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This appendix includes proofs of the theorems presented in the paper and details about the experi-
mental design.

A Proof of Theorem 1

Proof. Let z = (x,y) be a fixed testing sample. We define the function G, : (X x V)?>™ — R as:
GZ(TaT/):gv(fT($>7y)_E’Y(fT’(x)ay>' (1)
For any i € {1,..,m}, if we re-sample the ith element in T to get T*, using the 3-stability of the

learning algorithm and Lipschitz continuity of £, we get:

GL(T,T") — G (T%,T)|< %UT(a:) fn(@)< @)

= I

The same inequality holds for |G (T, T") — G.(T,T"")|. We have Ep 7/ pm [G.(T,T')] = 0, and
thus can apply the McDiarmid inequality to get:

2,2

5
P AT, T < 2e msT, 3
P IGL(TT)> d < 2 3
Integrating the above gives us the bound over the expectation:
E [|G.(T,T")] g/ Pr (|G.(T,T)|> dde < 2™ @)
T,7'~Dm 0 T,T'~Dm™ ¥

The above inequality holds for any fixed z and thus holds for the expectation:

T,TEDm[CW(fl’fz)} B T,T/E;Dm {ZIEDHGZ(T’TI)H} ©®)
= B, | B G ©
B8 7rm. o
=
O

B Proof of Theorem 2

Proof. We again use the McDiarmid inequality, on the function H : (X x ))*™ — R defined as:

H(T,T') = Cy(fr, fr') = (X%NDHMJ‘T(X), V) =4, (fr (X), V)] ®)
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For any i € {1,..,m}, if we re-sample the ith element in T to get T*, using the 3-stability of the
learning algorithm and Lipschitz continuity of £, we get:

HET) - < B[00 - Lm0 ©
[y (fri(X),Y) — £, (fr (X), Y)|| (10)
S BB~ 6 (0.1 (1)
< b (12)
Y

where line (11) is by reverse triangular inequality. Same bound similarly holds for replacing the ith
elementin 7": |H(T,T') — H(T,T"")|< 3/~. Applying McDiarmid inequality and using the bound
on the expectation of H from Theorem 1 completes the proof:

Tmf y y
R (T S P Ly S R L (CE RS I e]
< e me?, (13)
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C Proof of Theorem 3
The proof partly follows Lemma 21 from [1] and Theorem 4 from [2]. Define:
tilg) = (g9()) —y;)? (14)
. 1 &
Rr(g) = -3 4(9) (15)
j=1
i 1 &
Ry(g) = EZ;@‘(Q) (16)
=
Rr(9) = Rr(g)+ Mlgll? (17)
Ry(9) = Ry'(9)+ Mgl (18)

By the assumption of the theorem, fr is the minimizer of Ry . Let f}l be the minimizer of R}i .
Lemma 1. With the assumptions of Theorem 3, we have for all i:

P

Ve (fr(e) = J3'(@))* < 35— (fr) = w)*. (19)

Proof of Lemma 1. To simply the notation, we drop the 7" subscript throughout the proof of this
lemma. Let dy(f, g) be the functional Bregman divergence [3]:

dg¢(f,9) = o(f) — ¢(g) — Volg; f —9), (20)

where V¢(g; .) is the Fréchet derivative of ¢ at g. Since f and f \* are minimizers of R and R\!
respectively, we have: VR(f;.) = 0 and VR\!(f\?;.) = 0. We thus have:

dr(fN ) +dpa(f. fN) = R(fY) = R(f) + RV (f) — RV (f\) 1)
= Loy - L. 22)
m m



where the last line follows by the definition of R and R\*. By non-negativity and additivity of
divergence (da+p = da + dp) we have:

0 < dpulfs ) +dp (Y, f) (3)
= Ay (f ) = My (P )+ dp (£, FY) + dpa (FY ) 24)

_ . . _ 1 _
= =My (£ ) = My (5 1) + dpe (£ + dr(FY f) = —de (P, ) (25)
) . 1 , 1 1 ;
- _ R \iy _ o ( £\ S (FNDY () — —d, (FV
= =AMy (f ) = Ay (FY ) + m&(f ) m&(f) mdez(f . f) (26)
_ . 1 .
= Ay (£ = My (P ) + — VG £ = ), 27)
where line (26) is by the derivation in line (22), and line (27) is by the definition of the Bregman

divergence. In the RKHS space, we have dll-\li (9,9") = |lg — ¢'||?, and by assumption of Theorem 3
we have Vz : |g(z)|< k||g||x. Substituting the Fréchet derivative in the above inequality, we get:

) 1 .
IF = FYIE < E(f\l(x)—f(x))(f(xi) ~ ¥i) (28)
< e IV = ) = ). 29)
Cancelling the sides and squaring both sides, we get for all x:
(f@) = fM@)® < &I YR (30)
4
< g (fla) — v (1)
O

Proof of Theorem 3. Let V = £ (fr(X),Y) — £y (fr/(X),Y). Define V;, 1 <14 < 2m as:

v X)) -6 Ur (X)) ifi<m 32)
v \(i—m) iy
E’Y(fT(X)vy)_‘e’y( T (X),Y) ifi>m

It is easy to see that Er 7v.pm[V] = 0. Using the concentration inequality of Theorem 6 from [4]
on V and V;, the symmetry of the training algorithm, and the symmetry of V on T and T” we get:

E (6 (fr(X),Y) = £,(fr(X),Y))?’] = Var [V] (33)
T, ~D™ T D™
(X,)~D (X,Y)~D
2m
< E [(V-VW)? 34
< ,;T,mpm[( ] (34)
= (X,Y)~D
=2 E vV —V;)? 35
o |22V V) (35)
(X,Y)~D L=l
2 S \i 2
= =, E X) - fr (X 36
72 T,T’NDM [Zl(fT( ) T( )) ] 7( )
(X,Y)~D =

where line (36) is by Lipschitz continuity of Z-. Applying Lemma 1 to RHS completes the proof. [



D Further Experimental Details

Table 1 includes further details on the datasets used for experiments presented in the paper.

Table 1: Full details of the datasets used in the experimental analysis.

Nomao [5] News Popularity [6] Twitter Buzz [7]
# Features 89 continuous 61 features 77 features
31 nominal no missing values evolution of 11 primatry
some missing values features through time
no missing values
# Samples 34,465 39,797 Sub-sampled 46,902
Goal predict if two business predict if a news will be  predict if a tweet is go-
entities are the same shared more than 1400 ing to be popular
times
Ta 4000 samples 8000 samples 4000 samples
drop first 5 features drop the 3 features: drop last 7 features
self _reference_min
self _reference_max
self _reference_avg
Tp 5000 samples 10000 samples 5000 samples
all the features all the features all the features
Validation Set 1000 samples 1000 samples 1000 samples

Testing Set

28465 samples

28797 samples

45402 samples

We optimized the hyper-parameters of each algorithm for each datasets on the validation set. Details
of the chosen hyper-parameters for each algorithm is included in Table 2. The names of the parameters
match the names used in Scikit-Learn [8].

Table 2: We summarize here the regularization parameters used to train the models. These parameters
have been selected using a validation set of 1000 samples.

Ridge RFT-Regression SVM  Adaboost LinearSVR
o min_weight_fraction_leaf C learning_rate C
Nomao 0.02 0.0001 10 1.5 0.5
News 2 0.01 1.5 5 10
Twitter-Buzz 1 0.002 50 1.0 75

Full results for all experiments are included in Table 3. We have included further results on linear
SVM and AdaBoost (boosted stumps). However, note that there is a regression in accuracy between
the two versions of the model for the baseline algorithm. We believe that that our hyper-parameter
optimization did not find a good solution for these algorithms (likely resulting in over-fitting), or that
we could not effectively use the implementation in Scikit-Learn [8].



Table 3: Experiment results on 3 domains with 5 different training algorithms for a single step RCP
and the MCMC methods. For the MCMC experiment, we report the numbers with the standard
deviation over the 40 runs of the chain.

Baseline RCP MCMC, k = 30 MCMC, k = 30
No RCP, No Chain | a = 0.5,¢ = 0.5 a=0.5,e=05 a=0.7¢=0.1
WLR 124 1.40 131 1.60
Ridge Pwin 26.5 49.2 36.5 73.9
c, 1.00 0.54 0.54 =+ 0.06 0.32 +0.05
Acc Vi [ Vs 93.1 / 93.4 93.1 /934 | 932+0.17/934+01 |93.0+03 /932402
WLR 1.02 .13 1.0 112
RE Pwin 5.6 13.4 9.8 13.1
c, 1.00 0.83 0.83 = 0.05 0.59 + 0.05
Acc Vi 1 Vs 94.8 / 94.8 948 /950 | 949402 7950+02 | 947+02 / 94.8 £0.2
. WLR 0.79 0.79 0.00 0.00
=3 I Dwin 0.2 0.2 0.0 0.0
E AdaBoost c, 1.00 1.00 0.01 £ 0.06 0.00 = 0.00
AccVy | Vs 85.7 / 85.3 85.7 /853 | 757424 /756422 | 77.4+62 /774462
WLR 0.64 0.89 0.90 2.60
. Puiin 0.0 12 1.3 99.8
LinSVM C, 1.00 075 0.76 + 0.02 022 +0.02
AccVi 1 Vs 90.1 / 86.2 90.1 / 893 | 90.1+0.4 / 89.4+03 | 90.1+05 / 91.9+ 0.5
WLR 170 251 232 2.08
SYM Puin 82.5 99.7 99.2 97.1
C, 1.00 075 0.69 =+ 0.06 0.54 + 0.03
Acc Vi 1 Vs 94.6 / 95.1 946 /952 | 948402 /953+0.1 | 949402 / 952+ 0.1
WLR 0.95 0.94 1.0 0.97
Ridge Puin 25 24 6.7 3.4
C, 1.00 075 0.78 + 0.04 0.42 + 0.06
Acc Vi 1 Vs 65.1 / 65.0 65.1 /650 | 65.0+0.1 /65.1+0.1 | 64.7+02 / 64.7+0.2
WLR 1.07 1.02 .10 124
RE Puin 8.5 5.7 10.8 26.6
C, 1.00 0.69 0.67 + 0.04 0.04 + 0.04
Acc Vi [ Va 64.5 1 65.1 645/ 647 | 643403/ 648+02 | 63.0+04 / 63.0 = 0.4
WLR 0.72 072 081 0.00
£ Dwin 0.0 0.0 0.3 0.0
E’ AdaBoost c, 1.00 1.00 7.88 + 12.07 0.03 + 0.06
AccVi [ Vs 593 7 59.2 593 /592 | 5944027592400 | 587+1.1/ 587+ 1.1
WLR 081 124 1.03 1.02
4 Pwin 03 26.4 6.1 53
LinSVM C, 1.00 0.90 1.10 £ 0.19 112+ 026
Acc Vi [ Vs 633 / 62.5 633/ 64.1 | 63.5+£0.5/63.6+05 | 63.0+08 / 63.1+07
WLR 117 126 124 125
svM Dwin 18.4 29.4 26.1 28.0
C, 1.00 0.77 0.86 + 0.02 0.61 + 0.02
Acc Vi | Va 64.9 / 654 649 / 654 | 648+0.1 / 654+0.1 | 647 +02 / 65.1 0.1
WLR 171 354 153 1.58
Ridge Dwin 83.1 100.0 66.4 71.9
C, 1.00 0.85 0.65 + 0.05 0.44 + 0.04
AccVy | Vs 89.7 / 89.9 89.7 /900 | 90.1+0.1 / 90.2+0.1 | 89.7+0.1 / 89.7 +0.1
WLR 135 K .15 1.03
RF Puin 415 16.1 159 6.0
C, 1.00 0.86 0.77 + 0.07 0.42 +0.10
. AccVi 1 Vs 96.2 / 96.4 962 /963 | 963+0.1 /963 +0.1 | 962+0.1 / 962+ 0.1
N WLR 0.93 0.90 1.3 117
A Pwin 1.8 1.2 133 18.4
g | AdaBoost C, 1.00 1.03 0.80 + 0.18 0.22 £ 0.07
E Acc Vi 1 Vs 95.0 / 95.0 95.0 / 950 | 942404/ 942+04 | 955+03 / 955+ 03
WLR 022 2.66 371 3.8
) Pwin 0.0 99.9 100.0 100.0
LinSVM C, 1.00 0.52 0.61 + 0.45 041 +0.22
Acc Vi 1 Vs 94.8 / 91.2 948 /962 | 922427 7927+25 | 93.0+2.0 / 93.2+2.0
WLR 135 177 155 133
SUM Pwin 422 86.6 68.4 39.3
c, 1.00 0.70 0.70 + 0.03 0.50 = 0.03
Acc Vi [ Vs 96.0 / 96.1 96.0 / 96.1 | 96.1+0.1 / 962+0.1 | 96.1+0.1 / 96.2 + 0.1
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