A Proof of Proposition 5]

According to the dynamical system in (I2) we can write

— PPV f (). (23)

N 2t t i t
E=——(20,0) + 7<u,u> +2(x + oTAe T = i) + P (V (), )

4p? 4p? %+ %

+pt?(f(2) — f(¥))

j;<ab,£+ 2pt+ 1:'c> - ZZ@, 277’@ + 2%@ n %i i 2p:— 11,>
+ (V@) 8) +pt? 7 (fw) = f2))

;;@, —pAPTAVf) — %Hi:HQ + %(I i %;t PRV f)
(@), @)+ pt 7 (F (@) — f(")

= L @) ) - e,

< jal’* o

The equalities follows from rearrangement and (IT). The last inequality holds due to convexity.

B Proof of Proposition [6| (Discretization Error)

In this section, we aim to bound the difference between the true solution defined by the ODE and
the point generated by the integrator, i.e., || ®x(y.) — ©n(ye)||- Since the integrator has order s, the
difference A(h) := ||®4(y.) — ©n(ye)|| should be proportional to h*+!. Here, we intend to formally
derive an upper bound of O(h**1) on A(h).

We start by introducing some notations. Given a vector y = [v;z;t] € R??*! we define the
following projection operators

m() =2 €RY ) =vERL ml)=(€R ma()= 2] R 09)

We also define the set B(x., R) which is a ball with center . and radius R as
B(z¢,R) = {z € RY|||z — z.|| < R}, (26)
and define the set Ur o.2(y.) as
Uro.2(ye) ={y = [v;z; t]llv —vell < R, ||z — x|| < R, [t —tc| < 0.2} 27)

In the following Lemma, we show that if we start from the point y. and choose a sufficiently small
stepsize, the true solution defined by the ODE ¢, (yo) and the point generated by the integrator
®y,(y.) remain in the set Ur 0.2(yc).

Lemma 8. Let y € Ugo2(y.) where y. = [ve;xete], te > 1, and R = ti Suppose

that B(z.,R) C A (defined in (3)) and hence Assumptions I| and 2| I are satisfied. If h <
min{0.2, (1+H)C(€(yc)+l)(L+1\J+l)} the true solution defined by the ODE ¢y, (yo) and the point

generated by the integrator @y, (y.) remain in the set Ug o.2(yc), i.
Ph (yc) S UR,O.2(yc)» q)h(yc) € UR,O.Q(yc)v (28)

where K is a constant determined by the Runge-Kutta integrator. In addition, the intermediate points
g; defined in Definition|l|also belong to the set Ug,o.2(ye)-
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Proof. Note that Vy € R2¥+1||m,F(y)|| = 1. Clearly when h < 0.2,

Tepn(Ye) — ye = h < 0.2. (29)
Similarly, for any integrator that is at least order 1,
T ®n(ye) — ye = h < 0.2. (30)

Therefore, we only need to focus on bounding the remaining coordinates.
By Lemma we have that when y € Ug 0.2(yc),
CE()+HL+M+1)

70,0 F' ()]l < P . (1)
By definition[T]
i—1 s—1
gi =uk+hY_ aiiF(g;)  ®ulye) =yk+h Y biF(g:).
j=1 i=0
Let & = max{3"; |ai;|, 3 b:|}. we have that when h < min{0.2, R/[ss SEWITDELM]
9i € Uro.2(ye) D1 (ye) € Uro.2(Ye)- (32)

By fundamental theorem of calculus, we have that

h
on(ye) = ve + / Fler(e)dt € Unoalye). (33)

Rearrange and apply Cauchy-Schwarz, we get

h
70,2 [@n (Ye) = vel|| < /O 70,2 F (21 (ye)) || dE € Ur,0.2(ye)- (34)

By mean value theorem and proof of contradiction, we can show that when h <
min{0.2, R/—C(g(yc)tcl)(LJrM) b

h
/ 70,2 F (¢:(ye))||dt < R. (35)
0

In particular, if foh |7y F' (01 (ye))||dt > R, then exists y; and hg < h such that ||y; — y.|| = R
and y1 = y. + foho F(¢(yc))dt. By mean value theorem, this implies that exist y € Ug 0.2(yc)
such that ||,  F'(y)|| > C<€(y°)+1)(L+MH) , which contradicts Lemma

Therefore we proved that

@h(yc) S UR,O.Q(yc)~ (36)
O]

The result in Lemma shows that ¢y, (y.) and ®p,(y.) remain in the set Ur o.2(y.). In addition, we

can bound the operator norm of V¥ f in B(z,., R) by Lemma (9 Since % is a function of

V) f, we can show in Lemmathat the (s + 1), derivative of ¢y, (y.) and @y, (y.) are bounded

above by
q q q
on(ye) < ColE(ye) + 1)4(L + M +1) | o
Oh1 te
and
010 (ye) || - CLll+ E(e)lU(L + M + 1) + Coh[L + E(ye)] (L + M + P+ 58
Oh4 - t. .
Since the integrator has order s, we can write
——[®n(yr) — on(yr)] =0 fori=1,..,s. (39)

Oh?
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Therefore, the difference between the true solution ¢y, (y..) defined by the ODE and the point ®,(y.)
generated by the integrator can be upper bounded by

aerl 8s+1(1) ) s
@5 (ye) — en(ye) | < (‘ ahﬁiﬁy’“) ‘ + H ahsfi({y") D petL (40)

Replacing the norms on the right hand side of by their upper bounds in and implies
that

(Co + C)[E(ye) + 11 (M + L + 1)s+1}
te
Coll +E(y)|* (M + L + 1)s+2]
te :

1@ (ve) — on ()| < B+ [

+ hot2 [ 41)

By replacing y. = [v¢; Zc; tc] in @I) by yr = [vk; k; tx] the claim in (T8)) follows.

C Proof of Proposition /| (Analysis of discrete Lyapunov functions)

As defined earlier in Section 4] ®;,(yy) is the solution generated by the numerical integrator, and
©n (yx) is a point on the trajectory of the ODE. y, = [0; 2; 1] is the initial point of the ODE. Recall
that {yy } 2V, is the sequence of points produced by the numerical integrator, i.e., yx+1 = ®5(y)-
To simplify the notation, we let By, = E(yx), Ex+1 = E(Pn(yk)), § = en(yr) = [0;%;¢ + h),
§=Pnlyx) = [0: 25t + h].

We want to prove by induction on k£ = 0, 1, ..., N that

1 k
< —)k —.
B < (14 )" Eo + 1 42)
The base case Ey < Ej is trivial. Now let’s assume by induction that the inequality in (Z2)) holds
for k = j,ie.,
l)J’E + g (43)
N VTN

B <(1+
< % < eEy + 1 and hence zj, € S defined in (2).
k

By this assumption, we know that f(xy)
Note that R = % < 1. We then have
B(zy, R) C B(zy, 1) € A (44)
for A defined in (3). By assumption in Proposition 5}
1

hs02 S S eeR, + )L+ M+ 1) 43)

By utilizing the bound on ||®y, (yx) — ¢n(yx)| and the continuity of £(y), we show in Lemma 13|
that the discretization error of ||E(§) — £()]| is upper bounded by

1€(@n(yx)) — E(enyr))ll (46)
< Clhs+1[(1 +Ek)s+1(L+M+ 1)8+1+ h(l +Ek)s+2(L+M+ 1)S+2](Ek +Ek+1 + 1)’
under conditions in @4)) and @3)). C’ only depends on p, s and the numerical integrator.

We proceed to prove the inductive step. Start by writing Ej,+1 = £(Pr(yx)) as

E(@n(yr)) = E(yr) + E(n(yr)) — E(yr) + E(Pn(yr)) — E(enlyr))- A7)
According to Proposition[5] €(¢n (yx)) — €(yk) < 0. Therefore,
Eppr S Ep +1E@) — E@)- (48)

Replace the norm [|£(9) — E(@)]| = ||E(Pr(yk)) — E(pn(yx))]|| by its upper bound @6) to obtain
Eji1 < Ej+ O (14 Ej) (LA M +1)" T h(1+ B5)* 2 (L+ M +1)"2|(B + Ejp +1).
(49)

13



Before proving the inductive step, we need to ensure that the step size h is sufficiently small. Here,
we further add two more j-independent conditions on the choice of step size h. In particular, we

assume that
1

1
h< ——— RSt < . 50
~eBy+2’ T 3(1+CY)C'N(eEy +2)5tH(L+ M + 1)s+1 0
Note that since we want show the claim in #2)) for £ = 1, ..., N, in inductive assumptions we have

that j < N — 1. Now we proceed to show that if the inequality in (#2) holds for k£ = j it also holds
fork = j + 1. By setting k = j in we obtain that

B < Ej+C R T (A4+E) T L+ M+1)* P [1+h(1+ ) (L+M+1)|(E;+Ej41+1). (51)
Using the assumption of induction in (@3] we can obtain that E; < eEy + 1 by setting j = n in the
right hand side. Using this inequality and the second condition in (@3], we can write

1 1

S OB+ DL+ M+1) = OB, + )L+ M+1)
Using this expression we can simplify (51)) to
By <Ei+(1+C0 HCRTA+E)T™L+M+1)""E;+Ej11+1).  (53)
We can further show that
(1+C HO R+ E)* T L+ M +1)5!

(52)

1
<(1+CHOWH 2+ eE)) TN L+ M +1)5T! < N (54)

where the first inequality holds since E/; < eEgy + 1 and the second inequality holds due to the
second condition in (50). Simplifying the right hand side of (53) using the upper bound (54) leads
to

1
Bjv1 £ B+ 35(B+ B £ 1), (55)
Regroup the terms in (53)) to obtain that £ ; is upper bounded by
1+ o 1
Ei < SNVE + ——— 56
J+1—<1_3}V> J+3N_1 (56)

Now replace E; by its upper bound in to obtaip
o= () (+45) B0 8) v
N (Tﬁ;) (HJif)j‘E” G#i) %‘L 3N1—1
= (i) () B () 3 v

1\’ 3N +1\ j 1
< |1+ — E = 57
_(+N> 0+(3N—1>N+3N—1’ (57)
3N+1 ~ N+1
where the first inequality holds since 5 N+1 < + z

1+ N' Further, we can show that

3N +1 i+ 1 1
3N—-1)N 3N-1 3 N 3N -1
_L 1
_N 3N—1
J -1 1
<% < ) + I
i 1 (3N -2
N TN \3v-1
Jj+1
<L - 58
STy (58)



where in the first inequality we use the fact that j < N — 1. Using the inequalities in and (38)
we can conclude that

1 Jj+1 +1
Ej+1 < (1 + N) Ey + ]T (59)

Therefore, the inequality in is also true for £ = j 4 1. The proof is complete by induction and
we can write
En <eEy+1. (60)
Now if we reconsider the conditions on % in (43) and (50), we can conclude that there exists a
constant C that is determined by p, s and the numerical integrator, such that
~ N/ (s+1)

M M T DBy + 1) 1)

satisfies all the inequalities in @5)) and (50).

D Bounding operator norms of derivatives and discretization errors of
Lyapunov functions

Lemma 9. Given state y. = [v¢; T¢;te] with t. > 1 and the radius R = i if B(z.,R) C A
(defined in (3)) and hence Assumptions|I|2| hold, then for all y € Ug o.2(y.) we can write

IVO @)l < p(ar + £+ 1 EELEL 6
Proof. Based on Assumption[2] we know that
IV® f ()] < M. (63)
We further can show that the norm ||V ®~1) f(z)|| is upper hounded by
IV f@)l| = VPV fae) + VPV f@) = VOV f(z)|
<[V o)l + VP70 f(2) = VO fo)| (64)

Using the bound in (63) and the mean value theorem we can show that |[V®~1) f(z) —
Ve f(z.)| < M|z — z.|| < MR, where the last inequality follows from y € Ugr 0.2(y.).
Applying this substitution into implies that

V@D f()| < VPV f(ae)]| + MR
< [L(f(ze) — f(z*)]7 + MR, (65)

where the first inequality holds due to definition of operator norms and the last inequality holds due
to the condition in Assumption[I] By following the same steps one can show that

IV®=2 f(@)]| < [L(f(xe) — F()]P + RIL(f(xe) = f(@*))]7 + MR (66)

By iteratively applying this procedure we obtain that if y = [z;v;t] € R24*! belongs to the set
Ur,0.2(yc), then we have

IVOf@)ll < MR+ 3 [L(f (o) = f@) ' R (67)

j=i

Notice that since %j < 1lforj = 1,...,p — 1, it follows that we can write L%j <1+ L.
Moreover, the definition of the Lyapunov function £ in (T6)) implies that

[flwe) = F@)F < g(fg)f <2 jji.y” (68)
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where the last inequality follows from the fact that £ (yc)% <1+4+&(y.) forj=1,...,p—1.
Therefore, we can simplify the upper bound in by

j=i
By replacing the radius R with 1/t we obtain that
M~ (1 L)+ E(ye)
tp*i + Z tp*i

(& J:’L (&

M +p(1+ L)(1+ E(y.
_ Mp(+ D1+ Ew) 70

e

As the Lyapunov function £(y.) is always non-negative, we can write M < Mp(1 + £(y.)). Ap-

plying this substitution into (70) yields

= R (69)

V@ f )l <

L+M+1)(1+E&(y.))
!

and the claim in (62) follows. O

Lemma 10. If B(z., R) C A (defined in (3)) and hence Assumptions and @hold, there exists a

constant C' determined by p such that, Yy € Ug o.2(y.) where y. = [v¢; Xc;te), te > 1and R = ti,
we have

IV ()] < & , an

| =< CE(ye)+1)(L+ M+ 1).

.0 F (3) . (72)
Proof. According to Lemma[9] we can write that
VS @I < por + £+ 1) SELEL @
Further, the definition of the Lyapunov function in (16) impliecs that
o) < 22EGRI 74

Since y € Ugr,0.2(y.), we have that
[t —t.] <0.2, lv —ve|| <R, |z — x| <R. (75)
Further, based on the dynamical system in (I2), we can write

e F () = [—* —P;tp‘zvf(:v)}

2p+1 _
< ol +p* 2V @)l + o]
2p+1 B
= ( ; +1) (Ivell + lve = vll) + P** 2|V £ ()], (76)

where the first inequality is obtained by using the property of norm, and in the last one we use the
triangle inequality. Note that according to (73) we have ¢ > ¢. — 0.2. Since t. > 1 it implies that
t > 0.8t.. In addition we can also show that ¢ < ¢, + 0.2 < 1.2¢.. Applying these bounds into @)
yields

+1 _ _
e < (B2 1) (el + e =) + 020522 2195 D)

Replace ||V f(2)]|, ||vell, and [Jv. — v]| in (77) by their upper bounds in (73], (74), and (73), respec-

tively, to obtain
+ 1 2 5 c 0.5 _ 5 . _|_ 1
el < (Bt 1) (2L 4 r) 2y 200 4+ 14 200

te c

< () (BN sy s g T

c tC
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where in the second inequality we replace R by 1/t. and £(y.)%% by its upper bound &(y.) + 1.
Considering that £, > 1 and the result in w obtain that there exists a constant C' such that

Iz P}  CEWIHDEH LD, 79)

C

where C' only depends on p. O

Lemma 11. Given state y. = [V, e, te] witht. > 1, let R = % If B(z¢, R) C A (defined in (3))

and hence Assumptions @ hold, then when h < min{0.2, (1+n)C(5(yC)1+1)(L+M+1) }, we have
q 119(L + M +1)4
00n(Ye) < ColE(ye) +1]9(L + M +1) ’ (80)
oht te
and
H 1P, (ye) ‘ - C1[1 + E(we)| (L + M + 1)4 + Coh[1 + E(y )] 9T (L + M + 1)PH1 @1
Oha - te ’

where C and k are the same constants as in Lemma Further, the constants C1,Co, C3 are
determined by p, q, and the integrator.

Remark 12. In the proof below, we reuse variants of symbol C(e.g.C1,Cy, C) to hide constants de-
termined by p, q and the integrator. We recommend readers to focus on the degree of the polynomials
in(L+M+1),E(ye), h, te, and check that the rest can be upper-bounded by variants of symbol C.
We frequently use two tricks in this section. First, for a € (0,1), we can bound

c*<c+1 (82)

Second, note that given t. > 1,for any n > 0, there exist constants C1, Cs, Cs determined by n such
that for all t subject to |t — t.| < 0.2,

Q

1
o < L < Oyt < Cst? (83)

H
o3

Proof. Notice that the system dynamic function F' : R??+1 — R24+1 in Equation (12) is a vec-
tor valued multivariate function. We denote its i, order derivatives by V() F(y), which is a
(2d+1)x ... x(2d + 1) tensor. The tensor is symmetric by continuity and Schwartz theorem. As

1+1 times

a shorthand, we use V(¥ F to denote V(Y F'(3). We know that y(*) = F(—1D(y) = gi‘?. Notice that

FG=1(y) is a vector. As an example, we can write

y =F
y? =FY) = VF(F)
Y3 =F® = VA R(F F)+ VF(VF(F)). (84)

The derivative V(¥ F'(y) can be interpreted as a linear map: V() F : R24F1x | xR24+L _; R2d+1
% times

vV@F (Fy, F5) maps Fy, F to some element in R2d+1, Enumerating the expressions will soon get

very complicated. However, we can express them compactly with elementary differentials summa-

rized in Appendix E] (see Chapter 3.1 in [12] for details).
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First we bound V(W F' by explicitly computing its entries. Let a(t) = p?t*~2 and b(t) = 221,

Based on the definition in (T2)), we obtain that

ok _—b(k&gf)f orp |- bR (v - g(k)(t)vf(x)
_— = I 5 - — I
Ovotk 0 otk 0
gitkp  [—a® )V f(x) oip |—at)VTf(x)
oror | X L X ’

e 2p+1 .
oI orF |71 OF

_ o _ T —0.5>2.

oo " B O (85)

(86)
For any vector y = [v; ;] € Ug 0.2(y.), We can show that the norm of V(™) ' is upper bounded by

IV F(F By, oy F)|| < la@®) VO f(@)]| T e Fil

i€[n]

+ [ @) + ™ OV f @) TT Il Fill
i€[n]

+Z Yo M@ @V i@ [ TTImeEl| | TT ImeFl

k>1ScC| n] sSES s’€[n]/S
IS|=

+ Z 6= t) + 1|l F5l| T llre 51 (87)

J#i

Using the definition of the Lyapunov function £ and the definition of the set Ug o.2(y.) it can be
shown that

Eye)™” _ E(ye) +1

te - te

[[oe]l <

, te>1, |t—1t]<02, |lv—v] <R. (88)

Further, the result in Lemma[9]implies that

E(ye) +1

VD f(a)|| < p(M +L+1) (89)

Substituting the upper bounds in (88) and (89) into (87) implies that for n = 1,...,p we can write

IV E(F, Fy, ..., )|l
< Ci (M + L+1)[E(ye) + 1]t0 H |72 Fs |
1€[n]

+Co(M + L+ 1) [E(e) + 1t ] ImeFi
i€[n]

H ”7er5/”

s’€[n]/S

p—1
b4 L) S (R 4 T 3 [H _—
k>1 SC[n] LseS
|S|=k

1
+Cy Z [1 + tn:| (| H e E5, (90)

i€[n] J#i

where C, Cs, C'3, and Cy only depend on n and p.
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Forn =p,p+1,..., s, we can get similar bounds. To do so, not only we use the result in @), but
also we use the bounds guaranteed by Assumption@ Hence, forn = p,p+ 1, ..., s it holds

IV E(Fy, Fy, ..., F)|
< oMtz IT ImFi
i1€[n]

+ Co(M + L+ 1)[E(ye) + 1t [] IImeFill

i€[n]

H ||7TmFS’||

s’€[n]/S

p—1
PO SO 4 L D)+ i S [H —

k>1 Scin] Lses
|S|=k

1
+ar Y 1+ o] Im A T o1)

i€[n] J#i

Finally we are ready to bound the time derivatives. We first bound the elementary differentials F'(7)
defined in Section [E] Definition 2] Let F(7) = F(7)(y) for convenience. We claim that when
|7] < ¢, thenVy € Uro.2(yc)

E(y. 1171
M FEI <1, e @l < o+ 4 1 EELEIT )

C

where the constant C,, only depends on p and g. We use induction to prove the claims in (92).
The base case is trivial as we have shown in Lemma 10| that |7, ., F(e)(y)|| = ||[7z.F ()| <

w, and ||m:F(e)(y)|| = ||mF(y)| = 1. Since the last coordinate grows linearly
with rate 1 no matter what x, v are, it can be shown that

mF(7)(y) = 0,V|7] > 2. 93)
We hence focus on proving the upper bound for the norm ||, F'(7)(y)| in ©2).

Now assume |7| = ¢ and it has m subtrees attached to the root, 7 = [y, ..., 7y,] With >0, |7;| =

q— 1. When m < p — 1, by (90) we obtain
IV E(F(11), ... F (7))
<M+ L+ 1)(EWe) + Dt T ImF ()l

i€[m]
+Co(M+ L+ 1)[Ee) + 1t ] ImF ()l
i€[m]

m—1
+Cs Y [(M+L+1)(E(ye) + D121 > [H |7 F (7)) | II ImF(a)l

k>1 SC[m] LseS s’€[m]/S

|S|=k
1

0 3 |1+ | Im P T ImE @ o4

i€[m] ¢ j#i

Notice that |;| < ¢ — 1. By inductive assumption in (92)) we can write
| F(r)|| <1 foralli=1...,m (95)

TT ImesF@)l < Ca(L + 0 4 1y EWLE 1"

B , wheren = Z | 7] (96)
ies te ;

Apply these substitutions into (94) to and use the inequality ), |7;| < ¢ — 1 to obtain that

[E(ye) +1]9(M + L + 1)‘1.

||V(m)F(F(7'1),,F(Tm))H < Cq t

o7
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Hence, since |7, , F'(7)| < [|[V"™ F(F(71), ..., F(Tm))| we obtain that
[E(ye) +1]9(M + L+ 1)7

I FOI < t 99)
Similarly, for m > p, by (91) we can write
IV E(F(T1), e F (7))
<M ] lmaF ()l
i€[m]
+Co(M + L+ 1D)[E(ye) + 1t [] IImF ()l
i€[n]
m—1
+C5 Y (M +L+1)(E(ye) + D12 > [H e F(7s) | II ImF@)l
k>1 SC[m] LseS s'e[m]/S

|S|=k
+Ca ) {1 + tn} 7w (z) | T llre P (7). (99)
i€[m)] VE)
Plug in the induction assumption in (92) into (99) to obtain
[E(ye) + U1 (M + L+ 1)1
; .

c

||7T:r,vF(T)|| < Hv(m)F(F(Tl)a~--;F(Tm))H <y (100)

Hence, the proof is complete by induction.

Now we proceed to derive an upper bound for higher order time derivatives. By Lemma[T4] we can
write

on(ye
|22 | P ()l = | Y @l P el
ITI=q

By Lemma , we know that when A < min{0.2, (1+n)C(E(yi)+1)(1W+L) },y € Ugr,.2(ye). There-
fore, (TO0) holds. Hence, there exists a constant C' determined by p, ¢ such that

Hé"‘wh(yc)” _ ClE(ye) + (M + L +1)°
Oh1 - te :

Similarly by Lemma T3] we have the following equation

2®p(y.) 0 (g) | 07 F(gi)
g = 2 e

i<S

Here, M has the same recursive tree structure as F(9) (y), except that we need to replace all F'

in the expressmn by 3 g’ and all V" F(y) by V(™ F(g;). By Deﬁnitionand Lemma we know
that

Wr vagz E(Ye +1)(M+L+1) 7T (991
< Y |%| ; Sl =1 il

C

7<i—1 j<i—1

We also know by lemma [10| that Vi, g; € Ur.2(y.). Hence the bounds for ||V F(y)|| also
%H, we will get

up to a constant factor determined by the integrator. Based on this, we

holds for V(™" F'(g;). Therefore, by the same argument as for bounding ||

same bounds for || £ F(gl)

conclude that

I 1P (ye) ” CI(L+ M +1)(1 + E(y:)))? + C'A[(L + M + 1)(1 + E(y.))] T
Ohd - te ’
where the constants are determined by p, ¢ and the integrator. O
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Lemma 13. Suppose the conditions in Proposition [6|hold. Then, we have that

1E(®nr(yx)) — E(pn(yr))l

S CR 1+ Ep)* (L + M +1)*" 4 h(1 + Bp) (L + M + 1)"F)(Ey + Eji + 1),
(101)

where C only depends on p, s and the numerical integrator.

Proof. Denote § = ®},(yx), 7 = @n(yr). Notice that £ = £ = t;, + h. In fact, because we start the
simulation at ¢, = 1 and we require that & < 0.2, we have

tr tr 5
- = S - 1 . 102

t tr +h |:6 :| ( )
Now using the definition of the Lyapunov function £ we can show that

. _ 2o . N ot _ R
1€(9) =@ S 301" = llol1*| + HﬂH%v—x 12 = ll& + o0 — 2*|1*] + (| f(2) = F(@)])
2% y .
sgr e —ellie+ol) +(z - 2DAv@] + 1V @))
+2 i—:ﬁ—&-i(ﬁ—@) 5c+if)—a:*+5£+i@—x* (103)
2p 2p 2p
where to derive the second inequality we used the convexity of the function f which implies
(y—z,VIy) < fl@) = fly) < (@ -y, V(@) (104)

Recall that £, = E(yx), Ext1 = E(9) = E(Prlyr))s Ek+1 = &(9) = E(vn(yk)). According to
Proposmonl 5| we know that Ek+1 < Ej, and therefore Ek+1 is upper bounded by E}. Therefore,
we can write

5 Ek+1 E Ek + 1 . Eri+1
joll < Vo < VP Bt d gy B L
t
t t
f—l—%ﬁ—x* <VFE.<Ep+1, l‘—|—2p@—x*‘§E1€+l+1. (105)

Further, by Assumption[T} we have that
L(Ek + 1) . R Ek+1 L(Ek+1 + 1)
—_— < — < < ——F =
Ao V@IS LUG) - f@)T < LT < SR
(106)
In addition, by Proposition [6] we know that for some constant C determined by p, s, L, M and the
integrator, it holds

IVF@)]| <

1 STUL 4 M 4 1)5+1 1 ST2(L4 M 4 1)5+2
cop [LESI M E LMY e M)
tr ty
Define M : [[Hg(y")]bH(LJrMH)HI +h [1+£(y")]6+2(L+M+1)5+2]. Use the upper bounds in
(T03)-(107) and the deﬁnltlon of M to simplify the right hand side of (T03) to
Ey+ E 2 - E Er+2
1) - el <2pon M EEEEE gy L B 2D
+2 (1 + 2p> Ch* ' M(Ey, + Exq1 +2). (108)

Now use the fact that & is bounded by a constant as shown (T02). Further, upper bound all the
constants determined by s, p and the numerical integrator, we obtain that

1€(@) = @)
S C/hs+1[(1 +Ek)s+1(L+M+ 1)s+1 +h(1 +Ek)é+2(L+M+ 1)s+2](Ek: +Ek+1 4 1)7
(109)
and the claim in (TOT) follows. O
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|7| T graph | a(7) F(1)

1 . . 1 F

2 [o] J 1 VF(F)

3| [e,e] Vv 1 | VOFEF)
31 [+l } 1 | VE(VF(F))

4 || [*pe;%] A\ 1 | VOIF(F F F)
4 | [[]; ] \} 3 |VOR(VEF),F)
4 | [+, ]l gY 1 |VvF(V®F(F F))

4| [(ll-]]

1 |VF(VF(VF(F)))

Figure 2: A figure adapted from [12]. Example tree structures and corresponding function deriva-
tives.

E Elementary differentials

We briefly summarize some key results on elementary differentials from [12]. For more details,
please refer to chapter 3 of the book. Given a dynamical system

y=F(y)

we want to find a convenient way to express and compute its higher order derivatives. To do this,
let 7 denote a tree structure as illustrated in Figure |7] is the number of nodes in 7. Then we can
adopt the following notations as in [[12]

Definition 2. For a tree 7, the elementary differential is a mapping F(7) : RY — R?, defined
recursively by F(e)(y) = F(y) and

F(r) = V"™ F(y)(F(11)(y), -, F (1) (y))
for T =[71,...,Tm]. Notice that Y. | |7;| = || — L.
Some examples are shown in Figure[2] With this notation, the following results from [12] Chapter
3.1 hold. The proof follows by recursively applying the product rule.
Lemma 14. The gth order derivative of the exact solution to §y = F'(y) is given by

yD(te) = FU 0 (y) = Y a(r)F(r)(ye)

|T1=q

Jor y(te) = ye. a(7) is a positive integer determined by T and counts the number of occurrences of
the tree pattern T.

91F(g:)

ona— can be calculated the same

The next result is obtained by Leibniz rule. The expression for
way as in Lemma[T4]

Lemma 15. For a Runge-Kutta method defined in definition[l} if F' is g1, differentiable, then

FBuly) ,  OF(g) 0 E(g)
g = bl g (110)

i<S

where % has the same structure as F'@ (y) in lemma except that we need to replace all F

in the expression by %’i{’ and all V™ F(y) by V™ F(g;).
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