Supplementary Material to
"Group Sparse Additive Machine"

1 Technical proof of Theorem 1

For feasibility, we recall the error decomposition in Section 3 as below.

Proposition 1 For f, defined in Section 2, there holds

R(sgn(fa)) — R(fe) < E(n(fa)) —E(fe)
< E1+ Es+ Es+ D(n),

where D(n) is defined in Section 3,

By = &(n(fz) —E(fe) — (EZ(W(fz)) - EZ(fC))a (1)
Ey, = EZ(fn)_‘gZ(fc)_ (5Z(fn)_g(fc))a (2)
and
d
By = E(n(f2)) + AU fa) = (Ealfu) +1 D7l 17 cn)- ©

1.1 Hypothesis error estimate

To estimate the hypothesis error E3, we choose f, in Section 2 as the stepping stone function to

bridge &,(m(f2)) + AMU(fz) and &,(f,;) + )\Z] 1 T]||f,(7j |12 ;- The proof is inspired from the
stepping stone technique for support vector machine classification [6) 2].

The optimization framework for f, can be rewritten as the following quadratic programming opti-
mization problem:

min ;) Z&-&—UZTJ J) f VK

d
st gy (fV K9 (@ D Nkw 21-6,
Jj=1
& >0i=1,.

We define the Lagrangian function of the above optimization problem as

d n
L(fuy) = 2nanz ZU(f(j),f(j))Km—Z%fi
j=1 i=1

n

d
_Zui(yzz f(J) K(J j) ')>K(1) - 1+€i)?

i=1 j=1
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where 1;,v;, 1 < ¢ < n are Lagrangian parameters.

The parameters minimizing L satisfy

oL . n ) )

e o D D) N

aFm [ Eﬂ:ﬂzysz] (z;”,) =0,¥j € {1,...,d},
oL 1

% = amhe

Then, we obtain that

f(j) = ZMiT]‘_lyiK(j)(xz(j)’ ')a v] S {1a "'ad}a

i=1

and

1
i P = =, Vi ].,..., .
it Y= g Vi€ {1,...n}

Hence, f, defined in Section 2 satisfies that

d d n
=3B = 3 @
j=1 j=11i=1
with
1
<p < —,Vied{l,.., n} 5
O*M*an i€ n} (5)
Proposition 2 For the hypothesis error Es3 defined in (3)), there holds
Ad
Es < .
P

Proof. From the definitions of f, and f, in Section 2, we know that
Ea(f2) < Ea(fa) + AQUf2) < Ea(fa) + 2 f2)

and

d d
EF) + 1Y il Fa %) < Ealha) + 0> TP |20

j=1 j=1
Then,

d
By = &(f)+2Uf) — (&) + 02 mll i )

Jj=1

d
EulFa) + AUF) = (&F) + 0Dl £ e )

j=1

IN

d ) d ) ~
< &)+l ko = (&) + 1Yl D1k ) +22(f)
j=1 j=1

< AU /fa). (©6)

According to f, in (4) and (5), we have

(7

Combining (6) and (7), we derive the desired estimate. [J



1.2 Sample error estimate

The error term E; in (1)) reflects the divergence between the expected excess risk £(7(fz)) — E(fe)
and the empirical excess risk £, (7(f,)) — £.(fc). Since f, involves any given z = {(z;, y;)} 1,
we introduce the concentration inequality in [5] to bound F.

Lemma 1 Let G be a set of measurable functions on Z and B,c > 0, T € [0, 1] be constants such
that ||gllco < B, Eg? < ¢(Eg)7 forall g € G. Assume that log N2(G,€) < ac~*,Ye > 0 for some
a > 0and s € (0,2). Then, there exists a constant ¢, such that for any 6 € (0, 1)

(clogﬁl/é))ﬁ N 18Blog(1/4)

n

1 & 1oy
Eg— =% g(z) < 5¢"7(Bg)" + ¢ +2
=1

with confidence 1 — 6, where

C:max{c4—22:i.ef(a)4 3rtsT B2+§ (g) ie}
n n

The following lemma demonstrates the upper bound of f, for any z € Z™.

Lemma 2 For f, defined in Section 2, there holds

ry/n

£ e < Nfallx < Nmin, 7, Vi efl, ... d}
Tj

proof. The definition f, tells us that

This means

®)

Meanwhile, we deduce that

d
[fallx < Z £ e < HZZ \OL(J)| < n\/ﬁz

Jj=11i=1 Jj=1

€))

where the last inequality follows from Hoder inequality.
The desired upper bound follows by combining (§) and (9). O

Proposition 3 Under Assumptions A and B, for any § € (0, 1), there holds

9
B < Comax (AT SRR 08 (er(h) - £(1)
—2s(q1)  _ (2—s)(q+1) 25 }+ 361log(1/9)

+C5 max {)\ IF2atsa .~ AF2atsa )\ 2HsmT i

n
at+l

+(3(20) 77 log(1/6))

with confidence 1 — 6§, where C1, Co are positive constants independent of n.

Proof. Recall that

n

Bi= [0 = ym(E) @) — (1= pfule)) el — & (01~ (i) — (1= wifelw)-

i=1



and f, € B, withr = KV \We consider the function set

Aminj 7;

G ={9(2) = (1 = yr(N@)s — (1 = yfol@))s : € By, (w,9) € 2},
Since for any f1, f2 € B,
(L =yr(f1)(2) 4 — (L= ym(f2)(2))+] < lym(f1) (@) —ym(f2)(2)| < [f1(z) — fa ()],
we have
log No(G,€) <log No(B,,e) <logNo(Bi,er 1) < ced' Torse™2,
where the last inequality follows from Assumption B.
Considering 0 < (1 — yn(f)(z))+ < 2and 0 < (1 — yfe(x))4+ < 2, we get that ||g|lc < 2 for
every g € G. Under Assumption A, there holds
Eg® < 8(2A)” 71 (Eg) ™.
Hence, we can apply Lemma[T[to get the concentration estimate for any g € G, where the parameters
a=cydTrs, B=2¢c= 8(2A)_q7il, and T = qqu Note that f, € B, withr = Mﬁ;{jﬁ. We
deduce that

T N 36log(1/6)

Iy (8(2A)_qil log(l/é))%7

By < 3¢ (Er(h) - €(1) .

with confidence 1 — d, where

(2—s)(14+4q) 2 . _ 2g+2 —2s(g+1) _ (2—s)(q+1)
C = max{Q 4+2g+sq (csﬁsds—i-s (I'IllnTj) S)4+2<1+sq)\4+2q+5<1n 4+2g+sq

2-s 2 242s 25 . _2s _2-s
23Fs ¢t d s (k)2 (AminT;)” 2+sn” 2% }
This completes the proof. [
Now we turn to bound the error term Es in terms of the following one-side Bernstein inequality

[LLL 134 14].

Lemma 3 Let { be a random variable on a probability space Z satisfying |((z) — E€| < Mg for
some constant Mg and o is its variance. Then, for any 6 € (0,1), with confidence 1 — § there holds

1 & 2M;¢ log(1/6) 202 log(1/5)
E;s(zi)—Efs ot :

n

Proposition 4 Under Assumption A, for any 6 € (0,1), we have

Ey

_ orlog(1/0) | D(n)  4log(1/é) = q+2 (16(2A)“#110g(1/5))3¢3+D(n)

- 3n 7 min; 7; 3n 29+ 2 n
with confidence 1 — 2.

Proof. To bound Es5, we introduce

§(z) = (1 —yfn(@)s — (A —yfe(@))t, 2= (z,9) € Z.
It is easy to verify that

n n

By= Y e - Be={ Y aaz) - Ba b+ {iznjsg(zi) - B& |, (10)

where
§(2) = 1 —yfo(@)s — (L —ym(fy)(@))+

and

=1 —yr(fy)(@)+ — (1 —yfe(z))+



The definition f;,, in Section 3 tells us that

D(n)

< < .
IFalle < Wl < [0

Then, for any z € Z,

D(n)
nmin, 7;’

0<&i(2) < [fyle) —m(fy)(@)| <K

|61 — B&1| < ky /720 and 0%(6)) < Ky /20 B,.

i . .0 i . .
7 min; 7; 7 min; 7;

Applying Lemma3|to &, we obtain with confidence 1 — &

2k 1og(1/9) D(n) n 2k &1 log(1/6) D(n)

% ;&(zi) - B¢

3n nmin; 7; n 7 min; 7;
log(1/6 D

< Onlosllfo) | DU)_ ., pe, (an
3n 7min; 7;

Now we turn to consider the concentration estimate of £;. Note that 0 < &€5(z) < 2 for any z € Z.
Applying Lemma3|to {2, we get with confidence 1 — &

Alog(1/5) | [2E6310(1/0)

% Y bo(z) - E& <
i=1

3n n
4log(1 16(2A) 77 log(1 g
o8(1/5) \/ 628) " 1og(1/8) a1
3n n
where the last inequality follows form Assumption A.
Recall that
11 , at b
¥+?:1 with t,t’>0¢a~b§7+7,va,bzo.

Applying this elementary inequality to a = \/16(2A)q: log(1/9) b — (B&y)7ar2 t = 2qq_:'22,t’ =
2q+2

= . we further get

\/16(2A)‘qq+110g(1/5) i q+2 (16(2A)—#11og(1/5))g¢; q
n 2

E 2q+2 < Eé&s.
T n PR
This together with (I2) means
1< 4log(1/8)  q+2 /16(2A)" 7T log(1/6)\ &5 q
- ) — E& < FE&. (13
n;&(z) fLs—3g, +2q+2( n ) T o 2l 19

Combining , and , we obtain, with confidence 1 — 24,

< 5k log(1/0) D(n) n 4log(1/0) n q+2 /16(2A)7 7 log(1/6)

E, < - (
3n 7 min; 7; 3n 2qg+2 n

at1
PE)
)++E§.

The desired result follows by considering E¢ < D(n). O



1.3 Proof of Theorem 1

Proof. Combining Propositions|T}f4] we get with confidence 1 — 34
E(m(f2)) —E(fe)

—2s(g+1) _ (2—s)(q+1) 2s 2—s

Cmax { AT ’A_Z“”_m}ﬁ(f(w(fz))—é’(fc))ﬁ

IA

] —s ; —s — 7 a2
+C5 max {)\ Ziazszqielq) n- (24+2)q(-(¢1—:11) JAT s n- §+s } + (24(2A) ot 10g(1/5) ) q+2
n

+11210g(1/5) N 5klog(1/6) | D(n) q+2 (16(2A)-qi1 1og(1/5))3%
n 3n nmin; 7; 29+ 2 n
dX
2y/n’

Recall that, for a,b > O and ¢t € (0,1),

+2D(n) +

r<ar' +bx>0=2x< max{(2a)1%t,2b}.
We apply the above elementary inequality to x = &(m(fz)) — £(fc) and ¢ = _{5. Then, under
Assumption C, we further get

—2s(q+1) _ (2—s)(a+1) 2s

E(r(f) = £(f) < Clog(3/6)(max {ATsd n= St A~#ep 5 )

T TR g ) (14)
with confidence 1 — 4.
Setting 7” = )\77*171’%, we have n = NPT~ 277 Then, yields with confidence 1 — §
E(n(fz)) —E(fe)

—2s(q+1) _ (2=s)(g+1) _ g+l

< Clog(3/9) ()\4+2q+sqn TF20+sa + 1 er)\%n_%Jr)\%n_%), (15)

where C' is a positive constant independent of n, ¢.

The desired result follows by taking A = n~¢ with 6 € (0, min{ 22_5 2 gfgg })in and considering

R(sgn(fz)) — R(fe) < E(m(f2)) — E(fe)-
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