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Abstract

This supplementary document contains the proofs of propositions, lemmas, and
theorems.

A Extended proofs

A.1 Additional notation

In the following proofs we will use some additional notation which we introduce here. Define the
random variables

f(Y(S),]l,’LU(S))

Zs(j1, j2) = log Hy(j1, j2), Hs (o g2) = F(Y (), 52, w(s))

so as that

S¢(j1, j2) = log ?(t) =" Z.(j1, 42),

2 (t) s<t

Let V (j1, j2) denote the variance of Z(j1, j2), and

Vi
Vj

V = max V(j1,7J2).
J1,92€T (jl ]2)

Note that A,, < AM < 1, implies that V' < oo.

The quantity I(j*) captures the maximal information attainable from the system when the incoming
job type is j*,

Ay log (%ﬁx)’ Je jwv—j*v
Oa ] € t7w,+j*-

jeT

-k

The term o(j*) is the maximal slack given that the incoming job type is j*, and denotes how
accurately o, approximates q,,,;=, specifically

U(]*) = gle%}é{Qw,j* - aw}'

A.2 Proof of Theorem 1

As stated in Section 3, the proof is based on showing that

o If P{j # j*} is small, then > i+ S(3%, j) is large with high probability.
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e If ¢is small, then >, ;. S;(j*, ) is small with high probability.

These properties will be shown respectively in Proposition [I(S) and [2(S).
Proposition 1 (S). It holds that

P{ 3" 50%3) < (F— Dlog T } < B{uy- (%) < 3} =:(6).

J#I*

Proof. Denote the event B = {Z#j* S@*,9) < (J—1)log 15;‘5}, and we aim to show that
P{B|j = j*} = 0. It holds that

j=J5 = U5 (1) > =5 Vji#]j
1-46 . -
= Sjg>log—s—, Vj#]

1-6 _

= Z Sj« ;> (J—1)log = B,

J#5*
and therefore P{B|j = j*} = 0. We conclude, since
P{B} =P{B|j # j"}P{j # "} + P{Blj = "} P{j = j*}
—_———
=0

=P{B|j # j*YP{j # 5°} <P{j # "} < P{u-(T") < 6}

Before the proof of Proposition [2[S), observe that the notation in Appendix [A-T]are required.
Proposition 2 (S). Given € > 0, it holds that

J—1)%V
P{maxZS’t] ])>TK()} %7
T g
for every T > 0, where
" " 1+AM
K(e) =1(j") +20(j")(J — 1)10g(m) +e.
Proof. Let us rewrite S;(j*, j) as follows
Si(3%,3) = (2.(5%,3) — ElZ:(5", 5)])
s<t
+ Y (BIZ.(%,9)] = IG* d,w(s) + > I(*, jyw
s<t s<t

= Mi4(5%,J) + M2 (3%, 5) + M3+(57, 7),
and we analyze these three terms separately.

The last term, by definition of (j*) is such that

ZMBIS 7] ZZ 7]3 <tI( ) TI(J*)

J#5* s<t j#j*

The second term is such that

Moy (5%, ) = Y (BIZ:(5%,5)] = 1(57, 4, w(s)))

s<t
14+ Ays
< Z(QQw(s),j* —1—Ay))log T()
s<t w(s)
14 AM + AM
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hence

. i 1+AM
> Myy(57, ) < T(J —1)20(j%) log N
J#i*
It then holds that

ZMlt 35 0) + M (57, 5) + M3 (57, 7) 2 TK(e)
J#5

implies that 3, ... M1 +(j*, j) > Te, and therefore
i*.5) > < >
P{max ; SuG*,5) = TK ()} < P max ; Mia(j*, j) = Te}
JF#I” J#I*

Now, observe that i M +(j*,7) is a £?-martingale. Hence, we can apply Doob’s inequality to
obtain

]P’{ max Z M. (5%,9) > Te} T]jeQ
- J#J

where
2

(Z > (=0%5) ~Elz 1(9‘*,9‘)])) | <T(J-1)°V.

t<T j#j*
Hence, we conclude that

(J —1)2V

P{max Z Se(j*,7) > TK(e)} < T

e

Proof. (of Theorem 1.) Fix € > 0 and define
(J-1) 1-6
1
K(e) &5
where K (¢) is defined in Proposition S). Due to the law of total probability, it holds that
1-9
P{T* < ts} <P{T* <t5, »_ S(j*4) > (J—1)log 5
J#5*

FRLY. SG) < (7 - Dlog -5},

J#5*

ts =

By means of Proposition[2(S), the first term can be bounded as follows

(J — 1)2V
tse?

-0
P * < _ Sk
{T" <ts5, Y SG*.5) > (J 1) log - s S P{max ) Si(7,5) 2 4K (e)} <
J#5* J#5*
where the first inequality follows from the definition of ¢5. Further, the second term can be bounded
via Proposition [I[(S)

PUY S(°,) < log(7 ~ )15} < Py (1) < 6} =(9)
J#I*

These bounds together yield

P{T" <t5} <r(d),  K(0) :==7(6) +
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and we conclude by observing that
E[T*] > E[T*|T* > t5|P{T* > ts}
> t5(1—P{T* < ts}) > ts(1 — K(6)).
Note that since lims_,0y(d) = 0 and lims_,o t5 = o0, it holds that

lim x(0) = 0.

§—0

Therefore there exists § > 0 such that for every § < 4, it holds that (&) < 1/2. Hence, for every
0 < 4, it holds that

1. (J-1), 1-6 1 1-6

E[T*] > ~t5 = 1 z M !
"] = 2% 2K(e) ®75 < 2(An +20(5*)) log (153w) + 75) s
since AM
. 1+
K(e) < (J = 1)(Aw +20(j") log (1—x37) +e

A.3 Control of the belief vector evolution

We now control the ratio between coordinates of the belief vector under the 1B policy. Specifically, at
a certain time ¢, we bound the probability that v;(¢) > v;«(t), and investigate how this probability
evolves with ¢.

The first proposition presents the bound and is based on a coupling argument.

Proposition 3 (S). Under the 1B update policy, for every j # j*, it holds that
P { Vjx (t)

v;(t)

A Bayesian coupled system. We first introduce an alternative way to describe the 1B update rule. At

time ¢, sample a value U (¢) from a uniform random variable in [0, 1]. Assume to have chosen the
worker-class w(t) € W, then

<€} <e¢ Ve >0, t > 0.

Z/(t + 1) = )
’ Yieq Fy), i, w(t))vi(t)
where
. _ )o@, y(t) = Guw(t),j» — Jw@),j*» U(t) < Guw(t),j* >
JFy(t), j, w(t { ( y(t) =
( ( ) ( )) 1- Qo (t)s y(t) = —Gw(t),j> ) —Gw(t),j*> U(t) > Qu(t),5* -

We now introduce a coupled belief-process p(t), which evolves in parallel with v (¢) according to the

following rule
fP (), 3, wt))py

(t+1) = . ’ b
i (t +4) Sieq fP (), i, w(t)
where
y(t)7 U(t) < Qo (t)s
g P U(t) < agyey,
yP(t) = § —y(t), U(t) € [Quww)s Guw(r)j+)s = {_wg(t);) _ UEt; >« EZ
w(t),5* > = Qa(t)-

y(t),  U(t) = qu)j=-

The peculiarity of the p(t) belief vector is that f(y?(t), 4, w(¢)) is the probability of having response
yP(t) in the pessimistic system given where g,, ; = «,, for every w € Wand j € J. Hence, p(t) is
updated according to the Bayesian update rule and therefore it represents the real posterior probability
vector in the pessimistic fictitious scenario.

This parallel process is introduced due to the following Lemma.
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Lemma 1 (S). Ifv(0) = u(0), then

Proof. Observe that if w(t) € Wj- ;

1+A .
Vj*(t—f- 1) Uy (lf) % {1_Awiti’ lfU(t) < Qu(t),5*

= —Au .
D) 0 AR iU > gug,
and A
pe 4D () g U) < o
= -A .
ple D) a0 SRR i U() > au,
on the other hand, if w(t) ¢ Wj;- ;, it holds that
vit+1)  v(t) (1) ()
These relations conclude the proof together with the initial condition ©(0) = p(0). O

Proof of Proposition[3(S). From Lemmal[I[S) it follows immediately that

v (1) p (1)
Py Vi (1) <pr<P¥{ () < B}

and define By ;- ; the event

1= (2)

pi(t)

Bijj={ < B}

Observe that, over By ;- ;, it holds that

[T e (s), 5% w(s) < BT Fw"(s), 5, w(s)).

Hence,
]P{Bt,j*,j |]*} :/B . H f(yp(5)7]*7w(s))d((yi”(l),w(l))’ e (y”(t _ 1)7 W(t . 1)))
Sﬁ/B | Hf(yp(s),j,w(s))d<(yp(1)7w(1)), e (WP = 1), wl(t — 1)))
=BP{By ;- 517} < B. .

This result indicates how likely it is that we are on the wrong path, i.e., v;- (¢) should not be lower
than v;(t). The next proposition gives us a more explicit bound, however it depends on the sequence
of actions chosen up to time .

Proposition 4 (S). Under the 1B update policy, for every j # j*, it holds that

P{"fo(i’f)) <M} < (14 M)(1—A2)Mrs O g s o, 2)
J

where

Wi- ()] = {s < t,w(s) € Wi+ 5}

Proof. According to the definitions in Appendix[A-T] it holds that
vi=(t)

vi(t)

P < MY = P{S, (", ) < log M).
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For v € [—1, 0], it holds that
P{S,(j*,4) <log M} = P{S,(j*,4) < 0} + P{S,(j*, ) € (0,log M]}
E[e’yst(j*vj)] E[e’yst(j*vj)]
= B T[S, /) < 0] | B[S T[S, ) € (0,log M]]
E[w&(iﬂi)]
e—log M

< E[e"/st(j*vj)] + - E[eysf(j*’j)](l + M).

We now consider H,(v; 5%, 5) = E[(Hs(5*,7))"]. Incase w(s) ¢ W« ;, itholds that H,(j*, j) = 1
with probability 1, and therefore H,(v;j*,5) = 1 for every v € [—1,0]. On the other hand, consider
the case where w(s) = w € W;« ;. Then, for v = —1, it holds that

Ay 170[1”)_1

)7 (1= quyge)(

f{ —1' - = 5k
s(=177,7) =quw,; (1_% -

which is lower or equal than 1 since ¢, ;= > o, > 1/2. Moreover, note that H,(0;5*,7) = 1 and
since H,(+; 7%, j) is a convex function, it holds that Hs(—1/2; 5%, j) < 1. Hence, if w(s) € Wj- ;,
it holds

e o —1/2 1— oy Qyy
E[(Hs(] 7.7)) ] :qw,j* o +(1_qw,j*) 1_a
w w
1— ay Oy
< ay, TJr(lfaw) o = 2/auV1 — ay.

Finally, observe that

2/ VT — = /1 - A2 < /1 - A2

The proof is concluded by observing that

1 vi=(t) g (i* e o\ —1/2
P{-L 22 < M} <Ele™50)/2) = TTE|(H,(5*
T oy <M SEe ] 11 [CAG
=[1a0/250= JI  H(1/25%.3)
s<t s<t,w(s)EW;x ;

< (1 _ Ail)le*,j(t)l/%

O

The argument in the above proof is similar to [1, Lemma 1]. The important difference is that in [1]
every action is able to distinguish hypotheses j* and j, and therefore the exponent on the right-hand-
side of (@) is ¢ in that case, instead of |[WW;- ;(t)|. Our model only satisfies Assumption 2; however if
a given action selection policy continues exploring each pairs of hypotheses, we deduce the following
corollary.

Corollary 1. It holds that

i )] = eVt _
lim Wyt =c0 = lim P{ D) <M}=0 YM>0.

As a consequence of Corollary [, we deduce that any candidate policy for action selection shouldn’t
have the property where there exists £ > 0 and j € J such that w(s) ¢ W; ;. for all s > £. Indeed,

in such a case that policy would not be able to completely distinguish j from the true hypothesis j*.

A.4 Proof of Theorem 2

Before the actual proof of Theorem 2 we need to show that, by using the IBAG algorithm, the decision
maker is expected to obtain a positive amount of information at each step.
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Proposition 5 (S). Under the 1BAG, there exists K > 0 such that
E[Ui+1 — U] > K,

where

v~ (t)

U, = log — 22 __.
FTT®)

Proof. Denote by w” = w? (t) the class of workers chosen by the IBAG algorithm at step ¢, and by
vj« = ;= (t). Observe that

E[Uss+1 — U]

10 f(}/taj*awD) ]
& S T 0ewP)r ()
2 g vi(1)

:E[

Oy, D 1—aw,p
= Qb+ log A“’DV — (1 —qyp j)log AwDu N
awD _ w 1_1;;*,—_7 1 au}D + w 1_1;;‘*,—_7
J J
1—
> ay,p log iwzy — + (1 — ayp ) log iwzy —
awD _ w 1_1L‘ ,—J* 1 _ awD + w 1_7;1‘ ,—J*
1+A 1-A 1+A A,pVyp _ix 1 —A A,DVyD _ix
:DKL(( + va wD)”( + wP Ay VyD _j ’ wD+ wP VD _j )
2 2 2 1-— Vj* 2 1-— I/j*
1+A™ 1 - A™ 14+ A™ VD _ix 1 —A™ VD _
ZDKL( , )”( _A™ = 7 LA™ =3 ))
( 2 2 2 1—vy- 2 1—vy-

=: K(vyp _js,vj+) >0

where D1, (-||-) denotes the Kullback-Leibler divergence. Observe that

0K (z,y) >0 0K (z,y) 0
oxr Oy =7

and we aim to bound K (z, y) away from zero with high probability. We fix 7 < 1/.J and distinguish
two possible cases:

Case 1: The decision maker is in an explorative phase, i.e., it does not have a clear feeling about
which type the incoming job is. In this phase, there exists w € W such that

V_w > v.
This yields that
]/j* Z 0, I/U)D,fj* 2 V_ D Z bl/fm 2 bi),

where b is defined in Lemma S) which is proved in Appendix Therefore

K(vyp,_je,vj+) > K(bi7,0) > 0.
Case 2: The decision maker is in an exploitative phase, i.e., it does have a clear feeling about which
type the incoming job is. In this phase, for every w € W, it holds that

Vi < D.

The following lemma states that indeed in this case there is a job-type which is clearly the most likely
type of the incoming job. The proof is provided in Appendix [B]
Lemma 2 (S). Ifv_,, < % for every w € W, then there exists j € J such that

- jwy lf Z vj 2 Z Yi
j w = 3 j w — . €T JET
(T = {j} + {J\Jw, i Yjega Vi < Ligg, Vi



124 At this point, we distinguish two subcases:

125 2a) Assume j = j*. It means that we are on the correct path towards the end of the learning
126 process, and
J—-1
VD _jv = V_yyD, vix 21— 3 V_yuD,
127 where the second relation holds due to Lemma[3[S) and
v_
L=vje + Y vy S+ ) vowg Svp+ (I = 1) g?
J#5* J#5*
128 Hence,
J—-1 J—-1

K(VwD,—j*vyj*(t))ZK(V—wDal_TV—wD):K(lal_ B )>O

129 2b) Assume j # j*. It means that we are on the wrong path towards the end of the learning
130 process, and we would like to show that this is unlikely to happen. Denote by w(j) a class
131 of workers belonging to W, 3, it holds that

vi(t) < V_ (i) SV, l/j(t) >1—-(J-1)p,

132 since
1=v; +Zyj <y; +Zy,w(j) <vi+(J -1
J#] J#]
133 Therefore
v+ (1) v
vi(t) —1—=(J—=1)p
134 and Proposition 1 yields that

Vj*(t) 1% 1%
Mo ST-o-ni ST

135 Hence in this second phase, we obtain that
E[Ui+1 — U] = E[Us1 — Uilj = 57 P{j = 5°} + E[Uss1 — Uslj # 57 1P{5 # 57}
> E[Uip1 = Uilj = 5" P{j ="}
t) 1%
<

= . V*(
> = Ul =571 = P{-
> E[Us11 — Usly = j*](1 P{ l/j(t) —1-(J- 1)17})
J—1, 1-Jv
> _ .
> K(1,1 - 1T

136 Define the following events
Ap(t) = {30 :v_g(t) >0}, Bp(t) = Ap(t)©.
137 We just showed that .
E[Ut+1 - Ut|Ag(t)] Z K(bD,O) = KA(f/)

138 and that
J—-1 1-Jv

B)l—JD+ﬁ_

E[Ui11 — Ui B(t)] > K (1,1 -
139 Observing that
ElUt1 — U] = E[U1 — U |Ap(t)]P(Ap(t)) + E[Us41 — U | B3 (1) |P(B3 (1))
> Ka(0)P(Ap(1)) + Kp(#)P(By(t))
> min{ K A(7), K(9)}.

140 Define
K; = min{KA(f/)vKB(’;)} >0,



141 so as that, for 7 = -

57 it holds that

, b J—1, J*—7J
Kﬁ:mln{K(ﬁ,O),K(l,l— = )JQ—J+1}'
142 Note that as J grows large both K (i

Lr,0) and K(1,1 — L2
143

7 ) converges to zero as log(lJ%J)

Proof. (of Theorem 2.) Observe that by the definition of 7, it holds that 7* < T'(j*) where

T(j*) = inf{w;- (1) > 1 - 35},
144  Hence,
E[T*] <E[T(j) = > _P{T(j*) > t}.
t
145 Observe that 15 .
Vj* —
vie <1-96 = I < —=-1<=
J 1-— Vj* 5 (5
146 and therefore
{T(5*) >t} = B(t), B(t) = {U; < —logd},
147 where )
Vi« (t
U, = log —2——.
T
148 Note that
P{B(1)} =P{U; < —logd} = B{U; — E[U) < — log — E[U]},
149 and from Proposition 5[S) we obtain

P{B(t)} < P{U; — E[U;] < —logé — Uy — tK}.
150 At this point, consider any ¢ > £(4) :

= 24)(8), with K = K _and 1)(5)
J2

—logd — Uy > 0 then
P{B(t)} <P{ - U; + E[U;] > tK —n(0)}

< P{|U, ~ E[U]] = tK —n(6) }

_ (th'n(c;))z

<e 2HT
151 where

1+ AM

H = QW > T?gg( |Us —Us—1 — E[Us - Us—l”'

152 and the last inequality is due to Azuma’s inequality.
153 Hence,

t>7(5)
_ _ K2 KEn() —=n(6?
:t(5)+ Z e 2H ¢ H ¢ 2Ht
t>%(6)




154 Theorem 2 follows by defining

2 22U, 1
K= — Kl=—ror+ —o .
' K’ 0 K ’ 1-— e’%
155 For the sake of completeness, note that H is constant in .J, and
1 1
Up = —log(J — 1), =~
K log( 1+J)
156 O

157 B Proof of the technical lemmas

158 Proof of Lemma 1. Given that at time ¢ we observe the belief vector v = v(t) € P(J), and a response
159 is asked to a worker in class w = w(t). For every worker w € W and j € J, define

Vw,+j = E : Vi, Vi, —j = E : Vj.
JE€ETw,+j JE€ETw,—j

160 Thenif y = g, ;+,1.€., a correct response is observed,

‘ V(]. + Aw)
€ Jwryr = vilt+1)= Y =¥
j T +j Z/J( + ) I/w7+j*(1+Aw)+Vw,—j*(1_Aw) =V
‘ l/(]. - Aw)
w j* = ] t 1 = X = K
3¢ Tw+g vj(t+1) Vot (L B) + v (1= By) ~
161 while, on the other hand, if y = —g,, ;+, i.€., a wrong response is observed,
‘ l/(]. - Aw)
w,+j* = i(t+1)= \ = Vi
J € Jw,+j vi(t+1) Vit (1 = Do) + Vi —j= (1 4+ Ay) — g
l/j(l + Aw)

| & Tw i = i(t+1) = >
]¢j7+] V]( ) Vw,+j*(1_A )+waj (1+Ay) K

162 The analysis of v;+ (¢ + 1) /v;(t + 1) in the various cases conclude the proof.
163

164 Proof of Lemma 4. Lemma 4 is a consequence of the following stronger result.
165 Lemma 3 (S). Consider x,y € [0, 1] such that G(z, AM) > G(y, A™), then

x> by, b:= i—M 3)

166 In fact, from the monotonicity properties of the function G(-, -), at time ¢ it holds that
G(Vwa(t)v AM) > G(Vwa(t)a AwD(t)) > G(V—UH Aw) > G(V—wv Am)7

167 and Lemma S) yields v_,,p ) > bv_,, for every w € W.

168 It remains to prove Lemma BI(S) whose proof is done via a contradiction argument. Assume that
169 x < by. In this case, it holds that
G(x, AM) <G(by, AM)
(AMP(by)*
T (AM)2(1 - 2hy)?
(A™)2y®
T1— (AM)2(1 - 2by)?
(Am)Z 2

“To@arpa gy - CAY

10
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which is a contradiction. Note that the last equality follows since
1 1

1 — (AM)2(1 — 2by)? =1 (A™)2(1 = 2y)?

= (AM)P(1-2by)? < (AT)(1 - 2y)?
—  AM1—2by) < A™(1—2)
— y(A™ — bAM) < %(M — AM)

1 (Am _ A]\l)

2 (A™ — bAM)

which is true since y < 1/2 and
m _ AM
@an-4a"
(A™ — bAM)
Proof of Lemmal2]S). First of all, observe that | (| T4, (t)| < 1. In fact, assume {31, jo} € () T4w(t),
then consider w € W, j,, it yields a a contradiction since it is not possible that

{1,742} € T4u(t).

Now, assume that () T, (t) = 0, then, for every j € J it is possible to identify w(j) € W such that
j € J_(t). For this reason, it holds that

1
L= vt <Y vewt) <5 =1
JET JjET
Hence, there exists j € (| T4w(t)-

C On the effect of the slack

In this section we investigate how different the choices of the IBAG algorithm would be if, instead
of a,,, we had at our disposal the exact skill parameters q,, ;. So as to gain better insights, in this
section we assume ¢, ; to be independent from j, i.e.,

Qu,j = qu € [a’wv Qy + Uw}a
and we aim to capture the effect of o,, on the algorithm decision. Define

Aq(w) =2q,— 1€ [Aw,Aw], Ay = 20, — 1, Ay = Ay + 20,.

With the knowledge of g,,, the Incomplete Bayesian updating rule described in Section 3 coincides
exactly with the classical Bayesian updating rule presented in Section 3 as well. In particular

Az(w)yw’*j* (t)Z
1-— A?;(w)(l — Uy, —j= (t))?

and denote by w? (t) the class of workers picked by IBAG in this case, i.e.,

Elv;- (t+ 1)|v, w(t) = w] — vj- (1) = 4w (t)

d?v?

wh(t) = arg max{G-uw(t), Agw))},  Gv,d) = m

We recall that the IBAG algorithm, which only knows v, at time ¢ picks the class of workers w? (t)
maximizing
w” (t) = arg ma{/}\(]{G(V—w (t), Aw)}v
we
and we would like to better understand under which condition the choices made in the two cases are
different, i.e,
w? (1) # w® (),
and, in case they are different, what is the impact of the error on the performance, i.e.,
Err(v) =E[v;- (t + 1)|v = v(t), w(t) = w? ()] — B[y (t + 1)jv = v(t), w(t) = w”(?)].
Note that, it follows from the definition of w? (¢) that Err(v) > 0.
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Lemma 4 (S). Iffor every w # wP (t) it holds that
G(v_wpy(t), Aup ) > Gr—w(t), Ay)
then wP (t) = wB(t).

Proof. Recall that G(v, d) is increasing in d, hence

G(V_wp 1) (), Aguwr (1)) = GV_wo (1) (1), Awp (1)),
and

G(V,w(ﬁ), Aw) > G(V,w (t), Aq(w))> Yw € W.
Hence, for every w # w? (t), the hypothesis of the lemma holds. O

In particular, this lemma states that if a class of worker is much more convenient than the others when
only the lower bound «,, are known, then the same holds when the probabilities g,, are known. Here
we investigate what kind of threshold determines a worker to be much more convenient than the
others. For every w € W define the following quantities

Tw = GWV_yo 1) (), Ayp () — G(V—w(t), Aw),

5w = G_w(t),Ay) — G(r_y(t), Ay).
Note that 7, represents by how much w? (t) is more convenient than w given that only c,, is known,
in particular ~

Gv_wpt)(t), Ayp@y) > Gv_w(t),Aw) = 7w > Sy
Proposition 6 (S). It holds that
lim s, =0, lim s, =0.
ow—0 v_(t)—0
Proof. Note that
Sw =GWV_w(t),Ay) — Gr_y(t), Ay)
Vow(t)?0u(Ay + 0u)
(L= (B 1 20,)2(1— 20 (1))2) (1~ A2 (1~ 20, (1))
Vow(t)?0u(Ay + 0u)

(1= (200 + Aw)2(1 — 20, (£))2)*
The proposition follows by taking the limits. O

=4

<4

As a consequence of this proposition, it follows that for o, or v_,,(t) sufficiently low, it holds that
Tw > Sy. Recall that when this happens for each w # w? (), it follows that w? (t) = w(t).

Nevertheless, even when the worker chosen is not the optimal one, the error incurred is not large in
many circumstances. The following proposition bounds Err(z) with a linear function of max,,{s, },
whose dependence on o, has been pointed out in the proof of Proposition [6{S).

Proposition 7 (S). It holds that
Err(v) < 4vj-(t)s,n ) < 4vj-(t) max{s,}.

Proof. Observe that due to the definition of G and Err(v), we only need to to upper bound the

following difference
G(l/,w(t% Aq(w)) — G(V,wD (t), Aq(wD))
under the constraint that
G(l/,w(t), Aw) < G(l/,wD (t)7 AwD )

Observe that
Gv—w(t); Agw)) = Gv_ywo (1), Ag(wr))
< GV-w(t),Aw) = G(r_yo(t), Auw)
<GV_w(t),Ay) — G_w(t),Ay) = Su-
O
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