A IS with approximate behavior policy

In this section, we include some theoretical and empirical results about the effect of using an estimated
behavior policy in importance sampling, when the true behavior policy is not accessible.

Proposition 1. Assume the reward is in [0, erx] For any estimator [i(a|s) of the true behavior
policy p(als), let Vig(fi) be the IS estimator using this estimated [i(a|s) and Vig(u) be the IS
estimator with true behavior policy. Both of the IS estimators are computed using n trajectories that
are independent from the data used to estimate [i(al|s). If the relative error of fi(al|s) is bounded by o:

I H(als)—p(als) lloo < 6, then for any given dataset:

u(a S)
|wsm»—wsmn<nmx{(1i5)H_L1—(1i5)H}wsm)

The bias of Vis(f1) is bounded by:
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where v is the true evaluation policy value.
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- 1 m(ag'[sy”) ) 1 m(ay'[s¢) ()
Vis(i) = Vsl = |=> [~ 5 Roma— - D T o1
=1 =0 u(ag )|3t )) [ p— u(ag )|5£ ))
n |H—1 W)y (i H-1 W)y (i
<lz 7@%”ﬁ)_ﬂﬂ#@5@ (11
- ~ i 4 0:H-1 B B 0:H—1
n S o s =0 nla”ls”)
n |H-1 ) (G H-1 i) (i
P na’1s”) T wals?) po b
- n Z NEOING! (1)) () 70 H -1 (12)
im1 | i=o Alay'[sg”) i—o Hlag [sy”)
According to the condition, for any (?) and s, 1 — § < “(a@):sa); < 1+6. Then
1 _plals?) 1
5 = o@Dy = 1§’
1+ filay”|s¢ ")
and:
T e < (LY
1+ (5 P l)|5( Q) 1-9 ’
So:
( ) H H
1 1
e f ™ ! <““X{(15> 1 (133) }
i—o Alay ‘St ) B -
Plug this into Equation [T2}
H H n H-1 (OIRO)
) 1 1 1 m(a; |5y ") L)
Vis(i) = Vis(p)] < max ) -Ll1-|—= }Z OO
1-0 Lo/ fnim o na”ls”)

11



Similarly, for the bias:

[EVis(p) —v| = |EVis(i) — EVis(p)] (14)
H-—1 H-—1
_ s T Fels) po m(a;”151”) p(o (15)
- R 0:H—1 0:H—1
o fi(a”]s”) o 1(a”]s”)
H-1 (0); (0) H-1 (0), .(0)
w(ay ‘St ) ‘ ’ [ 7T(at |5t ) (0)
< -1 E ] Ry (16)
~ 0 0 0:H—1
o ilaf”]s”) o 1(ag”]s”
< AN 1,1 Ly (17)
~ max 1 — 5 5 1 T
O

We bound the error of IS estimates by the relative error of behavior policy estimates. Proposition 3
from Farajtabar et al. [7] gave an expression for the bias when using an empirical estimate of behavior
policy in IS. The result in Farajtabar et al. [[7] is similar to this proposition, but the authors did not
explicitly bound the bias by the error of behavior policy. Note that this bound increases exponentially
with the horizon H, which shows the accumulated error effect of behavior policy error.

By using the tree MDP example in Jiang and Li [10] we can show that the order of magnitude
O(exp(H)) is tight: there exists an MDP and a policy estimator /i with ||(i — 1)/ t|lco = 9 such that
the bias of Vis(ji) is O(exp (H)). Define a binary discrete tree MDP [[10] as following: At each node
in a binary tree, we can take two actions ¢ = 0, a = 1, leading to the two next nodes with observations
o = 0,0 = 1. The state of a node is defined by the whole path to the root: ogagoia; . ..op. That
means each node in the tree will have a unique state. The depth of the tree, as well as the horizon
of the trajectories, is . Only the leftmost leaf node (by always taking a = 0) has non-zero reward
r = 1. Denote this state as the target state. The evaluation policy always takes action a = 0 and
the behavior policy p is a uniform random policy. Let the estimated policy f differ from p with
—4§/2 in all the state-action pairs on the path to target state. That means the action probability in /i is
1/2 — §/2 for all state-action pairs on the path to target state. The IS estimator with x4 has expectation

1 since it is unbiased. It is easy to verify that the IS estimator using / has expectation (1 — 6)7H.
Thus the bias is O(exp(H)).

This result represents the worst-case upper bound on the bias of IS when using an estimated behaviour
policy; the fact it is exponential in the trajectory length illustrates the problem when using IS without
knowing the true behaviour policy. To support this result with an empirical example illustrating the
challenge of using IS with an unknown behaviour policy for a real data distribution, consider Figure
[T which represents the error in OPPE (found using Per-Decision WIS) as we vary the accuracy of
the behaviour policy estimation. Two different behaviour policies are considered. The domain used
in this example is a continuous 2D map (s € R?) with a discrete action space, A = {1,2,3,4,5},
with actions representing a movement of one unit in one of the four coordinate directions or staying
in the current position. Gaussian noise of zero mean and specifiable variance is added onto state of
the agent after each action, to provide environmental stochasticity. An agent starts in the top left
corner of the domain and receives a positive reward within a given radius of the top right corner,
and a negative reward within a given radius of the bottom left corner. The horizon is set to be 15. A
k-Nearest Neighbours (kNN) model is used to estimate the behaviour policy distribution, given a set
of training trajectories. The accuracy of the model is varied by changing the number of trajectories
available and the number of neighbours used for behaviour policy estimation.

This plot shows how IS suffers from very poor estimates with even slight errors in the estimated
behaviour policy — average absolute errors of as small as 0.06 can incur errors of up over 50% in
OPPE. This provides additional motivation for our approach — we do not require the behaviour
policy to be known for OPPE, avoiding the significant errors incurred by using incorrectly estimated
behaviour policies.
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Figure 1: Plots showing the mean and standard deviation of the fractional error in
OPE, VV;V, as a function of the average absolute error in behaviour policy estimation,

IS r(@®]s®) — fi(a®[s@)], for two different behaviour policies. The quality of OPE with
IS has a very significant dependence on the accuracy of the behaviour policy estimation.

B Clarification of CATE/HTE and ITE

In the causal inference literature[[14]], for an single unit ¢ with covariate (state) x;, we observe Y;(1)
if we give the unit treatment and Y;(0) if not. The Individual Treatment Effect (ITE) is defined as:

D; =Yi(1) = Yi(0), (18)

for this particular set of observations Y;, ;. However Y;(1) and Y;(0) cannot be observed at the same
time, which makes ITE unidentifiable without strong additional assumptions. Thus the conditional
average treatment effect (CATE), also known as heterogeneous treatment effect (HTE) is defined as:

7(z) = E[Y;(1) - Yi(0)[z] (19)

which is a function of z and is identifiable. Shalit et al. [19] defined ITE as 7(x), which is actually
named as CATE or HTE in most causal reasoning literature. So we use the name CATE/HTE to
refer to this quantity and it is inconsistent with Shalit et al. ’s work. We clarify it here so that it does
confuse the reader.

C Proofs of Section 4!

C.1 Proofs of Theorem [I)and Corollary

Before we prove Lemma]and Theorem|[I} we need some useful lemmas and assumptions. We restate
a well-known variant of Simulation Lemma [[13] in finite horizon case here:

Lemma 1. (Simulation Lemma with finite horizon case) Define that VT, 0(8) = Vi1o(s) = 0. For

any approximate MDP model M, , any policym, andt =0,... H—1:

V50 = Vi d(50) = B [7lsts00) = rsan) + [ (T lst.a0) = T(6's0.01)

S

S a0 [ T s (V)= Vi () a5 o

Then:
H-1
VI’C},H(S) - VI\CIH(S) =Erum Z [7(st, ar) — 7(st, ar)
t=0
b (B sta) = T s10a)) V() s0 = 5} @)
S ,
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Lemma 2. Let Jy(2) be the absolute of the determinant of the Jacobian of ¥(z). Then for any
2 = ¢(s¢) and any sequence of actions ag.; = ag, . . ., a4:

s (zilaoe) = Ju(z0)panu((20)ao)
Proof. By the change of variable formula in a probability density function, we have:

pi{,u(zt,a();t) _ (P (20), ao:) Sy (21)
p%f,u(%:t) Par,p(ao:t)

Pir(zlaoe) = = To(z)parp((z) o)

O

Lemma 3. Let p and q be two distributions over the state space with the form of par,,.(st|ao.t)(the

action sequence ag.; might be different for p and q), and p® and q® be the corresponding distributions
over the representation space. For any real valued function over the state space f, if there exists a
constant By > 0 and a function class G such that: B%> f(¥(z)) € G then we have that

/ F(s)p(s)ds — / £(5)a(s)ds < BoIPMa(p®,q°)
S S

Proof.
/S F()p(s)ds - /S f(8)a(s)ds = /S £(5)(p(s) — a(s))ds 22)
- /Z F@E)0(2) — @) Tp(x)dz  (23)
— /Z F@(2) (0% (2) — ¢ (2))de (24)

- B, /Z §¢f<w<z>><p¢<z>—q¢<z>)dz 25)

< By|[ FIWEEE -0 s
< Buswp| [ 6()0°) - (2 @
= ByIPM¢(p?, ¢%) (28)

O

The following lemma recursively bounds eV(M\ ,H —1t)by ev(Z/W\ ,H —t — 1), whose result allows
us to bound MSE,; = ey (M, H).

The main idea to prove this is using Equation 20 from simulation lemma to decompose the loss of
value functions into a one step reward loss, a transition loss and a next step value loss, with respect to
the on-policy distribution. We can treat this as a contextual bandit problem, with the right side of
Equation [20]as the loss function. For the distribution mismatch term, we follow the method in Shalit
et al.’s work [19]] about binary action bandits to bound the distribution mismatch by a representation
distance penalty term. By converting the next step value error in the right side of Equation [20 into

ey (M, H —t — 1), we can repeat this process recursively to bound the value error for H steps.

Lemma 4. For any MDP M, approximate MDP model M , behavior policy p and deterministic
evaluation policy T, let By + and G be a scalar and a function family such that:

s [P0, m(00e), 3) 4 r((2), w0 ), D)
+ 2(H —1t —1) /ZhT(Z/W(Zt)vW(Qp(zt)))gV(z/’(z/),M\7H —t—1)dz'| € Gy (29)
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Then foranyt < H — 1:

o~

ev(M,H —t) < (H —1) [ /S [E (se,m(s0), M) +£7T(st,7r(5t),]\7)} par(selage = )ds,

ev(M,H—t—1)
H—-t—-1

+ 2By IPMg, (pﬂ#(zt\aozt = W)apﬂ#(«zﬂat #0041 = W))]

Proof. Note the recursive form in Lemma[I] We could treat RL as dealing with a contextual bandit
problem at each step. Here we view the right side of recursive result in simulation lemma (restated
here)

VE o (50 = Vi (s0) = [Plse, m(s0)) — F(sp, m(s0)

+ /S (T(s'lst,m(50)) = T st w(50) ) VE y_ ()
+/ST(5'|5t,7r(st)) (VﬁH_t_l(st) fvgg’H_t_l(st)) ds’} (30)

as a kind of square loss for a one-step prediction problem, and we bound the whole loss by recursively
bounding these one-step losses. The key here is to find the recursive form of this square loss.
Recall that the definition of /,., {7 We will apply Cauchy-Schwarz inequality to bound Equation
@. Note that if X,, = X, 1 + ay + by. Then X2 = (3221 v/n = 1+ v2a, 5 + v2b, 5)?

2
(% + 2a2 + 2b2)n. By applying this to Equation we have that

VT H 1) = [ By(siH = Opas(silanis = s G31)
s
< (H-1t) / [QEr(st,w(st), M) + 207(sy, 7(s¢), M) (32)
s
1 _ —
— / T(s'|se,m(s¢))lv (s, M, H —t — 1)ds"| par,u(si|aos—1 = m)dse
H—1-1)s
Note that:
pM,,u(st|aO:t71 = 7T) = pM,u(Staat = W‘aO:tfl = 7T) +pM,;L(5taat # 7T|ao:t—1 = 77) (33)
= pumu(silao: = m)plas = wlag.i—1 = ) (34)
+par,p(selar # m,a04—1 = m)p(ay # Tlag—1 = ™) (35)
Let ¢; = p(a; = w|ag.t—1 = ) then 1 — ¢; = p(as # 7|ap.t—1 = 7). Then
GV(]/\Z, H— t)
< el — ) [ [20(se,m(50), 31) + 251, w(s0). 3T
s
1 _ —
—1—7/ T(s'|se, m(s¢))lv (s, M, H —t — 1)ds"| par,p(silaos = m)dsy
H—t-1)s ’

— 1

+(1—¢)(H — t)/ [ZZT(St,W(stL M) + 207 (s, w(st), M) + JTa—

S

/ T(s’\st,ﬂ(st))zv(s,]/\j,H —t— l)ds’} Pt (Selar # 7, a04—1 = m)dsy (36)
S

Let

_ — — 1

f(se) = 20 (s¢,m(8¢), M)+20r (54, 7(s¢), M)+ / T(8 |54, m(5¢)) 0y (s, M, H—t—1)ds'

H—t-1])s

We are going use Lemma E to bound the difference between f g (s¢)par,pu(se|lag:s = m)ds, and
fs se)pm,p(Stlar # T, a0.4—1 = w)ds;. Let Gy and By, > 0 be a function class and a constant
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satisfying that:

1 — - —

5 | (8(a), m(W(20)), M) + r(3(2), 7w (v (z4)), M)
bt

+ 2(H flt— 1) /ZhT(ZIWJ(Zt)vW(w(zt)))gv(l/’( N, M H—t-1)d /:| eGy (37

Then following Lemma 3| we have that:
[ Heomatsiar £ 0.1 = m)ds
S
< / f(se)pau(selaos = m)dsi+2Bg JPMg, (P%,#(Zﬂao:t = w),p‘]j\}’“(zﬂat # T, a0:4—1 = 7T)>
S
= [ fsoparusilane = m)dsi + 2B PMa, (03500557 () G39)
s

Substituting this into Equation [36] we have that

ev(M,H —t)
< (H- t)/ f(se)paru(selaoe = m)dse +2(1 — ¢,)(H —t) By, JPMg, (pM w(2t), Pi}cf( t)) (39)
s
) U (se)) oy (s, M, H —t — 1)ds’
S (H _ t)/ [2£r(8t77(8t)7M) + 2‘€T(st77r(st) fS |St St)) V(S ) S ‘|
s H—t—1
parp(stlaos = m)dsy +2(1 — ¢;)(H — t) By JPMg, (pf/fi(zt) pf/f; (zt)) (40)
< 2AH 1) / [ (st m(0), 30) + B (50, w(50), M) | paru(silaoe = m)ds,
S
H-—t — F ,CF
v (M, H —t = 1) + 2(H — ) B, IPMg, (pﬂ#(zt),p%# (zt)) (41)
Thus we finish the proof. O

Iteratlvely applying this result for ¢ = 0,1,...,H we will have Theorem [I. Note that
mpM (8t a0 =) = py u(3t|a0t = TI')

Theorem 1. (Restated) For any MDP M, approximate MDP model M , behavior policy 1 and
deterministic evaluation policy m, let By and G be a real number and function family that satisfies
the condition in Lemmaldl Then:

H-—

Es, [V]\l}(so) Vir(so) r <2H {B(MIPMGt (pff;(zt) pf/[iF(ztD
=0

;-.

— — o~

1 —~
+/S W (Er(5t77r(5t)7M) +€T(St,7T(St),M)) pMM(shaO:t — ﬂ-)dst

ap:x =T

For MSE,,, we can apply the simulation lemma to bound it by the reward and transition losses since
the data distribution matches the policy u. Then we combine it with the theorem above. Note that
MSE, < MSE, + MSE,,.

Corollary 1. For any MDP M, approximate MDP model M, , behavior policy p and deterministic
evaluation policy 7, let By 1 and G be a real number and function family that satisfies the condition
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in Lemma Let uo.y = pu,a(aos = 7). Then:

MSE, < MSE. + MSE,,

<2H Z { / (Z (s¢,7(8¢t), Z/\l\) —&—ET(st,ﬂ(st),]/W\)) P p(se, aoe = m)dsy +

Proof. According to Lemma([I] the mean square error of estimating the behavior policy value could

Uo:t

/ Z Sf7af7 +ZT(5t7ata]/\4\)> p/t,M(Staat)dSt

ar€A

+BoudPMa, (033520, 55T (20) )|

be written as:

&

2
H-1
EP"M ?(St, at) — ’F(St, at) + / <T(S/|St, at) — T(S/|St7 at)) V]/CT H—t_l(sl)ds/ | 50>‘|
S >

IN IN
Fﬁ
g
(]

—0
H-1 o
E,. m lQH fr($t7at7M)+€T(5t,at,M)]

2
VE(s0) ~ B Vi (s0)]

—

t=0

QHZ/Z r(st, a0, M) + Cr(sy, a, ))pu,M(Staat)dSt

The first step follows from Lemmal[I] The second step follows from Jensen’s inequality, and the third
step follows from Cauchy-Schwarz inequality. By combining the results above with Theorem [I] we

have that:

IN

IN

2
Eaq |VE(s0) = Vil (50)]
2 2
Eay [VE(50) = Vit(s0)] + Bay [VEa(50) = Vi (50)] 45)
H-1

2H Z {/ ( (s¢,m(s0), M) +£7T(st,7r(st),1\//.7)) parp(silaos = w)ds,

/Z f (¢, a0, M) + lp(se, ay, ))pu,M(Shat)dSt

ar€A

+ByalPMa, (P15, (20,0 (20)) ] (46)

2H Z [uw/ ( (s¢,m(s), M) +ZT(St,7T(St),Z/W\)) (e, a0 = T)dsy

/Z f (s¢,ae, M +€T(3t,at, ))pu,M(Stzat)dst]

a;€A
H—-1

+2H Y B, IPMg, (pf/}i(zt),pf/’[if (zt)) 47)
t=0
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T(s¢,as) — 7(s¢, ap) —|—/ (f(s’\st,at) — T(s’|st,at)) Ve Htl(sl)d8/> (42)
s ,

(43)

(44)



C.2 Proof of Theorem2]

We showed in Theorem [T that we can bound MSE by expected losses under the behavior policy
distribution and an IPM term. In this section, we are going to further bound this by empirical losses
and a generalization gap. We will firstly define some loss terms that are based on observations, instead
of losses that are on expected values, 7 and T'(+|s, a). Then we will introduce some lemmas that allow
us to bound the generalization gap of weighted losses and IPM terms from previous works. Finally
we will prove the finite sample MSE bound by putting these generalization gaps together.

Definition 4. (Restated) Let v, and s, be an observation of reward and next step given state action
pair sy, a;. Define the loss function as:

Er(Suatﬂ‘t,fV[\) = (7(st, ar) — Tt)2
2
Or(se,ap, s, M) = (/ (T(s’|st,at) —6(s' — )) VICIH . 1(5/)d5/>
s

2
= (/ST(SI|St’at)V]€[\,H—t—1( "\ds' fV;VTIH i 1(82))

where § is the Dirac delta function.

Actually the difference between ¢ and / can be captured by the variance of the reward and transition
dynamics, which only depend on the underlying dynamics. The following definition and lemmas
show that.

Definition 6. Define the variance of t-th step reward and transition with respect to the state-action
distribution q(s¢, at) as:

0g4 = 0q(r) + 0q(T) oge(r) = /SZ/R(T —7(st, at))QPM(T|St, ay)q(se, ap)drds;

2
g1 (T /Z/ (/ |st,at)Vj\/},H7til( s')ds' —VAZH . 1( )> par(8y]st, ar)q(se, ap)dsids,

Lemma 5. (Variance decomposition)

/Z r(st, a0, M +ZT(3t7at7]/w\)) q(st, a)dsy = / Z (/ (e, a, M)P("‘Stvat)dr
s \Ur
+/ ET(St,at,SLM\)p(S%8t7at75;)d82) q(se,ae)ds; — oqy
s

Proof. Let’s start with the £, and /7 terms:

ﬁr(st,at,rt,J\/l\) = (F(st,ar) — 10)* = (F(s0, ar) — 750, a))” + (F(s¢, ar) — 1)
+2 (?(St, (lt) - F(St, (lt)) (77(815, at) — 7"t) (48)
Note that E [7(s¢, a:) — r¢] = 0 so the last term will be zero after we apply the integral. Then:

/Z/ Er(st,at,7"a]\/Z)P(ﬂst,at)Q(St»at)deSt:/ZZT(St»at»M)Q(Staat)dst+Uq,t(7")
S a R S ay

Similarly, for /7 we have that:

(s, a, s}, M) (49)
2
= (/ST(S/St’at>VAl4,H—t—1( "ds' —V]C[H . 1(52)) (50)
2
= (Bot V() = VE () (51)

2 2
= (E VMH (8 = ETVMH t— 1(3/)) (]ETVMH - 1(‘9/)_‘/1\%1{4—1(82))

(]E Vit &) =BV (s )) (ETVMH ) = VE (s ))(52)
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Note that
ES%NT[ SNTVMH -1 (8 s') = VJ\ZH t— 1(82)} - SNTVMH t— ((s)-E NTVMH t— (s1)

So the last term here will also be zero when we apply integral over s} to (st a, s}, M ) and we
have that:

/Z/gT(St,ahSéaM)p(é‘“staatasg)Q(Staat)dSQdSt
s s

= / ZZT(SuGtJ/W\)Q(St,Gt)dSt +04.(T) (53)
S a
Thus we finished the proof by combining the ¢,. part with ¢ part. O

Now we are going to bound the expected value of ¢, and /7 terms by the empirical mean of it. We
restate our definition about empirical risk and add the definition about corresponding generalization
risk:

Definition 5. (Restate)

H-1
R,(M) = Z/SZ(/R&(SuaunM)p(rSt,at)dr
t=0 at

+/KT(SnatJ/W\)P(SHSt,Gt)dS;) Pu,M (S, at)dsy
s

H-1
R(M) = Z/SZ(/RKT(Suath)p(rSuat)d?“
t=0 at

+/ET(8t7at7]/\/f\)p(52|8t7at)dsi) Du,M (8¢, ag)dsy

n H-1 )
= nz £.( st ,at),r(l), )+€T(3t aag)ast(l) M),
i=1 t=0

where n is the number of trajectories and sﬁ” is the state of the tth step in the ith trajectory. Similarly

we define R ,, and ]%W w

Re (M) = Z/Z (a0 = 7) (/é sty ap, 7, M)p(r|sy, ar)dr

Uo:t

/ ET Stv a’tv (SHSta CL»dS;) pM,u(St, at)dst
3 — 1 1(ay, = i )
Reali) = 15730 MO8 [ 0,009, 50) 4 006,731

where Tg.y = Y,

We could bound R, and R ,, and pseudo-dimension which is a complexity term of the model class.
We will use the learning bound about importance sampling and weighted importance sampling in
Cortes et al. [4] to bound R, and R ,. The following lemma is an immediate consequence of
Corollary 2 and section 6 in Cortes et al. [4].

Lemma 6. For a hypothesis class H over input space X, let d be the pseudo-dimension of a
real valued loss function class {{y(x),h € H,x € X}. w(x) is a weighting function such that
E,[w(z)] = 1. Let p be the empirical distribution over n samples, and W(z;) = nw(z;)/ Y i w(x;)
is the normalized weights. For any { in the loss function class. with probability 1 — §

_ Cs Covs
[Eplw(@)l(@)] - Epl@(2)e(2)]] < Vpplw, (=7 + bmaxVpplw, 1] =% (54)
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where Clts = 25/ (dlog(2ne/d) + 10g(4/5))3/8, V. plw, €] =

max{/E[w(@)20(z)2], \/E[w(z)20(x)2]}, and lyax = max, |((z)].
Proof. We can decompose the gap into two parts by adding E5[w(x)¢(x)]:

|Ep[w(z)é(z)] — Eglw(x)l(2)]]
< [Eplw(2)l(2)] = Eplw(z)é(2)]| + [Ep[w(z)é(z)] — Eglw(x)f(2)]] (55)
For the first part, we can bound it by Corollary 2 from Cortes et al. [4]:

CM
Epw(z)é(z)] — Eglw(z)l(2)]] < Vpplw, =75 3/ (56)
For the second part, according to section 6 from Cortes et al. [4], we have that
1 w(zx;) w w(zx;) C%
~ (@) — o) = A2 |1 - | < )y oy 2 67
where W = ", w(z;). Then:
[Ep[(w(z) — (@) l(2)]] < AlmaxEp[lw(z) —w(2)]] (58)
= max Z |’LU xz z)l (59)
C's
< lpaxVp plw, 1] 3}8 (60)
Thus we finished the proof. O

() _
We will apply this lemma to the risk at each time step ¢ separately. Since £, M[W] =1 for

each ¢, we can let w(z) = w In that case w is the normalized weights w(x). We can

also bound of R,, from this as well, by setting the weight function to be one. In that case w = @ = 1
and V,, 5[1, 0] < biax < R, + V2., for the tth step loss function £.

max

For the IPM term, using norm-1 reproducing kernel Hilbert space (RKHS) function class for G leads
to IPM being the maximum mean discrepancy (MMD) distance. We can bound the gap between
MMD distance and its empirical estimation using the following lemma in Sriperumbudur et al.’s
work [20]]. There are many other choice such as of 1-Lipschitz functions, leading to Wasserstein
distance, and [, norm unit ball, leading to total variation distance. There are similar results with
those function class and distance measure, with worse bounds. We also use norm-1 RKHS functions
and MMD metric in our experiment section.

ax,t

Lemma 7. (Theorem 11 from Sriperumbudur et al. [20]) Let X be a measurable space. Suppose
k is measurable kernel such that sup,c y k(x,x) < C < 0o and H the reproducing kernel Hilbert
space induced by k. Let F = {f : || flln = 1}, and v = sup,c x jer |f(x)| < oo. Then, with p,
the empirical distributions of p, q from my and mo samples respectively, and with probability at least

1-4,

1 1
[ IPMx(p,q) — IPM%(p,q)| < /1802 1n(4/6)C (\/ﬁl+ \/7772) (61)

Theorem 2. (Restated) Suppose Mg is a model class of model MDP models based on
twice-differentiable, invertible state representation ¢’s: M, = (7(s,a),T(s',s,a)) =
(hr(9(s),a), hr(p(s), d(s),a)). Given n H-step trajectories sampled from policy p, let the loss
function for (si,a;) pair at t" step be l(s,ar, My) = Cn(s¢, a4, 70, M) + Lr(se, ar, sy, M).

Let d; be the pseudo-dimension of function class {ft(st,at,l\/f(ﬁ),l\/i(ﬁ € Mg} Suppose H
the reproducing kernel Hilbert space induced by k such that sup,cz k(z,z) < C < oo, and

*Note that the definition of @(x;) in Cortes et al. [4] is different with ours by a constant n. Here @(z)
follows our definition.
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F={f:Ifln =1}, andv = sup,cr e |f(2)| < co. Assume there exist a constant By ; such
that iftw(z), w((z)), J/\4\¢) € F. Then with probability 1 — 36, for any M € Mae:

E,, [V&(so)—vjc}(so)w\ﬂ < MSE, + MSE, < 2HR, (M) + 2HR,..,(M)

H-1
1 1
B IPM (ﬁF z ,]3¢’CFZ )erin{Df( +),2V})
> Bou (120 (0 78 ) (st 7o
ot 1(ag.; = m) 1(agp.; = m)
+2H Z YRy < p-p Tvet] + Vp5(1, ] +5t,mapr.ﬁ[T,1]
my,1 and my o are the number of samples that used to estimate ﬁﬁlFu(zt) and %C;F(Zt)
respectively. DI = 18v21n(4/6)C. Cnat = 925/4 (dtlog(Zne/dt)+log(4/6))3/8,

Vyplw, b = max{\/IEpM [w(se, ar)2li (s, ar)? \/EPMM w(se, ap)2l(se, a)?]}

gt,max =
maXs, a, |£t(sta at | < Rmax + Vmax,t

Proof. Applying Lemmal3]to the result in Corollary[T|and plugging the definition of R, and Ry ., in
we have that:

Es, [VA%(SO) - Vﬁ(so)r

H—-1
= 2H (Z By IPM 5 (pM#(zt) pﬁ/fiF(zto + Ry (M) + Ry (M) — a> (62)
t=0

IN

H
2H (Z B P (575,200, 9557 (20)) + Ry (M) + RM(M)> (63)

t=0

where o is Zt —0 UpM ot T Opar o (laoe=m),t = 0. We will work term by term. First, we can use
Lemmal[7] for the IPM term:

1 1
@, F #,CF ~p,F ~p,CF F
IPM (0377 (20), 9515 () ) < 1PM = (B335, (20, 5515 (20) ) + Df ( T W> (64)

At the same time, we know that for any two distribution p, ¢, 0 < IPMx(p, q) < 2v. So:
CF
M (p4i5, 20), 515 (o))

1 1
< IPM (W’F o ) in{ DT 2 65
< F pM,H(Zt) Priy (2) ) +min { D5 NG + s v (65)

For R,,, if we plug w(s,a) = w(s,a) = 1,0 = ly(s¢, az, 1\7), and p = pas,u(se, ay) into LemmaE,
we have that:

H—1 H-1 C'A/g
Eplli(se,ae)] < ( 5Ll (5¢,a¢)] + %Wﬁ[L&]) (66)
=0 t=0 n
H—
= R+ Z "37; o511, 0] (67)

=0
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An analogous argument can be made for R ,, by letting w(s¢, ar) = La04=7) which leads to that

Uo:t
W(st, ar) = 71013& D%
H-1
Rew = Byp[w(st, ar)li(st, ar)] (68)
t=0
H-1 CM C'A/E;
S (Eﬁ[&)\(st, at)Et(st, at)] + pr’ﬁ[fl]\ Y4 ] g/g + gt mdep p[w 1] ;}8) (69)
t=0
- Azl M cM
= Ry.+ V. plW0, €] —2= 3/8 + Lt max Vp plw, 1] — 3/8 (70)
t=0
Thus we finish the proof by combining IPM terms, Iz, and R ,, together. O

C.3 IS weights and marginal action probability ratio

Theorem 3. For any evaluation policy m and behavior policy p satisfying that the support set of
covers the support set of m, we have that the variance of importance sampling weights is no less than
the variance of marginal action probability ratios:

Vary, v M > Var, {pﬂM(“OHl
L5 mlails:) Py, (@0: -1

|

)
sz Ht 0 77(@ |si) H 1 T(si|si—1,ai—1)dso:
sz Ht 0 N( ilsi )Ht o T(si]8i—1,ai—1)dso:

= Var, u [

where T (so|s_1,a_1) is defined as the initial distribution po(so).

Proof.

Ht 0 7T(az|5i)
Ht 0 .U(az‘|5i)

Var%M

2 2
[1,=y m(ailsi) I,y m(ailsi)
=E,, =H-1 ; |\ = |Eu, =H-1 ;|
" (Ht ) u(ansn) l M (Ht = u(ais»ﬂ
(71)
Vot p<H>] CE . KM” B [EW (pmmﬂ )

L PH,M(GO:HA pu,M(GO:HA) Pu,M(ao:Hq)
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Among them, the expectation of marginal action probability ratio is equal to the expectation of IS

weights:

E,u <PwM(a0H—1>> 7

P#,M(ao H 1)

H-1 H-1 prni(a )
T, M H—-1
/H Z H plailsi) H T(Si|31—1,ai—1)#dso;t (74)
S t=0

a0yam_1 t=0 P, (@0 1)

H-1
(/ H p(ailsi) H T(5i|5i—1aai—1)d50:t> w (75)
t=0

ag,...,aHq 1 PM,M(GO:HA)

Z pu,M(ao:H71>w (76)

@0,y QH—1 pM,M(ao:H—l)

> pemlacm 1) =1 (77)

ag,---,@H—1

E, (Hm) %
Ht o Hlails;)

/SH Z H w(ails;) H T(silsi—1,ai-1) <W> dso:x  (79)

Lam_1 t=0 t=0 Ht o Mlailsi)
H-1

Z /sH H T(silsi-1,ai-1) H m(ailsi)dso: (80)

Q.- aQH -1 t=0 t=0

> pealacs 1) =1 81)

Thus the second term in Equation [71]and Equation [72]are the same. Now we are going to prove that

2
Iy m(ails) Prar(agn-1) )’
o <Ht 0 “(ai’"si)) = B l<pM7M(aO:H—1)> ] ®

2
1.5 w(azsn)
Ey, — (83)
w (Ht 0 M(az|5i)

/SH Z H ,u z| H ( z| i—1, 1—1) (Ht . u(al|si)> d 0:t (84)

( H-1 _
Z /SH H T(silsi-1,ai-1) N dso: (85)

2
H- e
( 1o T(silsi—1,ai-1) thol m(a;|s;)

dso:t
H-1 H-1 :
Z /SH —o T(silsi—1,ai-1) [T,=y" plaslsi)

aQ;---, GH—1 t=0

(86)
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EIMM

(pﬂ',M(ClO:Hl)>2 87)
Pu,M (aO:H—l)

H-1 H-1 P (a ) 2
= /SH S I mailss) T] Tsilsiz1,ai-n) (’TMOH_l) dso.t (88)
t=0

a0 ar—1 t=0 P, (Go:—1)

H-1 (CL ) 2
= (/ H wails) T] T(Si|3i—laai—1)d50:t> <p”MOH_1> (89)
t=0

..... JAH 1 p,u,M(CLO:H—l)

_ Z Pt (a0 1) <PwM(“0H1>> ’ (90)

Q01 pu,M(aO:H—l)

_ Z (PW,M((IO:HA))Z ©1)

aQ,..,GH—1 pth(ao:H—l)

2
Z (sz Hfsl W(ai|5') f::)l T(Si\sz‘—h ai—l)dSO:t)

v Jen TIS mlailso) TIEy T(silsi1, ai1)dsoue

92)

Now we only need to prove that for any ag,ay,...ag—1:

— — dSO:t (93)
o T(silsioa, ai,l) 15" mladls:)

2
(fSH Ht 0 7r(az|s) (Si\si—l,ai—l)dso:t)
sz Ht 0 N (ailsi )Ht 0 T(si|si—1,ai—1)dso:t

Multiplying both sides sz Hf[:f)l u(ails;) Hf]:?)l T(s;i|8i—1,a;—1)dsg.+ we have that:

/ (Hf:f)l T(silsi—1,ai-1) [15" W(ai\si))Q
s

(94)

2
H-1 H-1
! ( o T(silsi—1,ai—1) [[,=o W(ai|8i))
/SH

H plailsi) H (Silsiflaaifl)dSO:t/ T 1 dso:¢ (95)
i=0 paley st L= T(silsi—1,ai-1) [T,=o wlailsi)
/ H ™ a1|51 H T 51‘51 1, Aj— 1)d501‘ (96)
ST =0
This inequality holds by applying Cauchy-Schwarz inequality. Thus we finish the proof. O

D Proof of Section[d

Corollary 2. Let M:, = arg min]% £(Z/\4\¢; o) for a large enough o such that oo, > By~ ;. Under
the same definition and assumption in Theorem 2} we have that:

E., VA%;J%)—VWSMF<O<n3/8) Zo(ﬁ wll*)

+2H min (Ru(]\//ib) + Rﬂ,u(]\//f(z)) + Z o IPM (pﬁ/[ (21), p}i\’/[CLF(ztD)
M¢€M t=0

Proof. Let M, ;S be the model that minimizes the expected risk and IPM term:

H-1
M, = argmin (R (M) + Reu(My) + > cuIPM£ (pM NEAN o (zt))>
My t=0
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From theorem [2| we have that:

]Eso |:V]\/Tr4\ 50) V 50 :|

1 Al 1 1 —

< — QHL(M?.: By- 7

B O<n3/8)+t:210< mt,l+ 7”'%,2)Jr M3 Bye) o7
1 Al 1 1 —

< — QHL(M*.:

=9 (713/8) - ; © <./mt,1 * 1/mm) TRHLMG5 o) ©8)
1 Al 1 1

< ol—=1)+NY0 + L 2HL(MY . 99

(”3/8) =1 (x/mm \/mt,2> ( % 2 ©9)

The first step follows from Theorem |: The second step is from the fact that oy > By~ . The
third step is from that M:, = arg mmA ,C(M¢, a). Then we can bound the empirical loss term
L(M} P ; o) by the expected value of it:

H-1
§ s ~ . a cF
LOMgg00) = Ru(Mgp) + Rea(Mg) + Y adPMy (5501 (), 5500 (1))
t=0
R(My)
T 378 (100)
H-1
< R (Md)*) + R, u(M¢* + Z o IPM (pMM (2¢), pﬁ’u (zt))
=0
1 1 1
+0 +0 ( + > 101
( 3/8> VALLN /1t 2 ( )
This follows from using Lemma[6 and Lemma([7 similarly with Equation[65, [67, [70 but in different
direction, together with the fact that (QI,V/IQ’ ) —0 (757)-
Put this into equation[99] we have that
2
E,, [VA%;* (s0) — vﬂg(so)] <2H (R,L(M;a) + R (M)
H-1 o ] H-1
+ 3 aIPM ( o P ), ple € z) +O<)+ O( + > (102)
Thus we finished the proof. O

Under assumption about support set of p, my 1,m2 — oo when n — co. Then an immediate
consequence from this corollary is that, if there exists an MDP and representation model in our model
class that could achieve no generalization error,

H-1
I%in (R (My) + Ry(My) + > aIPMF (pM (=), p@‘ff(%))) =0,
¢ t=0

2
then lim,,_, o Es, [VJ/C\ (so) — VJ\Z(SO)] — 0 and estimator V7, (so) is a consistent estimator
o e

for any sq.

E Details of Experiment

We will clarify the details of the Cart Pole and Mountain Car experiment and provide results from
additional OPPE methods.
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Details of the domain For Cart Pole domain, we follow the same settings as in the OpenAl Gym
[3] CartPole-v0O environment. The state consists of 4 features: position, speed, angle and angular
speed. The agent can take two actions: move to the left or to the right. The trajectory will end either
when the time step is larger than 200 or when the absolute value of position or angle is larger than the
threshold. The goal in this domain is to control a cart as long as possible. We will receive the reward
after each time step if the cart is under control, and the trajectory ends when the cart falls.

We include two different variants in this domain: long horizon and short horizon. For long horizon,
we learn a near-optimal Q function, and use the greedy policy as evaluation policy and e—greedy
policy with ¢ = 0.2 as behavior policy. The average value, which is also the average length of
trajectories, of the evaluation policy is 195 and the average value of the behavior policy is 190. For
shorter horizon, we learn a weaker Q function and generate the policies in the same way, with the
average value of 23.8 and 24 respectively. The reason that we learn a near optimal but not optimal
policy for the long horizon is that the optimal policy can always hold the cart for 200 steps (max
length), which makes it easy to estimate since there is no possibility of overestimating it.

For Mountain Car domain, we follow the same settings as in the OpenAlI Gym [3] MountainCar-v0
environment. The state consists of 4 features: position and velocity. The agent can take two actions:
accelerate to the left or to the right. The trajectory will end either when the time step is larger than
200 or when the position exceeds the threshold. The goal in this domain is to control the car to reach
the top of mountain as soon as possible. We will receive a negative reward after each time step.

Details of our model Our model has three parts: a representation module, a reward module, and a
transition module. The representation module is a one layer feed-forward network that takes the state
as input and outputs a 32-dimension representation. The reward module takes the representation as
input and outputs A = 2 predictions, corresponding to 2 different actions. The transition module is
similar to the reward module, but it predicts the difference between state and next state which is a
widely-used trick for transition dynamics modeling. Both the reward module and transition module
are feed-forward networks with no hidden layer. We optimize the model using Adam. Since this
domain has variable length of trajectories, we also learn the condition of terminal state. The only
domain prior we assume is that we know the maximum length of a trajectory is 200.

We also need to explain the details of transition loss ¢7. Since this domain is a deterministic domain,
the loss function turns to be:

— 2
Cr(sesa sy, M) = (VE () = VE () (103)

where s’ is the predicted next state prediction and s} is the logged next state in dataset. Since
repeatedly performing planning at training time is very computationally-intensive, it is difficult to get

the function VJ\IZ P (s). Tt is also challenging to compute the the derivative of this with respect

to s. If we assume the resulting value is L-Lipschitz, then this loss can be bounded by L(s" — s})2.
This is slightly different to the algorithmic part in the main body but it will still be an upper bound of
£ in the main body. In this experiment we set L = 1.

If we are in a discrete state space, the transition loss ¢ turns to be:

- 2
Or(se,ap, s, M Z e s") (T(s’|s,a) — (s} — s’)) (104)
s'eS

We can use similar trick with double Q learning for DQN: doing value iteration to generate a target

value vector V]/\Z\ Hetn (s), and view this as constant vector when we compute derivative with s’.

Then this loss becomes a weighted MSE loss. We can update the target value vector Vz\% oo (s")
every several episodes. ’

Methods We compare several different methods: 1) RepBM The proposed method. 2) AM We
compare our method RepB M with a baseline approximate model, which uses the exactly same model
class as our model, with the objective of minimizing the on-policy loss R,,. This is a straight-forward
way to fit a regression model without any off-policy adjustment. 3) MRDR we also compare with
the more robust doubly robust (MRDR) method, which proposed a new way to train a Q function and
use it in doubly robust. MRDR trains the Q function to minimize:
n H-1 1— ula (2) 8(7.) ; N
S 2()|<))( Ry, =@ (st af)), (105)

i=1 t=0
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where RSJ)LJA = ZJH:_tJlrl wt(i)lijrj(-i) is the per-decision IS return from ¢ + 1 to H — 1, and w’s are

IS weights. 4) MRDR-WIS Since this objective function can be very noisy and hard to fit when IS
weights are high-variance, we also test another variant of MRDR by changing Rg?'z)*{fl to a weighted
per-decision IS return from ¢ + 1 to H — 1.

Within each one of the methods above, we test five different kinds of estimator. We have a pure
MDP/Q model estimator, doubly robust (DR) using that MDP/Q model and weighted doubly robust
(WDR) using that MDP/Q model. We evaluate a deterministic evaluation policy, which will result
in most of the IS weights being zero; once an IS weight at one timestep is zero, then the product of
all IS weights after that step will be zero. This setting is challenging for importance sampling and
DR. We also test a very simple idea to avoid this problem — we add a slight noise perturbation into
the evaluation policy (e = 0.01), and treat it as the true evaluation policy to generate IS weights for
DR and WDR. The additional noise is small enough so that the error introduced by this is negligible
compared with the MSEs of estimators. We call these variants of DR and WDR soft DR and soft
WDR respectively.

We also compare with importance sampling (IS), weighted IS (WIS), soft IS, soft WIS, per-decision
importance sampling (PDIS), weighted PDIS (WPDIS), soft PDIS, soft WPDIS. The soft methods
are produced by changing the IS weights using the soft evaluation policy.

We report the results in Table [# and [5. Note that in the long horizon case, IS weights are all zero
so WIS estimator is not defined. Though it is clear that for a single individual in continuous state
space, IS and DR would not produce meaningful results due to the fact they only estimate from one
trajectory, here we still include the IS and DR estimates for MSE for individual policy values. Not
surprisingly we observe that those results are enormous which verifies that plain IS and DR are not
reasonable estimators for individual value.

Table 4: Root MSE for Cart Pole

Long horizon Short horizon
MSE (mean) MSE (individual) MSE (mean) MSE (individual)
RepBM 0.412 1.033 0.078 0.481
DR(RepBM) 1.359 40.820 0.021 0.789
WDR(RepBM) 0.619 17.760 0.026 0.857
Soft DR(RepBM) 1.608 53.390 0.020 0.686
Soft WDR(RepBM) 0.730 24.95 20.59 634.7
AM 0.754 1.313 0.125 0.551
DR(AM) 1.786 58.66 0.024 0.863
WDR(AM) 0.706 19.73 0.025 0.929
Soft DR(AM) 1.613 52.56 0.020 0.744
Soft WDR(AM) 0.848 29.71 20.28 640.4
AM () 41.80 47.63 0.1233 0.5974
MRDR’s Q 151.1 151.9 3.013 3.823
MRDR 202.0 7055 0.258 8.266
WMRDR 123.6 1049 2.343 59.640
Soft MRDR 813.8 2590 0.211 6.758
Soft WMRDR 92.00 2669 22.550 601.4
MRDR-WIS’s Q 143.9 145.1 2.486 3.440
MRDR-WIS 190.9 6106 0.248 8.075
WMRDR-WIS 122.0 1054 2.599 68.60
Soft MRDR-WIS 746.9 23610 0.199 6.626
Soft WMRDR-WIS 108.3 2992 21.26 570.6
IS 194.500 194.7 2.860 93.87
WIS - - 0.505 93.86
Soft IS 187.9 1115 2.179 70.78
Soft WIS 8.144 4698 0.380 70.55
PSIS 477.5 1526 1.083 36.67
WPSIS 125.9 622.5 1.819 63.59
Soft PSIS 215.2 6853 0.903 30.08
Soft WPSIS 4.225 1983 24 678.2
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Table 5: Root MSE for Mountain Car

MSE (mean) MSE (individual)

RepBM 12.31 31.38
DR(RepBM) 135.8 4352
WDR(RepBM) 27.27 790.7
Soft DR(RepBM) 59.9 1929
Soft WDR(RepBM) 22.6 825.4
AM 17.15 36.36
DR(AM) 141.6 4548
WDR(AM) 24.89 756.9
Soft DR(AM) 66.45 2129
Soft WDR(AM) 23.79 831.7
AM (7) 72.61 79.46
MRDR’s Q 135.4 138.1
MRDR 172.7 5427
WMRDR 78.34 1400
Soft MRDR 4481 125100
Soft WMRDR 5631 104500
MRDR-WIS’s Q 140.5 143.1
MRDR-WIS 212 6975
WMRDR-WIS 110.1 2101
Soft MRDR-WIS 5308 139000
Soft WMRDR-WIS 8564 167700
1S 149.7 152.2
WIS nan nan
Soft IS 208.5 3936
Soft WIS 301.3 3862
PSIS 108.6 2334
WPSIS 99.79 440.7
Soft PSIS 117.1 3597
Soft WPSIS 45.8 1924

Evaluation Thomas and Brunskill [22]] discussed that it is not obvious how to use the trajectories
to fairly compare DR, IS and AM estimators, in Appendix D.4 from [22]]. There are three ways
that are reasonable: the first way is that AM and DR estimators should be provided with additional
trajectories that are not available to IS, which are used to learn the model. This can be viewed as the
additional domain prior knowledge. This is the setting in MRDR’s experiment [[7]. The second way
is that all methods should have the same amount of data. DR methods should split the data into two
parts to learn the model and IS weights separately. That partition keeps the unbiasedness of DR, but
reduces the size of available samples for model learning in DR. The third way is that all methods
should have the same amount of data. The DR method reuses the data to learn the model and compute
IS weights. This helps DR methods to achieve best empirical performance in Thomas and Brunskill
[22]. There is not necessarily a "correct" answer to this question. We follow the third setting to make
both DR and IS stronger baselines.

We sample 1024 trajectories to generate off-policy estimators. For our method and AM method, we
split the data into a training set (90%) and a validation set (10%) and use the validation set to tune the
model structure and optimization settings. To compute the MSE of an individual value, we record
the initial state of the 1024 trajectories and roll-out from true environment to get the true policy over
those initial states as ground truth. We use the average policy value over these initial states as the
ground truth for MSE of mean value. We repeat the whole process for N = 100 runs and report the
square root of averaged MSEs (for both individual and mean).

Effect of parameter o

We study the effect of the hyper-paramter « in the IPM terms on the estimation results. We show the
MSE of RepBM trained using different a.
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Table 6: Root MSEs of RepBM with different o for the cartpole domain

Longhorizon a=0 a=001 «a=01 a=1 a=10
Mean 0.554 0.412 0.406 0.389  2.287
Individual 1.178 1.033 1.008 1.023 3.903
Shorthorizon a=0 a=001 a=01 a=1 aoa=10
Mean 0.114 0.078 0.114 0.357 0.365
Individual 0.672 0.481 0.702 1.684 1.545

E.1 Further discussion

An interesting issue is about the effect of the horizon. Although the "marginal” IS weights have less
variance than IS weights, there is still a concern when the horizon is very long and the overlap of
the behavior policy and the evaluation policy is small. That also has an effect on the IPM term: we
would not have enough factual/counterfactual samples to estimate the [PMs, for large time steps ¢. In
that case, the IPMs only effectively adjust the representation for the earlier of the trajectories. Both
of the experimental domains actually encounter this case, and the experimental results show that
RepBM still outperforms other methods. In the Cart Pole domain it is clear that RepBM can still

benefit from IPM.
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