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First of all, let us introduce the following notations. The singular value decompositions of X, A, and
B are

X =UxSxV{, A=U,S,VI and B=UpSpVy

respectively. Denote the singular values of X, A, and B by o, J, and 6 respectively, i.e.
SX = diag(al,ag, e ,O'TX), SA = diag(él, (52, s ,5TA),and SB = diag(ﬁl, 92, e ,QTB).

Particularly, rx, 74, and rg could be larger than the ranks of X, A, and B respectively, which
means the corresponding singular values are zeros. The £ ,, norm of matrix is defined as || A||2 , :=

d 1/p
(25 llajll?) . where A = a1, @y, ,ad].

1 Proof for Theorem 1

Theorem 1 (main paper, reformulated in the form of matrix norms). For any matrix X € R™*"
with rank(X) = r < d < min(m, n):

. 1/2
(@ jmin_[[All21 + B 51 = 2| X3/

, a o 3al/? 2/3
(b)ArglzrlX | All2,1 + §||B|| =3 ||XH52/3'

To prove Theorem|[I} we need the following lemmas.

Lemma 1. For any matrix A, || All21 > | Al
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Proof. Denote the i-th column of VAT by v;, where vj; is the j-th element of v;. Then

(1
rA d rA
W =3"6;> 03, =Y 5= |All..
=1 =1 j=1
Inequality (i) holds because 2 21 ﬂ < 1, i = 1,2,--- ,d. Inequality (ii) holds due to the
Cauchy—Schwarz inequality. In (iii), Zl 1 jl =1,j= 1 2,- .74, O
Lemma 2. Suppose {hi,hs,--- h} are arbitrary nonnegative values and denote H =

diag(hy, ho,- -+ ,h;). Suppose 0 < q < 1 and Q € R is an arbitrary unitary matrix, i.e.,
QQT =Q"Q = I. Then Tr(H®1) < Tr((QTHQ)®1), where ©q denotes element-wise power
of order q.

Proof. Denote the entry (i, ) of Q by Q;;, we have Y-, Q7; = 1. Using Jensen’s inequality for the

concave function, we have (32, Q%h;)* > 3, Q% h!. Then

Tr(QTHQ)™) :Z ZQ
DM )
i

2

O

Lemma 3. Let {y1,%2, -,y } be arbitrary nonnegative values. Suppose P € R*! and W € R!*!
are arbitrary unitary matrices, i.e. PPT = PTP = I, and WW7T = WTW = I,. Then: (a)

S S U P Wiy < 305w (0) X (X, wi PiiWig) < 32,2

Proof. (a) We have >°, P2 = 37, P7; = land 3, W2 = >, W2 = 1. Then

l l l
s% > (ZyjPﬁ + ZW%) 3)



(b)

l

(Zyj D)

((i% >2+<iw¢3)2)
P
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Inequality (i) holds due to Cauchy—Schwarz inequality. Inequality (ii) holds due to Jensen’s inequality
on the quadratic function, which is convex. O
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Enhanced with the lemmas, we can now prove for Theoremﬂ] as follows.

Proof. As X = AB, we have Sx = UYUASAVIUpSpViVxandra =rp=rx =d >r.
Denote @ = UXU,, P = VI VxQ,and W = VI Up. Because X and A have the same column

space while X and B have the same row space, there exist unitary matrices R, € R?*? and
Ry € R¥*d guch that

UX = UARA and VX = VBRB. (5)

Then QQT = QTQ = I; and PPT = PTP = I,. In addition, WW7T = WTW = I, because
both V4 and Up are unitary matrices. It follows that QTSxQ = SAWSgP. In addition, for

1<i<d, ijl 0; P;;W;; > 0 because the diagonal elements of W Sg P are nonnegative.
(a) We have

|All21 + BT l2,1 = 24/l All2,1]| Bll2,1
>2V/|| Al Bl = 2(25i29i>
T

>2<Z(5 ZZ& P“WU> -

=1 i=1 j=1

—~
=

(ii

=

(6)

d

(i) >9 253/2(29]'1%”/@) Z (Z 6 W0, Pﬂ) 1/2
i=1 Jj=1 =t

=2Tr((SaW SpP) %) = 2Tr<(Q_TSXQ)®1/2>

iv ©1/2 1/2 1/2
(i) 22Tr(SX / ) =230 =2 X |52

Inequality (i) holds due to Lemmal(I] Inequality (ii) holds according to Lemma[3[a). Inequality (iii)
holds according to Cauchy—Schwarz inequality. Equality (iv) holds according to Lemma[2] When

A=Ux S%Q and B = S}(/QV;, the equality holds.



(b) We have

@]
| All21 + S 1B73
O >l + Lan + BTy
=9 * T *T o F

1/3

30&1/3
> (Al Al 1B 3)

)

) >3a1/3Tr 562/3) _ 3a1/3 202/3 _ 3a1/3 ||XH2/3 ‘
2 2 S2/3

Inequality (i) holds due to Lemmal|[I] Inequality (ii) holds according to Lemma [3[b). Inequality
(iii) holds according to generalized Holder’s inequality. Equality (iv) holds according to Lemma 2]
When A = Ozl/?’UXSQ/3 and B = ’1/35’1/3VX , we have ||Al|21 = «||B||% and {P, W, Q}
are indentity matrices. Then all equalities holds simultaneously.

2 Proof for Theorem 2

Theorem 2 (main paper, reformulated in the form of matrix norms). Fix o > 0 and choose

q € {1,;,}1,- -}. For any matrix X € R™*" with rank(X) = r < d < min(m,n),
: +1)
(a) min fIIAqu 1= (14 1/ga?/ @D | x [/

(b) HllIl

||A\|2 o+ SIBTIE = (1/2+ 1/g)ar/ @) x |32/ 210,

S2q/(2+4)

Before prove Theorem 2] we give the following lemma.

2, > Al .



Proof. Let A =UxS4V/} be the SVD of A. Denote the i-th column of V] by v;, where vj; is the

j-th element of v;. Then

d »/ d , ra »/
1Al =3 (v sw:) " =0 (D 0he?)
=1 =1 7j=1
d r r
0 >3 (ZA(vji(;j)Q - vfz)p/Q
=1 j=1 j=1

d TA
(i) > Z (Z szidj)p
=1 j=1
d TA
w53 S

i=1 j=1

TA d TA
iv) _ P 2 _ P _ P
=353 =3 = g,
j=1 i=1 j=1

®)

Inequality (i) holds because Z;i (vh < 1,4 = 1,2,--- ,d. Inequality (ii) holds due to the

Ji

Cauchy—Schwarz inequality. Inequality (iii) holds due to the Jensen’s inequality for concave function

P O<p<D.InGv), N0 v} =17=12- ra

Then let’s prove Theorem 2}

O



Proof. (a) We have

SIIANS , + 1B 2.1
D> Alg, + -+ 1ANE, +al BT [2a

1/q terms

/(a+1)
>(1+1/q)a? D (|A[g, - | AlE, BT [20)"

1/q terms
d d d q/(q+1)
=1+ 1/q)a%/(a+D) <Z§g . 253 292>
=1 =1 =1
1/q terms
d d d d a/(g+1)
(i) 2(1 + 1/q)0¢q/(q+1) <Z§? cee Z(S,? Z (ZgjpjiWij>>
i=1 i=1 =1 j=1
1/q terms ©)
d 4 - d /(a7 +1)
) > (14 1/qyat/ D 37 g2/ D g1 T (87 g, pyw )
i=1 g vorms j=1
d d -1
=1+ 1/q)aq/(q+1) Z (Z 6iWi_j9iji) v
i=1  j=1

=1+ 1/q)aq/(q+1)Tr<(SAWSBP)Ql/(qﬂﬂ))
=(1+1/q) aq/(q+1)Tr( QTS Q ®q/(q+1))
™) >(1+1/q) aq/(q+1)Tr(S®tJ/(q+l))

=(1+1/q) aq/(q+1 qu/(q-H) (1+ 1/q)a4/ q+1)||XH‘1§/?:;11))

Inequality (i) holds due to Lemmafd] Inequality (ii) holds according to Lemma[3|a). Inequality (iii)
holds according to generalized Holder’s inequality. Equality (iv) holds according to Lemma[2] When

A = o/ @DUxSY Y and B = oY@V SY VYT we have ||Al|% = of| BT |21 and
{P, W, Q} are indentity matrices. Then all equalities holds simultaneously.



(b) We have

«
+ SBT3

1 1 Q
i) > = a oz a 1 21 BT2
> 2llAlL, + -+ S lAlL, +5IBTIE

2/q terms

/(g+2)
>(1/2+ 1/q)a? @2 (|l Al[g - Alg [1BT)F)"

2/q terms

d d d q/(q+2)
—(1/2+1/q)a?/ @+ (Zag 3 Zeg)
=1 i=1 i=1
| S ——

2/q terms

IS
U

d

d o\ 4/(a+2)
>(1/2 4 1/g)a?/(@+2) (Z(Sf 2532 ( eijiWij) )
1

i=1  j=

(ii

=
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2/q terms

d d 2/(
>(1/2 +1/q)at/ 43 37 51/ G051/ G (57 p)

=1

—1
(iii 2q7 +1)

=

2/q terms
d
=(1/2 + 1/q)a®/ @D 3" (Z(s W0, P
=1 j=1

=(1/2 + 1/q)a®/ 1+ Tr( (SAW S P) QQQ/(‘I“))

) 2q/(q+2)

(1/2+ 1/(] Oﬂ/ q+2) TI'( QTS Q ®2‘I/((I+2))
) 2(1/2 + 1/g)at/ w+)Te( S0/

=(1/2+1/g)a®/ @ ™ G20/ @) — (1/2 41 /g)at/ (@) | x |30/ O,
Inequality (i) holds due to Lemmafd} Inequality (ii) holds according to Lemma [3(b). Inequality (iii)
holds according to generalized Holder’s inequality. Equality (iv) holds according to Lemma[2] When
A = oV DU Y and B = o7/ SYPHIVE we have | A[§ = o B||% and {P,

W, Q} are indentity matrices. Then all equalities holds simultaneously. O

3 Proof for Theorem 3

Theorem 3. Suppose ||M||Is’p < R,, M is the optimal solution of (20), and || > %2 log® n.

Denote ¢ := max{||M||o, | M ||sc }. Then there exist numerical constants ¢, and ¢y such that the
following inequality holds with probability at least 1 — 5n~?2

1-p/2
~ nlogn nlogn
|M — M||% < max { ¢,¢? |Qg| ,(5.5+\/E)Rp<(4\/§eo+c2<)2 |Qg| ) . an

Before prove the above theorem, we introduce a restricted strong convexity (RSC) result:

Lemma 5. Let Pq be the random sampling operator. Then there are universal positive constants
(¢}, ) such that

nlogn nlogn
IQ\ ClIPo(A)|F — Al < dvmn|| Al Al [ = Q) +cymn|| A Q) (12)




1
forall A € R™*"(m < n), uniformly with probability at least 1 — 2¢~2™1°8™,

Our RSC is similar to the one in [I]. One major difference compared to [1] is that here 2 is sampled
without replacement from [m] x [n].

We define the set
min{m,n}
Sp(Ry) =Y €R™™ | 3" |oi(Y)P <R, ¢, (13)

i=1

where o;(Y") denotes the i-th singular value of Y and 0 < p < 1. Then we have the following
lemma:

Lemma 6. For any matrix A € S,(2R,,) and any positive number T, the following inequality holds
1Al < V2R,m 2| Allp + 2R, P (14)

Lemma 7. Suppose the entries of E € R™*"™ (m < n) are drawn from N(0,¢?) and |Q| >
%nlog2 n. Then

Q1
B(Pa(B)]s < 2vAe | B") > 1 g2, 15
Now we prove Theorem 3]

Proof. The optimal M indicates

[Pa(M. — M)|[% < |[Po(M. — M)||%, (16)
and . .
[Pa(M — M)||% +2(Pa(M — M), Po(E)) < 0. (17
Denote A := M — M. Then A € S,(2R,). We have
[Pa(A)|7 < 2[(Pa(A), Po(E))| < 2|A|.[IPa(E)]2 (18)
In addition, we have
[Alloe < 2¢/vmn. (19)

1
snlogn

Then according to Lemma the following inequality holds with probability at least 1 — 2e™ 2

mn nlogn onlogn

Az < Po(A)|]% + 2¢ C|| Al + 4¢} 20
Using (18)), (20), Lemma|/, and Lemma |6, we obtain
g
2mn nlogn nlogn
AlZ <[ === ||Po(E + 2¢ All. + 4c 2

mlogn nlogn nlogn
§(4¢§ne\/T|+2c;g,/|Q|)||A|*+4c;¢2 Q @h

<V2R,2m 7P| Al F 4 2Ry TP + 4c,2<2n}(;2g|n7
where z = 4v/3ne % +2¢) ¢ n};#. Let 7 = 2, we have
A = V3R PR Al = 2Rr 7 — ach (BT <. @2)
Solving the inequality yields
1Al < 5 (VR P2 + \/ 107,72 + 16,2280 ). 23)



1
Note that € = €o/y/mn, we have 7 = (4v/3¢g + 2¢/¢) I?lgln

nlogn\1-»r/2
IIA%SK\f (Va0 + 2640y " 22"

2
log .\ 2P 1
+ | 10R, ((4V3eo +2¢1¢) ”‘(;zg'") +16c’2§2”|;g”> .

. It follows from l| that

(24)

It indicates that for sufficiently large |€2|, smaller p leads to smaller upper bound of || M — M [|% but
the decreasing may not be significant when p approaches to zero.

To make a simpler formulation, we consider the following cases. If 2R, 72~7 g — 2( 2 }?zg " we
have
|AI% < (8:8+8v2/5)c CQ"EgI". 25)
Otherwise, we have
A% < (5.5 4+ VIO)R,T> 7. (26)

Putting above results together, with probability at least 1 — 5n~“, we obtain

2—p
lo mlogn nlogn
A% < max c1§2”|Qg|n,(5.5—|—\/E)Rp<4\/§nq/ Kﬁ + caCy | ‘Qg| ) , 27

where ¢; = (8.8 + 84/2/5)c} and ¢o = 2¢}. We have

1-p/2
~ nlogn nlogn
|M — M||% < max { ¢,¢? |Qg| , (5.5 +VI0)R, <(4\/§eo+@<)2 IQET ) . (28)

O

4 Proof for Theorem 4

Theorem 4. Suppose M, = M + E. For any A and B, let M = AB and d be the number of

nonzero columns of A. Define ¢ := max{||M||oo, | M|s0}. Then there exists a numerical constant
Co, such that with probability at least 1 — 2 exp(—n), the following inequality holds:

IM —M|r _||Pa(M.—M)|r |E|r ndlogny 1/4
< —+ +C
vmn - V19| vmn C( |2 )

First, we reformulate the Theorem 2 of [2]] as
Lemma$8. Let Lo(X) = \/E”PQ(M —X)||p and L(X) = \/:Tn

and actual loss function respectively. Furthermore, assume entry-wise constraint max;; | X;;| < Cx.

| M, — X || be the empirical

Then for all rank-r matrices X, with probability greater than 1 — 2 exp(—n), there exists a fixed
constant Cy such that

m‘logn>1/4

sup ‘cg E(X)’§000X< q

XeS,

We have .
| M. — AB||r

S

_|IMc — AB|jr _ |Po(M. — AB)||r
= Vmn V19|
|Po(M. — AB)||r

il

[Po(M. — AB)|r

Vil

(29)

=R(A,B,Q) +



According to Lemma then with probability at least 1 — 2 exp(—n), there exists a fixed constant Cj
such that

. dl 1/4
sup R(A,B,Q) < Co¢ ("5 02" (30)
ABESd |Q|
Using (29) and (30), we have
|M — AB|r
vmn
EBle | |M. — AB|r an
B F vmn
E dl 1/4 M, - AB
SH | +C§(n Ogn) [Pal e
vmn |€2] V19
This finished the proof.
5 Proof for Lemmas [5}[6, and
5.1 Proof for Lemmal[3]
Before prove Lemma 5] we introduce
Lemma 9 (Theorem 1.1 in [3]). Let X1, Xs,--- , X be independent random variables with values

in a measurable space (S, B) and let F be a countable class of measurable functions f : S — [—a, a,
such that for all i, E[f(X;)] = 0. Consider the random variable Z = sup;c z ¥ ;_; f(Xi). Then
forallt > 0,

t2

P(Z 2 BlZ]+1) < exp(= 5 a5 57 7 3at

)

where o2 = S Zle E[f2(X;)).

The above lemma indicates that there are universal positive constants ¢; and cz such that for any
e>0
P(Z > (14 )E[Z] + c1oVt + (ca + 2 Je)at’) < et (32)

Now we prove Theorem 3. Without loss of generality, we assume ||Al|2. = 1. Then for given
constants ¢ and 6, we define the set

5(¢,) :={AeRmX”nAF 1\\A||OO_F 1Al <e} 33)
and random variable
2.0 = sp |""|Poa >||%—1|. G34)
AeS(ge |Q|

According to Pq, we define fa(Si) = (A Si)%, where Sj, = e;, e j and k =1,2,--- |Q].

\QI
{fa(Sk)} are independently but not identically distributed. Then we write
12|

Z(¢,0)= sup |> fa(Sk)—E[fa(Se)]|. (35)

AES(CO) iy

( %)]. Since 0 < fa(S) < (2/ Q|, we have E[fZ (Si)] <
= (2 /|Q|2 Then put Z(¢,0) into (32) and let e = 1 and ¢’ =
, 8 + |9, and @ « (?/|Q2|. We conclude that there are universal

Denote fA(Sk)2: fa(Sk) — E|
E[fA(Sk)] < ¢ [IQE[fa(S0)]

nlogn, where 0% «+ (?/|Q

constant ¢; and ¢/, such that

nlogn
9 4

2nlogn)

|Q| < e—nlogn. (36)

IP’(Z(C, 0) > 2E[Z(C,0)] + %C ¢

10



Let € be Rademacher variable, we have
fe] |sz\

E[Z((,0)] <2E sup er~ (A, Sk < 4CE sup ex (A, S|,
12(6,0)] AES(¢,0) ; |Q‘ > AES(¢,0) Z
(37)

where the first and second inequalities follow from the Proposition 4.11 and inequality 5.61 of [4]].
Using Holder’s inequality and the fact [|A||. < 6, we have

IQ\ \QI

E| sup ek (A, Sp)|| <OE |||—=— €x Skl . (38)
AP, Z o Z |

Note that E[e,.Sx] = 0, [|ex Sk 2 = 1, and max{[| S\, E[e2S,ST]|la, | 12, B2 ST Sy} =

Q
| | , where we have assumed m < n. Then use matrix Bernstein inequality, we obtain

il —t?
P13 exSll 2 1) < 2new0 (S )

It follows that

1€
Q QL
1> ewSill2| <24/ %(\/ﬂ V1og2n) + 4/3(1 + log 2n) < 1/ "% (39)
k=1

where we have used the fact [2] > nlogn and ¢, is some constant. Combining (37), (38), and (39),

we obtain
|Q\1ogn ch nlogn
E|Z <4 4
2(6.0) < 460¥ " enyf < feon [ (0)

where ¢] is an appropriate constant. Invoking (0) into (36) and using # > 1, we have

c nlogn ¢, ,nlogn _
]P’(Z 0> % 2 )< nlogn 41
(€.0) 2 G0y [ + TG < @n
Note that (1) involves the fixed ¢ and 6. We need to extend it to arbitrary v/mn| Al and
||A]|«. The remaining proof is nearly the same as that in Chapter 10 of [4]. We include it here for
completeness.

Let Br(1) denote the Frobenius ball of norm one in R™*™, and let £ be the event that the bound in

Lemma 4 is violated for some A € B (1). For u,v = 1,2, - - -, we define
Sus = {A €Bp(1) | 2°71 < V|| Al < 2¢,2°71 < AL <27}, “2)

and let &, , be the event that the bound in Lemma 4 is violated for some A € S, ,,. We first show
that

U Euv, Wherew = [logyn]. (43)
=1

For any matrix A € S(¢, #), we have
[All. = |Al[r =1 and [[A[l. < vmn||Allr <n.

Similarly we have
n||Allso > vVmn||A|leo > 1 and n||Allx < n.

Then without loss of generality, we assume || Al € [1,n] and n||A |« € [1,n]. Therefore, if there
exists a matrix A of Frobenius norm one that violates the bound in Lemma 4, it must belong to some
set S, , for some u,v = 1,2,--- ,w, where w = [log, n].

For ( = 2" and 6 = 2", we define the event

s [nlogn ¢, ,nlogn
Euw = {Z(C,@) C@ ‘Q| +4 0] . (44)

11




If event &, ,, occurs, there must exist some A € S,, ,, such that

mn nlogn nlogn
PO 1] > v Al AL "o + mal a2
€] 1€2] €2
Clav— logn _pynlogn
> o gu—lgv-1 n ’22(" 1) 45
= C ‘Q| + Co ‘Q| ( )
ch nlogn ¢ ,nlogn
> —=242v —=(2% .
=222 e T2 g
It means fuﬂ, occurs. Therefore, &, , C (iw.
Finally, we obtain
w - 1
PE) < D P(Eyy) Swie 08" < em2m BT, (46)
uw,v=1

where the first inequality holds due to the union bound and the third inequality holds due to log w? <
2nlogn. This finished the proof.

5.2 Proof for Lemma|6

Proof. For any matrix A € R™*", denote its singular values by o = [01,09, - ,amax{m?n}]T.
Define set S = {j | o; > 7}. We have

o4
A= llolli = lloslh+ Doy < VISllolla+7) = (47)
Jj¢s j¢s
Since % < 1forall j ¢ S, we obtain
T
o
lolly <vVISllle|l2 +TZ(7J)‘7
i¢s (48)
<VISlllellz + 2R, 7P
Since [S|77 < 37, g0f < 2R, we get
lolls < V2R,7 P2 lo 2 + 2R, 7T (49)
Finally, we obtain || A||, < /2R, 7 ?/?||A||r 4+ 2R, 7' ~7.

O
5.3 Proof for Lemmal[7]
Proof. Denote E;; the (i, j) entry of E.
P(|Eij| > te) < 2exp(~5). (50)
Using Boole’s inequality, we obtain
P(|| E||o0 > te) < mnP(|Eyj| > te) < 2mnexp(—L) < 2n% exp(—L). 1)
It follows that
P(|E]lco < ev/2(c+2)logn) >1—2n"¢. (52)

Suppose {S;; } are independent Bernoulli(|€2|/(mn)) random variables. Denote G;; = E;;S;;je;€] .
Then E [G,’j] =0, GinQ < ||EH0<>’ and PQ(E) = Zij Gij.

1Y E[GyGT] N2 =11 ) E[E} ST eel] |12
i ij

=1 _E [E}] EIS,]E [e:e]] Iz 3)

ij
2|0 2|10
DS B feel] o = T,
ij

12



Similarly, we obtain

210
H}jE @yl < S (54)

n

As m < n, using matrix Bernstein, we have

2
HEZGMb>t (m + n) exp(— ! ) 59)

2(e2|Qm~1 + te/2(c + 2) logn/3)
Q
Suppose €2|Qm~1 > tey/2(c+ 2)logn/3, namely, t < aitl , inequality (55
m Ylogn/3

2(c+2
becomes ,
”ZGU”2 >t) < (m+n)exp(— MI;W) (56)
Then we have
P(] ZGUHQ < 26/ 'Q“Og”) R (57)

€]

my/2(c+ 2)logn/3’
8¢ (c+ 2)nlog® n. Letting ¢ = 3 and ¢ = 2 and considering the probability in and 1} the
following inequality holds with probability at least 1 — 4n 2

Because we have assumed that ¢ <

the above inequality holds when || >

|| logn
m b

IPa(E)2 < 2v3e (58)

. 32 2
provided that [2] > =*nlog” n.

6 Optimization for low-rank matrix completion

In this section, first, we detail the ADMM [} 16l [7]] (with linearization) optimization for the following
matrix completion problem:

L a B
minimize | All2,1 + 5I|BJE + S B, (59)
subjectto X = AB + E, Po(X) = Po(M,).

We construct the augmented Lagrange function

L(X,A,B,E,Y)2

a B %
§IIBH%+§HEII%+<X—AB—E,Y>+§IIX—AB—EH%,

(60)
where Y € R™*"™ denotes the multipliers and p is a parameter. Here we have implicitly include
the constraint Po(X) = Pq(M,) in L by requiring X satisfies Pn(X) = Po(M,). The alternate
updating steps are

X, = argmin L(X,A;1,Bi1,Ei1,Y; 1)
Po(X)=Pq(M.)

A, = argmin £(X;, A, By_1, E;_1,Y;_1)
A

B; = argmin L(X;, Ay, B,E;_1,Y;:_1) (61)
B

E, = argmin £(X;, Ay, B, E,Y;_1)
E

Y, =Y, 1+ (X, - AB, - Ey),
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where ¢ denotes the iteration number. In , L denotes the linearization for £ and will be detailed
later. We now explain how to update X, A, B, and E in the first four lines of (6I). Specifically, we
update X via solving

X,=  argmin gHX — Ay 1By — By +p Y3 (62)
Po(X)=Po(M.)

The solution is
X =Py(Ai1Bi1n + By — /~L_1Yt71) + Po(M.), (63)

where () denotes the locations of unknown entries. We update A via solving

At :arg;nin HA||2’1 + g”Xt - ABt71 - Etfl + /J/_IY;:71||§7, (64)

which, however, has no closed-form solution. We can linearize % | X:—AB; 1—E; 1+pu~ 'Y 1||%
at A;_1 and have

A; = argmin | A2+ 5 Xim1 — AiBioy = B+ Y [
A
Ly )
+<Q,A7At_1>+3HA*At_1IIF (65)
. L -
= argmin [All2,1 + 7t||A — A+ L7'Qf%

where Q = (X~ Ay 1Bi-1—Ey_1+p~ Y, 1)(—B]_ ) and L; > p||B;_1||%. The closed-form
solution of (63) is

A= 1(A - LT'Q), (66)

where @, (+) is the column-wise soft-thresholding [8]] operator defined as

(Juf = m)w .
(I)T('LL) — HUH ; 1 ||u|| > 75 (67)
, otherwise.
We then update B as
.« _
B, =argmin | Bl + DI X — AB — By + 07 Yo

B (68)

=(nAT A; + aly) (A (Xi = By + 07 Ye0)).

It is easy to show that, when one column of A; is zero, the corresponding row of B; given by (68) is
also zero. Finally, we update E as

B, = argmin J | E|} + 21X, ~ AB, ~ B+ u~ Yo
E

u (69)
:m(Xt — Ay B; + M_IYt—l)-
The optimization steps are summarized in Algorithm I
Consider the general problem
o1 !
minimize | Po(M. — AB)|% +v(I1Al3, + 1B I7), (70)

129 40
in which C is a binary matrix with 1 and 0 corresponding to the observed and missing entries of M,
respectively.

where ¢ = 1, 2,1, --.. When ¢ = 1, the corresponding PALM optimization is shown in Algorith

When ¢ # 1, we propose to solve via PALM coupled with iteratively reweighted minimization
[9]]. For instance, the subproblem of the term A during the iterations of PALM is of the form

mingnize f(A) + A5, (71)
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Algorithm 1 FGSRy 3 for LRMC (59) solved by ADMM

Input: M€7 Q’ d Z T', Oé, 65 M7 tmax’ t = 0’ }/0 = EO = 09 X09 A07 BO
1: repeat
2: t+—t+1
X, =Po(A; 1By + E—1 — Y1) + Po(M,)
Q=uX;— A 1Bi_1—E_1+p Y1) (—BL))
Ly = 1.01p|| Bi-1 B4 ||
A= 1(A - L'Q)
B, = (,UJA?At + OéId)il(Agj(Xt —FE,_ 1+ iift—l))
H -1
E,=—(X;—AB; + Y, _
t »3+M( t Dy T t 1)

9: Y, =Y,_1+u(X: — AB, — E)
10 d + nnzc(Ay)
11: Remove the zero columns of A; and B}
12: until converged or ¢t = tiax
Output: M = X,

® RN DN AW

Algorithm 2 FGSR; 3 for LRMC (70) (¢ = 1) solved by PALM
Input: M., Q, d>7r, a,7,01<n<1,tnxt=0,Aq, By

1: repeat

2: t—1t+1

3 Q=(Co(M.-A; 1B 1)) (-BL))

4 Ly =1.019|B—1 B |2

550 Ar=0,,(A - L'Q)

6: Ly = 1.01n[|Af Ayl

7 B, = ﬁ(A]T(C © (M, —-AB;_1))+ LtBt—l);
8: d < nnzc(A;)

9: Remove the zero columns of A; and B}

10: until converged or ¢ = tax
Output: M = A;B;

for some function f. At iteration ¢, we solve

mingnize flA) + Z w;|| A3, (72)
j

where w; = (||A:(;71) |2 +€)772, € is a small number, and A~1) denotes the A obtained at iteration
t—1.

In addition, when we use FGSR, /5, the optimizations are similar to those of (39) and (70).

7 Optimization for robust PCA

In this section, we first detail the ADMM with linearization for the following FGSR; 3 based RPCA
problem:
C «
minimize [|Al2,1 + 5 | Bl % + A B,
A,B.E 2 (73)
subjectto M, = AB + E.

Here A is a regularization parameter and || - ||; is the £; norm of matrix enforcing sparsity. We
minimize the augmented Lagrange function alternately

«
L(B,A,B,Y) = Als + 5 |BI3 + | Bl

i (74)
+(M. - AB-E.Y) + J|M. - AB - E| %,
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The optimization of RPCA is similar to that of LRMC detailed in the previous section. One major
difference is the presence of E, which results in the following subproblem

miniénize)\||E||1+g||Me—AB—E+/leH%. (75)
The solution of is
E=9,,,(M. - AB + ' Z), (76)
where U, (-) is the element-wise soft-thresholding operator [§]] defined as
U, (u) = |u—‘max(|u| —7,0). (77)
U

The optimization is shown in Algorithm 3]

Algorithm 3 FGSRj 3 for RPCA solved by ADMM
IHPUt: Me, Q7 d Z r, o, >\7 M, tmax, t= 0’ }fO = 0; EO = 0, Ao, BO

1: repeat

2: t—t+1

3 E=9,,(M.—A_ 1B +p 'Y 1)

4: Q=puM.—- A 1By —E,+ Y, 1) (-BL,)
5: Lt = IOIIUJHBt_lBtT_IHQ

6: A=, 1(A - L7'Q)

7. By = (nAf As+aly) N (Af (M. — E; + 1 Yi1))
8: Y=Y, 1+ (M.~ A;B; — Ey)

9: d < nnzc(Ay)
10: Remove the zero columns of A; and B}’

11: until converged or ¢ = ¢
Output: M = AtBt7 E=F,

Consider the following model
M,=M+E+F, (78)

where F' denotes small Gaussian noises. We then have the following general problem
e e 8 2
minimize |Allz,, + 5| Bllr + Al EllL + 5| AB + B — Moy, (79)
11

where ¢ € {1, 3, 7, -+ }. The optimization can be solved via PALM plus iteratively reweighted
minimization when ¢ # 1, shown in . In addition, the optimization of FGSR, /5 based RPCA are

similar to those of and (79). Empirically, we found that A\ = (max(m, n))~%5/? works well for
and (79), where p is the p in the Schatten-p norm induced by FGSR.

8 On the convergence

The convergence of PALM for general nonconvex and nonsmooth problems have been analyzed
in [10, (11} 12]. The convergence of ADMM for general nonconvex and nonsmooth problems [6]]
gains increasing attention in recent years. For example, Wang et al. [5] proved the convergence
of ADMM on a class of nonconvex problems with linear constraints. Gao et al. [7] proved the
convergence of nonconvex ADMM with multiaffine (nonlinear and nonconvex) constraints. However,
the convergence of ADMM for solving with small || E||% and is still an open problem
[13]. The high difficulty in convergence analysis arises from that the dual variable is associated with
a separable primary variable (e.g. E in (73)) that has a nonsmooth function or the dual variable
is associated with two nonlinearly coupled primary variables (e.g. A and B in (59)) even if their
functions are strongly convex and have Lipschitz-continuous gradients. Proving the convergence
of ADMM for these cases is out of the scope of our paper. In practice, even if without theoretical
convergence guarantee, ADMM for (59) and often converge to a stationary point (or even global
minimum), provided that g is not too small.
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9 More about the numerical results

All experiments are conducted on a computer with Inter-i7-3.4GHz Core and 16GB RAM. All results
we report are the average of ten repeated trials.

9.1 Matrix completion

Optimization, codes, and hyper-parameters For the nuclear norm minimization (solved by in-
exact augmented Lagrange multiplier method) [14]], truncated nuclear norm minimization [17], and
Riemannian pursuit [18]], we utilize the codes provided by the authors of the corresponding papers.
We implement the weighted nuclear norm minimization [19], Schatten-p norm minimization (solved
by iteratively reweighted minimization [9]), max norm minimization (solved by alternating projected
gradient method) [[15], Bi-Nuclear norm minimization [16]], and F2+nuclear norm minimization [20]
via MATLAB according to the algorithms described in the corresponding papers.

In noiseless matrix completion, we solve the minimization of F-nuclear norm, FGSRy /3 (o = 1), and
FGSR; /, by ADMM with linearization. The Lagrange parameter i in all related methods is selected
from {0.0001,0.001,0.01,0.1,1}.

In noisy matrix completion, the minimizations of F-nuclear norm, FGSRy,3 (o = 1), and FGSR; /5

by PALM. In all methods, the hyper-parameters (e.g. vy~ ! in ) corresponding to the noise term
are carefully determined to provide the best performances. In all cases excluding those studying the
effect of rank initialization, we set d = 1.5r for F-nuclear norm, max norm, and FGSR.

Clean synthetic data We generate low-rank matrices via

M = LWRT”, (80)
where the entries of L € R™>*" and R € R™*" are randomly drawn from N'(0,1). W = diag([1 +
0.1(r—1),140.1(r—2),--- , 1.1, 1]), which simulates that real data matrices often have degenerated

singular values. In this paper, we set m = n = 500. The performance of matrix completion is
evaluated by

[Po(M — M)||r
[Pa(M)llr
where M denotes the recovered matrix and € denotes the locations of missing entries.

Relative recovery error := (81)

Figure[I|shows the recovery error of some methods in the cases of different rank and different missing
rate. Our FGSRy /3 and FGSR, /5 outperformed other methods when the rank or/and missing rate are
relatively high.

F-Nuclear norm Max norm FGSR-2/3 FGSR-1/2

0 Nuclear norm

0.5 ORI R TR PO DD B> DL TR I LS PO DD DN OO PO T O H> OO
OGNS PN PR PR S SOOI O SOOI O OGN TGS
r/n rin r/n rn r/n

Figure 1: Matrix completion on clean synthetic data: the relative recovery error in the cases of
different rank and different missing rate

Noisy synthetic data Suppose the observed entries of M are corrupted by Gaussian noise, i.e.
[M.];; = M;; + e;j, (i,7) € Q, where M is given by and e;; ~ N(0, €?). Then the signal
noise ratio is SNR = ¢ /o., where o denotes the standard deviation of the entries of M.

Real data The MovieLens-1M datasetﬂ consists of 1 million ratings (1 ~ 5) for 3900 movies by
6040 users. The movies rated by less than 5 users are deleted in this study because the corresponding

"https://grouplens.org/datasets/movielens/
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ratings may never be recovered when the matrix rank is higher than 5. Then the size of the processed
matrix is 3416 x 6040. Since the original matrix is highly incomplete, we randomly sample 70% or
50% of the known ratings of each user and perform matrix completion. The performance is evaluated
by the normalized mean absolute error (NMAE) [21}22] and normalized root-mean-squared-error
(RMSE) [22]. They are defined by

1 -~
NMAE = M, — M|, .
(Mmax*Mmin)|T\Q| ) Z ‘ J J| ( )
(4,7)ET\Q

and

Y pera(Xij — Xij)?
2 )
Z(i,j)eﬁf\ﬂ Xij

where Y denotes the entries known originally and €2 denotes the entries we sampled from Y.

RMSE := (83)

9.2 RPCA

Synthetic data The corrupted matrix is M, = M + E, where M is generated by (80) and E
is a sparse matrix. The nonzero entries of E are drawn from N(0, €2). Then the signal noise ratio
in terms of the corrupted entries is SNR, := ¢ /0., where o denotes the standard deviation of the
entries of M. We call the fraction of nonzero entries of E noise density. The performance of RPCA
is evaluated by

1M~ M| r

M @

Relative recovery error :=

where M denotes the recovered matrix.

Figure [2| shows the performance of nuclear norm, F-nuclear norm, FGSRy /3, and FGSR, /5 in the
cases of different noise density and different rank. FGSR;,3 and FGSR, /5 outperformed nuclear
norm and F-nuclear norm.
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Figure 2: RPCA on synthetic data: the relative recovery error in the case of different rank and noise
density (SNR, = 1).

Natural images The pixel matricesﬂ of many natural images are of low-rank approximately, which
enables us to use RPCA to remove sparse noises in the images. We consider two images of size
796 x 834 and 768 x 1024 respectively. We reconstructed each image via preserving the largest 50
singular values to form exactly low-rank matrices in the 3 color channels. Then we added salt-and-
pepper noise of density 40% to the two images and perform RPCA in each color channel individually.
The clean images, corrupted images, and recovery results are shown in Figure [3|and Figure 4] Both
numerically and visually, the performance of our FGSR; 3 is better than those of nuclear norm and
F-nuclear norm. The results of FGSR; /, are nearly the sane as those of FGSR; /3 and are omitted in
this paper.

?If the pixel matrix of an image can not be well approximated by a low-rank matrix, we can extract small
patches of the image as vectors to form a matrix (approximately low-rank) and then perform RPCA.
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Clean image Corrupted image RPCA(nuclear norm) RPCA(F-nuclear norm) RPCA(FGSR-2/3)
ground truth 40% salt&pepper noise relative recovery error=0.033 relative recovery error=0.022 relative recovery error=0.005

Figure 3: RPCA in image denoising (example 1)

Clean image Corrupted image RPCA(nuclear norm) RPCA(F-nuclear norm) RPCA(FGSR-2/3)
ground truth 40% salt&pepper noise relative recovery error=0.04 relative recovery error=0.034 relative recovery error=0.007

Figure 4: RPCA in image denoising (example 2)
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