Scale Up Nonlinear Component Analysis with
Doubly Stochastic Gradients: Supplementary Material

This supplementary material is organized as follows. Section [I]reviews notations, the definition of Kernel
PCA and the update rules considered. Section [2] provides the sketch of the proof as in the paper. Section [3]
provides the proof for the stochastic update rule, and Section [ provides the proof for the doubly stochastic
update rule. Section [5| provides details about different extensions.

1 Setting

Notations Given a distribution P(x), a kernel function k(z,z’) with RKHS F, the covariance operator
A : F— Fis a linear self-adjoint operator defined as

Af() = Eo[f(2) k(z, )], VfeF, (1)
and furthermore
(9, A0 5 = Eo[f(2) g(2)], Vg e F.
Let F = (f1(-), f2(-), ..., fx(-)) be a list of k functions in the RKHS, and we define matrix-like notation
AF() = (AAC), - Afe(), (2)
and FTAF is a k x k matrix, whose (4, j)-th element is (f;, Af;) . The outer-product of a function v € F
defines a linear operator vv ' : F + F such that
(o) f() = (v, flzv(), VfeF 3)
Let V. = (v1(),...,vk(-)) be a list of k functions, then the weighted sum of a set of linear operators,

{viv;r }le, can be denoted using matrix-like notation as
k
VYT =) Mo, (4)
i=1
where Y, is a diagonal matrix with A; on the i-th entry of the diagonal.

Kernel PCA Kernel PCA aims to identify the top k eigenfunctions V' = (v1(-), ..., vx(:)) for the covariance
operator A, where V' is also called the top k subspace for A.
A function v is an eigenfunction of covariance operator A with the corresponding eigenvalue A if

Av() = do(.). ()

Given a set of eigenfunctions {v;} and associated eigenvalues {\;}, where (v;,v;) > = d;;. We can denote the
eigenvalue of A as

A=V VT +vis, V)| (6)

where V' = (v1(+),...,vk(:)) is the top k eigenfunctions of A, and Xy is a diagonal matrix with the corre-

sponding eigenvalues, V| is the collection of the rest of the eigenfunctions, and ¥, is a diagonal matrix with
the rest of the eigenvalues.



Update rules The stochastic update rule is

Gip1 =G+ (I — GG AGy (1)
where Gy := (gf,...,9F) and g} is the i-th function. Denote the evaluation of G at the current data point
as

-
gt = [gtl(xt)7vgf(mt)] S Rk. (8)

Then the update rule can be re-written as
Gir1=Gi (I —mgeg) ) +mk(ze,)g, - (9)
The doubly stochastic update rule is
Hyp = Hy ([ - WththtT) + Mo, ()P, (Vhe | (10)
where h; is the evaluation of H; at the current data point:
he = [hl(@e),. .. hE ()] | € RE. (11)

When larger mini-batch sizes are used, the update rule is adjusted accordingly. For example, when using

B, + points {xt} and B, ; features {wt } the update rule for H; is

M Lo (Gupr @)y () [BEED), .., BE@D)])
Bm,th,t

k
—77th< ! Z[hzxt )R ( ast}> )
b =1

1:’

Hipy < Hy +

i,j=

2 Analysis Roadmap

In order to analyze the convergence of our doubly stochastic kernel PCA algorithm, we will need to define
a few intermediate subspaces. For simplicity of notation, we will assume the mini-batch size for the data
points is one.

1. Let Fy := ( A, ftk) be the subspace estimated using stochastic gradient and explicit orthogonaliza-

tion:
Ft+1 — Fy + ntAtFt (12)
N - ~1/2
Fig < Fiy (Ft+1Ft+1)
2. Let Gy := (gtl, e ,gf) be the subspace estimated using stochastic update rule without orthogonaliza-
tion:

Gt+1 < Gt + Mt (I GtG ) Ath (13)

where A;G; and GtG;'— A;G; can be equivalently written using the evaluation of the function { g}/} on
the current data point, leading to the equivalent rule (@:

Gipr < G (I —maeg! ) +mk(ze, g, -



3. Let Gy := (g,}, . ,gf) be the subspace estimated using stochastic update rule without orthogonaliza-
tion, but the evaluation of the function { f];} on the current data point is replaced by the evaluation

. T
ét+1 — ét + ntk(xt, )h;r - Utéthth;r (14)

4. Let Hy := (h%, ceey hf) be the subspace estimated using doubly stochastic update rule without orthog-
onalization, i.e., the update rule ([10):

Hyy1 + Hy+ 0o, (30) b, (OB — meHihih . (15)

The relation of these subspaces are summarized in Table [} Using these notations, we describe a sketch
of our analysis in the rest of the section, while the complete proofs are provided in the following sections.

We first consider the subspace G, estimated using the stochastic update rule, since it is simpler and its
proof can provide the bases for analyzing the subspace H; estimated by the doubly stochastic update rule.

Table 1: Relation between various subspaces.

Subspace |Evaluation |Orth.|Data Mini-batch|RF Mini-batch
% _ _ _ _
F; fi(x) v v X
Gt gt(l‘) X \/ X
Ht h,t (I’) X \/ \/

2.1 Stochastic update

Our guarantee is on the cosine of the principal angle between the computed subspace and the ground truth
eigen subspace V (also called the potential function), which is a standard criterion for measuring the quality
of the subspace:

T 2
cos® O(V,G;) = min M
v |Gl

We will focus on the case when a good initialization Vj is given:
Vo' Vo =1, cos®>0(V,Vp) >1/2. (16)

In other words, we analyze the later stage of the convergence, which is typical in the literature (e.g., [5]).
The early stage can be analyzed using established techniques (e.g., [1]).

We will also focus on the dependence of the potential function on the step ¢. For this reason, throughout
the paper we suppose |k(z,2")| < &, |¢. ()| < ¢ and regard & and ¢ as constants. Note that this is true for
all the kernels and corresponding random features considered. We further regard the eigengap Ay — Agx+1 as
a constant, which is also true for typical applications and datasets. Details can be found in the following
sections.

Our final guarantee for G is stated in the following.

Theorem 2. Assume (16) and suppose the mini-batch sizes satisfy that for any 1 < i <t, |[A— Al <
(A — Ak+1)/8. There exist step sizes n; = O(1/1) such that

1 —cos?0(V,Gy) = O(1/t).



The convergence rate O(1/t) is in the same order as that when computing only the top eigenvector in
linear PCA [I], though we are not aware of any other convergence rate for computing the top k eigenfunctions
in Kernel PCA. The bound requires the mini-batch sizes are large enough so that the spectral norm of A
is approximated up to the order of the eigengap. This is due to the fact that approximating A with A,
will result in an error term in the order of ||A — A;||, while the increase of the potential is in the order of
the eigengap. Similar terms appear in the analysis of the noisy power method [3] which, however, requires
normalization and is not suitable for the kernel case. We do not specify the mini-batch sizes, but by assuming
suitable data distributions, it is possible to obtain explicit bounds; see for example [6, 2].

Proof sketch To prove the theorem, we first prove the guarantee for the normalized subspace F; which is
more convenient to analyze, and then show that the update rules for F; and G; are first order equivalent so
that G; enjoys the same guarantee.

Lemma 3. 1 —cos?(V, F;) = O(1/t).
Let ¢? denote cos? §(V, Fy), then a key step in proving the lemma is to show that
ciyr 2 (L4 2m Ak = Ak = 214 = A)(1 = 7)) — O(7). (17)

Therefore, we will need the mini-batch sizes large enough so that 2 ||A — A is smaller than the eigen-gap.

Another key element in the proof of the theorem is the first order equivalence of the two update rules.
To show this, we need to compare the subspaces obtained by applying the them on the same subspace Gy.
So we introduce F(G;) to denote the subspace by applying the update rule of F; on Gy:

F(Gy) + Gy + i AGy
-1/2

F(Gy) < P(Gy) [P(G)TF(Gy)]
We show that the potentials of Gy11 and F(G}) are close:
Lemma 4. cos?0(V,Gi1) = cos? 0(V, F(Gy)) £ O(n}).

The lemma means that applying the two update rules to the same input will result in two subspaces with
similar potentials. Since cos? §(V, F(G})) enjoys the recurrence in , we know that cos? 0(V,Gyy1) also
enjoys such a recurrence, which then results in 1 — cos? 0(V, G;) = O(1/t).

The proof of the lemma is based on the observation that

cos?O(V, X) = Anin (VI X (X TX) 71X TV).
The lemma follows by plugging in X = G411 or X = F(G;) and comparing their Taylor expansions w.r.t.
Mt

2.2 Doubly stochastic update

For doubly stochastic update rule, the computed H; is no longer in the RKHS so the principal angle is not
well defined. Since the eigenfunction v is usually used for evaluating on points x, we will use the following
point-wise convergence in our analysis. For any function v in the subspace of V' with unit norm |v||» = 1,
we will find a specially chosen function A in the subspace of H; such that for any z,

err := |v(z) — h(z)]?



is small with high probability. More specifically, the w is chosen to be GTv, and let g= Gyw and h = Hyw.
Then the error measure can be decomposed as

jo(x) - h(=)|®

= [v(x) = §(x) + () — h(x)|”

< 2Jv(z) — §(2)| +2|3(z) — h(z)|’

< 262 |[v = g% +23(x) — h(x)”. (18)

(I: Lemma [6) (II: Lemma [7))

The distance ||v — g|| » is closely related to the squared sine of the subspace angle between V' and G..
In fact, by definition, |jv — f]”i—NZ Hv||§_- - ||§||§_- < 1—cos?6(V,G;). Therefore, the first error term can be
bounded by the guarantee on Gy, which can be obtained by similar arguments as for the stochastic update
case. For the second term, note that G, is defined in such a way that the difference between §(z) = Gy (z)w
and h(z) = H¢(z)w is a martingale, which can be bounded by careful analysis.

Overall, we have the following results. Suppose we use random Fourier features; see [4]. Similar bounds
hold for other random features, where the batch sizes will depend on the concentration bound of the random
features used.

Theorem 5. Assume @ and suppose the mini-batch sizes satisfy that for any 1 < i < t, |[A— 4] <
(A — Akg1)/8 and are of order Q(In%). There exist step sizes n; = O(1/i), such that the following holds. If
Q(1) = M(GT Gy) < M(GTGy) = O(1) for all1 < i <t, then for any = and any function v in the span of V
with unit norm |[v|| = 1, we have that with probability > 1 — &, there exists h in the span of H; satisfying

lo(z) — h(z)] = O (1 In :;) .

The point-wise error scales as O(l /t) with the step ¢, which is in similar order as that for the stochastic
update rule. Again, we require the spectral norm of A to be estimated up to the order of the eigengap, for
the same reason as before. We additionally need that the random features approximate the kernel function
up to constant accuracy on all the data points up to time ¢, since the evaluation of the kernel function on
these points are used in the update. This eventually leads to Q(In %) mini-batch sizes. Finally, we need C;’;r Gi
to be roughly isotropic, i.e., G, is roughly orthonormal. Intuitively, this should be true for the following
reasons: (g is orthonormal; the update for G, is close to that for G4, which in turn is close to F; that are
orthonormal.

Proof sketch The analysis is carried out by bounding each term in separately. As discussed above, in
order to bound term I, we need a bound on the squared cosine of the subspace angle between V' and G;.

Lemma 6. 1 —cos?0(V,G,) = O (+Ini).

To prove this lemma, we follow the argument for Theorem [2] and get the recurrence as shown in ,
except with an additional error term, which is caused by the fact that the update rule for G¢y; is using the
evaluation h¢(z;) rather than g;(x;). Bounding this additional term thus relies on bounding the difference
between h;(z) — g:(z), which is also what we need for bounding term II in . For this purpose, we show
the following bound:

Lemma 7. For any x and unit vector w, with probability > 1 — & over (D', w?), |gi(x)w — hy(z)w|? =
1 ¢

O (31n(3))-
The key to prove this lemma is that our construction of G, makes sure that the difference between

g+(x)w and hi(x)w consists of their difference in each time step. Furthermore, the difference in each time
step conditioned on previous history has mean 0. In other words, the difference forms a martingale and



thus can be bounded by Azuma’s inequality. The resulting bound depends on the mini-batch sizes, the step
sizes n;, and the evaluations h;(z;) used in the update rules. We then judiciously choose the parameters and
simplify it to the bound in the lemma. The complication of the proof is mostly due to the interweaving of
the parameter values; see the following sections for the details.

3 Stochastic Update

To prove the convergence of the stochastic update rule, we first prove the convergence of the normalized
version F}, and then we establish the first-order equivalence of the potential functions of the two update
rules for F; and G;. Since the final recurrence result does not depend on higher order terms, this first-order
equivalence establishes the convergence of the stochastic update rule without normalization.

3.1 Stochastic update with normalization

We consider the potential function 1 — cos? @ (V, F}) and prove a recurrence for it. We first show this for the
simpler case where at each step we use the expected operator A in the update rule, and then show this for
the general case where A; can be different from A.

3.1.1 Update rule with expected operator

The following lemma states the recurrence for the update rule which replace A; in the stochastic update rule
with the expected operator A = EA;:

Ft+1 — Ft + ntAFt (19)
. S - —1/2
Fiy1+ Fyq (Ft+1Ft+1)
Lemma 8. Let the sequence {F;}; be obtained from the update rule (@, then
1—cos®6 (V, Fiy1) < [1 —cos? 0 (v, Ft)] [1 =20 (Mg — Akt1) cos? 0 (v, Ft)} + B,
where By = 5n2B% + 303 B3 and A\, and \g11 are the top k and k + 1-th eigenvalues of A.

Proof. First note that the cosine of subspace angle does not change under linear combination of the basis

TR o F e ~ 2
: AT GO i) Gt B I a2t
cos? 0 (V, Fyy1) = min I— L — L —minl———L (20
v [l w! = ET f —1/2 F
Frp (Ft+1Ft+1) w’ t+1W
The update rule gives us
- 2
VT Fusre]| = VT Rw]]” + 200 (VT Fiw, VT AFw) (21)
~ 2
| Fesrw]|” < 1Fwl® + 20 (Frw, AFpw) + B || Fw|*n? (22)



Let @ = w/||Fw|, w = Fyd, so ||ul| = 1. Denote ¢ = ||[VTu| and s = ||V u|. According to the
definition, we have ¢ > cos 0y, (V, F}). Keep expanding the update rule leads to

- 2
[T Eesol|” T ] 42 (v R, v ARw)

~ 2 - 2 2 o (23)
’ FleH [Eywl” 4 2ne (Frw, AFyw) + B || Faw||” n;
VTl 2 (VT VT Aw)
B 1+ 2n; (u, Au) + Bn?
> {HVTUH2 + 2n, <VTu, VTAu>} {1 —2n (u, Au) — Bn;}
> HVTU||2 + 2n <VTu, VTAu> — 2m ||VTuH2 (u, Au)
— 5 B? — 2} B
=%+ 2 {uTVVTAu — CQuTAu} — B
=+ 2mu’ (VVT — CQI) Au — B4
=+ 2mpu’ (SPVVT = VIV]) Au— B
Recall that A = VALV +V  Apyq Vj. Then
u' (S2VVT — cZVLVI) Au=s*u" VALV Tu— c2uTVLAk+1VJ_Tu (24)
> Mes?c? — Npp12s% = 262 (M — Akt1)
The recurrence is therefore
c0s? 0 (V, Fyy1) > ¢ 4+ 2n:5%c® (M — Mg 1) — B (25)
=c? (1 +2n (A — Aot1) (1 — 02)) — B
The first term is a quadratic function of ¢2:
z(l+a(l—2x)) (26)

where x := ¢ and a = 21; (\p — Apy1). It has two roots at 0 and 1 + % Therefore, if % + i >1,itis a
monotonic increasing function in the interval of [0, 1].
Thus, if n; < m, which holds for all ¢ large enough, we have

cos? 0 (V, Fyy1) > cos? 0 (V, Fy) (1 + 2 (A — Akt1) (1 —cos® 6 (V, Ft))) — B (27)

which leads to the lemma. O

3.1.2 Using different operators in different iterations

Now consider the case of stochastic update rule where we use a mini-batch to approximate the expec-
tation in each iteration.

Lemma 9. Let the sequence {F;}; be obtained from the update rule @, then
1 —cos?0(V,Fyyq) < [1 —cos® 0 (V, Ft)] [1 =20t (Mg — Mesr — || As — A])) cos? 0 (V, Ft+1)} + B,

where By = 5n? B2 + 303 B3 and A, and \y11 are the top k and k + 1-th eigenvalues of A.



Proof. The effect of the stochastic update is an additional term in the recurrence
cos? 0 (V, Fyp1) > P+ 2nqu’ ($PVVT = AVIV] ) Au+ Zy — B (28)
where
Zy = 2nu (SQVVT — cQVJ_VJ_T) (A — A) . (29)
The effect of the noise can be bounded, i.e.
Zy =2m5°u VVT (Ay — A)u — 20, VIV (A — A)u (30)
=2ms?u’ (VVT +141) (A — A)u—2n®u” (VLV] + 1) (A — A)w,

where s2l; = ¢?ly are positive numbers such that VV'T + ;T and VLVI + l>1 are positive-definite.
The generalized Rayleigh quotient leads to the inequality

lum (VVT +541) (A — A)u| < xu” (VVT + 41w (31)
<A(+10)
where X is the largest generalized eigen-value that satisfies
(VVT +4LI) (A= Az =A(VVT +14I)a. (32)
Since VV T + 111 is positive definite, we have A\ = ||4; — A]|.
Similarly, we have
luT (VLV] +1o0) (A — A)u| < ||A — Al| (s® +12) . (33)
The noise term is thus bounded by
Zy > =28 || Ap — Al (2 + 1) — 2mec® || A — A (s* + 12) . (34)

Note that I; and Il can be infinitely small positive so we can ignore them.
Therefore, the recurrence is

cos? 0 (V,Fiiq) > A+ 277t5202 (M — A1) — 4 || A — A 2 — B, (35)
= (14 2n (M = Apyr — 2[[ A = A|) (1= ¢%)) = By
which then leads to the lemma. O

In order to get fast convergence, we need to take sufficiently large mini-batches such that the variance of
the noise is small enough compared with the eigen-gap.

3.2 Stochastic update without normalization

We show that the cosine angles of the two updates are first-order equivalent. Then, since the recurrence
is not affected by higher order terms, when the step size is small enough, we can show it also converges in
O(1/t).

To show the first order equivalence, we need to compare the subspaces obtained by applying the them
on the same subspace G;. So we introduce F'(G;) to denote the subspace by applying the update rule of F;
on Gy:

F(Gy) « Gy + i AGy (36)

}—1/2

F(Gy)  F(G) [F(G)TF(GY) (37)

Then the first order equivalence as stated in Lemma [4] follows from the following two lemmas for the nor-
malized update rule and the unnormalized update rule , respectively.



Lemma 10. cos? 0 (V, F(Gy)) = Ain (M 4+ O(n?)) where
M=V PPV 4V PPTAV + yWTAPP'V — 20V T PPTAPP'V,
where PPT = G, (G;'—Gt)fl G/, and P is an orthonormal basis for the subspace Gy.
Proof. For simplicity, let G denote Gy, and let A denote A; in the following. We first have
cos? 0 (V, F(G)) = Amin (VI F(G)F(G)TV)
= Amin (F(G)'VVTF(Q))

-1
= Amin {VT (G +n.AG) [(G +nAG) " (G+nAG)|  (G+nAG)T v} .

Note that is due to the fact that

Amnin (F(G)TVVTF(G)) — min wTF(G)TVVTF(G)w

w wTw

_w RV G+ nAG) VVT (G +mAG) R w

= min
w wTw

2T (G+mAG) VYT (G +nAG) 2
= min
2 zTR2z
. 2T (G +mAG) T VVT (G +nAG) 2
= 2T (G+nAG) " (G+mAG) 2

VTG +mAG) 2|
= min 3
= (G +nAG) 2|

T 1/2
where R = [(G L AG)T (G + ntAG)}

Now turn back to . Expand the matrix-valued function

o(n) = [(@ +nAG) (G +nac)]
= ¢(0) +¢'(0)n+ O(n”).

1

¢(0)=-2(GTG) " GTAG(GTG) .
So,
é(n) = (GTG) " —2p(GTG) T GTAG (GTG)™ +00P).
Therefore,

-1
VT (G + nAG) [(G FAG)T (G + ntAG)] (G +nAG) TV

= (VTG+nVTAG) [(GTG) " = 20(GTG)  GTAG (GTG) ™ + 0] (GTV +nGTAV)

—VTG(GTG) GV TG (GTG) T GTAV VT AG (GTG) T GV
VTG (GTG) GTAG(GTG) T GTV + 0(P)
=V PPV 4V PP TAV 4+ VT APP'V —2pVT PPTAPP"V + O(n?),

where PPT = G (GTG)_1 GT, and P is an orthonormal basis for the subspace G.

(41)



Lemma 11. cos? 0 (V,Gy11) = Apin (M) where M is as defined in Lemma .
Proof. For simplicity, let G denote Gy and let A denote A;. Then cos? 0 (V,G41) = Amin (N), where

N =VTG1 [GI1Gia]  GILV with Giyy =G+ (I —GGT) AG.
Now it suffices to show N = M. Consider
-1
o(n) = [(G +n(I-GGT)AG) (G +n(I-GGT) AG)} :

Then
1

#0)=—(GTG) ' [GT(I-GGT)AG+GTA(I-GGT)G] (GTG)~
Therefore, N is
-1

VT (G+n(I=GGT)AG) [(G+n (I - GGT)AG) (G+n(I-GGT)AG)|  (G+n(I-GGT)AG) v
= (VTG +nVT (I-GGT) AG) [(G+n (I~ GGT) AG) " (G +n (I - GGT) AG)| @V 4 9GTA(I - GG V)
=(VTG+nV' (I-GG")AG)
[(ET6) " =0 (GTG) 6T (1-GGT) AG+GTA(I - GGT) G (GTG) | (GTV +nGTA(T - GGT) V)
=VTIG@ETG) T GVHVTG(GTG) T GTA(I-GE)V 4+ VT (I-GGT)AG(GTG) ' GV
— VTG (GTG) T [GT (I-GGTYAG+GTA(I-GGT) G (GTa) ' GV
=VIPPTV+ngVTPPTA(I-GG") V49V (I-GGT)APPTV
—nV'PPT (I-GGT)APP'V —nV'PPTA(I-GG")PP'V
=V PPV 49V PPTAV + WV APP'V — 20V PPTAPP'V
—nVTPPTAGG™V —nVTGGTAPPTV + 9V PP TGGTAPP'V + WV PPTAGGT PPV
=V PPV 4V PP AV + VT APP'V — 29V PPTAPP'V

which completes the proof. O

4 Doubly Stochastic Update

In this section, we consider the doubly stochastic update rule. Suppose in step ¢, we use a mini-batch
consisting of B, ; random data points z} (1 < r < B, ;) and B, ; random features wj(1 < s < B, ;). Then
the update rule is

Hy1 = Hy 4 0iEe [fo, (20) b, (Va(0)] = e HeEy [ () T he ()] (45)

= Hy(I — By [he(0) "o (0)]) + 1B [Py (20) b, (Ve (1)) (46)

where for any function f(x,w), Eif(z¢,w) denotes Zf:“”’f ESB:“f (x},wf)/(BgBuw,t)- As before, we assume

Hy = Fp is a good initialization, i.e., Fy Fy = I and cos? §(Fy, V) > 1/2. Note that H; = [h}(-),...,hF ()],
while hy(x;) is its evaluation at xy, i.e., hy(z;) is a row vector [hi (zy), ..., h¥(z)].

We introduce the following intermediate function for analysis:
Gipr = Gy + By [k(y, Ve ()] — 0GBy [he(2e) T he ()] (47)
= Gy(I — iRy [hie(we) The(@o)]) + B [k(ae, - ()] (48)

10



Again, Go = Fp.

The analysis follows our intuition: we first bound the difference between H, and G; by a martingale
argument, and then bound the difference between G, and V. For the second step we can apply the previous
argument. Note that G is different from F; since A;F; = k(xy,-)Fy(x;) is now replaced by k(zy, -)hi(z;), so
we need to adjust our previous analysis.

Suppose we use random Fourier features for points in R?%; see [4]. Then we have

Theorem Suppose the mini-batch sizes satisfy that for any 1 < i <, |[A— Ai|| < (A — Axy1)/8 and
By = Q(Int). There exist step sizes n; = O(1/i), such that the following holds. If Q(1) = M\(G] G;) <

M(G]Gy) = 0Q) forall 1 < i < t, then for any x and any function v in the span of V with unit norm
[lv]| = =1, we have that with probability > 1 — 6§, there exists h in the span of H, satisfying

lo(z) — h(z)|? = O (1 In ;) .

Proof. Let w = C;’;'—v, z = Gyw, and h = Hyw.

[v(x) = h(@)|* = Jv(x) = 2(z) + 2(x) = h(z)|”
< 2Jo(z) - 2(2)|" + 2 |2(z) — h(z)[*
< 21|o = 2| Ik(@, )% +2|2(z) — h(z)|”
< 267 [|o = 2] + |2(x) — (=)|”.
Roughly speaking, the difference between v and z is the error due to random data points and can be bounded

by Lemma while the difference between z(x) and h(z) is the error due to random features and can be
bounded by Lemma (2) More precisely, since z is the projection of v on the span of Gy,

~ 1.t

o= 215 = ol = 3 < 1= oG V) =0 (310 )

where the last step is by Lemmaﬁ Also, since ||w|| < 1, we have |z(z) — h(z)]> = O (+Int) by Lemma
What is left is to check the mini-batch sizes; see the assumptions in Lemma [12] and Lemma We need

N (E; [hi(@) Thi(x;)]) = Ae(Eq [hi(2) Thi(z)]) & O(1), so we only need to estimate E, {hf(m)Thf(a:)} up to
constant accuracy for all 1 < j,¢ < k, for which B, ; = O(ln %) suffices. We also need A, = O\, — Ap41) =
O(1), so we only need A, = O(1). This is a bound for (tB,;)? pairs of points, for which B, ; = O(In %)
suffices. O

Similar bounds hold for other random features, where the batch sizes will depend on the concentration
bound of the random features used.

The rest of this section is the proof of the theorem. For simplicity, ||-|| » is shorten as [|-||.

First, we bound the difference between H; and G’t.

Lemma 12. Suppose |k(z,2")| < k,|¢,(z)| < ¢. Suppose the mini-batch sizes are large enough so that
k(xi,xj) — Zf:“f ws (i), (25)/Buw,i| < Ay for all sampled data points x; and ;. For any w and x, with
probability > 1 — & over (D, wt),

t
. 1 2 2
|Gt (2)w — ht+1($)w|2 < Bt2+1 = iAi In <5) ;71 |Ez |hi(xi)] at,iw|

where ag; = n; H;:Hl (I —n;E; [hj(mj)—rhj(xj)]) for 1 <i<t, and |hi(z;)| := [ hf(a:,)

k
L‘:{

11



Furthermore, for any x and w,

t
_ 2
Ept ot |Ges1(z)w — hyr (2)w]* < B;Hl = Ai Z ’Ez |hi ()] at,iw‘ .

i=1
Proof. Note that
t
Hypr =Y Ei o, (2:)bu, (Vhi(zi)] ars + Foaro, (49)
=1
) t
Gi1 = ZEi (k(i, - )hi(wi)] ati + Foay o, (50)
i=1

where aro = [[5—; (I —n;B; [hy(2;) Thy(x)]).
We have i1 (2)w — ey (x)w = Sb_, Vii(z) where

Vii(x) = E; [k(xi, 2)hi(25) — du, (T5) P, (2) hi(24)] arjw.
V;.i(z) is a function of (D, w’) and
Epi i [Vii(@)|w' '] = Epi i-1Eu, [Vii(2)w' '] =0,

so {Vis(x)} is a martingale difference sequence.
Since |Vii(z)] < Ay|E; |hi(zi)] a;w|, the lemma follows from Azuma’s Inequality. O

So to bound |gi(z)w — hi(x)w|, we need to bound |E;|h;(x;)|as;w|, which requires some additional
assumptions.

Lemma 13 (Complete version of Lemma@. Suppose the conditions in Lemma are true. Further suppose
for all i < t, m; = 0/i where 0 is sufficiently large so that 0 > 1/\g(E; [hi(x;) "hi(x;)]); also suppose
A (éj@) = 0(1).

(1) With probability > 1 — § over (D*,w'), for all1 <i <t and ¢ € [k], we have
N A2t t
(o)~ (e =0 (25w (5)).

(2) For any x and unit vector w, with probability > 1 — § over (D, w?),

Ge(@)w — he(w)ul? = O (Aff“ In (;)) .

(8) For any x and unit vector w,

Afﬁ‘* lnt>

EDt,wt|§t(l‘)w — ht(:v)w|2 =0 ( ;

Proof. We first do induction on statement (1), which is true initially. Assume it is true for ¢, we prove it for
t+1.

12



We have that for any unit vector w,

t

|E; |hi(1‘z‘)|at,z‘w| = |mEs [hi(x;)] H [I —n;E; [hj(xj)Thj(xj)H w
j=i+1

t
< i [Bi i)l lwll TT 1T —niEy [hy(s) "hy()]||
j=it1

con fl (1) -0(5)

We use in the second line

02t 02t ST A
||hi<xi>s0<\/t1n5) +||gi<xi>||s0< t1n5>+ léra.

that holds with probability 1—¢6/(t+1) by induction, and we use in the last line OA, (E; [hy(x;) " hi(x;)]) > 1.
Then by Lemma [12] with probability > 1 —4§/(k(t + 1)),

[p(z:)ll = O(9)

t
N 1 2(t+ 1 2
e (@) — b (ool < 2821 (2D S 1k ) g
2 1) P

¢
t+1 6 A2 0 t+1
< 2 [ — = w — .
_O(Aw)ln< 5 )E 2 O(t 1111( 5 >)

=1

Repeating the argument for &k basis vectors w = e;(1 < i < k) completes the proof.
The other statements follow from similar arguments. O

Next, we bound the difference between Gy and V.

Lemma 14. Suppose the conditions in Lemma are true and furthermore, A\,(G] G;) = Q(1) for alli € [t].
Let ¢? denote cos? (G, V). Then with probability > 1 — 6,

1, t 1—c2. t
cfH >cf{1+277t )\k—)\k+1—2||At—A||—O<Aw92 tln5>1 (1—c?)—0<ntAw02 ; ¢ 1n5>}—ﬁt

where By is as defined in Lemmal[§

Proof. The potential of G, can be computed by a similar argument as in the previous section; the only
difference is replacing A;u with k(zy, -)hi(z¢)@. This leads to
cos? e(ét+17 V) > 2+ 277tuT (S2VVT — C2VJ_VJ—_|—) k(zy, Yhe(z)W — By
=+ 2mu’ (SQVVT - C2VJ_VJ—_|—) [(k(xg, Y he(ze)@ — Apu) + (Apu — Au) + Au) — B (51)
where 1 = G;@ with unit norm ||u|| = 1.
The terms involving (A;u — Au) and Au can be dealt with as before, so we only need to bound the extra
term
u' (SPVVT = ViV [k, ) he(20) @ — A
=u' (SPVVT = ViV [k(ze, Yhe(20) D — k(2e, ) Ge(20) D)
=u' (SQVV—r - CQVJ_VI) k(xe, )[he(xe) — ge(ay)]w.

13



So we need to bound [h¢(zt) — §¢(2¢)]@W, which in turn relies on Lemma [13(1). More precisely, we have
[ he(2e) — Ge(ae)| o, < O (Auﬁz\/l/t) with probability > 1 — . Also, we have u = G,@ has unit norm, so
@] = O(1) when A\,(G] G;) = Q(1). Then

T VV T k(x, ) [he(we) — Ge(ao)]@| < [|uT V]| k(s )] O (AwQQ\/ﬂ) <20 (Aﬁ%/ﬂ)

where the last step follows from ¢ > 1/2 by assumption. Similarly,

[TV k(s ) e () = Gelaa)]d] < [uT V| kG, ) O (Au6?V/1]E) < 50 (Au62V/1]E) = O (Awfﬂ : _tcz> :

Plugging into and apply a similar argument as in Lemma [§| and |§| we have the lemma. O

Lemma 15 (Complete version of Lemma [6). If the mini-batch sizes are large enough so that [|A — A;| <
()\k — )\k+1)/8, )\k(Ez [hz(xl)Thl(xl)]) = )\k(Ez [hl(.’L‘)Thl(l‘)]) + O(l), and Aw = O()\]\C — )\k+1)7 then
(1) 6 =0(1);
(2)1-c;=0(+ln¥).
Proof. 1f the mini-batch size is large enough so that Mg (E; [hi(z;) "hi(2:)]) = Ae(Ba [Ri(z) Thi(z)]) £ O(1),
we only need to show Ay(E; [hi(z)"hi(z)]) = Q(1), which will lead to # = O(1) and then solving the
recurrence in Lemma leads to 1 — cos?0(Giy1, V) = O(1/t).
Formally, we prove our statements (1)(2) by induction. They are true initially. Suppose they are true
for ¢t — 1, we prove them for t.
First, by solving the recurrence for ¢;, we have that statement (2) is true up to step t.
Next, since E, [g:(z) "g:(z)] = G} AG,, we have
w'E, [Qt(x)Tgt(m)] w=w'G] AGw
=w G (VAVT + VAL V]Gw
>w' G VAV T Gw
> wl?

which means A (E; [g:(2) " gi(2)]) = ©(1) by induction on ¢;. This then leads to Ax(E; [hi(z;) Thi(z:)])) =
(1), which means 8 = O(1) up to step t. To see this, let e;(z) = h;(z) — §i(z). Then

E, [hz(x)Thl(x)] =E, [gl(x)Tgl(x)] +2E, [ei(x)—rhi(x)] -E, [ei(x)Tei(m)} .

By Lemma [13(3), E, ‘ej(x)’ = O(#*/t), which is o(1) if § = O(1). Then the norm of 2E, [e;(x) Th(z)] —

K3
Es [ei(x) Tei(x)] is o(1), so A\(Eq [ge(z) " ge(x)]) = Q(1) means Mg (E; [hi(zi) " hi(z:)])) = Q(1). O
5 Extensions
The proposed algorithm is a general technique for solving eigenvalue problems in the functional space.

Numerous machine learning algorithms boil down to this fundamental operation. Therefore, our method can
be easily extended to solve many related tasks, including latent variable estimation, kernel CCA, etc..

14



Algorithm 3: {a;, 5;}! = DSGD-KSVD(P(z),P(y), k)
Require: P(w), ¢, (z).

1: fori=1,...,tdo
Sample z; ~ P(x). Sample y; ~ P(y).
Sample w; ~ P(w) with seed i.
u; = Evaluate(z;, {o; };;11) € R,
v; = Evaluate(y;, {5, };;11) € Rk,
W = uv] +vu
Qi = 1Py, (T4)V;.
Bi = Ni b, (yi ) ui-
oj=0o; —niWay, for j=1,...,i—1.
10: ﬁj:ﬁj—Th‘Wﬁj,fOI‘jzl,...,Z'—l.
11: end for

© X NPT B

5.1 Locating individual eigenfunctions

The proposed algorithm finds the subspace spanned by the top k eigenfunctions, but it does not isolate the
individual eigenfunctions. When we need to locate these individual eigenfunctions, we can use a modified
version. Its update rule is

Gip1 = Gi+ A Gy — G UT [G] AGy] (52)

where UT [-] is an operator that sets the lower triangular parts to zero.

To understand the effect of the upper triangular operator, we can see that UT [-] forces the update rule
for the first function of G; to be exactly the same as that of one-dimensional subspace; all the contributions
from the other functions are zeroed out.

.
9ti1 = 9t +mAgl —matar Al (53)

Therefore, the first function will converge to the eigenfunction corresponding to the top eigenvalue.
For all the other functions, UT [] implements a Gram-Schmidt-like orthogonalization that subtracts the
contributions from other eigenfunctions.

5.2 Latent variable models and kernel SVD

Our algorithm can be straightforwardly extended to solve kernel SVD. The extension hinges on the

following relation
0 AT vy [ATU] [V >
A 0 | AV | | U ’
where UXV T is the SVD of A.

It is therefore reduced to the eigenvalue problem. Plugging it into the update rule and treating the two
blocks separately, we thus get two simultaneous update rules

W, =U"AV, +V," ATU, (54)
Uit1 = U + 1 (AV, = U W), (55)
Vier = Vit (ATU = ViW3) . (56)

The algorithm for updating the coefficients is summarized in Algorithm 3.
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Algorithm 4: {o;, 3;}' = DSGD-KCCA (P(z), P(y), k)
Require: P(w), ¢, (z).
1: fori=1,...,tdo
2:  Sample z; ~ P(z). Sample y; ~ P(y).
3:  Sample w; ~ P(w) with seed i.
4:  u; = Evaluate(z;, {o; };;11) € R*.
5. v; = Evaluate(y;, {5; };;11) € R*.
6: W= uiv; + vu
7
8
9:

Qi = 1i¢uw, (T4) [Uli - Wuy).
© B = nidw, (Yi) [ug — Wyl
end for

5.3 Kernel CCA and generalized eigenvalue problem

Kernel CCA and ICA can also be solved under the proposed framework because they can be viewed as
generalized eigenvalue problem. Given two variables X and Y, CCA finds two projections such that the
correlations between the two projected variables are maximized. Given the covariance matrices Cx x, Cyy,
and C'xy, CCA is equivalent to the following problem

& &3] ol[3]

Cyx Cyy gy gy

where gx and gy are the top canonical correlation functions for variables X and Y, respectively, and o is
the corresponding canonical correlation.

This is a generalized eigenvalue problem. It can reformulated as the following non-convex optimization
problem

T
max tr (G AG), (57)
st. GTBG = 1. (58)

Following the derivation for the standard eigenvalue problem, we get the foliowing update rules
Gis1 =Gy +n; (I — BG,G[) AG,. (59)

Denote G and G} the canonical correlation functions for X and Y, respectively. We can rewrite the
above update rule as two simultaneous rules

Wt = GXTCY)(G;SX + GtXTCXszf (60)
G =G+ [nyGz/ - C’XXGtXW] (61)
GYi1 =Gy +m [CyxGY — CyyGYW]. (62)

We present the detailed updates for coefficients in Algorithm 4.
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