Deep ADMM-Net for Compressive Sensing MRI
Supplementary Material

Anonymous Author(s)
Affiliation
Address

email

This supplementary material is organized as follows. First, we present the computational procedures
of gradients for the ADMM-Net. Second, we include more results and comparisons for MR image
reconstruction.

1 Gradient Computation for Deep ADMM-Net

Our deep ADMM-Net is defined over the data flow graph shown in Fig. . We train the network
by gradient-based L-BFGS optimization method. In this section, we present how to compute the
gradients using backpropagation. For convenience, we use the matrix operation to substitute the
convolution operation in the formulations.
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Figure 1: The architecture of deep ADMM-Net with N, stages. Each stage comprises of reconstruc-
tion (X), convolution (C), nonlinear transform (Z), and multiplier update (M) layers. The numbers
in the brackets index the stage.
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Suppose that the ADMM-Net has N, stages, followed by a final reconstruction layer X Ns+1) In
the training phase of ADMM-Net, the parameters are
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which can be learned over a training set I' by minimizing the following loss function:
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where y is the sampled data in k-space and z9° is the ground-truth. #(y, ©) is the network output
which is just z(Ns+1) i.e., the output of the final reconstruction layer X (Ns+1),

The gradients of loss w.r.t. parameters in each layer can be efficiently computed by backpropagation.
In the gradient computation using backpropagation, we should first compute the gradient of loss
w.rt. the parameters in the final reconstruction layer X™s*1) and its inputs. Then we recursively
compute the gradients of loss w.r.t. parameters in each stage from stage N to 1 backwardly. Within
a stage n (n < Ny + 1), the gradients are computed in an order of M®) zm) Ccm) gnd X®@) | [n
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such order, we can back propagate the gradients from the loss layer to the first layer X(*) in stage
1 efficiently. Next, we will present how to compute the gradients of loss w.r.t. parameters, and the
gradients of layer output(s) to layer input(s) for each layer in the deep architecture.

1.1 Multiplier update layer

The operation in the multiplier update layer is:
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Figure 2: Multiplier update layer

As shown in Fig. D, this layer has three sets of inputs: {8" "}, {c!™},{z™}, and the output

{B™} is the input to compute {B{" TV}, {z{" "

} and z("*1) in the subsequent layer. The param-

eters of this layer are nl(”). The gradients of loss to parameters can be computed as
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The gradients of the output in this layer w.r.t. parameters are
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and the gradients of the output in this layer w.r.t. the inputs are
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where I« is an identity matrix sized N x N.
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1.2 Nonlinear transform layer

The operation in the nonlinear transform layer is:
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where Spy () is a piecewise linear function determined by a set of control points {p;, ¢; } <, i.e.
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where k = |l —wwl | (y o) indicates the coordinate of a pixel within image region .
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Figure 3: Nonlinear transform layer

As shown in Fig. B, this layer has two sets of inputs: {8V}, {c{™}, and the output {z\™} is the
input to compute {Bl(”)}, (™1 in the subsequent layer. The parameters are {ql(f)}ficl related to

the predefined positions {p; } fV;l, the gradients of the loss w.r.t. parameters are
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We compute the gradients of the output in this layer w.r.t. parameter as
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and the gradients of the output in this layer w.r.t. the inputs as
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Figure 4: Convolution layer

1.3 Convolution layer

The operation in the convolution layer is:

™ =DMy =12, L) (16)

As shown in Fig. B, this layer has an input: z(™, and the output {Cl(h)} is the input to com-
pute {Bl(")}, {zl(n)} in the subsequent layer. The parameters are Dl(n), let the filter Dl(") =
Zin:l wl(n)Bm, where B,,, is a DCT basis, and w™ is the related filter coefficient. We update

,m L,m
the filters by computing the gradients w.r.t. filters coefficients, which are
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We compute the gradients of the output in this layer w.r.t. parameters
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and the gradients w.r.t. the output in this layer are

acl(n)
Ox(m)

= D" Inun,(1=1,2,--- ). (20)

1.4 Reconstruction layer

The operation in the reconstruction layer is:
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As shown in Fig. 8, this layer has two sets of inputs: {z" "} and {8{" "}, and the output (™
is the input to compute {cl(")} in the subsequent layer. The parameters of this layer are H l(n), pl(n).
Similar to convolution layer, we represent the filter by H, l(n) =>r %(,QBm, where {71(:2} is a

set of filter coefficients to be learned. The gradients of loss w.r.t. parameters are computed as
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Figure 5: Reconstruction layer

where
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Then, we compute the gradients of the output in this layer w.r.t. parameters
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The gradients of the output in this layer w.r.t. the inputs are
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e 2 More Results

(a)
ADMM-Net
0.797s
NMSE:0.0690 NMSE:0.0597 NMSE:0.0988
PSNR :32.8344 PSNR :36.4634 PSNR :31.0039
B
(b)
RecPF
0.326s
NMSE:0.0869 NMSE:0.0811 NMSE:0.1203
PSNR :30.8850 PSNR :33.8489 PSNR :29.3726
(c)
PANO
48.683s
.
NMSE:0.0768 NMSE:0.0661 NMSE:0.1069
PSNR :31.9571 PSNR :35.6196 PSNR :30.3922
(d)
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Figure 6: Brain MR images reconstruction using different methods with sampling ratio of 20%. (a)
ADMM-Net;5; (b) RecPF; (c) PANO; (d) Ground truth. The average CPU time of (a)-(c) are 0.797s,
0.326s and 48.683s.
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0.792s
NMSE:0.0418 NMSE:0.0400 NMSE:0.0660
PSNR :38.5498 PSNR :38.7635 PSNR :33.6050
(b)
RecPF
0.3112s
NMSE:0.0531 NMSE:0.0504 NMSE:0.0843
PSNR :36.4925 PSNR :36.7769 PSNR :31.5070
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47.818s
NMSE:0.0475 NMSE:0.0439 NMSE:0.0726
PSNR :37.4671 PSNR :37.9840 PSNR :32.7995
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Figure 7: Brain MR images reconstruction using different methods with sampling ratio of 30%. (a)
ADMM-Net;5; (b) RecPF; (c) PANO; (d) Ground truth. The average CPU time of (a)-(c) are 0.792s,
0.311s and 47.818s.



ADMM-Net
0.794s
NMSE:0.0343 NMSE:0.0338 NMSE:0.0549
PSNR :40.2860 PSNR :40.9815 PSNR :36.1159
(b)
RecPF
0.323s
NMSE:0.0414 NMSE:0.0409 NMSE:0.0662
PSNR :38.6531 PSNR :39.3339 PSNR :34.5070
(c)
PANO
48.759s
NMSE:0.0373 NMSE:0.0359 NMSE:0.0584
PSNR :39.5577 PSNR :40.4686 PSNR :35.6021
(d)
Ground
truth

Figure 8: Brain MR images reconstruction using different methods with sampling ratio of 40%. (a)
ADMM-Net; 5; (b) RecPF; (c) PANO; (d) Ground truth. The average CPU time of (a)-(c) are 0.794s,
0.323s and 48.759s.
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RecPF
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NMSE:0.0330 NMSE:0.0352 NMSE:0.0499
PSNR :41.3306 PSNR :41.0703 PSNR :39.5300
(c)
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NMSE:0.0295 NMSE:0.0316 NMSE:0.0442
PSNR :42.2889 PSNR :41.9947 PSNR :40.5917
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Figure 9: Brain MR images reconstruction using different methods with sampling ratio of 50%. (a)
ADMM-Net;5; (b) RecPF; (c) PANO; (d) Ground truth. The average CPU time of (a)-(c) are 0.797s,
0.320s and 48.875s.
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NMSE: 0.0609 NMSE: 0.0851 NMSE: 0.0525
PSNR: 43.7618 PSNR: 33.2202 PSNR: 42.2457
(b)
RecPF
0.367s
NMSE: 0.0819 NMSE:0.1017 NMSE: 0.0749
PSNR: 41.2239 PSNR: 31.7298 PSNR: 39.1960
(c)
FDLCP
54.623s
NMSE: 0.0694 NMSE: 0.0851 NMSE: 0.0592
PSNR: 42.6378 PSNR: 33.0000 PSNR: 41.2254
(d)
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Figure 10: Chest MR images reconstruction using different methods with sampling ratio of 20%.
(a) ADMM-Net;7; (b) RecPF; (c) FDLCP; (d) Ground truth. The average CPU time of (a)-(c) are
0.888s, 0.367s and 54.623s.
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