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1 Proximal operators

For the most common binary classification and regression methods, implementing the proximal
operator is straight-forward. In this section let y; be the label or target for regression, and X; the
data instance vector. We assume for binary classification that y; € {—1,1}.

Hinge loss:
fi(z) = U(zy;, X;) = max {0, 1 —y; (2, X;)}.
The proximal operator has a closed form expression:

prox, ; () = z — yy;vX;,
where:
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Logistic loss:

fi(2) = Uz:y5, X;) = log (1 + exp (—y; X[ 2)) -
There is no closed form expression, however it can be computed very efficiently using Newton
iteration, since it can be reduced to a 1D minimization problem. In particular, let cg = 0, 7' =
~||X;|I°, and @ = (z, X;). Then iterate until convergence:
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The prox operator is then prox ; (2) = z — (a—c*) X;/1X; |*. Three iterations are generally

enough, but ill-conditioned problems or large step sizes may require up to 12. Correct initialization is
important, as it will diverge when initialized with a point on the opposite side of O from the solution.

Squared loss:

1 2
fj(Z):l(Z;yj,Xj) §(X Z—yj)
Lety' =~ HXjH2 and a = (z, X;). Define:
oo a+17"y
=Trv

2
Then prox.,; (2) = z — (a — ¢) X;/ [| X"
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L2 regularization

Including a regularizer within each f;, ie. Fi(z) = fi(z) + § |[z]|*, can be done using the proximal
operator of f;. Define the scaling factor:
K

L4y’

p=1
Then prox., . (2) = prox . ;. (pz).
2 Proofs

Lemma 1. Under Algorithm 1, taking the expectation over the random choice of j, conditioning on
x* and each gf, allows us to bound the following inner product at step k:
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Proof. We start by splitting on the right hand side of the inner product:
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The first inner product has expectation 0 on the left hand side (Recall that E[g%] = 0), so it’s simply 0

in expectation (we may take expectation on the left since the right doesn’t depend on j). The second

inner product is the same on both sides, so we may convert it to a norm-squared term. So we have:
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The inequality used is just an application of the variance formula E[(X — E[X])?] = E[X?] —
E[X]* < B[X?]. O

Corollary 2. Chaining the main theorem gives a convergence rate for point-saga at step k under the
constants given in of:
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ifeach f; : RY — R is L-smooth and pi-strongly convex.

Proof. First we simplify 7° using ¢ = 1/uL and use Lipschitz smoothness:

1 1
™ = E'gZHQS—QZ‘QJFHCUO—w*Z
7
< Lo -
= L:Lon—x*f.




Now recall that the main theorem gives a bound E [T*+1] < (1 — k) T* where the expectation is
conditional on #* and each g¥ from step k, taking expectation over the randomness in the choice of ;.
We can further take expectation with respect to z* and each g¥, giving the unconditional bound:

E[T" <(1-k)E[T"].

Chaining over k gives the result. O

Theorem 3. Suppose each f; : RY — R is u-strongly convex, ||g? — g7
Then after k iterations of Point-SAGA with step size v = R/B+/n:

VA (L4 (R/BVA)
uk

)

PIE
where % = 1Ezt Lt

Proof. Recall the bound on the Lyapunov function established in the main theorem:

E[T*1) <7 + (a9 - *) Z lgF = o7

(e )Pl

In the non-smooth case this holds with L = co. In particular, if we take ¢ = a~y?n, then:
—KE||a* = 2*||* > B [TF] - T,

Recall that this expectation is (implicitly) conditional on z* and each g¥ from step k, Taking
expectation over the randomness in the choice of j. We can further take expectation with respect to
x* and each g¥, and negate the inequality, giving the unconditional bound:

kE Hx’”l - ;v*| 2

We now sum this overt = 0... k:

<E[T"] - E[T"].

/@EZH:C <10 - E[TV].

We can drop the — F [Tk] since it is always negative. Dividing through by k:
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Now using Jensen’s inequality on the left gives:
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Now we plug in the bounds in terms of B and R:
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In order to balance the terms on the right, we need:
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So we can take v = R/B+/n, giving a rate of:
Bl -t < LR

- kk
1

_ 9 +M’YR2
pyk

L OB

i

3 Proximal operator bounds

In this section we rehash some simple bounds from proximal operator theory that we will use in
this work. Define the short-hand p, () = prox. ;(z), and let g ¢(x) = % (x — pys(x)), so that

Dyf(x) = — vgy5(x). Note that g, ¢ () is a subgradient of f at the point p, ¢(x). This relation is
known as the optimality condition of the proximal operator.

We will also use a few standard convexity bounds without proof. Let f : R* — R be a convex
function with strong convexity constant ;4 > 0 and Lipschitz smoothness constant L. Let 2™ be the
minimizer of f, then for any z,y € R%:

(f'(@) = F' ),z —y) > plz—yl®, 2)

I/ (x) = f' W) < L2 o — gl 3)

Proposition 4. (Firm non-expansiveness) For any x,y € R% and any convex function f : R* — R
with strong convexity constant i > 0,

(@ =YDy (2) = Py () = (14 1) Dy s () — o W)II° -

Proof. Using strong convexity of f, we apply Equationat the (sub-)gradients g, 7(z) and g (y),
and their corresponding points p~ ¢ () and pf(y):

(99£(2) = Gys (W), Dy (@) = ys(0) > 1 Ipvs (@) — Doy (W)

We now multiply both sides by +, then add ||p~ s (z) — p s () |* to both sides:

2
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Py (@) + 7977 (@) = Dyr(¥) = Y977 (1), Dy 7 () — Dy () = (1 + 1) ||py s () — Py ()]
leading to the bound by using the optimality condition: p~ ¢(z) + vg-f(z) = . O

Proposition 5. (Moreau decomposition) For any = € R, and any convex function f : R — R with
Fenchel conjugate f* :

Pys(@) =2 = p1p-(x/7). @

Recall our definition of g (x) = % (x — pyy(zx)) also. After combining, the following relation thus
holds between the proximal operator of the conjugate f* and g~ ¢:

P (@/) = = (2= pos(@)) = gy o). )



Proof. Letu = py¢(z), and v = = (z —u). Then v € 9f(u) by the optimality condition of the
proximal operator of f (namely if u = p,¢(z) then u = z —yv & v € 0f(u)). It follows by
conjugacy of f thatuw € 9f*(v). Thus we may interpret v = % (z — u) as the optimality condition

of a proximal operator of f* :

==

1
v =p1p.(—2).
SRR
Plugging in the definition of v then gives:
1 1

;(a:—u) :p%f*(;x).

Further plugging in u = p,s(z) and rearranging gives the result. O
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