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Abstract

We develop an approach to risk minimization and stochastic optimization that pro-
vides a convex surrogate for variance, allowing near-optimal and computationally
efficient trading between approximation and estimation error. Our approach builds
off of techniques for distributionally robust optimization and Owen’s empirical
likelihood, and we provide a number of finite-sample and asymptotic results char-
acterizing the theoretical performance of the estimator. In particular, we show that
our procedure comes with certificates of optimality, achieving (in some scenarios)
faster rates of convergence than empirical risk minimization by virtue of auto-
matically balancing bias and variance. We give corroborating empirical evidence
showing that in practice, the estimator indeed trades between variance and absolute
performance on a training sample, improving out-of-sample (test) performance
over standard empirical risk minimization for a number of classification problems.

1 Introduction

Let X be a sample space, P a distribution on X', and © a parameter space. For a loss function
£:0 x X — R, consider the problem of finding € © minimizing the risk

R(0) := E[((6, X)] = / 00, 2)dP() 0

given a sample {Xy,..., X, } drawn i.i.d. according to the distribution P. Under appropriate
conditions on the loss ¢, parameter space ©, and random variables X, a number of researchers [2], |6}
12, [7,13]] have shown results of the form that with high probability,

1 & Var(£(0,X)) = Cy
< - X; ————2 4+ —= forall 2
R(e)_n;€(97 L)+C1\/T+ - fora 6eo )

where C; and C3 depend on the parameters of problem (I)) and the desired confidence guarantee.
Such bounds justify empirical risk minimization, which chooses 6,, to minimize % Yo 00, X;)
over § € ©. Further, these bounds showcase a tradeoff between bias and variance, where we identify
the bias (or approximation error) with the empirical risk % Yo, 00, X;), while the variance arises
from the second term in the bound.

Considering the bias-variance tradeoff (I)) in statistical learning, it is natural to instead choose 6 to
directly minimize a quantity trading between approximation and estimation error:

- Varp (£(6, X
%ZK(H’X”H'C M’ 3)
i=1

n

where Varp denotes the empirical variance. Maurer and Pontil [16] consider this idea, giving
guarantees on the convergence and good performance of such a procedure. Unfortunately, even when
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the loss ¢ is convex in 6, the formulation (3) is generally non-convex, which limits the applicability
of procedures that minimize the variance-corrected empirical risk (3). In this paper, we develop
an approach based on Owen’s empirical likelihood [19] and ideas from distributionally robust
optimization [4} 5, [10] that—whenever the loss ¢ is convex—provides a tractable convex formulation
closely approximating the penalized risk (B). We give a number of theoretical guarantees and
empirical evidence for its performance.

To describe our approach, we require a few definitions. For a convex function ¢ : Ry — R with
(1) =0, Dy (P|Q) = [, ¢(%)d@ is the ¢-divergence between distributions P and ) defined on

X. Throughout this paper, we use ¢(t) = (¢ — 1), which gives the x*-divergence. Given ¢ and an
i.i.d. sample X4, ..., X,, we define the p-neighborhood of the empirical distribution

P, = {distributions Ps.t. D¢(P||13n) < B} )
n

where P, denotes the empirical distribution of the sample {X; }_,, and our choice ¢(t) = F(t—1)2
means that 7, has support {X;}_,. We then define the robustly regularized risk

Ra(6, Pn) = sup Ep[((9, X)] = sup {Ep[(6, X)) : Do(PIP,) < g} . )

As it is the supremum of a family of convex functions, the robust risk 8 — R, (6, P,,) is convex in
0 regardless of the value of p > 0 whenever the original loss ¢(-; X) is convex and © is a convex

set. Namkoong and Duchi [18] propose a stochastic procedure for minimizing @) almost as fast as
stochastic gradient descent. See Appendix [C]for a detailed account of an alternative method.

We show that the robust risk (@) provides an excellent surrogate for the variance-regularized quan-
tity (3) in a number of ways. Our first result (Thm.[T]in Sec. 2) is that for bounded loss functions,

R,(0,Pn) =Ep [6(6, X)] + \/Q:Varﬁn (00, X)) + e,(0), (5)

where ¢,(0) < 0 and is O(1/n) uniformly in . We show that when £(6, X) has suitably large
variance, we have &, = 0 with high probability. With the expansion (3) in hand, we can show a
number of finite-sample convergence guarantees for the robustly regularized estimator

é\zob € argmin {sup {EP[Z(G,X)] : D(;S(P“ﬁn) < p}} . (6)
6co P B

Based on the expansion (3], solutions gff’b of problem (6) enjoy automatic finite sample optimality
certificates: for p > 0, with probability at least 1 — C exp(—p) we have

E[(@%; X)) < Ru(@% P) + S22 = inf R, (0,P,) +
n 6ee

Cop

n
where C7, C5 are constants (which we specify) that depend on the loss ¢ and domain ©. That is, with
high probability the robust solution has risk no worse than the optimal finite sample robust objective
up to an O(p/n) error term. To guarantee a desired level of risk performance with probability 1 — d,
we may specify the robustness penalty p = O(log %)

Secondly, we show that the procedure (6] allows us to automatically and near-optimally trade between
approximation and estimation error (bias and variance), so that

E[((6;"; X)) < inf {E[ﬁ(ﬁ; X)]+2 Q:Var(Z(G;X))} + %

with high probability. When there are parameters 6 with small risk R(6) (relative to the optimal
parameter 0*) and small variance Var(£(6, X)), this guarantees that the excess risk R(0:°P) — R(6*)
is essentially of order O(p/n), where p governs our desired confidence level. We give an explicit
example in Section where our robustly regularized procedure (6) converges at O(logn/n)
compared to O(1/+/n) of empirical risk minimization.

Bounds that trade between risk and variance are known in a number of cases in the empirical risk
minimization literature [[15, 22, 2} 11} 16, |3, [7,112]], which is relevant when one wishes to achieve “fast



rates” of convergence for statistical learning algorithms. In many cases, such tradeoffs require either
conditions such as the Mammen-Tsybakov noise condition [[15 6] or localization results [3} 2} [17]]
made possible by curvature conditions that relate the risk and variance. The robust solutions (6) enjoy
a variance-risk tradeoff that is differen but holds essentially without conditions except compactness
of ©. We show in Section [3.3] that the robust solutions enjoy fast rates of convergence under typitcal
curvature conditions on the risk R.

We complement our theoretical results in Section[d] where we conclude by providing two experiments
comparing empirical risk minimization (ERM) strategies to robustly-regularized risk minimization (6).
These results validate our theoretical predictions, showing that the robust solutions are a practical
alternative to empirical risk minimization. In particular, we observe that the robust solutions outper-
form their ERM counterparts on “harder” instances with higher variance. In classification problems,
for example, the robustly regularized estimators exhibit an interesting tradeoff, where they improve
performance on rare classes (where ERM usually sacrifices performance to improve the common
cases—increasing variance slightly) at minor cost in performance on common classes.

2 Variance Expansion

We begin our study of the robust regularized empirical risk R,, (6, P,,) by showing that it is a good
approximation to the empirical risk plus a variance term (5). Although the variance of the loss is
in general non-convex, the robust formulation (6) is a convex optimization problem for variance
regularization whenever the loss function is convex [cf. |11} Prop. 2.1.2.].

To gain intuition for the variance expansion that follows, we consider the following equivalent
formulation for the robust objective suppcp Ep[Z]

n
1
maximize Zpizi subject to p € P, = {p €RY : 3 lnp — 1||§ <p,(1,p) = 1} , (D
P

i=1
where z € R™ is a vector. For simplicity, let s2 = & ||z||§ -@)?=1z- E||§ denote the empirical
“variance” of the vector z, where z = % (1, z) is the mean value of z. Then by introducing the
variable u = p — %1, the objective in problem (7) satisfies (p, z) = Z + (u,2) = Z + (u,z — 2)
because (u, 1) = 0. Thus problem (7) is equivalent to solving

I _ i . 2 < 2p 1

maximize Z + (u,z — %) subject to |lull; < ol 1,u)y =0, u> -

Notably, by the Cauchy-Schwarz inequality, we have (u,z — Z) < \/2p ||z — Z||y /n = \/2ps2 /n,
and equality is attained if and only if

V2p(zi —%) _ V2p(zi — %)
nllz -z, ”\/7?% .

Of course, it is possible to choose such wu; while satisfying the constraint u; > —1/n if and only if
V2p(z — 7
min Y& ZE) 5 ®)
i€[n] ns?

U =

Thus, if inequality (8] holds for the vector z—that is, there is enough variance in z—we have

2psy,

sup (p,2) =z +
PEPn n

For losses £(6, X') with enough variance relative to £(6, X;) — E5 [£(, X;)], that is, those satisfying
inequality (8], then, we have

Ra(0,Py) = Ep 06, X)] + \/ %”varﬁn (00, X)).

A slight elaboration of this argument, coupled with the application of a few concentration inequalities,

yields the next theorem. Recall that ¢(t) = (¢ — 1)? in our definition of the ¢-divergence.



Theorem 1. Let Z be a random variable taking values in [My, M| where M = My — My and fix
p > 0. Then

2 2M ~ 2
( PNarp (2) - p) < sup {IE:P[Z] . Dy(P|P,) < B} ~Ep 2] < | LVarp (2).
n noJ), P n n
©
Ifn> max{%&), #?Z), 1} M? and we set t,, = \/Var(Z) (\/1 —n-1— %) — Aflz > Vdféz),
2p
sup Ep[Z] =Ep [Z] +/ —Varp (2) (10)
P:D4(P|B,)<2 n
with probability at least 1 — exp(— ;5"2) >1—exp(— "?ngf}gz) ).

See Appendix [A.T]|for the proof. Inequality (9) and the exact expansion (I0) show that, at least for
bounded loss functions ¢, the robustly regularized risk (@) is a natural (and convex) surrogate for
empirical risk plus standard deviation of the loss, and the robust formulation approximates exact
variance regularization with a convex penalty.

We also provide a uniform variant of Theorem [I] based on the standard notion of the covering
number, which we now define. Let V be a vector space with (semi)norm ||-|| on V, and let V' C
V. We say a collection v1,...,vy C V is an e-cover of V if for each v € V, there exists v;
such that |[[v — v;|| < e. The covering number of V' with respect to ||-|| is then N(V,e, ||-||) :=
inf {N € N : there is an e-cover of V' with respect to ||-||}. Now, let F be a collection of functions
f+X — R, and define the L>*(X)-norm by ||f — gl x) := SuPgex [f(2) — g(z)|. Although

we state our results abstractly, we typically take F := {£(6,-) | § € O}.
As a motivating example, we give the following standard bound on the covering number of Lipschitz

losses [24]).

Example 1: Let © C R and assume that £ : © x X — R is L-Lipschitz in 6 with respect to the
{5-norm for all z € X', meaning that [£(6,x) — £(¢,x)| < L ||6 — 0'||,. Then taking F = {£(6, ") :
6 € ©}, any e-covering {01, ...,0n} of © in ¢3-norm guarantees that min; [£(6, x) — £(0;, )| < Le
for all 6, z. That is,

9

diam(©)L\ *

where diam(©) = supy grcg |0 — '[|,. Thus £2-covering numbers of © control L>°-covering
numbers of the family F. ¢

With this definition, we provide a result showing that the variance expansion (5)) holds uniformly for
all functions with enough variance.

Theorem 2. Let F be a collection of bounded functions f : X — [My, M| where M = My — My,
and let T > 0 be a constant. Define F», := {f € F : Var(f) > 72} and t,, = 7(vV1—n"1-1)—

MTZ. Ifr? > % then with probability at least 1 — N (]:, 335 ||'||L00(X)> exp (*%) we have
forall f € F>,

swp Ep[f(X)] = Bp [F(X)] 4 LVars (X)), (an
P:Dy(P|P,)<E

We prove the theorem in Section[A.2] Theorem [2]shows that the variance expansion of Theorem [I]

holds uniformly for all functions f with sufficient variance. See Duchi, Glynn, and Namkoong [10]
for an asymptotic analogue of the equality for heavier tailed random variables.

3 Optimization by Minimizing the Robust Loss

Based on the variance expansions in the preceding section, we show that the robust solution (6)
automatically trades between approximation and estimation error. In addition to ||-||  « ( X)-covering
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numbers defined in the previous section, we use the tighter notion of empirical ¢.,-covering numbers.
For x € X", define F(z) = {(f(x1),..., f(x,)) : f € F} and the empirical {,-covering numbers
Noo(F,€e,n) = sup,can N (F(2),€, |||, ), which bound the number of /,.-balls of radius e
required to cover F(z). Note that we always have Noo (F) < N(F).

Typically, we consider the function class F := {{(0,-) : § € ©}, though we state our minimization
results abstractly. Although the below result is in terms of covering numbers for ease of exposition, a
variant holds depending on localized Rademacher averages [2] of the class F, which can yield tighter
guarantees (we omit such results for lack of space). We prove the following theorem in Section[A.3]

Theorem 3. Let F be a collection of functions f : X — [My, M1] with M = My — My. Define the
empirical minimizer

F & augain {su {mor001: DucPIP) < £}

Then for p = t, with probability at least 1 — 2(N (F €, [||| oo () + 1)et,

EF(X)]<  sw  EplfCO)+ 2P, (2 Y ) ¢ (12)
P:Dy(P|P,)<2 n n—1
. 2p 11Mp 2
g}g’r{ﬂﬂ[f]+2 nVar(f)}—l—n + <2+ n_1>e. (12b)

Further, forn > %, t > log 12, and p > 9t, with probability at least 1 —2(3N, (F, €,2n)+1)e” !,

BfX) < sup Ep[f<X>]+§Aff+(2+4\/f>e (132)

P:Dy(P|P,)<2

. 2p 19Mp 2t
< ;}relg {E[f] +2 nVar(f)} + e + (2 + 4\/2) €. (13b)

Unlike analogous results for empirical risk minimization [6], Theorem 3| does not require the self-
bounding type assumption Var(f) < BE[f]. A consequence of this is that when v = Var(f*)
is small, where f* € argmin . » E[f], we achieve O(1/n + \/v/n) (fast) rates of convergence.
This condition is different from the typical conditions required for empirical risk minimization to
have fast rates of convergence, highlighting the possibilities of variance-based regularization. It will
be interesting to understand appropriate low-noise conditions (e.g. the Mammen-Tsybakov noise
condition [13][6]]) guaranteeing good performance. Additionally, the robust objective R,,(6,P,,) is
an empirical likelihood confidence bound on the population risk [10], and as empirical likelihood
confidence bounds are self-normalizing [19]], other fast-rate generalizations may exist.

3.1 Consequences of Theorem[3]

We now turn to a number of corollaries that expand on Theorem 3] to investigate its consequences.
Our first corollary shows that Theorem [3] applies to standard Vapnik-Chervonenkis (VC) classes.
As VC dimension is preserved through composition, this result also extends to the procedure (6) in
typical empirical risk minimization scenarios. See Section[A.4]for its proof.

Corollary 3.1. In addition to the conditions of Theorem [3| let F have finite VC-dimension
VC(F). Then for a numerical constant ¢ < oo, the bounds hold with probability at least

1-— (cVC(]:) (%)VC(H_1 + 2) et

Next, we focus more explicitly on the estimator #7°" defined by minimizing the robust regularized
risk (6). Let us assume that © C R?, and that we have a typical linear modeling situation, where
a loss h is applied to an inner product, that is, £(6,2) = h(6Tx). In this case, by making the
substitution that the class F = {£(0,-) : § € O} in Corollary 3.1} we have VC(F) < d, and we
obtain the following corollary. Recall the definition (I)) of the population risk R(6) = E[¢(6, X)],
and the uncertainty set P,, = {P : D¢(P\|]3n) < £}, and that R,,(0,Pn) = suppep, Ep[l(6, X)].
By setting e = M /n in Corollary we obtain the following result.



Corollary 3.2. Let the conditions of the previous paragraph hold and assume that £(0, z) € [0, M|
forall € ©,x € X. Thenifn > p > 9log 12,

11Mp  AM

+<mﬁ%@+2%ww@m%+mw
6cO n

n

§r0b< né\rob o
R) < RaB" Po) + 15l 4 5

with probability at least 1 — 2 exp(ci1dlogn — cap), where ¢; are universal constants with co > 1/9.

Unpacking Theorem [3| and Corollary [3.2] a bit, the first result (I3a) provides a high-probability
guarantees that the true expectation E[f] cannot be more than O(1/n) worse than its robustly-
regularized empirical counterpart, that is, R(9:°?) < R, (6:°", P,) + O(p/n), which is (roughly)
a consequence of uniform variants of Bernstein’s inequality. The second result (I3b) guarantee
the convergence of the empirical minimizer to a parameter with risk at most O(1/n) larger than
the best possible variance-corrected risk. In the case that the losses take values in [0, M], then
Var(¢(6, X)) < MR(6), and thus for e = 1/n in Theorem[3] we obtain

Mp

R(67°) < R(6*) + C +C—

MpR(6%)
n

a type of result well-known and achieved by empirical risk minimization for bounded nonnegative

losses [6} 26] 25]. In some scenarios, however, the variance may satisfy Var(¢(0, X)) < M R(6),

yielding improvements.

To give an alternative variant of Corollary let © C R? and assume that for each z € X,
infgco £(0, ) = 0 and that £ is L-Lipschitz in 6. If D := diam(0) = supg gce [|0 — 0’| < oo,
then 0 < (0, z) < Ldiam(0) =: M.

Corollary 3.3. Let the conditions of the preceeding paragraph hold. Sett = p = log2n +
dlog(2nDL) and € = % in Theorem 3| and assume that D < n* and L < n* for a numerical
constant k. With probability at least 1 —1/n,

dLDlogn

n

Ewéﬁmxn:1«@m)ggg{Rwy+c¢dVM%y”X»kgn}+c

where C' is a numerical constant.

3.2 Beating empirical risk minimization

We now provide an example in which the robustly-regularized estimator (6) exhibits a substantial
improvement over empirical risk minimization. We expect the robust approach to offer performance
benefits in situations in which the empirical risk minimizer is highly sensitive to noise, say, because
the losses are piecewise linear, and slight under- or over-estimates of slope may significantly degrade
solution quality. With this in mind, we construct a toy 1-dimensional example—estimating the
median of a distribution supported on X = {—1, 0, 1}—in which the robust-regularized estimator
has convergence rate log n/n, while empirical risk minimization is at best 1/+/n.

Define the loss £(;x) = |# — x| — |z|, and for § € (0,1) let the distribution P be defined by
P(X=1)=132 P(X =-1)=15%, P(X =0) = 6. Then for § € R, the risk of the loss is

1-§ 1-6
R(0) = 816] + —5—16 = 1] + — =0+ 1| = (1 - 9).

By symmetry, it is clear that * := argmin, R(#) = 0, which satisfies R(#*) = 0. (Note that
00, x) = £(0,x) — £(6*, x).) Without loss of generality, we assume that © = [—1, 1]. Define the
empirical risk minimizer and the robust solution

germ .= argminE5 [((0, X)] = argminE5 [|0 — X]], éffb € argmin R, (0, Py,).
0€R " oel-1,1] " 0€o

Intuitively, if too many of the observations satisfy X; = 1 or too many satisfy X; = —1, then <™
will be either 1 or —1; for small §, such events become reasonably probable. On the other hand, we
have £(0*;x) = 0 for all z € X, so that Var(¢(6*; X)) = 0 and variance regularization achieves the
rate O(log n/n) as opposed to empirical risk minimizer’s O(1//n). See Section|A.6|for the proof.



Proposition 1. Under the conditions of the previous paragraph, for n > p = 3logn, with probability
at least 1—2, we have R(:°°)— R(6*) < 451%. However, with probability at least 2®(—, / "5 ) —

1
2v2/ymen > 2®(—, /-25) — n=%, we have R(6°™) > R(6*) +n~%.

For n > 20, the probability of the latter event is > .088. Hence, for this (specially constructed)
example, we see that there is a gap of nearly n? in order of convergence.

3.3 Fast Rates

In cases in which the risk R has curvature, empirical risk minimization often enjoys faster
rates of convergence [6, [21]. The robust solution 5;"‘3 similarly attains faster rates of conver-
gence in such cases, even with approximate minimizers of R,(6,P,). For the risk R and
e > 0,let S := {#€0: RO <infygco R(*) + €} denote the e-sub-optimal (solution) set,
and similarly let S€ := {# € © : R,,(0, P,,) < infp.co Rn(0',P,) + €}. For a vector § € O, let
ms(0) = argming. c g |#* — 0||2 denote the Euclidean projection of 6 onto the set .S.

Our below result depends on a local notion of Rademacher complexity. For i.i.d. random signs
g; € {£1}, the empirical Rademacher complexity of a function class F C {f : X — R} is

1 n
R, F =E| sup — eif(X; X}.
Lefn,; (X)) |

Although we state our results abstractly, we typically take F := {£(6,-) | 8 € ©}. For example,

when F is a VC-class, we typically have E[R,,F] < 1/VC(F)/n. Many other bounds on E[R,, F]
are possible [1, 24} Ch. 2]. For A C © let R, (A) denote the Rademacher complexity of the localized
process {x — £(0;x) — U(7g(0);x) : 6 € A}. We then have the following result, whose proof we
provide in Section[A.7]

Theorem 4. Let © C R? be convex and let {(-;x) be convex and L-Lipshitz for all x € X. For
constants A > 0, v > 1, and r > 0, assume that R satisfies

R(0) — grelg R(0) > M\dist(0,5)7 for all 0 such that dist(0,S) < r. (14)

1 .
Lett > 0. If0 <e< 5)\7” satisfies

o'l 1 1
L2p\ Z-D /92\ 71 2e\" /2
62(8 ”) () cmd;22112[9%”(526)]+L(6)w = (15)
n

n A A

then P(S¢ C S2¢) > 1 — e, and inequality (T3) holds for all ¢ > (M) D,

A2/7n
4 Experiments

We present two real classification experiments to carefully compare standard empirical risk minimiza-
tion (ERM) to the variance-regularized approach we present. Empirically, we show that the ERM

estimator 8°™™ performs poorly on rare classes with (relatively) more variance, where the robust
solution achieves improved classification performance on rare instances. In all our experiments, this
occurs with little expense over the more common instances.

4.1 Protease cleavage experiments

For our first experiment, we compare our robust regularization procedure to other regularizers using
the HIV-1 protease cleavage dataset from the UCI ML-repository [14]. In this binary classification
task, one is given a string of amino acids (a protein) and a featurized representation of the string of
dimension d = 50960, and the goal is to predict whether the HIV-1 virus will cleave the amino acid
sequence in its central position. We have a sample of n = 6590 observations of this process, where
the class labels are somewhat skewed: there are 1360 examples with label Y = +1 (HIV-1 cleaves)
and 5230 examples with Y = —1 (does not cleave).
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Figure 1: HIV-1 Protease Cleavage plots (2-standard error confidence bars). Comparison of
misclassification test error rates among different regularizers.

We use the logistic loss £(6; (z,y)) = log(1 + exp(—yf'z)). We compare the performance of
different constraint sets © by taking © = {6 € R? : ay ||0||; + a2 [|0]|, < r}, which is equivalent
to elastic net regularization [27]], while varying a1, a2, and r. We experiment with ¢;-constraints
(a1 = 1,a2 = 0) with » € {50,100, 500, 1000, 5000}, ¢5-constraints (a; = 0,a; = 1) with
r € {5,10,50,100,500}, elastic net (a; = 1,ay = 10) with » € {102,2-102,10%,2-10%,10%}, our
robust regularizer with p € {10%,103,10%,5 - 10%,10°} and our robust regularizer coupled with the
{1-constraint (a; = 1, as = 0) with r = 100. Though we use a convex surrogate (logistic loss), we
measure performance of the classifiers using the zero-one (misclassification) loss 1{sign(#7z)y < 0}.
For validation, we perform 50 experiments, where in each experiment we randomly select 9/10 of
the data to train the model, evaluating its performance on the held out 1/10 fraction (test).

We plot results summarizing these experiments in Figure [} The horizontal axis in each figure
indexes our choice of regularization value (so “Regularizer = 1” for the ¢;-constrained problem
corresponds to » = 50). The figures show that the robustly regularized risk provides a different
type of protection against overfitting than standard regularization or constraint techniques do: while
other regularizers underperform in heavily constrained settings, the robustly regularized estimator
6x°P achieves low classification error for all values of p. Notably, even when coupled with a fairly

stringent ¢;-constraint (r = 100), robust regularization has performance better than ¢; except for
large values r, especially on the rare label Y = +1.

We investigate the effects of the robust regularizer with a slightly different perspective in Table [I]
where we use © = {6 : ||#||; < 100} for the constraint set for each experiment. We give error rates
and logistic risk values for the different procedures, averaged over 50 independent runs. We note that
all gaps are significant at the 3-standard error level. We see that the ERM solutions achieve good
performance on the common class (Y = —1) but sacrifice performance on the uncommon class. As

we increase p, performance of the robust solution @Ob on the rarer label Y = +1 improves, while
the error rate on the common class degrades a small (insignificant) amount.

Table 1: HIV-1 Cleavage Error
risk error (%) error (Y = +41) error (Y = —1)
p train test train  test  train test train test
erm 0.1587 0.1706 552 639 1732 18.79 245 3.17
100 0.1623 0.1763 499 592 1501 17.04 2.38 3.02
1000  0.1777 0.1944 4.5 592 1335 1633 2.19 3.2
10000 0.283  0.3031 2.39 5.67 7.18 1465 1.15 3.32

4.2 Document classification in the Reuters corpus

For our second experiment, we consider a multi-label classification problem with a reasonably large
dataset. The Reuters RCV1 Corpus [13] has 804,414 examples with d = 47,236 features, where
feature 7 is an indicator variable for whether word j appears in a given document. The goal is to
classify documents as a subset of the 4 categories where documents are labeled with a subset of
those. As documents can belong to multiple categories, we fit binary classifiers on each of the four
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Figure 2: Reuters corpus experiment. (a) Logistic risks. (b) Recall. (c) Recall on Economics (rare).

categories. Each category has different number of documents (Corporate: 381, 327, Economics:
119,920, Government: 239, 267, Markets: 204, 820) In this experiment, we expect the robust solution
to outperform ERM on the rarer category (Economics), as the robustification (6) naturally upweights
rarer (harder) instances, which disproportionally affect variance—as in the previous experiment.

For each category k € {1,2, 3,4}, we use the logistic loss £(0; (z,y)) = log(1 + exp(—yb, z)).
For each binary classifier, we use the ¢; constraint set © = {6 € R? : [|0]|; < 1000}. To evaluate
performance on this multi-label problem, we use precision (ratio of the number of correct positive
labels to the number classified as positive) and recall (ratio of the number of correct positive labels
to the number of actual positive labels). We partition the data into ten equally-sized sub-samples
and perform ten validation experiments, where in each experiment we use one of the ten subsets for
fitting the logistic models and the remaining nine partitions as a test set to evaluate performance.

In Figure[2] we summarize the results of our experiment averaged over the 10 runs, with 2-standard
error bars (computed across the folds). To facilitate comparison across the document categories,

we give exact values of these averages in Tables|2|and|3| Both 52‘)1’ and 6°™ have reasonably high
precision across all categories, with increasing p giving a mild improvement in precision (from
.93 £ .005 to .94 % .005). On the other hand, we observe in Figure c) that ERM has low recall
(.69 on test) for the Economics category, which contains about 15% of documents. As we increase p
from 0 (ERM) to 105, we see a smooth and substantial improvement in recall for this rarer category
(without significant degradation in precision). This improvement in recall amounts to reducing
variance in predictions on the rare class. This precision and recall improvement comes in spite of
the increase in the average binary logistic risk for each of the 4 classes. In Figure [J[(a), we plot the
average binary logistic loss (on train and test sets) averaged over the 4 categories as well as the upper
confidence bound R,, (6, P,,) as we vary p. The robust regularization effects reducing variance appear
to improve the performance of the binary logistic loss as a surrogate for true error rate.

Table 2: Reuters Corpus Precision (%)
Precision Corporate Economics Government Markets
p train test  train test  train test  train test  train test
erm 9272 9277 93,55 9355 8§9.02 89 94.1 94.12 92.88 9294
1E3 9297 9295 9331 9333 §87.84 87.81 9373 93.76 9256 92.62
IE4 9345 93.45 9358 93.61 87.6 8758 93.77 938 9271 9275
1ES 94.17 94.16 94.18 94.19 86.55 86.56 94.07 94.09 93.16 93.24
IE6 912 91.19 92 92.02 7481 748 91.19 9125 89.98 90.18

Table 3: Reuters Corpus Recall (%)
Recall Corporate Economics Government Markets
p train test  train test  train test  train test  train test
erm 9097 9096 90.20 90.25 67.53 67.56 90.49 9049 88.77 88.78
1E3 91.72 91.69 90.83 90.86 7042 7039 9126 9123 89.62 89.58
1IE4 9240 9239 09147 9154 7238 7236 91.76 91.76 90.48 90.45
1IE5 9346 9344 9265 9271 76.79 76.78 9226 9221 9146 9147
1E6 93.10 93.08 92.00 92.04 79.84 79.71 91.89 9190 92.00 91.97

Code is available athttps://github. com/hsnamkoong/robustopt.


https://github.com/hsnamkoong/robustopt
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A Proofs of Main Results

In this section, we provide the proofs of all of our major results. Within each proof, we defer
arguments for more technical and ancillary results to appendices as necessary.

A.1 Proof of Theorem[T]

Let 0* = Var(Z) and s? = Varp (Z) = Ep [Z?] — Ep [Z]? denote the population and sample
variance of Z, respectively. The theorem is immediate if s, = 0 or 02 = 0, as in this case
SUPp. . (p)Bay<p/m EPIZ] = Ep [Z] = E[Z]. In what follows, we will thus assume that 02,52 > 0.
Recall the maximization problem (7), which is

n
1
maximize g piz; subject to p € P, = {p eRY : 3 |np — 1||§ <p,(1,p) = 1} ,
P
i=1

and the solution criterion (8), which guarantees that the maximizing value of problem is 7 +

v/2ps2 /n whenever
V2pi i s .

ns2

Letting z = Z, then under the conditions of the theorem, we have |z; — Z| < M, and to satisfy
inequality (8] it is certainly sufficient that

M? 2pM?

<1, or n> p 5

S”L

2p M2
,or 2 > (16)
n

2,
pns%

2 2 2 2 . . . .
Conversely, suppose that s2 < %. Then we have 2’)% < %, which in turn implies that

1 2ps2 2M
sup (p,z) > —(1,z) + (\/p” — p)
PEPy n n n N

Combining this inequality with the condition (T6)) for the exact expansion to hold yields the two-sided
variance bounds (9).

We now turn to showing the high-probability exact expansion (T0)), which occurs whenever the sample
variance is large enough by expression (T6)). To that end, we show that s is bounded from below
with high probability. Define the event

1
E, = {si > 402},

and let n > max {f—{’, 18,1} M. Then, we have on event &,

16pM? S EpM2 _ 4pM?

2 = 2 2
o 4 sz 52

n >

so that the sufficient condition (I6) holds and expression (I0) follows. We now argue that the
event &, has high probability via the following lemma, which is essentially an application of known
concentration inequalities for convex functions coupled with a few careful estimates of the expectation
of standard deviations.

Lemma A.1. Let Z; be independent random variables taking values in [ My, M| with M = M;— M,
and let s% = L 5" 72 — (L3 ZZ-)Q. For all t > 0, we have

5 5 M? nt?
]P)(Snz \/E5n+t)\/P S,LS ESn—Y—t Sexp —M .

See Section [B.2]for a proof of the lemma. When the Z; are i.i.d., we obtain

M?2 t2
P (502 ov/T—n T +1) v P<sngama__t) gexp(_ n )
n

2M?

11



where 02 = Var(Z).
Now, substitute ¢ = o(v1—n=1— 1) — M so that

M? 1
Note that M—2 < \”—} < o/4andsince vV1—n-1 >1- %\/% and 02 < M? /4 by standard

variance bounds our choice of n also satisfies n > 16M?/o? > 64. We thus have t/o > 1 —
1 1

6ves 2 1 > W ‘We obtain
no? (1—n~HY2 —1/2 — M?/on)’ no
+
P(&JZl—eXp — 2M2 zl—eXp <_W>

This gives the result (T0).

A.2 Proof of Theorem

Throughout this proof, we let 53, (f) = Ep [f(X)?] —Ep [f(X)]* denote the empirical variance

of the function f, and we use UQQ (f) = Egl(f — Eg[f])?] to denote the variance of f under the
distribution ). Our starting point is to recall from inequality (I6) in the proof of Theorem [I] that for

each f € F, the empirical variance equality (TT)) holds if n > ap I(VI) As a consequence, Theorem

will follow if we can provide a uniform lower bound on the sample variances s2 (f) that holds with
high enough probability.

Sete > 0,andlet {f1,..., fn}, where N = N(F>+,¢€, ||| ;= (x)) be a minimal e-cover of F> .
Define the event

o= {20 2 Jo2() ori = 1,0,

By applying Lemma[A.T|and the argument 1mmed1ate1y following it in the proof of Theorem [T} we
have

ol no?(fi) (1/2 = 1/y/m — M2/ (f;)n)’
PE) > 1- Y exp [T o Jo(f;)n)’

72 (1/2—1/\n— M?/mn)’,
2M?

21— N(Fzr€ ”'”LOO(X))eXp - A7)

Thus, to obtain the theorem, we must show that the event £,, implies that the variance expansion (L))
holds for each g € F>-.

For g € F and f; such that ||g — f;]| Lo (x) < € the triangle inequality implies
l7a(9) —aq(f;)| < \/]EQ fi—9+Eqg—Eqf;)?

= VEal(f; — 9] - (Eqlfy —a)? <

for any distribution @ on X'. Then on the event £, for any g € F and the f; closest to g from the
covering, we have

5nl9) 2 sn(fy) — € 2 S0(f5) — ¢ 2 5o() ~ 5e

Thatis, s,(g) > 20(g) — 3e. Now, let e = Z, which gives that

ﬂ’

N 7 7
&y, implies s, (g) > EU( g) > 167 forallg € F>,.

Recalling the sufficient condition @]) for the exact variance expansion to hold, we see that on &,,
4 - 256pM? 4pM*>
4972 T $2(g)

n

forall g € F>-.

2 2
Taking n > % > % thus gives the result.

12



A.3  Proof of Theorem

Before proving the theorem proper, we state two technical lemmas that provide uniform Bernstein-like
bounds for the class F. The first applies for empirical ¢,-covering numbers.

Lemma A.2 (Maurer and Pontil [16]], Theorem 6). Let n > % and t > log12. Then with
probability at least 1 — 6N (F, €,2n)et, we have

2Var 5
E[f] <Ep [f]+3 arp, (F)t + 152“ +2 (1 + 2@) € (18)

n

forall f € F.

The second lemma applies when we have uniform ||-[| ;. (y-covering numbers for F.

Lemma A.3. Let F be a collection functions with covering numbers N (F €, ||| ;. (x) ), and assume
that | f(z)| < M for all x. Then with probability at least 1 — 2N (F €, H~||LM(X))67’5,

E[f] <Ep [f]+

2Varp (f)t 2AM?2 24 3V2 Mt 2
Ut VM YERL P €

n—1 n3/2 —n 3 n n—1

E[f] <Ep [f]+ 2va;(f)t + 2;‘? + <2+ 1/—712_15 1) €

As this lemma is essentially standard, we defer its proof to Section[B.3]

and

forall f € F.

We prove only the first set of bounds (I3)) in the theorem, which are based on Lemma[AZ2] as the
proof of the bounds (T2)) follows in precisely the same way from Lemma We now return to the
proof of Theorem@ Let & denote that the event that the inequalities hold. Now, let

f € argmin sup Ep[f(X)].
f€F  P:Dy(P|P,)<2

Then because &7 holds, we have

Ep[f] <Ep, [f]+ \/18V&rﬁ"'(f(x))t ¢ M (1 +2 f) ¢

n n

(i) N 2pVars (f(X
< sup  Ep[f(X)]+ 2Varp, VX))
P:Dy(P|P,)<2

~

[ [2eVarg (F(X))  2Mp LMy <1+2 /2t> ]
n

n n 3n
+

(i#) f
< sup Ep[f(X)]—i-ll]Wp—i-Q(l—i—Q 2t>€f0rallf€]:, (19)
n

P:D4(P|B,)< 2 3.n

where inequality () follows from the bounds (@) in Theorem and the fact that p > 9¢ by assump-
tion and inequality (i) because f minimizes sup Dy (PIPy) Ep[f(X)]. This gives the first

result (T3a).

For the second result (I3b), we bound the supremum term in expression (T9). As the function f is
fixed, we have

<p/n

2 2M
Nar(/)t | 2M,

Ep, ] S B[]+ =il 4+ 2

13



with probability at least 1 — =%, and we similarly have by Lemma that

/ Varg (f) < V1—n~ty/Var(f) +1/ 2t£\;[2

with probability at least 1 — e~%. That is, for any fixed f € F, we have with probability at least
1 — 2e~* that

i 2pVar 5
wp  EPFO0) B (7] 4| L)

P:Dy(P|P,)<2 K
o2Var(f)t  2M 2pV: 21/ M2 pt
<B4 D 2T [2Var(f) | 2y M
n 3n n n
(i4) 2V 8 M
2l 4o/ Brbe | EMp

3 n’

where inequality (7) follows from the uniform upper bound (9)) of Theorem|I]and inequality (i7) from
our assumption that p > t. Substituting this expression into our earlier bound (T9) yields that for any
f € F, with probability at least

1 —2(3Nw (F,€,2n) + 1)e™",

we have

n

~ 2pVar(f(X)) 19 Mp 2t
]E[f(X” SE[f(X)] +2 ———+ ?T +2 (14—2\/:) €.

This gives the theorem.

A.4  Proof of Corollary 3.1]

Let || fll 1 (q) = J 1f(z)|dQ(x) denote the L'-norm on F for the probability distribution Q. Then
by Theorem 2.6.7 of van der Vaart and Wellner [24]], we have

8M€>VC(]-‘)—1

€

sup N, [ ) < VE(F) ( 0)

for a numerical constant ¢. Because ||z < ||z|,, taking Q to be uniform on x € X?" yields
N(F(z), 6 llo) < N(F, 55 [l 1 (q))- The result follows by applying the bound (20) for €/2n.

A.5  Proof of Corollary[3.3]

Taking F = {¢(0,-) : 6 € O}, any e-covering {61,...,0n} of O in ¢3-norm guarantees that
min; [¢(0,x) — £(0;,x)| < Le for all §, z. That is,

diam(©)L ¢
N(F ) < MO /L ) < (14 PR
where diam(©) = supg gcg [|0 — 6'[|,- Thus fo-covering numbers of © control L>-covering

numbers of the family 7. Plugging in the respective values of p, ¢ and € in Theorem [3] we obtain the
result.

A.6  Proof of Proposition 1]

We certainly have ¢(6*;z) = 0 for all x € X, so that Var(¢(6*; X)) = 0. Now, consider the bound
in Theorem@. We see thatlog N ({£(0,-) : 6 € O}, €, ||| e (x)) < 2l0g 1, and taking e = 1

n 9
we have that if 0:°" € argmingcq Ry, (0, Py), then

~ 15
R(6™°P) < R(6*) + Tp with probability > 1 —4exp (2logn — p).
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In particular, taking p = 3 logn, we see that

451 4
osn with probability at least 1 — —.
n

R(O®) < R(0%) +

We now show the claim for th empirical risk minimizer. Let ®(x) = \/% / foo e~ 2" dt denotes the
standard Gaussian CDF. (See Section [B-I]for a proof.)

Lemma A4, Let the loss £(0;2) = |0 — x| — |x|, § € [0,1], and X follow the distribution P given
by P(X =1)=1° P(X =-1)=15% P(X =0) = 4.. Then with probability at least

nd? o\n | 8
() -0

we have R(0°™) — R(6*) > 6.

The risk for the empirical risk minimizer, as Lemma[A.4]shows, may be substantially higher; taking

§ = 1/y/n we see that with probability at least 2®(—, /-2-) —2/2/\/men > 2®(—, /L) — n-z,
R(6°™) > R(0*) +n" 3.

A.7 Proof of Theorem [

Recall our shorthand notation that 7(#) = argming. c g{||¢ — 6*||,} denotes the Euclidean projection
of # onto S, which is a closed convex set. Define also the localized empirical deviation function

An(0) :=E[0(0; X) — 6w (0); X)] = Ep [€(0; X) — £(7(0); X)]. 2D
We begin with the following
Claim A.1. If S¢ ¢ S2¢, then

sup {An(ﬁ) + \/%Varﬁn (£(0; X) — €(7r(9);X))} > e (22)
9eS2e n

Deferring the proof of the claim, let us prove the theorem. First, the growth condition (T4) shows that

§% ¢ {ae@: 10— =), < <2;)} - {06@:dist(0,8) < (f)}

Therefore, we have for all € S2€ that

Varp (£(6; X) — £(m(0); X)) < L2 dist(0, )2 < L2 (2;)7 |

. 2 2 _ 1
and so by the assumption (I3) that € > (2£2)25-1 (2)75-1, we have

¢ 2w, (100: X) — ((x(0): X)) < L\/QZP (i) <*.

In particular, if the event (22) holds then

sup A, (0) >
feS2e

N o

and recalling the definition (1)) of A,,, it then follows that

P (§ ¢ 326) <P( sup An(0) > ). (23)
pes2e 2
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To bound the probability (23], we use standard bounded difference and symmetrization arguments [e.g.
7, Theorem 6.5]. Letting f(X1,...,X,) = supgege- A, (6), the function f satisfies bounded
differences:

sup |f(X1a 7Xj—17anj+1a"' aXn) 7f(X1a"' 7Xj—17x/7Xj+17"' 7Xn)|

z,x'eX
< sup sup 1(6(9;33)—5(%(9);96))—l(ﬁ(e;x’)—ﬁ(w(w;x’))’
z,a' €X fes2e | T n

2L 2L ¥

< — sup dist(0,5) < — <>
N peg2e n A

for j = 1,...,n. Using the standard symmetrization inequality E[supye g2« Ay, ()] < 2E[R,, (5%¢)]

and the bounded differences inequality [7, Theorem 6.5], we have

P( sup An(0) > 2B, (5%)] 4 1) < oxp 15 (2 g
OESIZ‘ = " =GP 7572 \ 2

2
for all t > 0. Letting u = ;’ii (%) " above and recalling the assumption (I3) upper bounding
E[R,,(S%)], we have P(supgecg2c An () > §) < e . The first result of the theorem follows from

the bound (23).

To show the last claim of Theorem 4] note that a minor extension of standard chaining arguments
(see, for example, van der Vaart and Wellner [24] Section 2.2]), we have

E[R,,(5%)] < CL <2;> d

n

for some numerical constant C' > 0. Plugging this into the bound (I3)) and rearranging for ¢, we
obtain the result.

Proof of Claim If 5¢ ¢ S, then certainly it is the case that there is some 6 € © \ $2¢ such
that
R,(0,P,) < gigé R.(0,Pn) + €< R,(7(0),Pn) +e.
Using the convexity of R,,, we have for all ¢ € [0, 1] that
Ry (0 + (1 = t)w(0), Pr) < tRu(0,Pn) + (1 = t)Rn(7(0), Pn) < Ru(m(0), Pn ) +

te.
For all ¢t € [0, 1], we have by definition of orthogonal projection (because the vector  — 7(6) belongs
to the normal cone to .S and 7 (0); cf. [L1}, Prop. I11.5.3.3]) that w(¢6 + (1 — t)7w(0)) = w(6). Thus,
choosing t appropriately there exists 6’ € bd 5%¢ with 6 = t0 + (1 — t)m(6) and 7(0') = 7(6), and
R, (0,P,) < Rp(mw(0"),Pn) +e.

Adding and subtracting the risk R(6) and R(m(6)), we have that for some 6 € bd S that
R, (0,Pn) — R(0) + R(7(0)) — R (m(0)) < R(m(0)) — R(0) + € < —e¢,

where we have used that R(0) = R(w(6)) + 2¢ by construction. Multiplying by —1 on each side of
the preceding display and taking suprema, we find that

€ < sup {R(Q) - Rn(677)n) - (R(ﬂ—(e)) - Rn(ﬂ(a)vtpn))}

0€52¢

< sup sup {R(0) — R(n) + Ep [£(w(6); X) — £(0; X)]} .
0€S2¢ p.Dy(P|P,)<p/n

Applying the upper bound in inequality (9) of Theorem|I] gives the claim. O

B Proofs of Technical Lemmas
B.1 Proof of LemmalA.d]
Defining N, := card{i € [n] : X; = y} fory € {—1,0, 1}, we immediately obtain

1
Ep [0(0; X)) = -~ [N_1]0 + 1] + N1]60 — 1] + No|0] — (n — No)],
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because N7 + N_; + Ny = n. In particular, we find that the empirical risk minimizer 6 satisfies

1 if Ny > Ng+ N_4
0™ = argminEp [¢(0; X)] = ¢ —1 it Noy > No+ Ny
ok € [-1,1] otherwise.

On the events N1 > N_; + Ny or N_; > Ny + N;, which are disjoint, then, we have
R(6°™) = 6 = R(0*) + 6.
1-6

Let us give a lower bound on the probability of this event. Noting that marginally N1 ~ Bin(n, =5%)

and using Ng + N_; = n — Ny, we have N; > Ny + N_; if and only if N; > Z, and we would
like to lower bound

P(N1>g) :P(Bin <n1;5> >;L> :IP(Bin (n,l—;(S) <Z>

Letting ®(t) = —— f ioo e~%*/2dy denote the standard Gaussian CDF, then Zubkov and Serov [28]

V2T
show that
n 1.1+46
>SS > — 4
IP’(Nl_Q)_<I>< \/2nDk1<2|| y >>

where Dy (p|q) = plog % +(1—p)log % denotes the binary KL-divergence. We have by standard
2
bounds on the KL-divergence [23, Lemma 2.7] that Dig (3] 12) < ﬁ, so that

P(N1>gorN,1>g) > 2% <—,/1"_‘522> —21P(N1=g).

For n odd, the final probability is 0, while for n even, we have

P <N1 = 2) = 2_n( " )(1 — 52)”/2 <(1- 52)n/2 17

2 n/2 ™
where the inequality uses that (27?) < % by Stirling’s approximation. Summarizing, we find that

n n n§2 9 8
— — > _ - _ —_ n/2 —
IP)(N1>2OI'N,1>2) 2(]:)( 1 52) (1 (5)

B.2 Proof of LemmalA_1]

We use two technical lemmas in the proof of this lemma.

Lemma B.1 (Samson [20]], Corollary 3). Let f : R™ — R be convex and L-Lipschitz continuous
with respect to the ls-norm over [a,b|"™, and let 71, . .., Z, be independent random variables on
[a,b]. Then for all t > 0,

t2
P(F(Z1) 2 BB + ) VP (i) < L (Zin)] =) S 050 (57502 ).
Lemma B.2. Let Y; be independent random variables with finite 4th moment. Then we have the

following inequalities:

1 n0)2 1 ¢ P Iy Var(v?)
Ef{- Yf) > (=) Ep? \/"73 (24a)
- (nzy> - (nZE[Y ]> Iy B (240)

and if |Y;| < C for with probability 1 for all 1 < i < n, then

RN 2% 1 2 %_ . [c?r cC
(n;Y> ><n;Em]> mm{n,\/ﬁ}. (24¢)

E




We defer the proof of Lemma[B.2]to the end of this section in Section[B.2.T}

The function R™® 3 z — || (1/n)117) ||2 is 1-Lipschitz with respect to the Euclidean norm, so
Lemma [B.T|implies

P (\/Varp, (2) 2 El\/Varp, (2)] + )V (|/Varp, (2) < B[\ /Varp, (2)] — t) < exp (‘ﬁl})

Then

E[\/Var};n(Z)] < \/E[Varlgn(Z)] — V1= n 1\ Var(2),

giving the first inequality of the lemma. For the second, let Y; = Z; — % 2?21 Z; so that s2 =
L3 Y2 Applying Lemmawith C = M, we obtain E[s,,] > \/E[s2] — Af—f which gives the
result.

B.2.1 Proof of Lemmal[B.2]

We first prove the claim (24a)). To see this, we use that
a’® A
inf d = 4+ 2\ /g2 =
i@o{m - 2} a* = lal
and taking derivatives yields that for all A’ > 0,

a? A a® N a? 1
— > —— = = (2)\/2 —2) A=X).

By setting A, = /2 37" | ¥;?, we thus have for any A > 0 that

1 & 2 L YE oA
E - Y2 _—) =1 "1 n
l(n ; ! ) [ 2nA, + 2 }
PIHIND S ED DD ¢
SE|&i=ti L 2R |2 - &=l )y, — A
= [ on T2 TEI G T )¢ )
Now we take A = /1 3" | E[Y;?], and we apply the Cauchy-Schwarz inequality to obtain

1
-4 1 1 27 2

soe | (3 50-m) | 2| ((25e) - (5 0)

K2

vV
VRS
S|~
INgE
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o<
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S~
[N

[N

2

1
N
S|
=
=
o
N—————
[V

n 1 n 3
1 2 1
Y?) | E > Y] —| =) EY?
f( Swot) 2| (157) - (s 5o
where the last equality follows from independence. Using the triangle inequality, we obtain that the

final expectation is bounded by 2\ = 2,/1 3" | E[V;?], which gives inequality (24a). Now we give
a sharper result. We have



where we used the first inequality (24a). Thus we also obtain the lower bound (24b). The final
inequality follows immediately upon noticing that Var(Y?) < E[Y*] < C?E[Y?] for ||V < C.

B.3 Proof of LemmalA.J

By the standard Bernstein inequalities, we have that for any fixed f,

2Var(f)t 2M

Es [f] <E[f] + # + St with probability > 1— ¢~
2Var(f)t 2M

Ep [f] > E[f] - # — -t with probability > 1 - et

By applying Lemma to upper bound Var(f) with high probability (i.e. probability at least
1 — e~*), we then find that

2Var 5 t 2t M? 24+ 3vV2 Mt
pE V2t +3v2 Mt with probability > 1—2e~*. (25)
n—1 n3/2 —n 3 n
Now, let {f,..., ¥} be a minimal e-cover of F of size N = N(F,e, [l £oc (2y)- Suppose that
inequality holds for each of the f*. Then for any f and f* satisfying || f — fi||Lx(X) <€ we
have

Elf] <Ep [f]+

2Varp (f)t  V2tM? 2+ 3v2 Mt
= — +e€
n—1 n3/2 —n 3

; 2Varp (f)t  V2tM? | 24 3v2 Mt 2t
<Ep [F1H+y =25 ﬂ:g/:_n* +3fn+<1+\/n_1)@
where we have used that \/Var(f?) = \/Var(f — f + f) < \/Var(fi — f) + /Var(f) for any

distribution, and Var(f* — f) < ||f* — f“ioo(x) < €. Noting that E5 [f*] <Ep [f] + e gives the
result.

E[f] <Elf]+e<Ep [f]+

C Efficient solutions to computing the robust expectation

As a first step, we give a brief description of our (essentially standard) method for solving the robust
risk problem. Our work in this paper focuses mainly on the properties of the robust objective (@)
and its minimizers (6)), so we only briefly describe the algorithm we use; we leave developing faster
and more accurate specialized methods to further work. To solve the robust problem, we use a
gradient descent-based procedure, and we focus on the case in which the empirical sampled losses
{£(0, X;)}_, have non-zero variance for all parameters § € O, which is the case for all of our
experiments.

Recall the definition of the subdifferential 9 (9) = {g € R? : f(0') > f(0) + (g,0' — 0) forall §'},
which is simply the gradient for differentiable functions f. A standard result in convex analysis [[11}
Theorem VI.4.4.2] is that if the vector p* € R’} achieving the supremum in the definition (@) of the
robust risk is unique, then

0o R (0, Py) = Dy sup Epll(6; X)] = p;oel(6; X,),
PeP, o

where the final summation is the standard Minkowski sum of sets. As this maximizing vector p
is indeed unique whenever Varp (£(0; X)) # 0, we see that for all our problems, so long as / is

differentiable, so too is R, (6, P,) and

VoR,(0,P,) = prVgK(@; X;) where p* = argmax { ZpiE(Q;Xi)}. (26)

i=1 PEPn i=1

In order to perform gradient descent on the risk R, (6, P,,), then, by equation (26) we require only
the computation of the worst-case distribution p*. By taking the dual of the maximization (26)), this
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is an efficiently solvable convex problem; for completeness, we provide in the sequel a procedure for
this computation that requires time O (n logn + log i log n) to compute an e-accurate solution to the
maximization (26). As all our examples have smooth objectives, we perform gradient descent on the
robust risk R,, (-, P,), with stepsizes chosen by a backtracking (Armijo) line search [8, Chapter 9.2].

We give a detailed description of the procedure we use to compute the supremum problem (7). In
particular, our procedure requires time O(nlogn + log =logn), where € is the desired solution
accuracy. Let us reformulate this as a minimization problem in a variable p € R" for simplicity. Then
we wish to solve

1
minimize p' z subject to o [lnp — 1||§ <p,p>0p'1=1.
n

We take a partial dual of this minimization problem, then maximize this dual to find the optimizing
p. Introducing the dual variable A > 0 for the constraint that % allp— *ng < £ and performing the
standard min-max swap [I8] (strong duality obtains for this problem because the Slater condition is
satisfied by p = %1) yields the maximization problem

maximize f(\) := inf{ Hp——lH —|—p Tz|p>0,1 p—l} 27
A>0 P

If we can efficiently compute the infimum @27), then it is possible to binary search over . Recall the
standard fact [11, Chapter VI1.4.4] that for a collection { f, },ep of concave functions, if the infimum
f(z) = inf,ep fp(x) is attained at some pg then any vector V f,, () is a supergradient of f(z).
Thus, letting p(\) be the (unique) minimizing value of p for any A > 0, the objective becomes

FO) = 3llp(\) — L1]j2 — 22 + p(\) Tz, whose derivative with respect to \ (holding p fixed) is
F'O) = 5llp(N) = 313 - 2.

Now we use well-known results on the Euclidean projection of a vector to the probability simplex [9]]
to provide an efficient computatron of the infimum (27). First, we assume with no loss of generality
that 2; < 2o < --- < z, and that 1T 2z = 0, because neither of these changes the original optlmlzatron

problem (as 1T = 0 and the objective is symmetric). Then we define the two vectors s, 02 € R",
which we use for book-keeping in the algorithm, by

_ 2 _ 2
=2z ol =) 5
j<i j<i

and we let 22 be the vector whose entries are z2. The infimum problem is equivalent to projecting
the vector v(A) € R™ defined by
1 1

Vi = — — —Z%;
no A
onto the probability simplex. Notably [9]], the projection p(A) has the form p;(\) = (v; —n) . for

some 7 € R, where 7 is chosen such that Y ;- ; p;(A) = 1. Finding such a value 7 is equivalent [9
Figure 1] to finding the unique index ¢ such that

A i+1

Z( —v;) <1 and Z P — 1) > 1,

i=1
taking ¢ = n if no such index exists (the sum Z 1 (v J» — ;) is increasing in 4 and v1 —v1 = 0).

Given the index 4, algebraic manipulations show thatn = = — = — 2> 7., 2;/A =~ — 7 — %sz /A

satisfies the equality >, (v; —n), = 1 and that v; — 77 >0 for all j S i Whrle v; —n < 0 for
7 > 4. Of course, given the index ¢ and 7, we may calculate the derivative 8% f(A) efficiently as well:

PO = 35 {5 o) = n711 = 2 4y

O\
_1 R 2_£_li =132 ln 1_£
_2Hp()\) n~ 1 2;(% n—n )+2J;1n2 n
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Inputs: Sorted vector z € R™ with 17 2 = 0, parameter p > 0, solution accuracy
€

SET Amin = 0 and Apax = Ao = max{n [|z| . ,\/1/2p ||2]5}
SETs; =) ;, 2j and o? = ZJ<Zz]
WHILE |Amax — Amin| > €Aoo

SET A = dmaxtin

SET (n,i) = FINDSHIFT(z A, s) /I (Figure[d)

SET /(\) = ghao? + L+ i+ Bd — £
IF f'(A) >0

SET Apin = A
ELSE

SET Amax = A

SET A = 1(Amax + Amin), (17, i) = FINDSHIFT(2, A, )
SETp; = (£ — f2i — 77)Jr and RETURN p

n

Figure 3: Procedure FINDP to find the vector p minimizing ) .-, p;2; subject to the constraint
= ||lnp — IH; < p. Method takes log ¥ iterations of the loop.
€

Finding the index optimal ¢ can be done by a binary search, which requires O(logn) time, and f’(\)
is then computable in O(1) time using the vectors s and 2. It is then possible to perform a binary
search over A using f’()), which which requires log % iterations to find A within accuracy €, from

which it is easy to compute p(A) via p;(\) = (v; —7), = (n7' = A7'2 =) .
We summarize this discussion with pseudo-code in Figures[3]and[4] which provide a main routine and
sub-routine for finding the optimal vector p. These routines show that, once provided the sorted vector
zwith z; < 23 < -+ < z, (which requires n log n time to compute), we require only O(log 1 -log n)
computations.

Inputs: Sorted vector z with 172 =0, )\ >0, vector s with s; = Zj<i Zj

SET t1ow = 1, inigh = n
IFL—2>0
n A = i
RETURN ( = 0,i =n)
WHILE 71w 7 Thigh
. 1/ .
i = 5 (ilow + %hign)

Stee = +(i2; — 8;) /1 (this is siefe = 325 (v; — v;))
Sright = 3 ((1 + 1)zig1 — 5i41) 1/ (this is Syigns = Z;Hl( — Vit1))
IF Sright > 1 AND Sleft <1

SETn=1—1_ L and RETURN (1, 1)

ELSE IF Sjey > 1
SET ihigh =1—1

ELSE
SET fjow =7+ 1
SET i = ilow and ) = L — 2 — L, and RETURN (1, 1)

Figure 4: Procedure FINDSHIFT to find index ¢ and parameter 7 such that, for the definition
v; = £ — Lz, wehave v; —n > 0for j <i,v; —n < 0forj > z’,andZ?:l(vj—17)Jr = 1.
Method requires time O(logn).
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