact G.2. The optimal action is always a = 1. Moreover, gap,(0,—1) = gap,,, = € whereas
gap,(, 1) > 1 for z 0.

In other words, all the gaps for suboptimal arms are (1), except for the gap at state z = 0, which
means for this instance with /' = 2 and A = 2 we have } ah W ~ S + . Nevertheless,

we shall show that any algorithm in the class above suffers regret

2 2 log(1/8) = > 10s(1/0).

G.4 The Lower Bound:

The Lower Bound: We first show that the optimistic Q-function relative to the optimal value at
(0,1) decays at a rate of at least \/Slog(1/8)/nx(0,1). This will ultimately lead to incurring a

regret of w, despite the fact that all but one of the Q-function gaps are (1).

"The quantity Var[R(z, a)] below can also be replaced with an empirical variance, but we choose the true
variance for simplicity.
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Proposition G.3. Let Alg denote an algorithm in the class described in Section run with confi-
dence parameter 6 € (0,1/8). Then there exists constants c1, c2, cs, depending only on the constants
described in Section such that the following holds. For any ¢ < 1/[c1S5log(S/0))] and for
N = |c2S1og(1/6) /€],

P [Vk : ni(0,—1) < N, Q;1(0,—1) = Vi(0) > €] >1— Ne =% — 25

We now use Proposition to prove Theorem Note that V1 (0) = V§. By assumption, with
probability 1 —d, Vo < V} 4 n after f(n, ) rounds. Fix an appropriate € and N in Proposition
andlet K > faq(e/2,8) + N. If ng(0,—1) > N times, then we have
Slog(1/9)

€

and the theorem is proved. Thus, suppose not so that nx (0, —1) < N. Then by Proposition we
have with high probability that

Regrety > eN 2

Vo= Vi(0) = max Qu(0.0) = Vi(0) 2 Qy, (0, ~1) = Vi(0) 2 €

However, by assumption K > faq (e/2,8) which means that on an event that holds with probability
at least 1 — §, we have Vo — V1(0) = max,ecq_1,1) Q. 1(0,a) — Vi(0) < €/2, a contradiction.

G.4.1 Proof of Proposition|G.3

Throughout, we will use upper case C', Cs, . .. to do denote possibly changing numerical constants
that depend on the the constants in the definition of Alg, as set in Section The lower cast
constants ¢y, co will be coincide with those in Proposition [G.3]

Since Q;(0,1) = 3 + ¢, it suffices to show that

= 1
P [Vk (0, —1) < N, Q1 (0,-1) — 3 > 26} >1—Ne @5 —§

Fix an ng = [¢1.5/1log(S/§)] for a constant ¢; be specified later, and let

1
eort i {2 Lo € Sl ) 4 b 00) 2 1l 1) = 3 ).

By the optimism assumption, E°PY holds with probability at least 1 — §. First we verify that
Q.1(0,—1) — 1 > 2¢ for 0 < ng (0, —1) < ng, provided that € is sufficiently small:

Claim G.4. Suppose that e < 2. Then, with probability 1 — 0, Q1(0,-1) — 1 > 2¢ whenever
0 <ng(0,—1) < ng:
Proof. We have that
Qk,l(ov -1) = bk,l(x’ a) + Z ﬁk(x/|07 _1)vk,2(x/)'
z'eS
Since p(z|0,—1) = 0 for = ¢ S_, the empirical probability p(«|0, —1) is also 0, and thus

_ 1 — 1
Q,1(0,-1) — 5= b1 (z,a) + Z P10, =1)(Vi2(2") — 5) (24)
r'eS_

— 1
> by 1(z,a) + min (Via(z') - 5) > b 1(z,a),

where the first equality and first inequality use ), s p(2]0,—1) = 1, and the second uses the

optimistic event £°P' to show that Vi o(z') > 7 (2/, 1) + bi¥(2/,1) > r(a’,1) = § fora’ € S_.
Using the assumption that by, 1 (z,a) > #‘Ewa), we see that if ng(x,a) < ngand e < 02‘“7";‘, then

by1(z,a) > C‘;ﬁ > 2¢, as needed. O
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Now, we turn to the case where ny,(z,a) € {ng,..., N} for some N = |c2S1og(1/5)/€?]. It light
of (24), it suffices to show that for n, < N,

— 1
> Be@']0,—1)(Via(a') - 3) > 26 (25)

r'eS_

By the definition of our algorithm class, the optimistic Q-function at stage h = 2 and pair (z, a)
depend only at rewards collected at (x, a), and the construction of our MDP, pairs (z,a) forxz € S_
are only accessible by playing (0, —1). Hence, to analyze Q, ; (0, —1), for ng < n(0,—1) < N,
it suffices to prove our described lower bound on 6;671 (0, —1) in the simplified game, where at each
round k = 1,2,. .., the algorithm always selects (0, —1), and show that for this algorithm

No(k) = 3 Belal0, ~1)(Via(a) — 5) > 29k € {mo,..., N).
€S

Turning our attention to this simplified game,for z € S_ let ny(z) denote the number of times x
has been visited up to round k, and recall ny(z, a) is the number of times action a is played at stage
s. Further, set

A, k) = Via(a) —
‘We now make a couple of observations

(a) The vector (ny(z))zes_ is a uniform multinomial on the states in S_.

(b) Conditioned on (n(z))zes_, we can see that the values of V »(z) are independent, be-
cause for each € S_, the game decouples into ng(x) rounds of a two arm bandit game
on actions @ € {—1,1}.

Using these observations, we prove the following claim:

Claim G.5. There exists constants Cy,Co such that for any x € S_, if § < 1/8 and ny(z) >
C11og(M/6), then conditioned on the history (nj(z'))ses_ j>1, the following event holds with
probability at least 1/4:

£ @)= { Alha) = Vialo) - 3 = Cov/Rl1/A rala |

and the events {Ef* (x) : x € S_} are mutually independent (again, given (n;(z'))wes_ j>1)-

Therefore, on the optimistic event £°P', where {A(k,z) > 0}, we can lower bound (again, in the
simplified game where we always select action (0, —1)),

AO(k) > Z ﬁ(m/mv _]-)A(ka)

zeS_
> > |0, ~DIER () Ca log(1/9)
TES_ nk(x)
@) (@) poea, log(1/9)
- xg‘;i k ]I<5k ( ))CQ nk(l‘)
= CVIBWO) S 1 o))

reS_

where (7) uses the fact that for z € S_ is only accessible through (0, —1), and that (0, —1) is always
selected in the simplified game. Next, observe that in the simplified game, 72 (x) = k/.5, so that if
ng/S > Cszlog(1/6) for some constant Cs, it holds by an argument similar to Lemma|B.7|that with
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probability 1 — §, the event &1 := {Vx € S_,Vk > ng, ni(z) > ng(x)/4 = k/4S} holds, yielding

Ao(k) > VlogW VRS- S T(ER)

reES_

_ G \/Slog 1/6)/k Z I(ER)

rES_

Finally, if in addition ng/4S > C;log(1/4), where C; is the constant from claim then on
&1, it holds that for & > ng, ni(x) > Cilog(1/5). We then set the constant ¢; so that ng/S >
C3log(1/9) and ng/4S > Cy log(1/6) hold.

Lastly, since (a) & is measurable with respect to the counts (1 (') es_ j>1, (b) since E~ () are
independent given these counts, and (c) E[I(2)] > 1/4, a Chernoff bound shows that for k& > ny,

the event &3 (k) := {(% Y oses. ]I(S;f)) > 1/8} holds with probability at least e~“>“ conditioned
on &. Hence, on EP* N & N U,JCV:”O Ea(k), we have

2% Slog(l/f”/’f?% Slog(1/6)/N, Vk € {no,...,N}.

Hence, if N < 02‘91%21/5) for some constant ¢y, we see that Ag(k) > 2¢ forall k € {ng,...,N}.
Lastly, we see that

N N
Bl(e & n | Ek)°] < BIEP)] + PlEF] + Bl | &) A&

k‘:’no k:’no

P[(E°PY)] + P& + N max P[&; (k)" | £1] < 26 + Ne¢45,
Zno
Translating to the non-simplified game, we have therefore established that
— 1
Pk = ng < np(0,-1) <N, Qpp(=1,1) = 5 > 2 > 1 - 20+ Ne= ¢S,

Combining with the additional probability of error ¢ for the case ng(0, —1) < ng concludes the
proof.

G.5 Proof of Claim[G.3

We observe that conditioned on the vector (n;(z')),es_j>1, the games at states  and round k

are equivalent to S independent two-arm bandit games with ny(x) rounds. Note moreover that
Az, k) = Via(z) — 3 > bi¥(z,1) + 7)(x,1) — 3. Hence, restricting to a single state z (and
dropping the dependence on x for simplicity), it suffices to show that for k£ rounds of an appropriate
two-arm bandit game with ¢ € {—1, 1} with empirical rewards 7, (a) and bonuses b}¥ (a), R(—1) =
0and R(1) ~ 1 + 1D, that
,\ 1 1
VE > Cy log(/0).,  Bb(1) +7i(1) — 5 > v/Iog(1/0)/K] > |
where we have dropped the dependence on x for simplicity. Throughout, we will also use the
notation Cy, Co, C3 to denote constants specific to the proof of Claim and reserve C1, C5 for

the constants in the claim statement.

If § < 1/8, then a standard argument shows that for some constant C; (depending on Cpop),
ni(—1) < Cy log(S5/6). Indeed, define the event & := {Vk > 1: by¥ (1) +7%(1) > r(1) = 1}; by
assumption on our confidence intervals, complement of this event occurs with probability at most
d < 1/8. Note also that on &, since R(—1) = 0 with probability 1, it holds that for any j < k with
n;(—1) > Cy log(S/9)

~ W W @) _ log(Sn 4]
F3(=1) + B (z,a) = b¥(2,0) < Gpon (n}gﬂl))/ )
J
i) 1 N
< 5 =r() <7() +b),
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where in (i) we used the definition of the confidence interval with M < S, and in (i¢) we used
n;(—1) > Cqlog(S/d) for an appropriately tuned constant C;. Since a; := argmax, 7;(a) +
b’"(a), we have a; = 1. This implies that nj,(—1) < max;>1 n;(—1) < C; log(M/9).

Next, set kg = Cy log(M/4). We wish to show that for k& > ko,

(1) + b (1) > @

There are two technical challenges: first, the confidence interval b} (1) might be nearly tight, so
that we cannot show that with high probability, 7,(1) + bi¥(1) 2 bi¥(1). Second, because the
algorithm adaptively chooses to sample actions a € {—1,1}, 7 (1) does not have the distribution of
ng (1) i.i.d. samples from R(1).

We can get around this as follows. We can imagine all rewards sampled from action 1 as being

drawn at the start of the game, and constituting a sequence R(*) (1), R®)(1),... and so on. Then,
7% (1) is the average of the samples 1,. .., ng(1), where ng (1) < k. Therefore
1 ng(1) 1 k 1 k 1
D(F(1) — =) = (1) —2) = 1) —2) = @(1) = 2).
A= 5) = 30 F0 =5 =3 (RO —5) = 3 (H0-3)
i= i=np

: , 1 b . 1
YREROW-5- Y (’OW-3),

i=k—ng(—1)+1

where the last line uses ng (1) + ng(—1) = k.

Now consider the event £1(0) := {ny(—1) < ko}, where we recall kg = C; log(M /) was our
1 — d-probability upper bound on ng(—1). On & (), ng(—1) = j for some j € {0,1,...,kq}, and
we can lower bound the above expression by

k

k
> (1) _ 1y _ oL
22 (RO —g) = e, 2, (ROW-3)

Observe now that we have lower bounded ny,(1) (7 (1) — 3

on the i.i.d. reward sequence (R(?)(1)), and not on the quantities ny,(—1), nx(1).

) in terms of quantities depending only

Moreover, a standard maximal inequality implies that the following event £2(d) holds for an appro-
priate constant Co with probability 1 — §:

k
p 1
E(8) =< max, ;H(R“)(l) - 5) < Con/kolog(1/9) (26)
i=k—j

Lastly, since R(*) is symmetric, we have that the following event £; holds with probability 1/2:

oo 1
3 = {Z(R(’)(l) -5 o} :

i=1

Hence, on &;(§) N E() N &s,

k
e (FE) = 5) 2 S RI0) = 3= max S (RO - )

J=0,...;ko

>0

> —sz.

If we further assume that & > 2C; log(M/J), then ni(—1) < ko < k/2, so that £ (J) implies
ng(1) > k/2. Dividing both sides of the above by k and bringing 1/k into the square root yields
(again on &1 (6) N &EF() N E3)

= 1 Co [log(1 k
G -3z 5 Wf) @7)
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Moreover, by the lower bound assumption on b*™ and the fact that R(1) has Q(1) variance, there
exists some constant C3 such that

b (1)) b\/ Yl ol osl1/0) 5 ¢, 20,

where again we use ng (1) < k. Combining with 27), we have on &;(§) N E2(d) N &3 that

(1) = 3 b (1)) > €y 2B o flos/) ko

Hence, if ko /k < (C3/Cz)?, or equivalently if k > C;(C3/Cy) 2 log(M/6), then

(?k(l)—%)—&—brw Cs [log( 1/(5 lgikl/(;)

on the event & (6) NE(8) NEs. Lastly, for § < 1/8, we note P[E;(6) NE(6)NE;] > 4 —26 > 1/4.
Recalling our earlier condition k& > 2C; log(M/d), the claim now holds with by setting the constant
(1 in the claim statement to be C; max {2 (C3/Co) 2} and C5 to be 2\[

50



H Information Theoretic Lower Bound (Proposition [2.2)

In this section we construct give a proof of the information theoretic lower bound Proposition [2.2}
as well as a non-asymptotic bound that holds even for non-uniformly good algorithms.

H.1 Construction of the hard instance

Our construction mirrors the lower bounds due to [4], but with specific and non-uniform gaps. We
define M as an MDP on state space S = [S + 2], with actions .A = [A], and horizon [H]. We will
first state the construction for H > 2, and then remark on the modification for H = 1 at the end of
the section. For a € [A], z € [S], we set

3 2
p(z' =S +1|z,a) = 1 ﬁAz’a, p(x' =S +2|z,a) =1—p(a’ =S+ 1|z,a).

Furthermore, we set the initial state to have the distribution z; it [S], and set
pla’ =S+ 1z=S+1,a)=1, p(a' =S +2|z=85+2,a) = 1Va € [A].
Finally, the rewards are set deterministically as

x € [9]
zre{S+1,S+2}a>1
(z,a)=(S+1,1)

(x,a) = (S+2,1)

R(z,a) :=

N~ = O O

We may then verify that V}(S+1) = (H —h+1) and V;(S+1) = (h— H +1)/2, which implies
that that for x € [S],

gapy,(r,a) = (rrza}xzp(x’lx,a’)VZH(x'))
x/

= mgx(p(S + e, ) — p(S + e, a)) (T — )+ (p(S + 2, ') — (3 + 2}, ) T2
= max(p(S + 1]z, a) = p(S + 1]z, @) (H — h) = (p(S + 1|z, a') = p(S + 1'56’@))“{%1)
= nza/x(p(s + 1|z, a") — p(S + 1|m7a))HT_h
20, H-h

H-1) 2 °

and in particular that gap, (z,a) = A, 4. For H = 1, the construction is modified so that S = [S],
and

unif

R(z,a) ~ Bernoulli(z —Aga), andzy ~ [S].

Then, we see that gap, (x,a) = A, ,. In what follows, we will adress the H > 2 case; the case
H =1 will follow from similar, but simpler arguments.

51



H.2 Regret Lower Bound Decomposition

We can now lower bound the expected regret as

K
EM[Regret ;] := EM[Y  V§ — V]
k=1
K

=E) > plar = 2){Vi(z) - VI*(@)}]

k=1 =z

. K
S g [Z > plar = 2){Vi(@) - Qi(e, m,mx»}]

k=1 x

K
=EM Zp(ﬂﬁ = x)gap1($,7fk,1($))]
k=1 =
K
=EM Y plar = 2)l(m(z) = a)gap, (=, a)]
k=1 z,a
= EMk(x, a)lgapy (v, a), (28)
where inequality (¢) follows since VT*(x) = QT*(z, m1(2)) < Qf(z, 7k 1(x)). We now show

that for all sufficiently large K > K((M), any uniformly correct algorithm must have

V(z,a) : z € [S], gap,(z,a) > 0,VK > Ko(M)

2 H? 2
EM[m > (——A0p) Plog K 2 logK = ————log K, (2
Mk ((z,a)] 2 (H 1o ) “log K 2 A;’% 0g gap, (7, )2 og K, (29)
which concludes the proof since
. > >
E[Regret ] 2 ————— log K, -gap, (v, a) = —log K.
z,a:gap, (,a)>0 gapl(a:, a) ,a:gap, (,a)>0 gapl(m, a)

We further note that this argument can also show that, for all K sufficiently large and all h € [H —1]

EM[Re > Ml K 30
grety] 2 > gap, (z.0) 08 I (30)

x,a:gapy, (,a)>0

as well.

H.3 Proof of Equation

Throughout, we fix a state « € [S], and an action a : gap, (z,a) > 0. We shall further introduce the
shorhand
2A

A, =2 1/2 1
T,a H—le(o, /)a (3)

where the bound on A , follows from A, , € (0, H/8).
To lower bound Equation (29), we follow steps analogues to standard information theoretic lower

bounds. Our exposition will follow [7]. First, we state a lemma which is the MDP analogue of
Equation (6) in [[7]]. Its proof is analogous, and omitted for the sake of brevity:

Lemma H.1. Let M = (S, A, H, 7, p™M, po, RM) and M’ = (S, A, H,r,p™', po, RM') denote
two episodic MDPs with the same state space S, action space A and horizon h, and initial state
distribution po. For any (z,a) € S x A, let v™(z,a) denote the law of the joint distribution
of (X', R) where X' ~ pM(-|x,a) and R ~ RM(z,a); define the law v (z,a) analogously.
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Finally, fix a horizon K > 1, and let F denote the filtration generated by all rollouts up to episode
K. Then, for any F i -measurable random variable Z € [0, 1],

KIEM[Z], EM[2]) < " EM [ (w, @) KL (2, 0), ™ (2, ),

where kl(z,y) = xlog I + (1 — ) log t—i denotes the binary KL-divergence, and KL(-, -) denotes
the KL-divergence between two probability laws.

We apply the above lemma as follows. For our fixed pair (z, a), define an alternate M’ to be the
MDP which coincides with M except that

3
p(x' |z, a) = 1 +n, n=min{7/8, - —|— Aot
By construction, M and M’ differ only at their law at (x, a). Thus,

KI(EM[2], EM[Z]) < EM[fk (x, a)]KL(M (2, a), ™ (2, a)).

We the following lower bound controls the KL divergence between the laws v (z, a), ™' (, a):

Claim H.2. There exists a universal constant c such that

KL(vM(z,a), oM (z,a)) < CAi,a

Proof. At (z,a), R(z,a) = 0 with probability under both M, M’. Moreover, recall that under M,
(z, a) transition to state S+1 with probability 3 — A ,, and to S+2 with probability 1—(2—A, ,,).
On the other hand, M transtion to S+1 with probability %Jrn, and S+2 with probability 1— (%+n).
Consequently both laws are equivalent to Bernoulli distributions with parameters % —A; qand %—&—n,
respectively. Since kl(z, y) is precisely KL(Bernoulli(z), Bernoulli(y)) for z,y € (0, 1),

KL(M(z,a),v™ (z,a)) = kI (i — Ay, Z + n) .

Lastly, setz = 2 — A, ,andy = 2 + min{%, A, ,}.We y — = < 2A, ,, and by assumption on

Ay, <1/2,Thus, 1/4 < z <y < 7/8. Hence, a standard Taylor expansion (e.g. (author?) [13|
Lemma E.1]) shows that there exists a universal constant ¢ such that kl(z, y) < W < A‘ch, as
needed. O

As a consequence, we see that for any Fx-measurable Z ¢ [O 1], we find

EM g (1, )] 2 AZ2KIEM(Z], BV (2) 2 - " N(EM(Z),EM (2))

A
where the last inequality uses that A, , S A, ./H.

To conclude, it suffices to exhibit a random variable Zx such that, for K sufficiently large,
KI(EM[Z],EM'[Z]) = (1 — a)log K.

To this end, consider Zx = SHKT(IG) Note that since x is only visited with probability at most 1/.5

at stage h = 1, and with probability O for stages h > 2, we have

K K
= ZEM [P(l‘l = .Z‘)H(T(k,l(.lﬁl) = 1)} = éZEM [H(?Tk71(.%‘1) = 1)} S K/S,

k=1
which implies that, Zx € [0, 1] with probability one. Moreover, note that by an argument similar to
that of (28)), that under the MDP M’

nkK

K /
EM [Regret ] > nEM Z ik (z,a)] =n(—= — EMag(z,d)]) = 5

= (1 —EM[Zk])).
a’#a S
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Hence, if Alg is a-uniformly good, then there existsa constant C'y4 such that

1 - EM[Zy] < 70/\;/77[(0“1.

By the same token, there exists a constant C'4 such that

CmK® >EM [Regret ;| > gapl(x,a)EM [Pk (z,a)] = Kg%(x,a)EM [ZKk]gap,(z,a)/S.

which implies that EM[Z] < %. Furthermore, by Inequality (11) in [7], it holds that
1\,

kl(z,y) 2 (1~ 2)log !

—log 2

which implies that for K sufficiently large,
_ SC MK~ 1

KB [2x], B* (Zx)) 2 (1 - T8

){(1 —a)log K — log C;Vlsln} 2 (1-—a)logK.
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