
Appendix: Supplemental Figures for Experiment
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Figure 1: Deep neural network for synthetic data using Algorithm 1. The Algorithm 1 algorithm
is run on various numbers of machines from 1 to 32. The curves of the objective loss against the
number of iteration and the running time are drawn in the left and the right graphs respectively.

(a) RMSE on validation set w.r.t iteration (b) RMSE on validation set w.r.t time

(c) RMSE on test set w.r.t iteration (d) RMSE on test set w.r.t time

Figure 2: Model blending with Yahoo! Music test data set using ASZD.
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Figure 3: We zoom in for the first a few thou-
sands iterations in Figure 2. Our algorithm
quickly approaches to a reasonable RMSE.

Figure 4: Running time speedup of Algorithm 1
is almost linear. On a 10-core machine we can
achieve a 8x speedup.
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Supplemental Materials for Proofs
We first show some preliminary results about the dependence between the zeroth-order gradient and
the true gradient, and then prove the convergence property for GASA (Algorithm 1).
.1 Preliminary results
Given a function p(x) : RN → R and a predefined approximation parameter vector
(µ1, µ2, · · · , µN )⊤ ∈ RN

++, we define the smoothing function of p(x) with respect to the ith di-
mension:

pi(x) := E{v∼U[−µi,µi]
}(p(x+ vei)) =

1

2µi

∫ µi

−µi

p(x+ vei)dv =
1

2

∫ 1

−1

p(x+ vµiei)dv. (22)

where v ∼ U[−µi,µi] means that v follows the uniform distribution over the range [−µi, µi]. ∇x

and∇v denote taking gradient with respect to variable x and v respectively. ∇i is short for eie⊤i ∇x.

Lemma 6 (Zeroth Order Approximation). Suppose that function p(x) : x ∈ RN → R has Lips-
chitzian gradient with parameter L and p(x + vei) : v ∈ R → R has Lipschitzian gradient with
parameter L(i) for all x. Given an approximation parameter vector (µ1, µ2, · · · , µN )⊤ ∈ RN

++, we
have:
1. The smoothing function pi is differentiable, and also has the Lipschitzian gradient with Lipschitz
constant L.
2. For the ith coordinate,

∇ipi(x) =
1

2µi
(p(x+ µiei)− p(x− µiei))ei.

3. For any x ∈ RN , i ∈ {1, . . . , N}, we have

|pi(x)− p(x)| ⩽
L(i)µ

2
i

2
, (23)

∥∇ipi(x)−∇ip(x)∥ ⩽
L(i)µi

2
, (24)

Ei∥∇ipi(x)−∇ip(x)∥2 ⩽ ω

4
, (25)

where ω is defined in (7).
4. If p is convex, then pi is also convex.

Proof. To prove the first statement, we note that

∇pi(x) =
1

2

∫ 1

−1

∇xp(x+ µivei)dv.

Since function p(x) has Lipschitzian gradient, we have

∥∇pi(x)−∇pi(y)∥ = ∥E{v∼U[−1,1]}(∇p(x+ µivei)−∇p(y + µivei))∥
⩽ E{v∼U[−1,1]}(L∥x− y∥)
= L∥x− y∥,

which implies the first statement.
To prove the second statement, we have

∇ipi(x) =
1

2

(∫ 1

−1

∇ip(x+ µivei)dv

)
=

1

2µi

(∫ 1

−1

∇vp(x+ µivei)dv

)
ei

=
1

2µi
(p(x+ µiei)− p(x− µiei))ei,

where the last step comes from the Stokes’ theorem.
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Next we prove the third statement. First (23) can be proved by

|pi(x)− p(x)| ⩽ 1

2

∣∣∣∣∫ 1

−1

p(x+ µivei)− p(x+ 0µiei)dv

∣∣∣∣
=

1

2

∣∣∣∣∫ 1

−1

p(x+ µivei)− p(x+ 0µiei)− ⟨∇vp(x), µiv⟩dv
∣∣∣∣

⩽ 1

2

∫ 1

−1

|p(x+ µivei)− p(x)− ⟨∇vp(x), µiv⟩|dv

⩽ 1

2

∫ 1

−1

L(i)µ
2
i v

2

2
dv

⩽
L(i)µ

2
i

2
,

where the second step is based on the observation∫ 1

−1

⟨∇vp(x), µiv⟩dv = 0,

and the second last step uses the assumption that p(x+vei) has Lipschitzian gradient (with constant
L(i)) with respect to v. (24) can be proved from

∥∇ipi(x)−∇ip(x)∥ =

∥∥∥∥ 1

2µi
(p(x+ µiei)− p(x− µiei))ei −∇ip(x)

∥∥∥∥
=

∥∥∥∥ 1

2µi
((p(x+ µiei)− p(x− µiei))ei − 2µi∇ip(x))

∥∥∥∥
⩽

∥∥∥∥ 1

2µi
((p(x+ µiei)− p(x))ei − µi∇ip(x))

∥∥∥∥
+

∥∥∥∥ 1

2µi
((p(x)− p(x− µiei))ei − µi∇ip(x))

∥∥∥∥
⩽ 1

2µi
L(i)µ

2
i =

L(i)µi

2
.

(25) can be proved by

Ei∥∇ipi(x)−∇ip(x)∥2
(24)
⩽

∑
i

L2
(i)µ

2
i

4N
=

ω

4
.

For the last statement, given any θ ∈ [0, 1], we have

θpi(x) + (1− θ)pi(y) =
1

2

∫ 1

−1

θp(x+ µivei) + (1− θ)p(y + µivei)dv

⩾ 1

2

∫ 1

−1

p(θx+ (1− θ)y + µivei)dv

= pi(θx+ (1− θ)y).

It proves the convexity of pi(x).

.2 Proofs to Theorem 1
We first prove the general convergence property for Algorithm 1 and then apply it to prove Theo-
rem 1.
Theorem 7 (Convergence). If the stepsize γk in Algorithm 1 is appropriately chosen to satisfy

Θk :=
Nγk
2
− 2γ2

k

LY

Y
N2 − 2L2

T

N2

Y 2
γk

T∑
ν=1

γk+ν

(
γkY +

Y 3/2
∑

j′∈J(k+ν)\{k} γj′√
N

)
⩾ 0,∀k,

(26)
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we have

1

2

K∑
k=0

γkE∥∇f(xk)∥2 ⩽ f(x0)− f∗ + 2N
L2
T

Y

(
3Nω

2
+ 3σ2

) K∑
k=0

γk
∑

j∈J(k)

γ2
j


+

(
LY

Y
Nσ2 +

LY

Y
N2ω

) K∑
k=0

γ2
k +

1

4
Nω

K∑
k=0

γk.

Proof. Besides of (3), we introduce one more notation here to abbreviate the notation:

Gi(x; ξ) =
N

2µi
(F (x+ µiei; ξ)− F (x− µiei; ξ))ei.

Note that Gi(x; ξ) = N∇iFi(x; ξ) for any x and ξ, where Fi(·; ξ) is defined using the same way in
(22) for p = F (·; ξ). We first highlight a frequently used inequality in the subsequent proof:

∥a+ b∥2 ⩽ 2∥a∥2 + 2∥b∥2. (27)

We then start from the Lipschitzian property of f(·):

f(xk+1)− f(xk) ⩽ ⟨∇Sk
f(xk), xk+1 − xk⟩+

LY

2
∥xk+1 − xk∥2

= −γk ⟨∇Sk
f(xk), GSk

(x̂k; ξk)⟩

+
1

2
γ2
kLY ∥GSk

(x̂k; ξk)∥2

(27)
⩽ −γk ⟨∇Sk

f(xk), GSk
(x̂k; ξk)⟩

+γ2
kLY

∥∥∥∥NY ∇Sk
F (x̂k; ξk)

∥∥∥∥2
+γ2

kLY

∥∥∥∥GSk
(x̂k; ξk)−

N

Y
∇Sk

F (x̂k; ξk)

∥∥∥∥2 . (28)

Next we consider the expectation of three items of the right hand side of (28). Let {ik}Kk=0 be
independent random variables uniformly distributed over {1, . . . , N}. Note that ik is just a dummy
random variable independent of all Sk’s. Let Ωk be the set consisting of all possible Sk’s. With this
new variable, we can rewrite ESk

⟨∇Sk
f(xk), GSk

(x̂k; ξk)⟩ by

ESk
⟨∇Sk

f(xk), GSk
(x̂k; ξk)⟩

=
1

Y
ESk

∑
m∈Sk

⟨∇mf(xk), Gm(x̂k; ξk)⟩

=
1

Y |Ωk|
∑
S∈Ωk

∑
m∈S

⟨∇mf(xk), Gm(x̂k; ξk)⟩

=
1

Y |Ωk|
|Ωk|Y
N

⟨
∇f(xk),

∑
n∈[N ]

Gn(x̂k; ξk)

⟩

=
1

Y
Y Eik ⟨∇ikf(xk), Gik(x̂k; ξk)⟩

= Eik ⟨∇ikf(xk), Gik(x̂k; ξk)⟩ , (29)

where the second last step is due to the fact that Sk is selected uniformly randomly. Following
similar derivation yields:

ESk

∥∥∥∥NY ∇Sk
F (x̂k; ξk)

∥∥∥∥2 =
N2

Y 2
ESk

∑
m∈Sk

∥∇mF (x̂k; ξk)∥2

=
N2

Y 2
Y Eik∥∇ikF (x̂k; ξk)∥2
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=
N2

Y
Eik∥∇ikF (x̂k; ξk)∥2

=
1

Y
Eik∥N∇ikF (x̂k; ξk)∥2, (30)

and

ESk

∥∥∥∥GSk
(x̂k; ξk)−

N

Y
∇Sk

F (x̂k; ξk)

∥∥∥∥2
= ESk

∑
m∈Sk

∥∥∥∥ 1

Y
Gm(x̂k; ξk)−

N

Y
∇mF (x̂k; ξk)

∥∥∥∥2
=

1

Y 2
ESk

∑
m∈Sk

∥Gm(x̂k; ξk)−N∇mF (x̂k; ξk)∥2

=
1

Y 2
Y Eik ∥Gik(x̂k; ξk)−N∇ikF (x̂k; ξk)∥2

=
1

Y
Eik ∥Gik(x̂k; ξk)−N∇ikF (x̂k; ξk)∥2 . (31)

We give two more equalities which will be used soon in the following:

Eξk∥∇F (x̂k; ξk)∥2 = Eξk(∥∇F (x̂k; ξk)−∇f(x̂k) +∇f(x̂k)∥2)
= Eξk(∥∇F (x̂k; ξk)−∇f(x̂k)∥2 + ∥∇f(x̂k)∥2)

+2Eξk⟨∇F (x̂k; ξk)−∇f(x̂k),∇f(x̂k)⟩
= Eξk(∥∇F (x̂k; ξk)−∇f(x̂k)∥2 + ∥∇f(x̂k)∥2)

+2⟨∇f(x̂k)−∇f(x̂k),∇f(x̂k)⟩
= Eξk(∥∇F (x̂k; ξk)−∇f(x̂k)∥2 + ∥∇f(x̂k)∥2), (32)

and

−2 ⟨∇ikf(xk),∇ikfik(x̂k)⟩
= ∥∇ikf(xk)−∇ikfik(x̂k)∥2 − ∥∇ikf(xk)∥2 − ∥∇ikfik(x̂k)∥2 . (33)

We then put (29), (30), (31) into (28):

Eξk,Sk
(f(xk+1)− f(xk)) ⩽ −γkEξk,ik ⟨∇ikf(xk), Gik(x̂k; ξk)⟩

+γ2
k

LY

Y
Eξk,ik∥N∇ikF (x̂k; ξk)∥2

+γ2
k

LY

Y
Eξk,ik ∥Gik(x̂k; ξk)−N∇ikF (x̂k; ξk)∥2

= −γkEik ⟨∇ikf(xk), N∇ikfik(x̂k)⟩

+γ2
k

LY

Y
NEξk∥∇F (x̂k; ξk)∥2

+γ2
k

LY

Y
Eξk,ik ∥Gik(x̂k; ξk)−N∇ikF (x̂k; ξk)∥2

(32)
= −γkNEik ⟨∇ikf(xk),∇ikfik(x̂k)⟩

+γ2
k

LY

Y
N(

⩽σ2︷ ︸︸ ︷
Eξk∥∇F (x̂k; ξk)−∇f(x̂k)∥2 +∥∇f(x̂k)∥2)

+γ2
k

LY

Y

≤N2ω/4 from (25)︷ ︸︸ ︷
Eξk,ik ∥Gik(x̂k; ξk)−N∇ikF (x̂k; ξk)∥2

(33)
⩽ −γk

2

(
∥∇f(xk)∥2 +NEik ∥∇ikfik(x̂k)∥2

)
+
γk
2
N Eik ∥∇ikf(xk)−∇ikfik(x̂k)∥2︸ ︷︷ ︸

=:T1
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+γ2
k

LY

Y
N(σ2 + ∥∇f(x̂k)∥2)

+γ2
k

LY

Y
N2ω

4
. (34)

Then we study the upper bound for T1:

T1 = Eik ∥∇ikf(xk)−∇ikfik(x̂k)∥2

= Eik ∥∇ikf(xk)−∇ikf(x̂k) +∇ikf(x̂k)−∇ikfik(x̂k)∥2

(27)
⩽ 2Eik

(
∥∇ikf(xk)−∇ikf(x̂k)∥2 + ∥∇ikf(x̂k)−∇ikfik(x̂k)∥2

)
(25)
⩽ 2Eik∥∇ikf(xk)−∇ikf(x̂k)∥2 +

ω

2

⩽ 2

N
L2
T ∥xk − x̂k∥2 +

ω

2

=
2

N
L2
T

∥∥∥∥∥∥
∑

j∈J(k)

(xj+1 − xj)

∥∥∥∥∥∥
2

︸ ︷︷ ︸
=:T2

+
ω

2
. (35)

We then bound T2 by

E(T2) = E

∥∥∥∥∥∥
∑

j∈J(k)

(xj+1 − xj)

∥∥∥∥∥∥
2

= E

∥∥∥∥∥∥
∑

j∈J(k)

γjGSj (x̂j ; ξj)

∥∥∥∥∥∥
2

= E

∥∥∥∥∥∥
∑

j∈J(k)

γj

GSj
(x̂j ; ξj)−

N

Y

∑
m∈Sj

∇mfm(x̂j)

+
N

Y

∑
m∈Sj

γj∇mfm(x̂j)

∥∥∥∥∥∥
2

(27)
⩽ 2E

∥∥∥∥∥∥
∑

j∈J(k)

γj

GSj
(x̂j ; ξj)−

N

Y

∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2

︸ ︷︷ ︸
=:T3

+2
N2

Y 2
E

∥∥∥∥∥∥
∑

j∈J(k)

γj
∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2

︸ ︷︷ ︸
=:T4

. (36)

Next we show the upper bounds for E(T4) and E(T3) respectively:
E(T4)

= E

∥∥∥∥∥∥
∑

j∈J(k)

γj
∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2

= E

 ∑
j∈J(k)

γ2
j

∥∥∥∥∥∥
∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2


+2E

 ∑
j,j′∈J(k),j>j′

γjγj′

⟨∑
m∈Sj

∇mfm(x̂j),
∑

m′∈Sj′

∇m′fm′(x̂j′)

⟩
16



= E

 ∑
j∈J(k)

γ2
jY Eij

∥∥∇ijfij (x̂j)
∥∥2

+2E

 ∑
j,j′∈J(k),j>j′

γjγj′

⟨
ESj

∑
m∈Sj

∇mfm(x̂j),
∑

m′∈Sj′

∇m′fm′(x̂j′)

⟩
⩽

∑
j∈J(k)

γ2
jY E

∥∥∇ijfij (x̂j)
∥∥2

+E

 ∑
j,j′∈J(k),j>j′

γjγj′

 1

α

∥∥∥∥∥∥ESj

∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2

+ αESj′

∥∥∥∥∥∥
∑

m′∈Sj′

∇m′fm′(x̂j′)

∥∥∥∥∥∥
2



⩽
∑

j∈J(k)

γ2
jY E

∥∥∇ijfij (x̂j)
∥∥2

+E

 ∑
j,j′∈J(k),j>j′

γjγj′

 1

α

∥∥Y Eij∇ijfij (x̂j)
∥∥2 + αESj′

∥∥∥∥∥∥
∑

m′∈Sj′

∇m′fm′(x̂j′)

∥∥∥∥∥∥
2



⩽
∑

j∈J(k)

γ2
jY E

∥∥∇ijfij (x̂j)
∥∥2

+E

 ∑
j,j′∈J(k),j>j′

γjγj′

(
Y 2

αN
Eij

∥∥∇ijfij (x̂j)
∥∥2 + αY Eij′

∥∥∥∇ij′ fµi
j′
,ij′ (x̂j′)

∥∥∥2)


=
∑

j∈J(k)

γj

γjY + αY
∑

j′>j,j′∈J(k)

γj′ +
Y 2
∑

j′<j,j′∈J(k) γj′

αN

E
∥∥∇ijfij (x̂j)

∥∥2
=

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2 ,
where we set α =

√
Y/N in the last step. We next consider E(T3)

E(T3) = E


∥∥∥∥∥∥
∑

j∈J(k)

γj

GSj (x̂j ; ξj)−
N

Y

∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2


= E

 ∑
j∈J(k)

γ2
j

∥∥∥∥∥∥GSj
(x̂j ; ξj)−

N

Y

∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2


= E

 ∑
j∈J(k)

γ2
j

Y 2

∥∥∥∥∥∥Y GSj (x̂j ; ξj)−N
∑
m∈Sj

∇mfm(x̂j)

∥∥∥∥∥∥
2


= E

 ∑
j∈J(k)

γ2
j

Y

∥∥Gij (x̂j ; ξj)−N∇ijfij (x̂j)
∥∥2 , (37)

where the last equality is due to the same reason of (31) and the second last equality is from

2E

 ∑
j>j′;j,j′∈J(k)

γjγj′⟨Γj ,Γj′⟩


17



= 2E

 ∑
j>j′;j,j′∈J(k)

γjγj′

⟨
EξjGSj (x̂j ; ξj)−

N

Y

∑
m∈Sj

∇mfm(x̂j),Γj′

⟩
= 0,

where

Γj := GSj
(x̂j ; ξj)−

N

Y

∑
m∈Sj

∇mfm(x̂j)

Γj′ := GSj′ (x̂j′ ; ξj′)−
N

Y

∑
m′∈Sj′

∇m′fm′(x̂j′).

Note that we have the following inequality

Eξ,i∥Gi(x; ξ)−N∇ifi(x)∥2

= Eξ,i∥Gi(x; ξ)−N∇iF (x; ξ) +N∇iF (x; ξ)−N∇if(x) +N∇if(x)−N∇ifi(x)∥2

⩽ 3Eξ,i(∥Gi(x; ξ)−N∇iF (x; ξ)∥2 +N2∥∇iF (x; ξ)−∇if(x)∥2 +N2∥∇if(x)−∇ifi(x)∥2)

⩽ 3Eξ

(
N2ω

2
+N∥∇F (x; ξ)−∇f(x)∥2

)
(25)
⩽ 3N2ω

2
+ 3Nσ2,

where the first step uses ∥a+ b+ c∥2 ⩽ 3(∥a∥2 + ∥b∥2 + ∥c∥2). Applying it into (37) yields:

E(T3) ≤
(
3N2ω

2Y
+

3Nσ2

Y

) ∑
j∈J(k)

γ2
j ,

Applying the upper bounds of E(T3) and E(T4) to (36) we obtain

E(T2) ⩽ 2E(T3) + 2
N2

Y 2
E(T4)

⩽ 2

(
3N2ω

2Y
+

3Nσ2

Y

) ∑
j∈J(k)

γ2
j

+2
N2

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E∥∇ijfij (x̂j)∥2.

We apply the upper bound of E(T2) to (35):

E(T1) ⩽ 2

N
L2
TE(T2) +

ω

2

⩽ 4L2
T

Y

(
3Nω

2
+ 3σ2

) ∑
j∈J(k)

γ2
j +

ω

2

+4L2
T

N

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2 .
Substitute the upper bound of E(T1) into (34)

E(f(xk+1)− f(xk))

⩽ −γk
2

(
E∥∇f(xk)∥2 +NE |∇ikfik(x̂k)|2

)
+
γk
2
NE(T1) + γ2

k

LY

Y
N(σ2 + E∥∇f(x̂k)∥2) + γ2

k

LY

Y
N2ω

4

⩽ −γk
2

(
E∥∇f(xk)∥2 +NE ∥∇ikfik(x̂k)∥2

)
18



+
γk
2
N

4L2
T

(
3Nω
2 + 3σ2

)
Y

∑
j∈J(k)

γ2
j +

ω

2


+2γk

L2
T

N2

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2
+γ2

k

LY

Y
N(σ2 + E∥∇f(x̂k)∥2) + γ2

k

LY

Y
N2ω

4
rearrange
= −γk

2
E∥∇f(xk)∥2 + γ2

k

LY

Y
N2 1

N
E∥∇f(x̂k)∥2︸ ︷︷ ︸

=:T5

−
(
γkN

2

)
E ∥∇ikfik(x̂k)∥2

+2γk

L2
T

N2

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2
+
γk
2
N

4L2
T

Y

(
3Nω

2
+ 3σ2

) ∑
j∈J(k)

γ2
j +

ω

2


+γ2

k

LY

Y
Nσ2 + γ2

k

LY

Y
N2ω

4
. (38)

Note that

T5 =
1

N
E∥∇f(x̂k)∥2

= E∥∇ikf(x̂k)∥2
(27)

⩽ 2E∥∇ikfik(x̂k)∥2 + 2E∥∇ikf(x̂k)−∇ikfik(x̂k)∥2
(25)
⩽ 2E∥∇ikfik(x̂k)∥2 +

ω

2
.

Substitute this upper bound of T5 into (38):
E(f(xk+1)− f(xk))

⩽ −γk
2
E∥∇f(xk)∥2 + γ2

k

LY

2Y
N2ω

−
(
γkN

2
− 2γ2

k

LY

Y
N2

)
E ∥∇ikfik(x̂k)∥2

+2γk

L2
T

N2

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2
+
γk
2
N

4L2
T

Y

(
3Nω

2
+ 3σ2

) ∑
j∈J(k)

γ2
j +

ω

2


+γ2

k

LY

Y
Nσ2 + γ2

k

LY

Y
N2ω

4

⩽ −γk
2
E∥∇f(xk)∥2 −

(
γkN

2
− 2γ2

k

LY

Y
N2

)
E ∥∇ikfik(x̂k)∥2

+2γk

L2
T

N2

Y 2

∑
j∈J(k)

γj

(
γjY +

Y 3/2
∑

j′∈J(k)\{j} γj′√
N

)
E
∥∥∇ijfij (x̂j)

∥∥2
+2γkN

L2
T

Y

(
3Nω

2
+ 3σ2

) ∑
j∈J(k)

γ2
j
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+γ2
k

LY

Y
Nσ2 + γ2

k

LY

Y
N2ω +

γk
4
Nω. (39)

Summarizing (39) from k = 0 to k = K (note that Θk is defined in (26)) yields:

1

2

K∑
k=0

γkE∥∇f(xk)∥2

⩽ f(x0)− f(xK+1)−
K∑

k=0

ΘkE ∥∇ikfik(x̂k)∥2

+2N
L2
T

Y

(
3Nω

2
+ 3σ2

) K∑
k=0

γk
∑

j∈J(k)

γ2
j


+

(
LY

Y
Nσ2 +

LY

Y
N2ω

) K∑
k=0

γ2
k +

1

4
Nω

K∑
k=0

γk

Θk≥0

⩽ f(x0)− f∗ + 2N
L2
T

Y

(
3Nω

2
+ 3σ2

) K∑
k=0

γk
∑

j∈J(k)

γ2
j


+

(
LY

Y
Nσ2 +

LY

Y
N2ω

) K∑
k=0

γ2
k +

1

4
Nω

K∑
k=0

γk.

It completes the proof.

Corollary 8. Set all steplength γk to be a constant γ in Algorithm 1

γ =
Y

N

1

2LY χ
, (40)

where χ satisfies

χ ≥

√
1 +

L2
T

L2
Y

(
Y

N
+

Y 3/2T

N3/2

)
T + 1. (41)

It ensures the following convergence rate

1

2K

K∑
k=0

E∥∇f(xk)∥2 ≤ 2(f(x0)− f∗)LY N

KY
χ+

Nω + σ2

χ

(
1 +

2L2
TY T

L2
Y N

1

χ

)
+Nω.

Proof. To apply Theorem 7, we first verify that the choice of γ in (40) satisfies the prerequisite (26).
Letting γk = γ, the prerequisite (26) in Theorem 7 reduces to

Nγ

2
− 2γ2LY

Y
N2 − 2L2

T

N2

Y 2
γ

(
γY +

Y 3/2Tγ√
N

)
Tγ ⩾ 0,∀k,

or equivalently

L2
T

Y 2
γ2

(
Y +

Y 3/2T√
N

)
T︸ ︷︷ ︸

=:l

+γ
LY

Y
− 1

4N
⩽ 0,∀k.

Here we denote
(
Y + Y 3/2T√

N

)
T by l for short here.

To satisfy the above inequality, it suffices to show

γ ⩽ −LY /Y +
√

L2
Y /Y

2 + (L2
T /Y

2)l/N

2L2
T l/Y

2

= Y
−LY +

√
L2
Y + L2

T l/N

2L2
T l

20



= Y
LY

2L2
T l

(√
1 +

L2
T l

L2
Y N
− 1

)

= Y
1

2LY N

√
1 + χ′ − 1

χ′

= Y
1

2LY N

1

χ0
,

where

χ′ :=
L2
T l

L2
Y N

=
L2
T

(
Y + Y 3/2T√

N

)
T

L2
Y N

,

χ0 :=
√

1 + χ′ + 1 =

√√√√
1 +

L2
T

(
Y + Y 3/2T√

N

)
T

L2
Y N

+ 1.

Due to χ ≥ χ0, the choice of γ in (26) satisfies the prerequisite (26).
Now by applying Theorem 7

1

2

K∑
k=0

γkE∥∇f(xk)∥2 ⩽ f(x0)− f∗ + 2N
L2
T

Y

(
3Nω

2
+ 3σ2

) K∑
k=0

γk
∑

j∈J(k)

γ2
j


+

(
LY

Y
Nσ2 +

LY

Y
N2ω

) K∑
k=0

γ2
k +

1

4
Nω

K∑
k=0

γk.

and letting γk = γ and dividing both sides by Kγ, we obtain

1

2K

K∑
k=0

E∥∇f(xk)∥2 ⩽ f(x0)− f∗

Kγ
+ 2N

L2
T

Y

(
3Nω

2
+ 3σ2

)
Tγ2

+

(
LY

Y
Nσ2 +

LY

Y
N2ω

)
γ +

1

4
Nω. (42)

Substituting γ into (42), we have

1

2K

K∑
k=0

E∥∇f(xk)∥2 ⩽ f(x0)− f∗

Kγ
+ 2N

L2
T

Y

(
3Nω

2
+ 3σ2

)
Tγ2

+

(
LY

Y
Nσ2 +

LY

Y
N2ω

)
γ +

1

4
Nω

=
2(f(x0)− f∗)LY N

KY
χ

+
L2
TY T

2L2
Y N

(
3Nω

2
+ 3σ2

)
1

χ2
+ (σ2 +Nω)

1

2χ
+

1

4
Nω

⩽ 2(f(x0)− f∗)LY N

KY
χ

+
2L2

TY T

L2
Y N

(Nω + σ2)
1

χ2
+ (σ2 +Nω)

1

χ
+Nω

=
2(f(x0)− f∗)LY N

KY
χ+

Nω + σ2

χ

(
1 +

2L2
TY T

L2
Y N

1

χ

)
+Nω,

which completing the proof.

Theorem 9. Set all steplength γk to be a constant γ in Algorithm 1

γ =
Y

N

1

2LY χ
,
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where

χ =

√
α2
1

K(Nω + σ2)α2 + α1
+
√

K(Nω + σ2)α2. (43)

It ensures the following convergence rate∑K
k=0 E∥∇f(xk)∥2

2K
⩽ 2α1

Kα2

√
K(Nω + σ2)α2 + α1

+
3
√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω.

Proof. In order to apply Corollary 8, we first verify that the choice of χ in (43) satisfies the require-
ment in (41). (43) suggests that

χ2 ⩾ α2
1

K(Nω + σ2)α2 + α1
+K(Nω + σ2)α2 ≥ α1.

where the second inequality is due to that K = 0 minimize the second part. Also note that

α1 = 4

1 +
L2
T

(
Y + Y 3/2T√

N

)
T

L2
Y N


=

(
2

√
1 +

L2
T

L2
Y

(
Y

N
+

Y 3/2T

N3/2

)
T

)2

⩾
(√

1 +
L2
T

L2
Y

(
Y

N
+

Y 3/2T

N3/2

)
T + 1

)2

.

Therefore the choice of χ in (43) satisfies the condition in (41) required by Corollary 8. Applying
Corollary 8 yields the following convergence rate

1

2K

K∑
k=0

E∥∇f(xk)∥2

⩽ 2(f(x0)− f∗)LY N

KY
χ+

Nω + σ2

χ

(
1 +

2L2
TY T

L2
Y N

1

χ

)
+Nω

(43)
=

2(f(x0)− f∗)LY N

KY

√
α2
1

K(Nω + σ2)α2 + α1

+
2(f(x0)− f∗)LY N√

KY

√
(Nω + σ2)α2

+
Nω + σ2√

α2
1

K(Nω + σ2)α2 + α1︸ ︷︷ ︸
discard

+
√
K(Nω + σ2)α2

+
2L2

TY T

L2
Y N

Nω + σ2
√

α2
1

K(Nω + σ2)α2 + α1︸ ︷︷ ︸
discard

+
√

K(Nω + σ2)α2


2

+Nω

⩽ 2(f(x0)− f∗)LY Nα1

KY
√
K(Nω + σ2)α2 + α1

+
2(f(x0)− f∗)LY N

√
(Nω + σ2)α2√

KY
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+

√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω

=
2α1

Kα2

√
K(Nω + σ2)α2 + α1

+
3
√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω.

It completes the proof.

Proof to Theorem 1

Proof. Note that in Theorem 1 we have the same steplength as in Theorem 9, so we can safely apply
Theorem 9 to obtain

∑K
k=0 E∥∇f(xk)∥2

2K

⩽ 2α1

Kα2

√
K(Nω + σ2)α2 + α1

+
3
√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω

(7)
=

8
(
1 +

L2
TT

L2
Y N

(
Y + Y 3/2T√

N

))
Kα2

√√√√√K(Nω + σ2)α2 + 4 +
4L2

TT

L2
Y N

(
Y +

Y 3/2T√
N

)
︸ ︷︷ ︸

discard

+
3
√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω

⩽ 8

Kα2

√
K(Nω + σ2)α2 + 4

+
8

L2
TT

L2
Y N

(
Y + Y 3/2T√

N

)
Kα2

√
K(Nω + σ2)α2 + 4

+
3
√
Nω + σ2

√
Kα2

+
2L2

TY T

L2
Y NKα2

+Nω. (44)

Next from the condition of T in Theorem 1 and the definition of α3, we can obtain

L2
T

(
Y + Y 3/2T√

N

)
T

L2
Y N

⩽ K(Nω + σ2)α2 + 4 = α3
L2
T

L2
Y

. (45)

To see why it is true, it suffices to show that

T ⩽ −Y
√
N +

√
NY 2 + 4Y 3/2N3/2α3

2Y 3/2

=
−
√
N +

√
N + 4Y −1/2N3/2α3

2Y 1/2

=

√
N

2Y 1/2

(√
1 + 4Y −1/2N1/2α3 − 1

)
, (46)

which is implied by the prerequisite for T in Theorem 1.
Then we apply (45) to (44) and obtain∑K

k=0 E∥∇f(xk)∥2

2K

⩽ 8

Kα2

√
K(Nω + σ2)α2 + 4

+
8
L2

T

(
Y+Y 3/2T√

N

)
T

L2
Y N

Kα2

√
K(Nω + σ2)α2 + 4

+
2L2

TY T

L2
Y NKα2

+
3
√
Nω + σ2

√
Kα2

+Nω
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(46)
⩽ 8

Kα2

√
K(Nω + σ2)α2 + 4

+
8
√
K(Nω + σ2)α2 + 4

Kα2

+
L2
T

√
NY

(√
1 + 4Y −1/2N1/2α3 − 1

)
L2
Y NKα2

+
3
√
Nω + σ2

√
Kα2

+Nω

⩽ 8

Kα2

√
K(Nω + σ2)α2 + 4

+
8
√
K(Nω + σ2)α2

Kα2
+

16

Kα2
+

3
√
Nω + σ2

√
Kα2

+Nω

+
1

Kα2

L2
T

L2
Y

√
Y
(√

1 + 4Y −1/2N1/2α3 − 1
)

√
N

=
1

Kα2

16 +
L2
T

L2
Y

√
Y
(√

1 + 4Y −1/2N1/2α3 − 1
)

√
N

+

≤4︷ ︸︸ ︷
8√

K(Nω + σ2)α2 + 4


+
11
√
Nω + σ2

√
Kα2

+Nω

⩽ 1

Kα2

20 +
L2
T

L2
Y

√
Y
(√

1 + 4Y −1/2N1/2α3 − 1
)

√
N

+
11
√
Nω + σ2

√
Kα2

+Nω

=
20

Kα2
+

1

Kα2

L2
T

L2
Y

√
Y
(√

1 + 4Y −1/2N1/2α3 − 1
)

√
N

+ 11
√

Nω + σ2
√

Kα2

+Nω.

It completes the proof.

.3 Proofs to Corollaries
We prove all corollaries using Theorem 1 in this subsection.
Proof to Corollary 2

Proof. For ASCD, letting σ = 0, ω = 0, and Y = 1 in Thereon 1, we have

γ−1 = 2LmaxN

(√
α2
1

K(Nω + σ2)α2 + α1
+
√
K(Nω + σ2)α2

)
= 2LmaxN

√
α1,

and the prerequisite becomes

T ⩽
√
N

2

(√
1 + 4α3N1/2 − 1

)
=

√
N

2

(√
1 + 4

L2
Y

L2
T

(K(Nω + σ2)α2 + 4)N1/2 − 1

)

=

√
N

2

(√
1 + 16

L2
max

L2
T

N1/2 − 1

)
.

= O(N3/4)

The convergence rate turns out to be∑K
k=0 E∥∇f(xk)∥2

2K

⩽ 1

Kα2

20 +
L2
T

L2
max

√
1 + 16N1/2 L2

max

L2
T
− 1

√
N
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=
(f(x0)− f∗)LmaxN

K

20 +
L2
T

L2
max

√
1 + 16N1/2 L2

max

L2
T
− 1

√
N

 .

It completes the proof.

Proof to Corollary 3

Proof. For ASGD in (11), letting ω = 0 and Y = N in α1, α2, and α3 in (7), we have

α1 = 4

(
1 +

L2
T (1 + T )T

L2

)
,

α2 =
1

(f(x0)− f∗)L
,

α3 =
L2

L2
T

(Kσ2α2 + 4).

Next letting ω = 0 and Y = N in Theorem 1, the prerequisite for T becomes

T ⩽
√
N

2
√
N

(√
1 + 4N−1/2N1/2α3 − 1

)
=

1

2

(√
1 + 4α3 − 1

)
=

1

2

(√
1 + 4

L2

L2
T

(
Kσ2

(f(x0)− f∗)L
+ 4

)
− 1

)
= O

(√
Kσ2 + 1

)
.

We finally obtain the following convergence rate∑K
k=0 E∥∇f(xk)∥2

2K

⩽ 1

Kα2

20 +
L2
T

L2
Y

√
Y
(√

1 + 4Y −1/2N1/2α3 − 1
)

√
N


+
11
√
Nω + σ2

√
Kα2

+Nω

=
1

Kα2

(
20 +

L2
T

L2

√
1 + 4α3 − 1

)
+

11σ√
Kα2

⩽ 1

Kα2

(
20 +

L2
T

L2

√
5α3

)
+

11σ√
Kα2

⩽ 1

Kα2

(
20 +

L2
T

L2

√
5α3

)
+

11σ√
Kα2

=
1

Kα2

(
20 +

L2
T

L2

√
5
L2

L2
T

(Kσ2α2 + 4)

)
+

11σ√
Kα2

=
1

Kα2

(
20 +

LT

√
5

L

√
Kσ2α2 + 4

)
+

11σ√
Kα2

⩽ 1

Kα2

(
20 +

LT

√
5

L

(√
Kσ2α2 + 2

))
+

11σ√
Kα2

= O

(
1

K
+

σ√
K

)
,

It completes the proof.
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Proof to Corollary 4 and Corollary 5

Proof. Corollary 4 can be considered a special case of Corollary 5 with ω = 0. We only prove
Corollary 5 here, which automatically implies Corollary 4. Letting Y = 1 in (7) and Theorem 1, we
obtain

γ−1 = 2LmaxN

(√
α2
1

K(Nω + σ2)α2 + α1
+
√
K(Nω + σ2)α2

)
,

and

α1 = 4

1 +
L2
T

(
1 + T√

N

)
T

L2
maxN

 ,

α2 =
1

(f(x0)− f∗)LmaxN
,

α3 =
L2
max

L2
T

(K(Nω + σ2)α2 + 4),

ω =

∑N
i=1 L

2
(i)µ

2
i

N
.

The prerequisite for T in Theorem 1 becomes

T ⩽
√
N

2

(√
1 + 4α3N1/2 − 1

)
=

√
N

2

(√
1 + 4

L2
max

L2
T

(K(Nω + σ2)α2 + 4)N1/2 − 1

)

= O

(
N3/4

√
K

(
ω +

σ2

N

)
+ 1

)
(47)

= O
(√

N3/2 +KN1/2σ2
)
.

The convergence rate becomes∑K
k=0 E∥∇f(xk)∥2

2K

⩽ 1

Kα2

(
20 +

L2
T

L2
max

√
1 + 4N1/2α3 − 1√

N

)
+

11
√
Nω + σ2

√
Kα2

+Nω

= O

N

K
+

N3/4

√
K

√
ω +

σ2

N
+

1

K
+

N
√

ω + σ2

N√
K

+Nω


⩽ O

N

K
+

N3/4

√
K

(√
ω +

σ2

N
+

1√
K

)
+

N
√
ω + σ2

N√
K

+Nω


= O

(
N

K
+

√
N
√
Nω + σ2

√
K

+Nω

)

⩽ O

(
N

K
+

√
Nσ√
K

+
N
√
ω√

K
+Nω

)
.

Since ω =
∑N

i=1 L2
(i)µ

2
i

N , if we use a constant µ for all µi, and if we let Nω ⩽ O(N/K), N
√
ω√

K
⩽

O(N/K), we need

µ ⩽
√

N

K
∑N

i=1 L
2
(i)

= O

(
1√
K

)
. (48)
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If let Nω ⩽ O(
√
Nσ√
K

), N
√
ω√

K
⩽ O(

√
Nσ√
K

), it suffices that

µ ⩽ O

(
min

{ √
σ

(K)1/4(N)1/4
, σ/
√
N

})
. (49)

Since (18) satisfies either (48) or (49), we obtain a convergence rate of

∑K
k=0 E∥∇f(xk)∥2

2K
⩽ O

(
N

K
+

√
Nσ√
K

)
.

The prerequisite (47) becomes

T ⩽ O

(
N3/4

√
K

(
ω +

σ2

N

)
+ 1

)

⩽ O

(
N3/4

√
1 +

Kσ2

N

)
,

which completing the proof.
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