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The following identities will be used in the derivation in this document∫
R
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where a0, a1, a2 > 0 and b0, b1, b2, b12, c0, c1 ∈ R are constants.

1 Derivation of the kernel Kf |h — given the filter function h

The covariance function Kf |h(t1, t2) of the random variable f |h, t ∈ R is given by

Kf |h(t1, t2) = E [f(t1)f(t2)|h]

= E
[∫

R2

h(t1 − τ1)h(t2 − τ2)x(τ1)x(τ2)dτ1τ2

∣∣∣∣h]
=

∫
R2

h(t1 − τ1)h(t2 − τ2)E [x(τ1)x(τ2)]︸ ︷︷ ︸
=σ2

xδ(τ1−τ2)

dτ1τ2

= σ2
x

∫
R
h(t1 − τ)h(t2 − τ)dτ.

Denoting s = t1 − τ and t = t2 − t1 above, reveals that the kernel of f |h is stationary and given by the
convolution between the filter h(t) and its mirrored version with respect to t = 0

Kf |h(t1, t2) = Kf |h(t) =

∫
R
h(s)h(s+ t)ds = h(t) ∗ h(−t). (3)

2 Derivation of Kf |h and F(Kf |h(t)) — given h = h(t) ∈ RNh

The kernel approximation Kf |h(t1, t2) is given by:

Kf |h(t1, t2) = E[Kf |h(t1, t2)|h] = E
[∫

R
h(t1 − τ)h(t2 − τ)dτ

∣∣∣∣h] =

=

∫
R
E [h(t1 − τ)h(t2 − τ)|h] dτ

=

∫
R

cov(h(t1 − τ), h(t2 − τ)|h) + E [h(t1 − τ)|h]E [h(t2 − τ)|h] dτ

=

∫
R
KDSE(t1 − τ, t2 − τ)−KDSE(t1 − τ, t)K−1KDSE(t, t2 − τ) +KDSE(t1 − τ, t)K−1hhTK−1KDSE(t, t2 − τ)dτ

=

∫
R
KDSE(t1 − τ, t2 − τ)dτ +

∫
R
KDSE(t1 − τ, t)

(
K−1hhTK−1 −K−1

)
KDSE(t, t2 − τ)dτ

=

∫
R
KDSE(t1 − τ, t2 − τ)dτ +

Nh∑
r,s=1

Mr,s

∫
R
KDSE(t1 − τ, tr)KDSE(ts, t2 − τ)dτ



where Mr,s is the (r, s)th entry of the matrix (K−1hhTK−1−K−1), K = KDSE(t, t). The arguments of the
integrals above are exponential functions of quadratic polynomials of the integration variable τ ; therefore, the
kernel approximation admits a closed-form representation (see eq. (1)) and is stationary. Setting t = t1− t2,
we have:

Kf |h(t) =
σ2
g

√
π

√
2α
e

(
− 2γ+α

2 t2
)

+
σ4
g

√
π√

2(α+γ)

Nt∑
r,s=1

Mr,se

(
−
α(α+2γ)
α+γ (tr+ts)

2−γ+α2
(
t− γ
γ+α (ts−tr)

)2
)
.

The approximated kernel takes a parametric form — as is the case for the posterior mean of a Gaussian
process — comprising a sum of non-centred squared exponential functions, where the centres and the
weights are given by the locations t, the vector h and the kernel KDSE. The power spectral density can now
also be computed by applying the Fourier transform to the above expression; this results in a mixture of
Gaussians functional form, since the Fourier transform of a mixture of Gaussians is a mixture of Gaussians.
This reveals that the DSE-GPCM as a spectral mixture (SM) [2] with an infinite number of components.

The power spectral density of the process f |h, given the Fourier transform of the the kernel Kh, is
a mixture of complex exponentials (due to the linearity of the Fourier transform and the footnote in the
previous page), and can be computed in closed form too:

F(Kf |h(t))(ω) =

∫
R
Khe

−2πjωtdt =
σ2
gπ√

α(2γ+α)
exp

(
− π2ω2

γ+α/2

)
+

σ4
gπ

α+γ

Ng∑
r,s=1

Mr,s exp
(
− π2ω2

(γ+α)/2 − 2πjω γ
γ+α (tr − ts)− α(α+2γ)

α+γ (tr + ts)
2
)
. (4)

Observe that, in line with the symmetry of the spectrum of real-valued signals, the expression above is
symmetric due to the term tr − ts, r, s = 1..Nh.

3 Covariance of inducing variables

Since uh are chosen to be pseudo observations of the filter function h, they follow the same distribution, thus

Kuh
(t, t′) = Kh,uh

(t, t′) = Kh(t, t′) = KDSE(t, t′) = σ2
h exp

(
−γ(t− t′)2 − αt2 − α(t′)2

)
. (5)

For the white-noise process, however, we considered interdomain inducing variables given by ux =

σ
∫
R x(τ) exp

(
−(τ−tx)2

2l2

)
dτ , this yields

Kux(tx, t
′
x) = E(uxu

′
x) =

√
πl2σ2σ2

x exp

(
−1

4l2
(tx − t′x)2

)
(6)

Kuxx(tx, t) = E(uxx(t)) = σσ2
x exp

(
−1

2l2
(ti − tx)2

)
. (7)

4 Explicit form of the variational lower bound F
The variational lowerbound is given by

log p(y) ≥
∫
q(x, h, ux, uh) log

p(y|x, h)p(ux)p(uh)

q(ux)q(uh)
dxdhduxduh (8)

=

∫
q(x, h, ux, uh) log p(y|x, h)dxduduxduh︸ ︷︷ ︸

T1

+

∫
log

p(ux)p(uh)

q(ux)q(uh)
q(ux)q(uh)duxduh︸ ︷︷ ︸
T2

(9)

where T1 is theaverage log-likelihood under q(·), and T2 is the negative KL divergence between q(ux, uh)
and p(ux, uh). We next assume the parametric form for the variational distribution given by q(ux, uh) =
N (ux;µx, Cx)N (uh;µh, Ch). Also, we will denote the inducing locations of h and x by th = [th,1, . . . , th,Nh

]
and tx = [tx,1, . . . , tx,Nx ] respectively, and by {ti}i=1:N the location of the data (i.e., yi = y(ti)).
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4.1 Term T1 in (9)

Recall that p(y|x, h) =
∏N
i=1 p(yi|x, h) to give

∫
q(x, h, ux, uh) log p(y|x, h)dxduduxduh =

∫
q(x, h, ux, uh)

N∑
i=1

log p(yi|x, h)dxdhduxduh

=

∫
q(x, h, ux, uh)

N∑
i=1

log

 1√
2πσ2

y

exp

(
−
(
yi −

∫
h(ti − τ)x(τ)dτ

)2)
2σ2

y

dxdhduxduh

=

N∑
i=1

∫
q(x, h, ux, uh)

(
−1

2
log 2πσ2

y +

(
−
(
y2i − 2yi

∫
h(ti − τ)x(τ)dτ + (

∫
h(ti − τ)x(τ)dτ)2

))
2σ2

y

)
dxduduxduh

=
−N

2
log 2πσ2

y +
−1

2σ2
y

N∑
i=1

∫
q(x, h, ux, uh)

(
y2i − 2yi

∫
h(ti − τ)x(τ)dτ +

(∫
h(ti − τ)x(τ)dτ

)2
)

dxduduxduh

=
−N

2
log 2πσ2

y +
−1

2σ2
y

N∑
i=1

y2i (constant term)

+
1

2σ2
y

N∑
i=1

2yi

∫
h(ti − τ)x(τ)q(x, h, ux, uh)dxdhduxduhdτ (linear term) (10)

+
−1

2σ2
y

N∑
i=1

∫
hti−τ1xτ1hti−τ2xτ2q(x, h, ux, uh)dxdhduxduhdτ1dτ2 (quadratic term) (11)

4.2 The integral in (10) — (linear term, LT).

∫
h(ti − τ)x(τ)q(x, h, ux, uh)dxdhduxduhdτ =

∫
h(ti − τ)p(h|uh)dhq(uh)duhx(τ)p(x|ux)dxq(ux)duxdτ

=

∫
uThK

−1
h (th, th)Kh(th, ti − τ)q(uh)duhKuxx(τ, tx)K−1ux

(tx, tx)uxq(ux)duxdτ

= µThK
−1
h (th, th)

(∫
Kh(th, ti − τ)Kuxx(τ, tx)dτ

)
︸ ︷︷ ︸

Ilinear

K−1ux
(tx, tx)µx

where (r, s)−element of I linear is given by

I linearr,s =

∫
Kh(th,r, ti − τ)Kuxx(τ, tx,s)dτ

= σ2
hσ

2
xσu

∫
exp

(
−γ(th,r − ti + τ)2 − α(t2h,r + (ti − τ)2)− 1

2l2
(τ − tx,s)2

)
dτ

= σ2
hσ

2
xσu

∫
exp

(
−Lτ2 + 2

(
αti + 1

2l2 tx,s + γ(ti − th,r)
)
τ − 1

2l2 t
2
x,s − α(t2i + t2h,r)− γ(ti − th,r)2

)
dτ

where L = α+ γ + 1
2l2 . Applying the identity in eq. (1) we obtain:

I linearr,s =
σ2
hσ

2
xσu
√
π√

L
exp

(
− 1

2l2 t
2
x,s − α(t2i + t2h,r)− γ(ti − th,r)2 +

(
αti + 1

2l2 tx,s + γ(ti − th,r)
)2

L

)
. (12)
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4.3 The integral in (11) — (quadratic term, QT).

Let us first denote (see the covariance of the inducing variables in sec. 3)

Mh = K−1uh
(Ch + µhµ

T
h )K−1uh

−K−1uh
, where Kuh

= Kuh
(th, th) (13)

Mx = K−1ux
(Cx + µxµ

T
x )K−1ux

−K−1ux
, where Kux

= Kux
(tx, tx). (14)

∫
hti−τ1xτ1hti−τ2xτ2q(x, h, ux, uh)dxdhduxduhdτ1dτ2

=

∫
hti−τ1hti−τ2p(h|uh)q(uh)dhduhxτ1xτ2p(x|ux)q(ux)dxduxdτ1dτ2

=

∫ (
Kh(ti − τ1, ti − τ2) +Kh(ti − τ1, th)MhKh(th, ti − τ2)

)(
Kx(τ1, τ2) +Kxux

(τ1, tx)MxKuxx(tx, τ2)
)
dτ1dτ2

=

∫
Kh(ti − τ1, ti − τ2)Kx(τ1, τ2)dτ1dτ2 (QT1)

+

∫
Kh(ti − τ1, ti − τ2)Kxux

(τ1, tx)MxKuxx(tx, τ2)dτ1dτ2 (QT2)

+

∫
Kh(ti − τ1, th)MhKh(th, ti − τ2)Kx(τ1, τ2)dτ1dτ2 (QT3)

+

∫
Kh(ti − τ1, th)MhKh(th, ti − τ2)Kxux

(τ1, tx)MxKuxx(tx, τ2)dτ1dτ2 (QT4)

by replacing the kernels in eqs. (5), (6), (7), recalling that x(t) is white Gaussian noise, and using the identites
(1) and (2), we have:

(QT1) = σ2
x

∫
Kh(ti − τ, ti − τ)dτ

= σ2
hσ

2
x

∫
exp

(
−γh((((((((

(ti − τ − ti + τ)2 − αh((ti − τ)2 + (ti − τ)2)
)

dτ

= σ2
hσ

2
x

∫
exp

(
−2αh(ti − τ)2

)
dτ

= σ2
hσ

2
x

√
π

2αh

(QT2) =

∫
Kh(ti − τ1, ti − τ2)Kxux

(τ1, tx)MxKuxx(tx, τ2)dτ1dτ2

=
∑
r,s

Mx
r,s

∫
Kh(ti − τ1, ti − τ2)Kxux(τ1, tx,r)Kuxx(tx,s, τ2)dτ1dτ2

=
∑
r,s

Mx
r,sσ

2σ2
uσ

4
x

∫
exp

(
−γ(τ1 − τ2)2 − α((ti − τ1)2 + (ti − τ2)2)− 1

2l2 ((τ1 − tx,r)2 + (τ2 − tx,s)2)
)

dτ1dτ2︸ ︷︷ ︸
IQT2
r,s,ti

,

where

IQT2
r,s,ti =

∫
exp

−Lτ21 − Lτ22 + 2γ︸︷︷︸
b12

τ1τ2 +
(
2 1
2l2 tx,r + 2αti

)︸ ︷︷ ︸
b1

τ1 +
(
2 1
2l2 tx,s + 2αti

)︸ ︷︷ ︸
b2

τ2−2αt2i − 1
2l2 (t2x,r + t2x,s)︸ ︷︷ ︸
c1

 dτ1dτ2

=
2π√

4L2 − b212
exp

(
c1 +

L(b21 + b22) + b1b12b2
4L2 − b212

)
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(QT3) =

∫
Kh(ti − τ1, th)MhKh(th, ti − τ2)Kx(τ1, τ2)dτ1dτ2

= σ4σ2
x

√
π√

2γ + 2α
Tr
{
MhIQT3

}
, where IQT3

r,s = exp

(
−(t2h,s + t2h,r)(α+ γ) +

(γ(th,r + th,s))
2

2(γ + α)

)

(QT4) =

∫
Kh(ti − τ1, th)MhKh(th, ti − τ2)Kxux(τ1, tx)MxKuxx(tx, τ2)dτ1dτ2

=

∫ ∑
p,q,r,s

Kh(ti − τ1, th,p)Mh
p,qKh(th,q, ti − τ2)Kxux

(τ1, tx,r)M
x
r,sKuxx(tx,s, τ2)dτ1dτ2

= σ4σ4
xσ

2
u

∑
p,q,r,s

Mh
p,qM

x
r,s

∫
exp

(
−γ((ti − τ1 − th,p)2 + (th,q − ti + τ2)2)

)
· exp

(
−α((ti − τ1)2 + t2h,p + (ti − τ2)2 + t2h,q)

)
· exp

(
− 1

2l2 ((τ1 − tx,r)2 + (τ2 − tx,s)2)
)

dτ1dτ2︸ ︷︷ ︸
IQT4
p,q,r,s,ti

where

IQT4
p,q,r,s,ti =

∫
exp

(
− Lτ21 − Lτ22 + 0︸︷︷︸

b12

τ1τ2 + (2αti + 2 1
2l2 tx,r + γ2(ti − th,p))︸ ︷︷ ︸

b1

τ1 + (2αti + 2 1
2l2 tx,s + γ2(ti − th,q))︸ ︷︷ ︸

b2

τ2

− 1
2l2 (t2x,s + t2x,r)− γ((ti − th,p)2 + (ti − th,q)2)− α(2t2i + t2h,p + t2h,q)︸ ︷︷ ︸

c1

)
dτ1dτ2

=
π

L
exp

(
c1 +

Lb21 + b22L

4L2

)
=
π

L
exp

(
c1 +

b21 + b22
4L

)

4.4 Term T2 in (9) — (-KLs)

∫
log

p(uh)

q(uh)
q(uh)duh =

∫
log

(
|Kh|−1/2(2π)−Nh/2 exp(−1/2uThK

−1
h uh)

|Ch|−1/2(2π)−Nh/2 exp(−1/2(uh − µh)TC−1h (uh − µh))

)
q(uh)duh

= log

√
|Ch|√
|Kh|

+

∫ (
−1

2
uThK

−1
h uh +

1

2
(uh − µh)TC−1h (uh − µh)

)
q(uh)duh

= log

√
|Ch|√
|Kuh

|
− 1

2

(
µThK

−1
uh
µh + Tr

{
K−1uh

Ch
})

+
1

2
Nh (KLT1)

and similarly

∫
log

p(ux)

q(ux)
q(ux)dux = log

√
|Cx|√
|Kux

|
− 1

2

(
µTxK

−1
ux
µx + Tr

{
K−1ux

Cx
})

+
1

2
Nx (KLT2)
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4.5 Summary:

The explicit form of the variational lowerbound is then given by the sum of the follwing terms

(Constant term) CT =
−N

2
log 2πσ2

y +
−1

2σ2
y

N∑
i=1

y2i

(Linear term) LT =
1

2σ2
y

2µThK
−1
h (th, th)

(
N∑
i=1

yiI
linear
ti

)
K−1ux

(tx, tx)µx

(Quadratic terms) QT1 =
−Nσ2

hσ
2
x

2σ2
y

√
π

2α

QT2 =
−σ2σ2

uσ
4
x

2σ2
y

Tr

{(
N∑
i=1

IQT2
ti

)
Mx

}

QT3 =
−Nσ4σ2

x

√
π/2

2σ2
y

√
γ + α

Tr
{
MhIQT3

}
QT4 =

−σ4σ4
xσ

2
u

2σ2
y

N∑
i=1

∑
p,q,r,s

Mh
p,qM

x
r,sI

QT4
p,q,r,s,ti

(-KL terms) KLT1 = log

√
|Ch|√
|Kuh

|
− 1

2

(
µThK

−1
uh
µh + Tr

{
K−1uh

Ch
})

+
1

2
Nh

KLT2 = log

√
|Cx|√
|Kux |

− 1

2

(
µTxK

−1
ux
µx + Tr

{
K−1ux

Cx
})

+
1

2
Nx

Note that all terms above correspond to inverse matrices and linear combinations of exponential functions,
therefore, all the derivaties can be calculated analytically, meaning that the bound can be maximised using
conjugate gradients.
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