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A Proof of Theorem 1]
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B Proof of Theorem

Here, we consider a one-dimensional case, but we can consider this in the same way as for a
multivariate case. Considering the unnormalized t-exponential family, exp,({(®(w),0) — g), and g
is a constant, not a true log partition function. We integrate this expression as follows,
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Here, for simplicity, we put (1 — W " K — (1 —t)g) = A, and use the formula, fo 1”2) dx =
1B(2n=m=l mil) where B denote the beta function. We can get the expression,
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We can proceed with the calculation by using the definition of U, B(x, y) = Fr(éz_l;(y%) ,andD'() = /7
as follows,

/Oo exp, ((B(w),0) — g)dw = @ (brrke) gd+es
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Here, by using the definition of A and the true log partition function g¢ (6) = 1 (1—¥(u" Kp+1)),
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Therefore, by substituting this expression into the above integral result, we get the following.
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C Deriving the Marginal likelihood

Zgp = /p(o) (w) @ [ [ ®li(w)dw
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D Bayes Point Machine

In this section, we show the details of the update rule of ADF and EP for the Bayes point machine.

D.1 ADF update rule for BPM
The detailed update rules of ADF for BPM in t-exponential family are derived [[1].
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D.2 EP update rule for BPM

As for the EP update rule, natural parameters of Student-t distribution St(w; v, y, ) is [01, 03],
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where, K = (vZ)‘l. From these, we can calculate EP update rules through VK i and VK.

For the BPM, we consider that the whole approximation is k-dimensional St(w;m.,, V4,,v), and the
site approximation as one-dimensional Student-t like function, exp, ({®(w), 8)), where (®(w), ) =

Lo (") T (voy) TH(w T 2y) — 2m; (Vo) " Hw T x)) o 50 oy H(w ey — my)2.

Note that the whole posterior approximation is the k-dimensional, but the site approximation is the
one-dimensional, therefore the degree of freedom are different from the total approximation and the
site approximation to make ¢ consistent. The relation between v, v, and ¢ is given as

1 v+k U+1

t—1 2 2 (10)

We denote by ¥; and K; the ¥ and K which is related to site . Here, since o; is scalar, we ca
1/2\1—t
o )

express K; = (Do;) ™. If we express U = (a/|5|1/2)1 ¢, then we ca express ¥; = (a;/0;

We denote by ¥, and K, ¥ and K of whole approximation.
Let us consider the update of site j. The first step is calculation of cavity distribution, which can be
done by
UVEY = W, (uV,) " = U,(T0;) aja) (11)

VRNV = Uy, (0V) iy — U (T0;) " imyx. (12)
Next step is moment matching. This is calculated in the same way as the ADF update rules. To
use the ADF update rule, we have to convert ¥\7 K\ and ¥\ K\im\ to V\J and m\/, which are
covariance matrix and mean of cavity distribution. When calculating V' from ¥\ K\ we have to
be careful that U'\J contains the determinant of ¥\, From the definition,
Q@
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Since ar; and v is the constant, when we put W\‘j\(ﬁ = B, following relation holds,
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Using this relation, we get V\J and m\/.

After moment matching, we get Ve, and myey,. Next step is the exclusion step of site other than j.
This step is calculated in the same way as the step of cavity distribution.

VK = UnewKnew — WKV, (15)
WKy = UnewKnewmuew — VK Vm. (16)
To update site parameters, we have to convert ¥; K; and ¥; K;m; into o; and m, which are scalar

values. This can be done easily by using the fact that K; is proportional to aj_lccj x]T

These steps are the update rules for the site approximation. We have to iterate these steps until site
parameters converge.

E Expectation Propagation for Student-t Process Classification

In this section, we show the details of the derivation of EP for the Student-t process classification.
The derivation procedure is similar to that of the Gaussian process [3. 14} 2| 3]



E.1 Deriving Update Rules for Student-t Process Classification

In this subsection, we show the detailed derivation of the update rules for the Student-t process
classification. We denote the prior as p(f|X). In the case of Gaussian process, the prior distribution
is the multivariate Gaussian distribution whose covariance is specified by the kernel function. In
the case of Student-t process, the prior distribution is the multivariate Student-t distribution which
is specified by the covariance kernel k(x, z) and the degree of freedom v. The posterior distribution
is given by p(f|X,y) = Zp(f|X) I, p(vi|f:), where the marginal likelihood is given as Z =
p(y|X) = [p(fIX) I, P(yi|fi)df in the i.i.d. situation. In this paper, we consider a binary
classification, and we use

p(yilfi) = Li(fi) = e + (1 — 2€)O(yi fi)- (17)

This is actually the same as BPM, where the input to step function is given as a linear model. In
the Student-t process, the input is given as the nonlinear probabilistic process. In this setting, the
posterior is intractable. Therefore, we have to approximate it.

Following the EP framework, we approximate the posterior consisting from site approximation. We
define the factorizing term that corresponds to data ¢ as follows.

L(filCi, i, 57) = Ci @ St(fi; is, 57, D) (18)
For simplicity, we express the unnormalized Student-t like function by St( f;; fi;, o2, v). This is equiv-
alent to exp, ((®(f;),0)), where (®(f;),0) = 175 (f;" Kifi — 20] Kifi) = 175 (i (v3i) ™" fi —
271 (v3;)~1f;). These data corresponding factorizing terms are one-dimensional. Note that the
whole posterior approximation is the k-dimensional, and site approximation is the one dimensional,
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the same relation as in the BPM between v, v, and ¢ holds as s = 5%1

The g products of this data corresponding term can be expressed as follows:
H@tl:'(fi) = St(1i, 3, v) @ H®téi 19)

Here, we used the property that q products of Student-t distribution become a Student-t distribution.
In the above expression, /i is the vector of p; and ¥ is the diagonal and following relations are given,

) 20)
UK = diag(V,K;... U,K,), Q1)
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where ¥ = (w+k)/2) (22)
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Therefore, the total form of the approximation of the posterior can be expressed as follows.

a(f1X,y) = St(, Z,0) o< p(£1X) @0 (] @i 1) 23)
From this following relations are obtained,

UK = UoKo + VK, (24)
UKpu = UKJ. (25)

We consider the case that we update site ¢. For implementation, natural parameter based update rule
is preferable. Therefore we define the parameter as follows,

7 = UK, (26)
which is the (i,i) element of UK. We also define,
v = UKl 27
For the cavity distribution, we define in the same way as,
T, = V_ 0 70 (28)
Vi = T_ifi. (29)



The first step is to calculate the cavity distribution, we eliminate the effect of site <. To do so, we first
integrate out non ¢ terms by using the following formula. Let X and Y are random variable that obey
the Student-t distribution,

X Ha Yow Yy
(5)s((2)(3 ) o

The marginal distribution X is given as,

XNSt(vazwwaU) (€1))
By utilizing the above formula, we get
ailf) x [p0 e [Jed ), (32)
J#i
o St(ui, 02,v). (33)

where, y; is the ith element of 4 and o? is the (4,i) element of 3. In the above expression, the
degree of freedom is v in both the joint distribution and marginal distribution. This is unfavorable
for our Student-t process. To make the EP procedure consistent with ¢, we approximate as g—; (f;)
St(ui, 0/2,0), 0> = o?v/v. This is because for a one-dimensional Student-t distribution, its
variance is given by (vo?)~!, and in this case, U > v, approximation by o/> = o2 would result in
the underestimate of the variance.

We calculate the cavity distribution in the following way,

o= vl R -, (34)

v_; = 5_10'/;2\111'/17; — ,ﬁz (35)

Next step is the inclusion of data 7 to the approximate posterior. This can be done in the same way
of BPM. To derive the update rule, we have to convert 7_; and v_; into az,; and p—;. In this case,
the site approximations are one-dimensional, following relation holds,

fi = poitola, (36)
o2 = o%,(r—ap), 37)
1—¢€)t —€)St(z:,0,1,0 ilb—i
where o = (( o) —e ) (= v) and z = ik , (38)
o a%i O’%i

where the definition of Z, and 7 is same as that of BPM. By using 0, and z1_;, we can include the
data ¢ information.
After the data inclusion step, we exclude the effect other than data ¢. The calculation of this step can
be done in the same way as that of cavity distribution,

v = e, - T, (39)

A A (40)

From this 7,*°%, we can update UK. Since UK is the diagonal matrix, we just update (i,¢) element
of VK.

As a final step, we have to update 2. To circumvent the calculation of inverse matrix, we put

AT = —Fi“ew — T+ 5_16;2@i “1n
From this, update of ¥ K is given as,
\I/nchncw _ \IJOIdKOId + ATeieiT (42)

where K"V = (pX7eW) =1 and K°4 = (vX°19) =1, Here, X7V is the after the update of X and ::°!
is the before the update of X and e; is the unit vector of ¢ th direction. By using the matrix formula,
that is, for matrix A and B, (A=' + B71)~! = A — A(A + B) !4, we can get the following
expression,
AT
old s
14+ A7P—19%30ld

. .y _qold _1ne
where s; is the i’s column of U1 “y¥x°d, From U~ 1"V yX"eV  we can get X"V,

qj_lnevaZ’new _ \I]_lold’()EOId _ is;»r7 (43)

These are the update rule of site ¢. We iterate these steps until parameters converge.



E.2 Hyperparameter Learning
In this subsection, we refer how to derive hyperparameters, such as the wave-length of covariance
functions.

In the usual exponential family and Gaussian process, the hyperparameters can be derived by gradient
descent for the marginal log likelihood after the EP updates end. Following the discussion [2], we
2

can derive almost the same expression for the gradient of log, Z? . When we consider the gradient
of hyperparameter v,

% ~
0 logt Z};Pt T aeprior T aeprior + Z 0 logt C’L (44)

where, 0,40 is the natural parameters of prior distribution and 7,0, is the expected sufficient
statistics of the prior distribution.

E.3 Prediction Rule

In this subsection, we refer to the method of deriving the prediction for the Student-t process
classification. After the EP updates end, we will obtain the expression of the approximate posterior
distribution as ¢(f| X, y) = St(u, &, v).

When a new point 2* is given, we would like to predict its label y*. First we calculate the latent
variable f* of z*. To get the expression of f*, we use the following lemma [6]

Lemmal If X ~ St(u,X,v), and 1 € R™, xo € R™ express the first ny and remaining ns
entries of X respectively. Then

~ v+ S
:vg\xl ~ St (MQ, 7ﬁ1 X EQQ,'U + nl), (45)
v+ n

where iz = So1 217 (21 — 1) + 1, g = Yoo — Y0127 Si2, B = (21 — 1) TK (1 — ).

We consider the following expression,

p(fIX,2%) = / p(fIf,2%)p(fIX)df. (46)
The mean of p(f|X,z*) is given by
Bl = [ Ep(se b @7
=[RS 0 (48)
= k'Y (49)

where, k = [k(z*,z1),...k(z*,2,)] . Therefore strict classification of =* is given by

sign(E[ﬂ) = sign(k—riflu) (50)

Using this expression, we get the decision boundary.

F Experimental setting

We use four datasets from the UCI repository which are widely used for binary classification. We
used the cross validation to select the degree of freedom. The range of cross validation for degree of
freedom is from 5 to 15.

As discussed in[E.2] we derived hyperparameters in the kernel by gradient descent method, especially
we used Adam.
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