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Section 1 contains additional experiment results of recovery accuracy of the ground truth kernel (rather
than a shift truncation). Section 2 contains some basic lemmas for quantities used repeatedly; Section 6
presents the proofs of the main theorem and corollary of this paper. Section 4 and Section 5 proves for
lemmas around the initialization point gin;; and the preconditioning term YTY (or AOTAO) respectively.
Finite sample concentration for the Riemannian gradient and Hessian are presented in Section 7 and Section 8
respectively.

1 Experiments

Recovery Accuracy of the Ground Truth Kernel In this section, we provide experiment results for the
recovery of the ground truth kernel obtained by the annealing algorithm proposed in [ZLK*17]. The
annealing algorithm recovers the ground truth kernel by minimizing the Lasso cost, initialized at the zero-
padded shift truncated kernel rendered from Algorithm 1. The recovery accuracy presented in Figure 2 is
measured as err = min, ||a") + - [ag] |,- Here, at) denote the local minimum in the lifted optimization
space.
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Figure 1: Recovery Error of the Ground Truth Kernel with Algorithm 1 finding a shift truncated kernel
and the annealing Lasso problem recovering the ground truth kernel.

For comparison, we also present experiment results of the algorithm proposed by [ZLK™17], which is
composed of solving two Lasso minimization problems over the original kernel sphere and lifted kernel
sphere respectively.

In terms of the recovery accuracy of the ground truth kernel, Algorithm 1 proposed in this paper achieves
better recovery for sparser and longer observations, while the [ZLK*17] manifests slight advantages when
the observations is limited. As the optimization landscape studied in [ZLK*17] varies with different choice
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Figure 2: Recovery Error of the Ground Truth Kernel by minimizing the Lasso objective function
recovering both the shift truncated kernel as well as the ground truth kernel.

of sparsity parameter ), it is possible that experiment results for [ZLK"17] could be improved. On the
other hand, only empirical knowledge about the choice of ) is available while there is little disciplined
understanding. In contrast, Algorithm 1 does not depend on any parameter tuning and guarantees recovery
once the working conditions are met.

2 Basics
Lemma 2.1 (Expectation of the Approximate Objective Function) Assuming x ~;ii.4. BG (8) € R™, then
1 —172 |4
a7 (40a8) ]
—30(1-0) || A"q|[, + 36> [|ATq|, 1)

Proof Let g € R?*~! be a standard random Gaussian vector and P; be the projection operator onto Bernoulli
vector I ~ Ber(#) Then any column z; € R2¢-1 of X, is equal in distribution to &; = Prg with g ~i; 4.

N (0,1).
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Lemma 2.2 (Root Estimation for Cubic Gradient Function) Consider an equation of the form
f(x):x(a—xQ)—Bzo, (2.8)

with a > 0. Suppose that 3 < +a3/2. Then f (z) = 0 has three solutions, x1, z2, x5 satisfying

max{’xl—\/a sz + Va ,\x3|} < %. (2.9)
Proof Suppose first that 5 > 0. Then f (0) < 0. Moreover,
F(2)=28-88"/a° -5 (2.10)
=B(1-88%/a?) (2.11)
> 0. 2.12)

Hence, f has at least one root in the interval {0, %} . Similarly, notice that f (v/a) < 0 and that

f(va-%2)

— a2 - 28— (Va—28/a)’ -8 (2.13)

= a®? =38 - a*? 4+ 68 — 128 /a”/* + 88° (2.19)
126 8B

_ 5 (3 S 043) (2.15)

- (2.16)

Thus, there is at least one root in the interval {\f - %, \/&} Finally, note that f (—y/a) <0, % (—va) =

—2a, and 32712[ (') = —3a’ is positive for 2’ < — /.. Hence, convexity gives that
f(-va-2)
> 7 (—va)+ T (@) x (~28/a) (217)
= =B+ (=20) x (=28/a) (2.18)
=33 > 0. (2.19)

Under this condition, there is at least one root in the interval, [—v/a — 28/a, —/a]. These three intervals do
not overlap, as long as % <Va,or B < tad/2

In the case that § < 0, a symmetric argument applies. Thus there are exactly three solutions to equation
(2.8) in the specified intervals. ]

Lemma 2.3 Let a; and a; be two nonzero vectors with inner product y; 1 = (a;, ar). Then for any unit vector

v € span (a;, ay),
e (o)
— v — v
ladl,’ larl,’

Proof Let u and u' be two orthogonal unit vectors, such that

2

Sqo el (2.20)
ladll, llav|l

a; = ||a;il, u, (2.21)
2
NG i
ar = 2t e} - —ut (2.22)
||al||2 ||al||2



Suppose v = au + bu't with a® +b? = 1. Let 0] = chl\u%
L2 ! 2
as

(o)l K)
—, v -,V
laal,” lawly”

= [(u, au + bul>|2

|
2
=a%+ (aurel + bm>
= a2 + b2 + (a’2 - b2) /I’fel + Qaburelm
T
=1+ [a2 — b2, 2ab] |::u’?elv Hrel \/1_7/‘%?61:|

Since [a® — b?,2ab] is a unit vector, then above equation is lower bounded by

1- H [Mzeh Hreln/ 1- M%el:|

=1- |M7’el‘
_ |, |
@]l [l

2

2

2

=1
as claimed.

Lemma 2.4 (Nonzeros in a Bernoulli Vector) Lef v ~;; q. Ber (0) € R, then

3t2
Pllv]l, = (1 41t)6n] < 2exp (275—1—69”) .

Proof As ||v|,=vo+ -+ v,—1,and
oy — 0] <1, E{(vi—ﬂ)ﬂ —0(1-6)<0
with Bernstein’s inequality, we obtain that

Plllvflg = (1 +1)6n]
126%n2
<2 —
= 2O ( 200 —0%)n + §t9n>

3t2
< 2exp (_2t+69n) ,

as claimed.

, then we can expand the quantity of interests
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(2.30)

(2.31)

(2.32)

Lemma 2.5 (Entry-wise Truncation of a Bernoulli Gaussian Vector) Suppose o ~ii.q. BG (0) € R™, then

P [||ao| ., > t] < 20me /2.

(2.33)



Proof A Bernoulli-Gaussian variable 2 = w - g satisfies

Pllz| > ] =0 Pllg| > ] < 20e~*/2, (2.34)
Taking a union bound over the m entries of x(, we obtain
Pll|zol| o, > t] < mP[|z| > t] (2.35)
< 20me=""/2, (2.36)
as claimed. ]

Lemma 2.6 (Operator Norm of a Bernoulli Gaussian Circulant Matrix) Let Cp, € R™*™ be the circulant
matrix generated from xo ~i ;4. BG (0) € R™, then

P([Caslly > 1] < 2mexp <29Wf+2t) (237)
Proof The operator norm of a circulant matrix is
1Ca, [l = max |{wo, wi)] (2.38)
where wy is the I-th (discrete) Fourier basis vector
w; = [1, el%, ceey el(m_l)%rp7 l=0,---,m—1, (2.39)
and j is the imaginary unit. With moment control Bernstein inequality, we obtain
2
P[[{zo, w:)| > t] < 2exp (‘ 20 [|wi|3 + 2 [l t)
2
< 2exp (—M> (2.40)
together with the union bound,
P{[|Caolly = t] < mP [[{@o, wi)| > ] (2.41)
< 2mexp <29nf:2t) , (2.42)
as claimed. ]

Lemma 2.7 (Norms of  and #) Suppose§ = || 575 Xo X{ — I||, <1/ (2x?), thenvectorsy = YT (YYT)_l/2 q
andj=Y7T (t9mA0AOT)71/2 q satisfy

4k36\ [ 2k \'?
= (142520) (7)ol 49
Omin m
~ 2% 1/2
< (7)) ool 2.44)
4k30N " 4k
Il < (14 252) 2 el @19)
7, <1+46/2, (2.46)
_ 4k35 (2% \M?
=l < 22 (25) ol 47)
_ 4K35
Il < (14 8/2) 20 49



Proof Since § = || XX —1

07 then
|1 Xoll, < (6m)'* V1475
< (6m)"* (1+6/2).

—1/2

Asn=YT(YYT) q=XJAf (YYT) s together with Lemma 5.3:

|43 o7yl
< [[a3 oy,

T T\~1/2 T\ ~1/2
<[ (i) macas) ),

+||AF (omacab) o
—1/2 4Iﬁ?3(5

— lall, + (6m)~"* || ATq|,

3
< (Om) 1?2 (1 4 I 5)

Omin

2

< (6m)

Norms of 7. Since || Xoe;||, < vV2k — 1| Xoe]|,, we have

—1/2
Inllo = _max (Xoer AT (¥¥7) " q)
SmlaxHXOelHQHAO (YyT) qH2

_ 4K35
< V2 || - (6m) 2 <1+ " )

Omin

At the same time, plugging in ||n||, = 1, we have

7 llzoll -
Omin 027712 e

436\ Y 4k2
6 2 4
IS < Il mlL, < (1 i )

T2 g = XT AT (0mA AT) ? g with

Norms of 7. Here, 7 = Y7 (dmA(A{)
| AT (omacAf) " q
T ™ —1/2
< ot
= (om)~"/?,

therefore

_ —1/2
177l < max | Xoerll, | Ao (9mAoAT) ™ g

2% 1/2
<(m) " loole.

I, < | X5, |40 (mA0AT) ™ q,

2

<1+6/2.

(2.49)
(2.50)

(2.51)

(2.52)
(2.53)

(2.54)

(2.55)
(2.56)

(2.57)

(2.58)

(2.59)
(2.60)

(2.61)

(2.62)



Norms of 1 — 7. With similar reasoning, we can obtain

I — 1l

= [y (ry") P a- Y7 (manad)

< Xpe om) "2 x
< pax 1 Xoedll, (0m)

] —1/2
‘ AT (G¥YT) - AT (a04D)

4K36 [ 2k \ V2
< — | ol

—1/2

Omin om
and
Im —ll,
< [ Xoll, (6m) " [lqll, %
1 -1/ —1/2
HAg (7Y¥") - A7 (0aD) 2
_1/2 4K36
< (0m) ™ =1
43
<(+6/2) 2=,
Omin
completing the proof.

3 Proof for Geometry around the Stationary Points

3.1 Local Minima

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

Lemma 3.1 Suppose q is a stationary point in R¢, (C, > 10), and its corresponding ¢ has only one entry (; with
nontrivial magnitude, then this stationary point is a local minimum near a; that |(q@, Ps [ai])| > 1 — 2c,x~2 with

¢ = 1/C,.

Proof Suppose ¢ has only one big entry (;, and other entries are bounded by 23/«

)

4 |I¢ s
4o A 4 9 2 4 H 3
Il =¢ +Zgj < +r§1§lXCj -ZCj < +W

J#l i !

with ||CH§1j > O, ur? HC||§, and for simplicity let ¢, = 1/C,, we have

6
T [

G el - 23 > (1 -4 |I¢]l; -
¢l

On the other hand, we also have

4 3 6 4
1S R Y 15 A 78[5 O [

— 2 2 8 — 2
lailly  llaill €y ISl llaslly

25

0%/

¢ < (Var+=—=)?

(1 +de, kT2 4+ 4cfn_4) .

(3.1)

(3.2)

(3.3)



Combining above two inequalities, we have

14+ 4de,k 2+ 4035’4 Cl4
L—dde™ a]y

< (3.4)

thus the local minimum q is close to a;:

i N
(g, a)| > G >1—2c,k 2 (3.5

laill, = 142ck=2

Next, we need to verify that the Riemannian Hessian at g is definite positive, recall that
Hess ¢ (q) = — Py [SA diag(¢°2) AT — ||¢|| I} P,.. (3.6)

Let v be a unit vector such that v | g, then

v Hessp(q)v = —vT (3Adiag((°2)AT — HC||3I) v (3.7)
= |[¢lly — 3v" Adiag(¢™*) A v (3.8)
= |lKlli - 3lanv)* ¢ =3 (ai,v)* ¢ (3.9)
i#l
> (1€l = 3, v)" G2~ 3max . (3.10)

The last inequality is due to 3, ; (a;, v)” < ||ATv ||; = 1. Since v L g and (; is the only entry with nontrivial
magnitude, then derive from eq. (3.5):

2
2 2
(a0 < 2e ol (VA + 20) < 2e ol (k26 P o < 20 (42 KL A
46> _ 42 |Clly At 1€y
max 2 < 20 < Holels AGTCl o gz g, (312)
N R 13

Hence, the inequality v” Hess ¢ (§) v > (1 — 6¢, — 36¢2 — 24¢2) |||} holds for any choice of v L g, thus
when C, > 10 this implies positive curvature along any tangent direction at such stationary point q.
|

3.2 Saddle Points

Lemma 3.2 Suppose § is a stationary point in R, , and its corresponding ¢ has only at least two entries (; and (y
with nontrivial magnitude, then the Riemannian Hessian at g has negative eigenvalues.

Proof Suppose ¢ has at least two big entries (; and ¢ that

2 2
¢ = (\/071 fll> (3.13)
4 3 2 6
4 4
o Ml w4 <l (3.14)
ladlly €I Nladll, NG
IS5 4nlidls (3.15)
N H



Since the nontrivial entry ; = (a;, ¢), and again let ¢, = 1/C,, it is easy to show that the norm of a; is
sufficiently large:

ol > ¢ > (v - 2@) > (1= 2ey? Lells 5 oy el (316)
o ]l ]l
or
ladly > (1 =) /ot i1y (3.17)
Similar result holds for ||a; ||,, therefore
7 AR el (S (3.18)

< < - <
lailly larll, = a7 ¢l = i el; ~

Now we are ready to show there exists a unit vector v such that v € span(a;,ay) and v L g, and the
Hessian has negative curvature along such v:

v Hessp(q)v = —3vT Adiag(¢?)ATv + HCHj (3.19)
< 30T (@¢fal +avial) v+l (3.20)
2 2
< -3 ’<‘”v>‘ +‘<‘”’,v>‘ h (321)
lall, law I,
4 ¢lls
+ =232 (laully + llavlly) + €1 (3.22)
<13
1t 2 Al 4
< =3(1- ) het + (laully + lavly) + 11 (3:23)
ladly llarll,) =0 gy TR
< (=24 1) [¢ll3- (3.24)
The last inequality is implied by Lemma 2.3 and is negative when C, > 10.
|
4 Initialization
Lemma 4.1 Suppose o ~i.i.q. BG (8) € R™. There exists a positive constant C' > 2560 such that whenever
m > CO%02 kO (1+ 36p%klog k)" log (kk/omin) @.1)
and the sparsity rate
64k logk < 0 < min { ;L pu 2k log 2k, (4.2)
—2/3  _ -2
(3 — 89 (3C,ux?) P k" (14 36k log k) 2 ),
Then the initialization ginie = Ps [(YYT) -1/ yz} satisfies
HATqinitHi Z 3C*,U/K/27 (43)

namely giniw € Rsc,, with probability no smaller than 1 — k=1 — 8k=2 — 2exp (—0k) — 48k~ — 48m™5 —

24k exp (—ﬁ min {k, 3\/%})



Proof
Since

2
m > ci—m%?’ (1+ 36k log k) log (/O umin) (4.4)
with C' > 2560%, then from Lemma 5.1, then with probability no smaller than 1—2 exp (—6k)—24k exp (— ﬁ min {k;, 3V Qm}) —

48%k~" — 48m %, we have

5= H1X0XOT -1 (4.5)
om 9
< 10y/klogm/m (4.6)
10O'min
< — 2%
G0 ink3k (14 362k logk)
log (Cn6k3(1+?;6u2klog k)4 log (Lk))
Tmin Tmin 4.7)
C'log (kk/omin)
2 min
< o ; (48)
CY40r3k (1 + 362k log k)
obtains, and the last inequality holds when C' > 1000 that
log (37*C)) < log2v/C. (4.9)
Therefore
Co2 k5K (1 4 3612k log k) log (1k/0min)
< 374C (kk ) Omin) 108 (k) Tumin) (4.10)
< 374C (kk/omin) " (4.11)
or
log (Cn6k3(1t2§M2klogk)4 log (:71@))
J C'log (kk/omin)
4 .
< log (374C) + 12log (kk/omin) 4.12)
C'log (kk/omin)
log 2 12
< + = 4.13
\/510g (K’k/amin) c ( )
2
< i (k>2,C >16) (4.14)
Moreover, k25 < 1/2 always holds provided
40 !
> 5| - (4.15)
0k (1 + 36u2klogk)

Notice that because 6 is lower bounded by clog k/k, the right hand side is indeed bounded by an absolute
constant.

10



Set Cinit = AT qinic and éinit = Ps [ATAmi]. Then using for any nonzero vectors u and v,

2

2 vl

v

&
[ully,  lvlly

lu—f,, (4.16)

we have that

Cinit - Cinit 9

= AP [(ry ™) Age] - Ps (AT Awi] 4.17)
2
AT YY) P A AT Aa i
- |GEyy™) ™ Age H [AT A, :
2
92 1 —-1/2
< — ( YYT> Agz; — Ax; (4.19)
[Az], 2
1 -1/ —1/2
< 2| Ao, (OmYYT> — (ApA{) (4.20)
2
3
< 30 (421)
Omin
where we have used Lemma 5.3 in the final bound.
Since ||- Hj is convex, || init ||i can be lower bounded via
A 4 A o
||Cinit||i > ‘ Cinit A +4 <C§13it7 Ginit — Cinit> (4.22)
A 4 o
> ‘ Cinit W 4 ’ Cinit — Cinit ) (4.23)
A 4 32636
Cinit|| — (4.24)
4 Omin

Let I = supp (x;), then the vector Cinit = Ps [ATAmZ-] is composed of |I| large components and small
components on the off-support I° of ;.

Dense Component of Cinit.  Note that H (ATA) e 1 Ti

, < Hoﬁdiag (ATA) mZH2 with ||offdiag (ATA) ||OO <

1. We have
E [offdiag (A" A) z;] =0 (4.25)
E [|eJT offdiag (ATA) :Blﬂ =0 He;‘-r offdiag (ATA) H;
< 20k (4.26)

With Bernstein’s Inequality, the summation of moment-bounded independent random variables can be
controlled via

. ¢
P He]T offdiag (ATA) $1| > ,ut} < 2exp <_29k+2t> (4.27)
and via union bound
. T K 2 . 2
P [[Joffdiag (AT A) @[, > 2k (ut)?] < dkexp ( Soh 2t) (4.28)

11



Therefore, setting t> = 90k log k, we obtain

2 < 181%0k* log k

||offdiag (ATA) x; ||2

with failure probability bounded by

thexo [ 90klogh
P\ 720k 1 200k Tog k
1
=4dkexp | — Ologk
2464/ (0k) " log k
< 4k2

The last inequality is derived under the assumption (0k) " logk < =

Spiky Component of énit. On the other hand,

E ||[diag (A7 A) ;] = 0 [[diag (AT A)];

= 0k.

For diag (ATA) x;, applying the moment control Bernstein Inequality, we have

P HHdiag (ATA) wsz —-E H‘ > t} < 2exp (—

By setting ¢ = 21/0k log k, we obtain that with probability no smaller than 1 — k™1,

diag (A" A) @],

Denote the following events for the entry-wise magnitude
& = {|el offdiag(A" A)x;| < ut},

and for the support size
Esupp = {l|23]lo < 40K}

On their intersection Esypp N ﬂ?il &;, we have

Hoﬁdiag(ATA)L]:cl < 40k(ut)?.

I

The the failure probability can be bounded from the union bound as
[Hoﬂdlag (AT A)f rz; H2

<P (Esuppmﬂgj) ]
I j

—P guppUUEC]

supp + ZP 50

> 49/4:(;175)2}

12

20k + 2t

2> 0k — 2\/0klog k.

(4.29)

(4.30)

(4.31)

(4.32)
(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)



2
< —0k) + —_— ). )
exp(—0k) + 4k exp ( 20k Qt) (4.42)

Therefore, by setting t? = 960k log k, we obtain

2
Hoffdiag (ATA)I 1 %l < 36120k log k (4.43)

with probability no smaller than 1 — exp (—6k) — 8k 2.
Therefore, with probability no smaller than 1 — k=! — 8%~2 — exp (—0k),

|[diag (AT A) ;|2 > 6k — 2/0k log k (4.44)

2
Hoffdiag (ATA), @] <36126°Klogk (4.45)
; 2

and via Cauchy-Schwatz inequality, we obtain

2

T .
|(a7a), = (4.46)
2
= ’ diag (AT A) ; + offdiag (A" A), | = , (4.47)
|3 T 112 : T ) 2
= Hdlag (A A) 3’31”2 + Hoffdlag (A A)LI x; ,
+2 (diag (AT A) @y, offdiag (AT A), , @, ) (4.48)
> |diag (A7 A) @i
J— ] T . 3 T .
2 |[diag (A" 4) @], |ofidiag (A7 4), , =i (4.49)
> 0k <1 —24/(0k) M log k — 12p+/0k log k> (4.50)
> 0k /2. (4.51)
The last equation is derived by plugging in
(0k) 'logk < &, pP0klogh < 1 (4.52)
under the assumption
64k 'logk < 0 < rpu 2k 'log T k. (4.53)

offdiag (AT A) 2|5 < 36420k log k
obtains and the relative ||- ||§ norm between the flat entries to the spiky entries in AT Az; can be bounded as

Lower Bound of |-||;. Since with probability no smaller than 1 —4k~2,

H(ATA)IC,I Ti

2
2 _ Hoffdiag (ATA) lez

2 = 2 (454)
H(ATA)I,I Zi||, H(ATA)I,I Zi|,
< 36p°klogk = 1. (4.55)
Since
n 4
|G|, = IPs [a7 A=) |} (456)

13



1 T 1*
~Taraw |4 e
1 4
+ m H (ATA)I,I r; A (457)
ill2
1 T 4
H (ATA)I i . HPS [(ATA)I T ml} ‘4
_ P el (4.59)
a7 4), 2+ (A7 4),. =i
1 T 4
-l [, o)
and with high probability 1 — exp (—6k) according to Lemma 2.4, Ps [(ATA) I ml] satisfies
. Mo 1 1
[Ps[(a7a), =], > Izl ~ 262k~ 1)’ (461)
Together, we have
. 4 32K36
Gimicl3 > |Gt e UK' (4.62)
1 T 4
T (1+7)? HPS [(A A) 1 ml} ’4
64001/
— 4.63
0k (1 + 36p2klog k)” (4.63)
1 640 1
- 4.64
- (4 01/4> 0k (1 4 362k log k)* (4.64)

holds with probability no smaller than 1 — k=1 — 8k=2 — 2exp (—0k) — 24k exp (—1%4 min {k, 3\/9771}) —

48k~ — 48m~°. To make sure ||init HZ > 3C,urk? as desired, we require the sparsity to satisfy

0 < (1 — 880 (3C,us*) 2kt (14 36p%klog k) 7, (4.65)
then the initialization g;,;; € 7%30* follows by ?2. [ |

5 Preconditioning

Lemma 5.1 Suppose o ~ii.q. BG (0) € R™, then following inequality holds

< 10y/klogm/m, (5.1)
2

1
— X XTI -1
H@m 0<%0

with probability no smaller than 1 — 2 exp (—0k) — 24k exp (—ﬁ min {k, 3V 0m}> — 48k~T — 48m 5.
Proof Since

1
— X XTI -1
HGm 0o

2

14



< ‘ diag (IXOXOT) -1
Om 5
1
+ ||offdiag (XOXOT ) , (5.2)
Om 9

which is bounded by ¢ with probability no smaller than 1 — ¢4 — €, whenever the probability that each of the
terms is upper bounded by 4 /2 satisfies

1
P H diag (XOXOT> —I| > 5/2} < eq, (5.3)
Om 5
1
P [ offdiag (XOXOT> — I > 5/2} < &,. (5.4)
Om 9
Diagonal of ;1 X X{". Note that diag (XoX{ ) = ||lzo|3 I, so
ding [ ——XoXT ) — 1| = |- [lao|2 -1 (5.5)
&\ gm0t0 , |0m 0ll2 ’ ’

We calculate the moment for each summand of ||z ||§ The summands can be seen as a x? random variable
but populated with probability 6, whence

EsinBao) {(fff)p} = 0Ex, o [X7] (56)
L(p+3)
— 5.7
o) o
op! (2)"
<7 (5.8)
_ P o
— 5023 2, (5.9)

Apply Bernstein’s inequality for moment bounded random variables (9.4) with R = 2, 0% = 46, then

PH;on;—e‘ Zt] < 2exp <—8£"f4t>. (5.10)
By taking t = 366, we obtain
P [ diag <1X0Xg”> —I| > 5/2}
om 2
< 2exp (—392716;5) (5.11)
1 1
< 2exp (— o gg%) (5.12)
< 2exp (—0k). (5.13)
Off-diagonal of ;1- X, X{. Note that offdiag (X(X{') is a sub-circulant matrix generated by
Tao = [Ty (26— 2) -+ ,0, -, 7a, (2k — 2)]" (5.14)
with 74, (T7) = (@0, s [xo]) for 7 =1, -- , 2k — 2. Equivalently, we can write
Tz, = RL o, (5.15)
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with
R, = [sak—a2[x0], -, 0, , s9p_a[xo]] € R™M*F=3), (5.16)

Operator norm of a circulant matrix is defined as the following

. 1 T 1
offdiag <9mX0X0 ) , = l:OT.r.l?i(Icle <vl, Gmrmo> , (5.17)
where v is the I-th (discrete) Fourier basis vector
v = [1, R = SN IC O = }T7 (5.18)
and j is the imaginary unit. Let v; , = v; 2k —2 — 7) + v; (2k — 2 + 7), then
2k—2
(01, 720) = Y V17 (0, 57 [20)) (5.19)
T=1
2%k—-2 m—1
. x ( ([i+7],,)- (5.20)
T=1 =0

By decoupling (Theorem 3.4.1 of [DIPG99]), the tail probability of the weighted autocorrelation (v;, 7, ) can
be upper bounded via

P{[(vr, 72)| > ]

2k—2
=P [ Z vy, (@0, S7[x0])| > t] (5.21)
T=1
2k—2
<6P [ Z U, r <:130,87.[$6]> > é‘| ) (522)
T=1

where z{, ~iiq. BG (0) is an independent copy of the random vector x, we have Plugging in (v;, rz,) =

<’Ul, RZ;UQJQ> = (anvl, $0>.
1 t
P |: <Ul, wnrm0> > 6:| . (523)

Again with Bernstein’s inequality for moment bounded random variable, we have

y

1
% <Rm6vla il)o>

e

1
P Hﬁm <Rw6vl,az0>

< 2exp (— 5 Om’t? > (5.24)
2| Rayoill, + 2{| Ry vn|  mit
Control || Ry vi|,-
| B orll3 < 11 B 5 l101]l5 = K | B I (5.25)
With tail bound of the operator norm of a circulant matrix in Lemma 2.6, we have
£2
Pl Real, > 1 < dmexp (-5 (526

Control | R v; ||OO For a discrete Fourier basis v; as defined, we have

ol = lloillg =4k =3, Jull, =1 (5.27)
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Note that

|Roguillg = _max [(s-lwol, o)

)

and moment control Bernstein inequality implies that

t2

P[|<ST[$O]7’UI>| > t] < 2exp (

with union bound, we obtain

2k—2
Pl|Reyvillo > ] < D PlI(sr[ao], )| > 1]

Therefore, by plugging in

|Rayvi]| <t = 10y/0klogk,
HR%vluz <ty =5y/0mlogm,

we obtain the following probabilities

2
P {HR%’UZHOO > t1] < 4k exp < tl)

80k + 2t
< 4k8,
P[|[Ray, = to] < 4mexp B
molla =] = 20m + 2t,
<4m~S.
Denoting event
E= {HR%’WHOO < t1,|Ray, < tQ},
and combining these bounds with (5.23), we obtain
P ||oftdiog (5 XoX7 )| > /2
1 R
offdiag | 57— XoXg =
< 6P ma L<R v w> >£
- lX Om x( Vl, L0/ = 12

1
< 12kP Hﬁm <ngvl,a:0>

g
>
- 12

<12 [| Ry > 1] + 12kP || R

> ]

1
+ 12kP HQTTL <Rm6vl7 :120>

>\ E
12
1000km logm/144

500m logm + %k\/ﬁm log klogm
+ 12k (4k~% + 4m %)

<t1 — 10v/0k log k, ts = 51/0m log m)

< 24k exp (—

17

260 [[vell3 + 2 [oill ¢

)

) |

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)



< 24k exp ( L min {k 3v0m }) 48k + 48m P (5.41)

At last, by combining the control for both the diagonal and off-diagonal term, we obtain that with probability
no smaller than 1 — 2 exp (—0k) — 24k exp ( —i7 min {k:, 3\/9m}> — 48k~7 — 48m~?,

1
”mXng—I < 104/ klogm/m, (5.42)

2

holds and completes the proof. u

Lemma 5.2 Suppose § = H%XOXOT — IH2 < 1/ (2K?), then

< ﬂ25/0—min . (543)

1/2 12
YYT> (AgA]) T -1
2

H om

Proof As in by [?], we denote the directional derivative of f at direction A with

Df(M)(A) = L

S| FOM ), (5.44)

t=0

Denote symmetric matrix M = AgAl = UAU7T, with A\yax and A\, being its maximum and minimum
eigenvalue. Then we have

LyyT_m + A, Ay < Amaxd. (5.45)
Om

Then derivative of f with D f(M). By differential calculus, we can obtain that

1/2 12
YYT> (AgAf) T -1

H Om

2
— [[(a0ad +a)"* (a0af) - 1| (5.46)
1
_ H(AOAOT)1/2 / Df (AgAT +tA) (A)dt (5.47)
t=0 2
< sup |[Df (AT +1A)|, Al | (4048) | (5.48)
tel0,1] 2
< sup ||Df (AoAF +tA) ||, Amax0/Trmin (5.49)
te[0,1]

Moreover, we denote f(t) = t'/2 and g(t) = 2, then f = g~!. The directional derivative of g has following
form
Dg(M)(X)=MX + XM, (5.50)

and directional derivative Z = D f (M) (X)) satisfies
MZ+ZM = X. (5.51)
Denote M = UAUT with U orthogonal, without loss of generality,
AZ +ZA=X. (5.52)
Applying Theorem VII.2.3 of [?], we have

IDf (M) (X)]l; = sup [|Z], (5.53)
1 X1,<1

18



< / h e~ X e M|, dt (5.54)
t=0

g/ e~ 2rmint || X ||, dt (5.55)
t=0
and
sup ||Df (AoAg + tA) H2
te[0,1]
1 Xl
5.56
-2 ()\min - )\maxé) ( )
< 1/Amin. (5.57)
Therefore,
1 1/2 —1/2
<9YYT> (AgAJ) 7" —I|| < K*0/omin. (5.58)
m
2
|
Lemma 5.3 Suppose Ag has condition number r and
1
=|—XoXJ - I|| <1/(2x2 5.59
o= | xoxt -1 <1/@e) 559
then
1 -1/ —-1/2
(QYYT) — (ApAf) < 4K%5)02, . (5.60)
m
2
Proof Denote symmetric matrix
M = AgAY = UAU7, (5.61)
with Apax and Ayin being its maximum and minimum eigenvalue. Then we have
LyyT—m + A, Ay < Anaxd. (5.62)
om
Then
1 -1/ —1/2
—YY" — (ApAY
|| <9m ) (Aoto) 2
- H(M+A)_1/2—M*1/2H (5.63)
2
<|[Ally- sup [[Df (M +tA),. (5.64)
0<t<1

Here, f(t) = t~'/2 and Df is the derivative of function f. In addition, we define function g(t) = t~2,
h(t) =t~1, w(t) = t?, and following function compositions hold

f=g""' g=how. (5.65)
For differential function g and if Dg (f (M)) # 0, we have

Df (M) = [Dg(f (M))]". (5.66)
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The derivative of function g satisfies the chain rule that
Dg (M) = Dh(w (M)) (Dw (M)).
Plug in

Dh(M)(X)=-M"'XM™*,
Dw(M)(X)=MX + XM,

we obtain that

Dg (M) (X)

= Dh(w (M)) (Dw (M) (X))

= Dh(w(M))[MX + X M]

= Dh (M?) [MX + X M|
=-M?*MX+XM|M?
=—-[M'XM?+M 7 *XM'].

Since the function g is differentiable and Dg(M) # 0, then

Df (M) = [Dg (f (M)

[ o))

Hence, directional derivative Z = D f (M) (X)) satisfies

M'?2ZM + MZM'? = -X.
Denote M = UAUT with A = 0 and U orthogonal, without loss of generality

AZAY? 4+ AVPZA = -X.

Above equation can be reformulated as a Sylvester equation as following

NP7 Z (-AV?) = —ATV2XATR,

(5.67)

(5.68)
(5.69)

(5.70)
(5.71)
(5.72)
(5.73)
(5.74)
(5.75)

(5.76)
(5.77)

(5.78)

(5.79)

(5.80)

From Theorem VII.2.3 of [?], when there are no common eigenvalues of A'/? and —A!/2, then there exists a

closed form solution for matrix Z that

Z= /oo A (CATIEX AT A gy
t=0

Therefore, the operator norm of D f (M) can be obtained as

IDF(M)(X)]l, = sup [|Z],

1X[,<1

</°o He*A“t (A*l/ZXA*W) e ARt gy
t=0

oo
< / e~ Amint
t=0

_Ixi
i )\2 .

min

A*l/ZXA*WH dt

20
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Therefore

e a2 |
2

— 2 .
()‘min - HAHz)
< 4£f_||2 (6 <1/(2x%)) (5.87)
Zil)\max(S
<7 (5.88)
4K26
- U’;nin (5.89)
|
6 Proof of the Main Theorem and Corollary
6.1 Proof of the Main Theorem
Lemma 6.1 If following inequalities hold
3(1-0)
grad[¢] (q) — grady] (q)
Om? 9
3¢, 1 -6 6
= 212 Om?2 HATqH4, ©.1)
3(1-0)
Hess[¢] (q) — Hess[¢] (q)
Om? 9
< 3(1—6c, — 36c — 24c?) L-0 A} (6.2)
— * * * 0m2 4" .

forall ¢ € Roc, with Cy, > 10 and ¢, = 1/C,, then any local minimum g of v (q) in Rac, satisfies (G, Ps [ai])| >
1 — 2¢,k™2 for some index .

Proof Let 3(1-9)
Ograd = grad[t] (q) — “omz grad[¢] (q) , (6.3)
and let o2
< m
(sgrad = mégrad- (64)
Then at any stationary point of ¢ (g), we have
0= A" grad[y] (q) (6.5)
3(1-0
B (0m2 )AT grad[p] (q) + AT dgraa- (6.6)

Hence for any index i, following equality always holds

0= [laill3 ¢ + Z (ai,a;) ¢} — G €13 + (@i, Bgraa)
JFi
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||CH3 Zj;éi (a;,a;) (;3 + <ai75grad>

= Cz?) -G 5t 2 6.7)
il laill,
a; Bl’
with ¢ = AT q. Under the assumption that
3(1—10) 3¢, 1-0 6
Jemaats @ - 202 araatel @) < 5% 5 Iel 68)
the perturbed part can be bounded via
- - Cx
[(aeBowaa)| < llaaly g, < 575 llaaly ICIS. (69)
and also s .
! + 5 6x - 1
LA R Cu 610
a; €1l 4
Thenby Lemma 2.2, at every stationary point g, the i-th entry of { resides in the set U ¢ o + Jar} [z— 1—64, T+ Qf} ]

—1i.e., ¢ is nearly a trinary vector.
Moreover, we can characterize the curvature of critical points in terms of the number of large entries of ¢.
Indeed, whenever ¢ has at least two entries in

25! 25!
U -2 2,

(673 (673
ze{t\/a;}

using (3.24), there exists a direction of strict negative curvature, provided

-0
teslu] (g) < 25— tresslel (@)
32 11e) SV clir 6.11)

Similarly, whenever ¢ has only one entry in

U =202

Q5 «
ze{Et/a;} ¢ ¢

using (3.10), we have that Hess[¢](g) > 0, provided
3(1-106)

Hess[¢] (q) = —,—5— Hess[¢] (q)
1-6 4
—3 (1= 6c, — 36¢7 — 24c3) i ¢ L. (6.12)
When C, > 10and ¢, < 0.1, we have 2 — 11c, > 1 — 6¢, — 36¢2 — 24¢2 > 0.016, and so above characterization
obtains. -

Theorem 6.2 (Main Result) Assume the observation y € R™ is the cyclic convolution of ay € RF and ¢ ~iiq.
BG (#) € R™, where the convolution matrix Ay € RF* (k=1 has minimum singular value oy, > 0 and condition
number k > 1, and A has column incoherence p. If

min {(ZC'*,LL)_1 ,52/@2}
= 5
(1-6) o2

min

KSE*log® (kk) (6.13)

22



and 0 > log k/k, then with probability no smaller than 1 — exp (—k) — 62 (1 — 0)* k=4 — 2 exp (—0k) — 48k~7 —
48m > — 24k exp (—ﬁ min {k, 3V Qm}), any local minimum G of 1 in Roc, satisfies (@, Ps [a-])| > 1 — c,n~>
for some integer T.

Proof From the concentration analysis for the Riemannian gradient (Lemma 7.1) and Hessian (Lemma 8.1), if

min {(ZC’*M)_l ) I<,2]€2}
(1—0)° o2

min

k3k* log® (kk) , (6.14)

then with probability no smaller than 1—exp (—k)—6? (1 — 0) k~*—2exp (—0k)—24k exp (—ﬁ min {k, 3V Qm}) -
48k~ — 48m 3,

gy (@) — 25 el ()|
< 5o g |47l 1)
Hess{y] (g) — 2 esslel ()|
<3 (1 — 6, — 3662 — 24¢%) 19;&29 |ATq|;. (6.16)

hold for all q € 7@20* with C, > 10 and ¢, = 1/C,. Therefore, by Lemma 6.1 any local minimum g of ¢ (q)
in Roc, satisfies (g, Ps [ai])| > 1 — 2c,x~2 for some index [. [ |

6.2 Proof of the Main Corollary

Corollary 6.3 Suppose the ground truth kernel aq has induces coherence 0 < p < g log~3/% (k) and sparse

coefficient xo ~;ii.a. BG (0) € R™. there exist positive constants C > 2560 and C' such that whenever the sparsity
level

64k~ logk < 0 < min { ;L 2k log 2k, (6.17)
(L — 880 (3C,un?) 2Pk (14 36u2klog k) 2},

and signal length

m > max {0920';31/{6]63 (1+ 362k log k‘)4 log (kk), (6.18)
C'(1—0) 2o 2 min {p™, k2k?} K5k log® (k) },
then Algorithm 1 recovers @ such that
@ = Ps [ens- [@alllly < 4v/e + k! (6.19)

for some integer shift T € [~ (k — 1),k — 1] with probability no smaller than 1 — k=! — 8k=2 — exp (—k) —
02 (1 — 0)% k—* — 2exp (—0k) — 24k exp (—714 min {k 3\/9m}) — 48k~ — 48m ™.

Proof From the concentration results for the Riemannian gradient, at every point g € Rac,, the objective
value of v (q) satisfies

3(1—6) 3

3 SD(Q)JFW

‘w(q) -
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Tyt
. HY YY" e, sa-aer s (6.20)
> Am, 40m?2 4m? '
(YY) yns 3010 3
< _ A. 03_ .
- <q’ 4m 40m? ¢ am2 1 (©2D
(vY?) " Pygs 3(1-9) 3
< _ A. o3 - .
< ' i 1omz AT T g2 , 622
1 “1/2, o /2y e
< | Y)Y (om v D) Pyt
1 T -1/2 03 —03
+ g7 | (A0A) Y (7 )
1 ™ —1/2y, 03
+ |G (Aoad) "y
3(1—6) , .05 3
3(01-0) 45 3 H 2
46m? ¢ 12, (623
< 3¢, 1 -0 min HATq”i (6.24)

= Q.2 2 .
8k? OM? geRac,

with probability no smaller than 1 — 2 exp (—0k) — 24k exp (—ﬁ min {k, 3V Gm}) — 48k~7 — 48m~°. The

last inequality is derived with similar arguments in Lemma 7.1, for simplicity, we do not present them here.
Moreover, with Lemma 4.1, we can obtain an initialization point gini; such that

AT Gt} > (3Cu )™ (6.25)
> (20, 162)*" + /2. (6.26)
Consider any descent method for 1, which generates a sequence of iterates 49 = Ginie, g, ..., q", ...
such that ¢(q™®)) is non-increasing with k. Then
() (q(k)) < ¢ (Ginit) (6.27)
< %w (Ginie) + 75
s;; 1977;29 i |ATq|l°. (6.28)
On the other hand, the finite sample objective function value ¢ is close to that of 3(917;29) ©(q) — 2,
g e (a)
< w(q(k)) +% ::z?le_qufémc |ATq| (6.29)
< 2 () + g min (ATl (6:30)
Therefore, we obtain that
¥ (q(k)) < ¢ (Ginit) + g (6.31)



S‘P(Qinit)JF% Emﬁin HAT‘JHZ7
q 20

(6.32)

which implies that ¢*) € Ry, always holds. At last, Theorem 6.2 says that any local minimum § is close to

+a; for some i, in the sense that
(@, Ps[a;])] > 1 — con™2.

Write /=YY 7T = Ay (I + A) Af with |Al|, < 4, and let

a; _ a;
s O G )
laill \/ laill,

“1/2 N
= (AvoT) / L5 (k—i)lao],

)1/2
o >1/2l|az||2 \/(1"<q|5||>‘>5]

1/2 " —~
> (AgAT) /2 ths=te—plan]
||ai||2

\/ ||az||2>D (1;?:)1/25

therefore the error can be bounded as

with 4], = 1. Since

we have

/\

YYT 7:|: LZS,(k,i) [(/1\6}
lall, |,
1/2 N —
YYT /AoAT>_1/2_I LS — (k—i)@o]
0 A T,

' 2(1 (p DI Co)
T ) |5

Finally, using the fact that for any nonzero vectors w and v that (u,v) > 0,

V2

2 vl

2

v

H [ully ol

lu—vll,

always holds. Therefore,
1@ + Ps [exsi[aol]ll,
/2

= [P [(v¥ ™) a] = P funsifan]

V2 ||all,

= lleksi-klaolll

‘ 2

1/2 —
(YYT> / . tisi-xlag]
om laill,

2
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(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)



sn\/2(1+5)<1_

(o)
laill,

YyT\'/? ~1/2
V25 ( o ) (AgAD) 2 o1
2
< 2/-;\/2 <1 — ‘<q, ”aa”>D + V238 /O min (6.43)
ill2
(Lemma 5.2)
< 4y/e, +10vV2k%0 1 /klogm/m (6.44)
<4y, +ckH, (6.45)
completing the proof. |

7 Concentration for Gradient (Lemma 7.1)

Lemma 7.1 Suppose o ~i.i.q. BG (6). There exists a positive constant C' such that whenever

min{(2C’*u)_,1/-€2k2} wk
> 8kt log? | ———— 7.1
mECT g, R ((1—9)omm) 1)

and 0 > log k /k, then with probability no smaller than 1—c; exp (—k)—cok~*—2 exp (—0k)—24k exp (—ﬁ min {k:, 3\/9771}) -
48k~7 — 48m~°,

3(1-0)

T 16
raaty] (@) - 2020 graafe) (g)| <2214 gl

<c
) Om?2 k2

(7.2)

holds for all q € Rac, with positive constant ¢ < 3/ (2C,).

Proof Denoten =Y 7 (YY" —1/2 gand 7 =Y7T (mA AT —1/2 g = (0m)”""? XT¢, then
0
3(1-6)
grad [V] (q) — ——— grad [¢] (q)
Om? 5
_ i T —1/2 03 __ M 03
_ ’ P, [m ry?) Py A |

—1/2

1 —
S - H(YYT) Yno3 _ (om) 1/2 AXOTIO?)
m

2

Af

1 o —0
+ W ||AXO’I’] 3_ AX()’I’] 3”2

g9
AQ

1 —03 3 (1 — 9) o3
Po g Ao = 2 A¢

" 2

Af

First, let us note that

_ k
C (1 — 0) 2 O'r;?nlilokﬁ 10g3 ((1_1‘;)0>
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cof N\ (k. 73)
o Omin (1 - 6) & (1 - 9) Omin '
ik 13
< —_ 7.
<o) . 7.4
hence
log® (C (1—0)"202 k195 log® (( —0)"" O'I;ilnlik‘))
Clog® (1= 0)™ o k)
3 3
logC' + 13 log (( —0)! mlnmk)
(7.5)
C1/310g (1= 0)™ ol k)
3
log C 13
B + o7 (7.6)
oL/ log —9)! ;nlnmk)
3
< ( e /6> (C >10°) (7.7)
= 01/2 (7.8)
Given { }
min § (2C, )", k2k2 ok
m>C kSk* log® (> , 7.9
= (1- 0702, &\ omin (1 0) 79)
as the ratio log3 m/m decreases with increasing m, then
3 Cr'OkS 3 K
log®m - log ((1 a)2kfmn log ((179)];@.))
m Clog® <7(1fg)’ffmin)
1-0)% 02,
( )1 Jmln (7'10)
min {(QC*M)_ , /4:21@2} K8kA
4 1-6)° 02,
min {(20*,11) ) H2]€2} K8KA
According to Lemma 5.1, following inequality always holds
H1X0X0T —I|| <6 (7.12)
Om 9
< 10+/klogm/m (7.13)
20 (1 — ) Omin max {(20*;01/2 : (nk)fl}
< (7.14)
ClY/4k4k3/2logm
200 min 1-9)]|A" ) 5
00min (1=0) | q”‘*, Vg € Roc, . (7.15)

— CV4x3  K2klogm

with probability no smaller than 1 — gy with eg = 2exp (—0k) + 24k exp (—ﬁ min {k, 3V Gm}) + 48k~T7 +
48m=°.
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Moreover, 4535 /o min < 1/2 whenever

4
o (1)’

whence § < 1/ (8+?), and Lemma 5.3 implies that

1 1/2 —1/2
<9mYYT> AO - (A(JA(:C) Ao

2
< 4K35 /o min (7.17)

80(1—0) ||ATq]];

RoC., - 7.1
- CY4%klogm k%2 Vg € Rec (7.18)
At the same time,

1 Xoll, < (6m)2 V140 < (6m)"/* (146/2). (7.19)

Moreover, Lemma 2.5 implies that with probability no smaller than 1 — e, we have

2
l@oll,. < vZlog"? (fm) | (7.20)
B

Upper Bound for A{. Using Lemma 2.7, on the an event of probability at least 1 — ¢g — 5,

[2°]],, = llmllg (7.21)
4K36
< <1+ | ) 22 o2, 722)
< X <29m> : (7.23)
om EB

Therefore, we can obtain following upper bound

1 _
af = — y™) Py - (om) T AXon™ (7.24)
1 o
= 91/2,,3/2 1 Xoll, [[2°7]],
—1/2
( YYT> Ag— A (7.25)
Om )
3
L5 AR 9k (20m 7.26)
am Omin " Om €B

900 (1 — 0) log (20m/cp) || AT qH4
= C/49m2 logm K2

Vq S 7%,20*.

Upper Bound for Aj. Similarly, with probability no smaller than 1 — £y — ¢, together with Lemma 2.7,
following upper bound can be obtained

[0 =,
= ||[n°® — diag (n°%) 7 + diag (n°?) 7 — 7°?|, (7.27)
< || — qll, ||diag (n°%) |, + I, [|diag (n°* — 7°%) |, (7.28)

02

= |ln —ill, Inll% + 7l |[2°* - (7.29)

oo
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_ 2 _ _ _

< Am —=ally Inlls + 17l [1n = 7l 7+ 7l
435 k

n —log (20m/ecp) x

m

min 0

35\ 2 3
(1+4” 5> . (2+4“ 5)]
Omin Omin
24k 4K36
< %log (29777//53) . .

Omin

<4(144/2)

Therefore, we can obtain following upper bound

1
= girzre |
1
7257 1Al [ Xoll, [0 — 77

5 24k 4K36
< 2. .
~ 4m  Om log (20m/e5) Omin

_ 240016 |ATq|S 1og (20m/e5)
- OV4 Om2 kK2 logm

A AXTn* - AX[7"

2

ATql|®
For both A{ and A§ to be bounded by ﬁ ;2 I Kf”“ , we set

log (20m/63)>4 .

logm

c> <48()OC’*

Notice that the right hand side is indeed bounded by a numerical constant for all m.

Tail Bound for Aj. Note that

(A0Af) v

o3
= (A0A]) Ao X (YT (6mAsAT) Vq)

= (6m)"** AX) (X7 A"q)",
and its expectation with respect to g
E [;AXO (xT ATq)"g]
—E [Aa; (2] A7q)"]
= 30(1 - 0) AC®® +30° | A"q|, AATq
=30 (1—0) A¢®® + 36%q,

hence

q

P, [IE [1AX0 (x7T ATq)°3”
m
=P,. [30(1-6) AC*].
Therefore, the Af term can be simplified as

_ 3(1-9)
T =03
73 AX) 70> — o2

1
3= P g

AC03:|

29

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)
(7.39)

(7.40)

(7.41)
(7.42)

(7.43)

(7.44)



1 AX, (XT¢)™ i
= 55 || Pa* [EHO) — 360 (1 —0) A¢C°® (7.45)
2
03
1 AX, (X1¢)
< gz | Fat [m —E
2
1
+ 0212 Hqu [392‘1] ||2 (7.46)
1 1 T 03
= 022 EXO (X0¢)  —E[] , (7.47)
Under the assumption that
m > (100)2 min {,u_l, &QkQ} w2k log® (kk) | (7.48)
applying Lemma 7.2, we have
6
1 o AT
HXO (X§A"q) P_E[| <e0(1-9) w. (7.49)
m 9 K
with probability larger than 1 — cg exp (—k) — cok ™. At last, taking e = #*k~*, we obtain that
3(1-0)
grad [¢] (q) — “om?z grad [¢] (¢) ,
1-¢)A%q|" 5
ciolAtdl oy n, (7.50)
Om?2 K2
with probability larger than 1 — cpexp (—k) — cok™ — e5 — g0 as desired. [ |
7.1 Proof of Lemma 7.2
Lemma 7.2 Suppose o ~i.i.q. BG (8) € R™. There exist positive constant C' such that whenever
c : -1 2,2\ ,2747..3
m > ————min- (2C, Kk k7E™ log” (kk 7.51
> g min{ (20 } 12k 1og® (1) (751)
and 0k > 1, then with probability no smaller than 1 — ¢y exp (—k) — cok™4,
6
1 T AT \°3 HATqH
holds for all q € Roc, with positive constant ¢ < 1/ (2C,).
Proof Let Z; € R?*~! be generated via
. ) < <
% = x; llzil| . < Band ||z;||, < 40klogm (7.53)
0 else

Let X, € R(*=1Dx™ denote the circulant submatrix generated by Z,. Then X, = X, obtains whenever

1. ||zo||, < B, which happens with probability no smaller than 1 — 20me=5°/2 according to Lemma 2.5;
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2. ||zi]|, < 46k logm holds for any index i, applying Lemma 2.4 and Boole’s inequality we have

E [1(, s, > 46k log m)]

< mP (|||, > 40k log m] (7.54)
< 2mexp (—%Hk log m) : (7.55)
Denote ¢ = ATq and
1 0
gs =E [mXO (X3 ATq) 3] , (7.56)
1o - o
gz =E {mxo (X7 ATq) 3] , (7.57)

then,

1 03
P leXo (XoTC) —9E ,

6
200(1_9)@]

1 o = o
<P [HmXO (X5 ¢) e

€IS

+ 20me B2 1 om exp (f %Qk log m) (7.58)

With triangle inequality, we have

1 - — 03
HXO (X0¢) " —g& (7.59)
m 2
1 - = o3 _ _
<& [2 %0 (x50 - a5 +le - gzl
m 2
Hence, provided
_ c 9
lge — grll, < 59(1 —0) 2 (7.60)
we have
I o T ~\°3 ||CH6
IP [“mXo (XO C) —43gE , 209 (1—9) 16324
<p||tx (XT¢)” —ge| ><00-0) 4 (7.61)
- m =00 B 5 2 K2 ’

Truncation Level Next, we choose a large enough entry-wise truncation level B such that the expectation of
the gradient E [% Xo (Xd¢) 03} is close to that of its truncation E [%X’ 0 (Xd¢) 03} . Moreover, we introduce
following events notation

& ={|zillo > B U ||zil|, > 40klogm} , (7.62)

then

19 — gel,

E %Zw <wi,c>3~1gi]

(7.63)

2
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1 3
< A e, .
S | |2 @i, 0% 16| (7.64)
1 .12 1/2
T o
s - Z (E “ i (z; C) J ~E[1sz-]) (7.65)
1/2
< (& [J3))
\/IE (e, >B] +E [La,)),>46k log m) (7.66)
< 50K%/40ke=/2 + exp (~ 20k log m) (7.67)
By setting
KAES
B>C'log'? | ——— |, (7.68)
6(1—-106)
we have "
B L/ c\? <]l
B*2 - 2 (_& 2(1 _ 2 4 .
Oke =2 (100) =0 i (7.69)
In addition, whenever
4 4 2,414
ok > log AL (7.70)
3logm 6% (1 —0)" [I<lly
we have 1
: 1 cy? <l
_3 < Z (= 2 Y 4
exp (~30klogm) < 2 (100) 0 (1 - 0)> 2 (7.71)
Therefore,
B c IS5
\/49ke B2/2 4 exp (—30klogm) < 50 (1-0) 50&222. (7.72)
In addition,
1/2
(E [||wi||§D < (71 24%4)"? < 5082, (7.73)
Plugging in Eq (7.73) and (7.72) back to (7.67), we obtain that
ATq 0
c
lge — gEl, < 59(1 —0) wa (7.74)
K
and hence
L & (T3 IS5
P leXO (Xo C) — 9k , > 09(1 - 9) K24
<P || 1% (X7 —gs| > 59(170)w (7.75)
- m 0o L 5 2 k2 | '

Independent Submatrices. To deal with the complicated dependence within the random circulant matrix X,
we break X into submatrices X1, ..., Xo,_1, each of which is (marginally) distributed as a (2k — 1) x 55
iid. BG(¢) random matrix. Indeed, there exists a permutation IT such that

XOH: [X17X27"' aXth—l]a (776)
with
Xi= [”Ciw’fiﬂqu), e 7-’Bi+(m72k71)] . (7.77)
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We apply similar matrix breaking approach for the truncated matrix X. The summands within each term
X, (X7¢)°’ are mutually independent and hence is amenable to classical concentration results.

03 1 «—
7XO (XL¢)° EZ Z,¢ (7.78)
=1

7=0

-1
1 [ %< =
m( Z z+(2k 1 7aC> mz+(2k} 1)]) (779)

2%h—
g
Z L, (x7¢0) (7.80)
—~m
We conservatively bound the quantity of interest, - X, (X{ ¢) °® by ensuring that for each k, X}, (X7¢) °
be close to its expectation.
<1l

¢ (1-96) <l
22 2 k2 (2k — 1)4]

cﬂlmmﬂ
Pl 2 w22k —1)

>
2

N o

1 o = o
P[LﬂxﬂXEQB—‘

2k—1

< Z P [H (X 2k§i1

= ka_:lp [H;X (XF¢)"-

Applying Bernstein inequality for matrix variables as in Lemma 9.7, with d; = 2k — 1, d» = 1, we can
obtain that for independent random vectors vy, . . ., v, with

ﬁ:me@ (7.81)

and ensuring that

[vila <R a.s. (7.82)
we obtain that
—t2/2
< R .
IP’[ >t] _4kexp<02+2Rt/3) (7.83)
Here, we have used that
> E <try Evu;]] (7.84)
1=1 i=1
= E |lluil3] . (7.85)
i=1
and
w; = Z; (%, ¢)° . (7.86)
Notice that
il < (12315 (7.87)
< (4B%0klogm)” (7.88)
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= 16B*0%k*logm. (7.89)
Let us further note that

> R [@i(h) ®i(j2)°C 2 (G5) i () C

J1,
JeFJsFja
=3 Y E[zi(1)'¢) 2i(52)°¢,2i(13) ¢, ]
J1#J2#73
2h—1
+ Z E [Z;(j1)*
ji=1
Z E [&(j2)C;,®i(j3) ¢, ®i (ja)* ] (7.90)
J1#J2FJ3FTa
< 260k x 6% [|¢][5 + 3 x 36° |I¢l5 (7.91)

In similar vein, we can obtain that

Y. E @) ®i(2)° ¢ @) ¢

J1,J2#73
=ZE z,()°] Y E[2:(j2)¢,i(s) ¢,]
JeFj3F#j1
+ > E[2:(1)'¢ 2i(52) ¢
J1#j2
+ Y E[@i(51)C ®i(j2)°C)] (7.92)
J1#j2
< 20k x 367 [[C[15 ISI1 + (9 + 15) 6% (I3 ISII% (7.93)

and

> E[@i(51) &i(52)°¢S,]

Ji,J2
:ZEiiijl ZE:DZJQ 2
J275J1
+Z]E 1)°¢ ] (7.94)
< 29k x 150 [[¢[|S + 1056 ||¢ ]| (7.95)
Now we calculate
E [Jwil3] = E [|2l13 (2:.¢)’] (7.96)
7
=E| > "ii(jl)2HCEi(j€)Cjz (7.97)
J1seensd =
= 15ZE (1) (j2)° T (43) 2 (1) ¢ ]
j2¢j3¢j4
+15 > E[2:(j1)?®:(2) ¢ 2(j3) "¢
J1,d27#7s3
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+ Y E (1)@ (j2)°CS] (7.98)
J1,J2
< 156° [|¢]l5 (20k + 9)
+150% ¢ (6 + 24)

+01¢]l5 (300K + 105) (7.99)
< 15002k + 6000 (7.100)
whence for § > 1/k,
E[|wi|3] < C6F, (7.101)
and hence
o2 < C'6*m. (7.102)

Matrix Bernstein gives that

P (| XX ) —E[]], > 1]

—t2/2 )
< dke . 7103
= e <002m OBk log” kit (7.103)

mo(1-0)||<|I

ZEh1) Ve obtain that

Setting t = ¢

P H‘;XZ-(XZ.TC)O?’ ~E[]|| > 09(1_9”4”2}

, 4 K2(2k—1)
¢'m (1 —0)*[|¢]l}
K4k2 4+ 6 (1 — 0) B4R2k3 ||C|S

(7.104)

< 4kexp (—

e-Net Covering To obtain a probability bound for all ¢ € S¥~!, we choose a set of ¢, = ATq,, withn =
1,---,N. Suppose for any g € S¥~!, there exists g,, such that ||g — g,||, < ¢, then

1 o /o1 0 1 o o o
HXi (X7¢)” -~ — X (X7¢)”| <Lllg—aull,- (7.105)
m m 5
For entry wise bounded X,; € R®*DX%5 we have
1%, < V20mB, | Xies||, < VAOKB, (7.106)
then the Lipschitz constant L can be bounded as
1,5 = o >
L |l aing (X7¢)7 X7 AT, (7.107)
< 80%*kB*. (7.108)
With triangle inequality, we have
1 - ST «\©°3 1 = T ~\°3
—X; (X{¢) -E =X (X/¢)
m m 5
< e & &r0”| -2 | L% (x76)"
m m 9
1 - = 03 1 2 S o3
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Hence we need to choose the e-net to cover the sphere of g with

o C 9(1—9) 6
€= 172 @k 1) Lon, 1< 5

plug in L < 46?kB* and number of sample N suffice

=)

6(1-0)
Forn=1,---, N, denote
X (X7¢)” cB(1=0)[1¢nlly
. — A Y R > 2 /A nT4
Fi(an) PH m El . 4k? (2k — 1)

then together with union bound over all g,, , we obtain that,

1 v > 03
. | L% (X7¢) —EHH2 _c 0(1-0)
sup - > =
gcRoc, el 252 (2k—1)
QHG,]AQZC*
<N max P;(qy)
gn€R20,
em (1—0)* <]l
§4ksE1pexp 3 4243 5 | X
4€Ra0, K1k? + 6 (1 — 0) B4R2E3 [|C][4
exp (kln (i)) .
Hence
= = 03
. [#%0 (x5 E1], cpn-o
sup > =
4eRac, 5K 2

m

LX(XTO"-EU|, _ wa-o)
=2 PLsup 2 e h—T)

6
€Rac, €114

< (2k — 1) max

36
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(7.109)

(7.110)

(7.111)

(7.112)
(7.113)

(7.114)

(7.115)

(7.116)

(7.117)

(7.118)

(7.119)



LX, (XT¢)*~E[
PL W m ( C) HHQ > cf (1-10) ] (7.120)

€Rac, I1S113 T 287 (2k - 1)
1— 02 eIt
o ap e (OO UG
qE7A22c* KkAk? +0 (1 - 9) B4k2k3 HC”4

exp (k: In (Z’)) , (7.121)

which is bounded by exp (—k) as long as

min {(2C*p)72 , /$2k2}

m > T o7 x2k* log® (kk) (7.122)
21.2 R4
> Cklog (MB) .
(1=0)[I<ll4
41.2 4,213
ax{ nk 6Bk 6}. (7.123)
Q=07 l¢ll,™ A —=0) <l

To sum up, we obtain that for all ¢ € R, , inequality

L x, (XTATq) —E[]|| <c01—0 (Sl 7.124
E O( 0 q) - HQ—C(_) 2 ( )
holds with probability no smaller than 1 — ¢; exp (—k) — cak™* — c3 exp (—0k). [ ]
8 Concentration for Hessian (Lemma 8.1)
Lemma 8.1 Suppose xo ~i.i.q. BG (0). There exists positive constant C' that whenever
. —4/3 4
min { (QC*u/fQ) K } Kk
m > Co x5k log® () 8.1
- (1 — 9)2 U?‘ﬂin & (1 - 9) Omin ( )

and 0 > log k / k, then with probability no smaller than 1—cy exp (—k)—cok™*—48k~7—48m > —24k exp (— 4 min {k7 3V 0m}>,

holds for all q € Roc, with positive constant ¢ < 0.048 < 3 (1 —6c, — 36¢2 — 24c2).

1-06
Om?

3(1-6)

30 —0) Hegslg) <q>H2 <o

Hess[1] (q) — =

|Aq|; . (8.2)

Proof Denoten =Y 7 (YYT)_I/2 gandj=Y7 (QonAOT)_l/2 q=(0m)""? XT¢, and
wo (Lyyr) " (apar) (8.3)
~ \om 0470 ’ '
Y= (vy?) Py, (8.4)
Then we have
31— 0)
Jpess 41 () = 2557 pess il (a)|
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:HP [ Ydlag( )YT—<‘LV¢(Q)>I} Pq:

30-0),

2

Om

qt |:T3ni> diag (7’]02) ?T:| PqL

[9(—=0) 4 1 o2y g7 _ 3
_PL_TAdlag(C )A _WI P, ,

2

@ vo@n - 202~ 2 e

—1/2

1
< 3 ‘WY diag (n°*) Y7 (QYYT>
m

Al

3 e
+o— | AX diag (n°%) YW,

A

3 : o —o
+ ) ||AX0 diag (17 2_ 7 2) XOTATH2

A

3 o
+ G—QHPQL [AX, diag (7°2) XT A”] P,

~P,. [3(1—0) Adiag (¢°?) AT +01I] P,.

af
@ vo@n- 202~ 2 e

Af

2

In the rest of the proof, we prove that

A< 9 JIClE i=1.23

and

cl— .
AH—39 2 ||CH47 7‘:4a5-

First, let us note that

. 2 =2 ,.615 Kk

C -0y oo (= —)
Kk 6 3 Kk

C((l_e)omin) log ((1_9)0min)

38
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. [3Adiag (¢°?) AT - |\¢||31] P,.||

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)



or
tog? (€ (1-0) 2 02,5 og” ()

Clog® (7(17 g)kamm)

3
log C' + 910g a— e)amm> (8.13)
c1/3 log = g)kgmm)
3
log C 9
o g —— & (8.14)
C log = O)amm)
3
8
< < 201/6> (C >10%) (8.15)
= 01/2 (8.16)
Since
. —4/3
mm{(QC*/mz) / ,k‘Q} 64t 3 ok
m>C 5 K’k log® | ———— |, (8.17)
(1 — 9) U?nin (1 - 9) Omin
as the ratio log® m/m decreases with increasing m, then
log®m
m
3 kk
< o (C(l 9)2 i log” (”min(l—")))
CIOg (Umit:i(li_e)>
9252,
x (1-9) Z“;m (8.18)
min{(QC*u/#)* / k} KO Ek4
4 (1-6)02
< O min (819)
C'? in {(20*;;/12) 2/3 k} KOKA
According to Lemma 5.1, following inequality obtains
1
HXOXOT —I| <6 (8.20)
om 9
< 10+v/klogm/m (8.21)
20 (1 — 6) opin max { (20*/m2)2/3 , k:_l}
< - (8.22)
C1/4k3K3/2 logm
2 min 1-46 AT | A
Oomn (1=0) | A%all, ) 2, (8.23)

= CUA3 T k32logm

with probability no smaller than 1 — ¢y with eg = 2exp (—6k) + 24k exp ( Ta3 in {k 3vé }) + 48k~ +
48m=>.
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We have 4k35 /o min < 1/2 whenever

160 (1 —6)\*

whence 6 < 1/ (8x?), and Lemma 5.3 implies that

1 1/2 —1/2

2

< 4K/ ommin (8.25)
G 0) || A%all Vg € Roc.. (8.26)
CU4k32logm .
Moreover,
1 X0, < (6m)*VI+0 (8.27)
< (6m)"*(1+4/2) (8.28)
< % (Om)"/2. (8.29)

Finally, Lemma 2.5 implies that with probability no smaller than 1 — e, we have

o]l < V2log!/ (29m> (8.30)

€B

Upper Bound for A and All. With probability no smaller than 1 — g — £, the norms of 1 are upper
bounded as in Lemma 2.7,

" 3 1 . —1/2
Al < 9m2 <9mYY ) Ao—A X
2
1 —1/2
20 12
102 2, || 47 (ngW) 2 831)
3 4Kk36
<7 U“ S(146/2)%0
4 3
( n 6) —log(29m/EB) (8.32)
O—mln
3660 1 — 4 log(20m/eg)
S Gl g ||CH T Zlogm (8.33)
A similar result holds for
A < 9 02 HXOHQ ||d1ag( 02)”2
~1/2
’ <9YYT) Ag— A (8.34)
m 2
24401 — 4 log (20m/ep)
< 8.35
—_ 01/4 0 HC” kl/Q logm ( )
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To make Al < 120 ¢|1and AY < €129 |||}, we require

_log (20m/e)\"
1
C> (9 x 3660c =] . (8.36)

The right hand side is bounded by an absolute constant for all m.

Upper Bound for AZ. With probability no smaller than 1 — 5 — ¢, the difference between 7° and 1°? is
upper bounded as in Lemma 2.7,

‘ n°? — 7702| N
<l =l [ln + 0l (8.37)
< j:?"s (2 + f&) % log (20m/c5) (8.38)
< % log (20m/cp) - 4if (8.39)
Therefore
A = % | AX, diag (n°% — 7°%) X5 AT, (8.40)
< o Al [ Xl [|diag (n°2 — 7°%) |, (8:41)
< % (1+6/2)%log (20m/c35) - j_’jj (8.42)
< g etee ey .49
Again, Al is bounded by g% I ||1L whenever
4
C > (9 X 1400c1m> (8.44)
Upper Bound for A, Recall that
i=YT (0mA,AT) % q, (8.45)
then
E [ X, diag (7°%) X{ |
_E %XO ding (XT ATq)** X7 (8.46)
— 3(1—6)diag (A7q)** +2047qq" A
+0][ATq||; T, (8.47)
once including the projection P, ., we have
P, E[AX,diag (7°?) X AT P,. (8.48)

= P, [3(1—0) Adiag (¢°%) AT +0I| P,..
Therefore

st = e Aot SEAT
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— P,. [3(1-0)Adiag (¢°%) AT +0I] P,. ) (8.49)
3 1 . T 02 T
S 02m2 gXO diag (Xo C) Xy —E[] , (8.50)

Under the assumption for sample size thatm > C (1 — 6) > x4 min {(20*/1)72/3 , k} k> log” (rk), applying
Lemma 8.2, we have

C
< =
5 9

| Xudiog (x7)" X7~ E11| < g0 -0) <. 51)

simultaneously at every q € Roc, with probability no smaller than 1 — ¢; exp (—k) — cok ™.

Upper Bound for AZ. Note that this term is essentially the difference between

31-6),..4 3
2 = [l voi@r- 2022 1en- %) 2 $52)
g Om?2 4 om2| e )
3(1- 0 3
<|@vo@ - - 5 859
1 1 4 4
< | [IXEC s 30 (1 0) ¢l — 302
1 4
Jfa. V0 (@) - g X0 (854
1 |[Ax(xTe)”? .
< 3 Sno ) —30(1— 0)AT ¢~ 30g
2
1 4 o4
+ — [lInlly — il (8.55)
Recall that
1 03
E {mAXO (X7 ATq) ]
=E [A:z:i (miTATq)?)] (8.56)
=30 (1-0) AC* + 30°q, (8.57)

cl—6

6 0m?2 ||77||3 whenever

With similar argument as in Lemma 7.1, we can show that this term can be bounded by

min { (1k?) 74/3, k2}

k
m>C kK4 1o 3(” ) . 8.58
- (1-6)7 02, &\ 0= 0)omm (8.58)
Moreover, with probability 1 — &g — ep
1 4 _4
— |lmlid = il
1
< — [{n —i,4n°%)| (8.59)
m
4 3
< — —-n .
< —llm =l [nlls (8.60)
1635 4k35\° 4k
< 1+6/2) (1 " Jog (260 61
< (0/2) (1550 ) o 2 .61
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153k K36

< oz log (20m/cp) - p— (8.62)
3060 (1 —6) 4 log (20m/ep)
< C/4 gm2 1<y - Tk logm (8.63)
which is bounded by ¢1=4 [|¢||; whenever
4
¢ > (6 x 306001 L0108 (29m/ep) ) © (8.64)
k1/2logm

The right hand side is bounded by an absolute constant for all m.
Adding up failure probabilities, we have that with probability larger than 1 — ¢z exp (—k) — c2k™* — &,
3(1-0)
Om?

1-6
2

o A%l (8.65)

s 41 a) - Hess ¢ <q>H2 <

holds as desired forall g € 7@20*, where g9 = 2 exp (—0k) + 24k exp (—ﬁ min {k, 3\/9m}) +48k~7 4+ 48m 5.
|

8.1 Proof of Lemma 8.2

Lemma 8.2 Suppose xo ~i.i.q. BG (6). There exist constants C' > 0 that whenever

min { (2C, pur?) —4/3 ) /4;2}
(1-0)*

m>C k*log® (kk) , (8.66)

and 0k > 1, then with probability no smaller than 1 — ¢y exp (—k) — cok ™,

1 . 02
meo diag (X3 A"q) " X —E[]

2
<ch(1-0)]|A%q|[;, (8.67)

holds for all q € Roc, with positive constant ¢ < 0.005 < (1 —6c, —36c? —24¢3) /3.

Proof The proof strategy for the finite sample concentration of the Hessian is similar to that of the gradient

as presented in Lemma 7.2. For simplicity, we will only demonstrate some key steps here, please refer to

Lemma 7.2 for detailed arguments.
Again, from Lemma 2.5, the coefficient satisfies ||z¢||,, < B with probability no smaller than 1 —

20me=B"/2. We write #0(i) = @0(i)1z(i)|<p, and let X denote the circulant matrix generated by the
truncated vector Zy. Denote

Hy=E HXO diag (X7 ATq)** XT } , (8.68)
_ 1 - _ 02 =
Hp=E {mxo diag (X7 A q) *xXT } , (8.69)

then

—Hp

. H‘ X, diag (XT¢)°XF
m

> cf(1- e>||cii]

2

43



O—HE

X, diag (XT¢)°XT
m

> cf(1- 9>|<;||ii]

2
3
+ 20me B2 4 2m exp (—49k log m) (8.70)

while via triangle inequality,

1. _ 02 o
HXO diag (XT ATq)** XT — Hy
m

2

1 _ 2 or
< HXO diag (XF A"q)”* XT — Hp
m

2
|~ Hl]. 70

Truncation Level. Next, we choose a large enough entry-wise truncation level B such that the expectation
of the Hessian E {Xo diag (X7 ATq) °? XOT} is close to that of its truncation E [X'O diag (X A”q) °? X'OT} :

Moreover, we introduce following events notation

& ={||zill.. > B U |||, > 40klogm}, (8.72)
then
|Hs — Hgl,
_ 1 2T
= ||E lmZ@l,C) z;x; 1&1 (8.73)
i F
1 2 T
< EZ |E @i ¢ mal 18] (8.74)
9 1/2
< Z( [H (i, )% i F] -EHEJ) (8.75)
1/2
< (& [J13))
\/IE (L2 .>B] +E [Lja,),>a6k105m) (8.76)
< 50k2\/49ke—32/2 +exp (—20klogm) 8.77)
By setting
k,?
B>(C'log"? | ——— (8.78)
6(1—0)
we have
—B2 o g2 2 1113
Oke 6 (1-9)" 5t (8.79)
In addition, whenever
274
0k > 1 log 400 k2 s | (8.80)
3logm ° \ 262 (1 0)7 [
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we have

1 (c0(1-6)\" |I¢I5
exp (f%tﬁ)klogm) < 2( (100 )> ”i!‘l. (8.81)
Hence,
2 ch (1
\/4¢9ke_B 2+ exp(—20klogm) < 1(00k2 ) IS5 - (8.82)
Therefore, we can obtain that
HHE—HEH2< —0(1—-90 HC||4 (8.83)
always holds, hence
T
P ‘X°dlag("‘04) L = o >|c||i]
mn 2
X, diag (XT¢)°XT
gPH 0 ‘ag(m") " _Hp §<1—9>|<||2‘;]- (8.84)
2

Independent Sub-matrices. As we did in Lemma 7.2, we remove the dependence in X by sampling every
2k — 1 column such that

XoIl = [ X1, Xo, -+, Xop—1], (8.85)
where
Xi= [wi? Lit(2k—1) """ vwi+(7n—2k—1)] s (886)

and IT is a certain permutation of the columns of X.
Applying Bernstein inequality for matrix variables as in Lemma 9.7, with M; = (&, ATq>2 z;z!l €

R(Qk—l)X(Qk—l)_ Since
| M|, = H z;, ATq)’ z,@" , (8.87)
< |12l (8.88)
< 4B*k? (8.89)

and

[E[M; M| = [[E [M; M| (8.90)
= & [(@:.ATq)" 22T 23T || (8.91)
= & [@:. ¢)* 12113 2.7 || (8.92)
<E[(@:,¢)" I2l3) (8.93)

we obtain the following upper bound:

E [(@:, ¢)* |7:l13]
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2k—1
=F {Z Z; (j1) a:z (j2) Z H:cl Je CJZ] (8.94)

G152 Jasje £=3

2k—1
- [Z 2 (1) @i (2)" Y % (j3)” (% () ]24]

J1,J2 Ja#ja

2k—1
+E [Z Z; (1) % (j2) ZCC js) ﬁ,] (895)

J1,J2

=3E| ) i (1) ®: (j2)° & (j3)” €, % (4a)” €,
J1#J2
FJ3F£Ja

P3| Y E G E ) G ) ]

| J17#J2#]3

+6E Za_:i(jl) 121“31(32) 52]

L1772

FOE | D0 & () @ ()" ¢, Ei ()] 2]

| 1772773

+6E | > i (1) ¢ & ()" i]

L1772

128 | 3 & () & (72)° ]

| J1772

+E| > Zi (1)’ &; (j2) & (j3)"* ;ls:|

|1 7#27#J3

+E | D & ()" % () ;‘12}

L1772
+E Y 7 (5)° c;] (8.96)
L J
< (1050 + 1862k + 6062k + 126°k2) ||¢ ]|}
+3(216% + 3002 + 40*k* + 120%k) |5 (8.97)
< CO°K? (8.98)
Assuming #m > 1, hence
0,2 _ 093km (899)

(1-9)

4
Setting t = £ 20=20™I¢ls i Matrix Bernstein gives that

Pl xre” w0,
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—t2/2
= Shexp <C’93km + C’B402k2t> ’ (8.100)

we obtain that

m 2k —1

|

om0l
= p( Ok + 6 (1— ) Bk ||<|ii> e

X, diag (X7¢)"XT . H N 69<19>Cllf’i]

e-Net Covering To obtain a probability bound for all ¢ € S¥~!, we choose a set of ¢, = ATq,, withn =
-, N. Since for any ¢,q’ € S*~! and ¢’ = AT ¢/, we have

H X, diag (X7¢)XT X, diag (XT¢) X7

m m 9
H diag [ (X7 ¢) ™~ (X7'¢)”| XTI | (8.102)
= 12
o il diag [ (X7'¢)"- (XTC')"?}H (8.103)
-~ m ! ! 2 '
Xl - _ _ _
s M .108
<Llg-4dl, (8.105)
Then the Lipschitz constant L is upper bounded by
X2 - _ _
v B g a7 s 1%L (8106
< 2% (8.107)
< 8¢*mB*. (8.108)
With triangle inequality, we have
X, diag (XT¢)? X
S
2
_ || X diag (X7¢Q)XT X diag (X'Tcn)c’Q‘iT
< - .
. ‘ElX . diag (XTC 1 [ ; diag ( XTCn 1
2
X X n T X XT n 3
N ‘ diag (X7 ¢,) "X & dlag( ¢n)™ Z] (8.109)
m 2
_|1X (X7¢.)” X7 E X, (XZ-TCn)" X/
B m B m )
+2Le (8.110)
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Next, we are going to choose the e-net to cover the sphere of g with

_c 0(1-0)

. 4
€= Zm qlens}}}l <y (8.111)

hence the number of samples N is bounded by

k
N = <3) (8.112)
19
<exp(—klne) (8.113)
< Cexp [k log (9?4]“297”” . (8.114)

Forn=1,---,N, denote

P (qn) =

X, diag (X7¢,) X7 B(1=0))|Call?
P z L_E[]|| > ———0 .
H m J - Aek-1) (8115
together with union bound over all g,, , we obtain that,
X diag(XT¢)°XT
| TR gy
5 c(1-9)
P | sup I > 1
acRac, <1y 2(2k - 1)
< Y Pian) (8.116)
Qneﬁzc*
<N max P (gn) (8.117)
qn€R2c,

102 (eI
< 8k supexp | —— o ) ”CH‘"‘ 7| <
acRac, 0k* + 60 (1—0) B*E*||C]y

exp (k In (i)) . (8.118)

Hence

HXO diag()_(UTC)oz)_(g_ E H
m c
P | sup 2> _0(1-6)
geRac, ¢ 2
X; diag()_(iTC)O?}ziT
—EI.
<Y P | sup ‘ " : 25, @00-0) (8.119)
B i 67@20* ||CHjll B 2(2]{:71)
< (2k — 1) max
X; diag()_(iTC)oz)_fg~
_E]I-
el s H " Hz>09(1*9) (8.120)
up > .
geRac, ¢l 2(2k = 1)

48



'm(1—60)*|¢|3
<16k sup exp <_ om0l
acrac,  \ 0K+ 01— 0B

exp (k; In <3>) (8.121)
€

Therefore, by taking
m>—% i { (20, ux?)~? k2} k* log® k (8.122)
OkmB* '\ k* + (1 —0) B*k* <]
> C'leog( m 4> (1 =0) Bk ¢l (8.123)
(1= 0) ¢l (1 =6)"[I<ll
and adding up failure probability, we obtain
H L X, diag (XTATq)* XT ~E|[]
m 2
<ch(1-0)]|A%q|; (8.124)
with probability no smaller than 1 — ¢y exp (—k) — c26 (1 — 0)* k=* — c3 exp (—0k).
|
9 Tools
Lemma 9.1 (Moments of the Gaussian Random Variables) If X ~ N (0,0?), then it holds for all integer p > 1
that
Py _ op 2
E[‘Xl } =0 (p_l)” ;]]-podd'i']]-peven (91)
<oP(p—1) (9.2)
Lemma 9.2 (Moments of the x> Random Variables) If X ~ x? (n), then it holds for all integer p > 1,
I'(p+n/2)
E[X?] = 2”7 (9.3
p
H (n+ 2k — 2) < p!(2n)? /2 (9.4)
Lemma 9.3 (Moments of the y Random Variables) If X ~ x (n), then it holds for all integer p > 1,
E[X?] = QP/QM < plinP/2. (9.5)

I'(n/2)  —

Lemma 9.4 (Moment-Control Bernstein’s Inequality for Scalar RVs, Theorem 2.10 of [FR13]) Let X;,..., X,
be i.i.d. real-valued random variables. Suppose that there exist some positive number R and o such that

!
E[|Xk|"] < %JQR’”’Q, for all integers m > 2.

Let S = % P _1 Xy, then for all t > 0, it holds that

2
P[|S —E[S]| > ] < 2exp (M). (9.6)
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Corollary 9.5 (Moment-Control Bernstein’s Inequality for Vector RVs, Corollary A.10 of [SQW15]) Letx;,...

RY be i.i.d. random vectors. Suppose there exist some positive number R and o2 such that

!
E[l|zx|™] < %UQRm_Q, for all integers m > 2.

Let s = % S b _ | @, then for any t > 0, it holds that

2
Pllls —E[s)l > 1 < 2(d+ 1)exp (—%”im) 9.7)

Lemma 9.6 (Moment-Control Bernstein’s Inequality for Matrix RVs, Theorem 6.2 of [Tro12]) Let X,..., X,

R4 pe i.i.d. random, symmetric matrices. Suppose there exist some positive number R and o such that
!
E[X['] % -0’ R" L, 9.8)
!
~E[X"] < %&RW?I. 9.9)

for all integers m > 2. Let § = 1% 2:1 Xy, then for all t > 0, it holds that

t2
Pl —E[S]|| > t] < 2dexp (—202712&). (9.10)

Lemma 9.7 (Bernstein’s Inequality for Uncentered Matrix RVs) The matrix Bernstein inequality states that for
independent random matrices M, ..., M,, € R4 if

o2 = max{ S EIM M| || > E[M; M) } , (9.11)
=1 =1
and
|M;ll, <R  as., (9.12)
then
P> M;—E[|| >t| < (di +dp)ex _t2 (9.13)
— =\ T RSP 2 ok ) '
Proof For zero mean random matrices
M, —EM,,..., M, —EM, € Rhxd, (9.14)
we have that
[M; — EM;[> < 2R, (9.15)
and
0= > E[(M; — EM;)(M; — EM;)"] (9.16)
=1
<Y E[M;M;], (9.17)
=1
0= ) E[(M; — EM;)*(M; — EM;)] (9.18)
=1

50
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< f: E[M; M;]. (9.19)
i=1

Plugging corresponding quantities back to Theorem 1.6 of [Tro12], we obtain that

IP’[ZMi—EH

2
> t] < (dy + dg) exp (02—:2/R2t/3> . (9.20)
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