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Abstract

Recently, there has been significant progress in understanding reinforcement
learning in discounted infinite-horizon Markov decision processes (MDPs) by de-
riving tight sample complexity bounds. However, in many real-world applications,
an interactive learning agent operates for a fixed or bounded period of time, for
example tutoring students for exams or handling customer service requests. Such
scenarios can often be better treated as episodic fixed-horizon MDPs, for which
only looser bounds on the sample complexity exist. A natural notion of sample
complexity in this setting is the number of episodes required to guarantee a certain
performance with high probability (PAC guarantee). In this paper, we derive an
upper PAC bound O(I‘Slg‘eifjw2 In 1) and a lower PAC bound S~2(“SH€$2|H2 In ﬁ)
that match up to log-terms and an additional linear dependency on the number of
states |S|. The lower bound is the first of its kind for this setting. Our upper bound
leverages Bernstein’s inequality to improve on previous bounds for episodic finite-
horizon MDPs which have a time-horizon dependency of at least H3.

1 Introduction and Motivation

Consider test preparation software that tutors students for a national advanced placement exam taken
at the end of a year, or maximizing business revenue by the end of each quarter. Each individual
task instance requires making a sequence of decisions for a fixed number of steps H (e.g., tutoring
one student to take an exam in spring 2015 or maximizing revenue for the end of the second quarter
of 2014). Therefore, they can be viewed as a finite-horizon sequential decision making under uncer-
tainty problem, in contrast to an infinite horizon setting in which the number of time steps is infinite.
When the domain parameters (e.g. Markov decision process parameters) are not known in advance,
and there is the opportunity to repeat the task many times (teaching a new student for each year’s
exam, maximizing revenue for each new quarter), this can be treated as episodic fixed-horizon rein-
forcement learning (RL). One important question is to understand how much experience is required
to act well in this setting. We formalize this as the sample complexity of reinforcement learning [1],
which is the number of time steps on which the algorithm may select an action whose value is not
near-optimal. RL algorithms with a sample complexity that is a polynomial function of the domain
parameters are referred to as Probably Approximately Correct (PAC) [2, 3, 4, 1]. Though there has
been significant work on PAC RL algorithms for the infinite horizon setting, there has been relatively
little work on the finite horizon scenario.

In this paper we present the first, to our knowledge, lower bound, and a new upper bound on the
sample complexity of episodic finite horizon PAC reinforcement learning in discrete state-action
spaces. Our bounds are tight up to log-factors in the time horizon H, the accuracy e, the number
of actions |.A| and up to an additive constant in the failure probability §. These bounds improve
upon existing results by a factor of at least H. Our results also apply when the reward model
is a function of the within-episode time step in addition to the state and action space. While we
assume a stationary transition model, our results can be extended readily to time-dependent state-



transitions. Our proposed UCFH (Upper-confidence fixed-horizon RL) algorithm that achieves our
upper PAC guarantee can be applied directly to wide range of fixed-horizon episodic MDPs with
known rewards.! It does not require additional structure such as assuming access to a generative
model [8] or that the state transitions are sparse or acyclic [6].

The limited prior research on upper bound PAC results for finite horizon MDPs has focused on
different settings, such as partitioning a longer trajectory into fixed length segments [4, 1], or con-
sidering a sliding time window [9]. The tightest dependence on the horizon in terms of the number
of episodes presented in these approaches is at least H3 whereas our dependence is only H?2. More
importantly, such alternative settings require the optimal policy to be stationary, whereas in general
in finite horizon settings the optimal policy is nonstationary (e.g. is a function of both the state and
the within episode time-step).> Fiechter [10, 11] and Reveliotis and Bountourelis [12] do tackle a
closely related setting, but find a dependence that is at least H*.

Our work builds on recent work [6, 8] on PAC infinite horizon discounted RL that offers much tighter
upper and lower sample complexity bounds than was previously known. To use an infinite horizon
algorithm in a finite horizon setting, a simple change is to augment the state space by the time step
(ranging over 1,..., H), which enables the learned policy to be non-stationary in the original state
space (or equivalently, stationary in the newly augmented space). Unfortunately, since these recent
bounds are in general a quadratic function of the state space size, the proposed state space expansion
would introduce at least an additional H? factor in the sample complexity term, yielding at least a
H* dependence in the number of episodes for the sample complexity.

Somewhat surprisingly, we prove an upper bound on the sample complexity for the finite horizon
case that only scales quadratically with the horizon. A key part of our proof is that the variance of
the value function in the finite horizon setting satisfies a Bellman equation. We also leverage recent
insights that state—action pairs can be estimated to different precisions depending on the frequency to
which they are visited under a policy, extending these ideas to also handle when the policy followed
is nonstationary. Our lower bound analysis is quite different than some prior infinite-horizon results,
and involves a construction of parallel multi-armed bandits where it is required that the best arm in
a certain portion of the bandits is identified with high probability to achieve near-optimality.

2 Problem Setting and Notation

We consider episodic fixed-horizon MDPs, which can be formalized as a tuple M =
(S, A, r,p,po, H). Both, the statespace S and the actionspace A are finite sets. The learning agent
interacts with the MDP in episodes of H time steps. Attime ¢ = 1... H, the agent observes a state
s¢ and choses an action a; based on a policy 7 that potentially depends on the within-episode time
step, i.e., a; = m(sy) fort = 1,..., H. The next state is sampled from the stationary transition
kernel s;+1 ~ p(-|s¢, a;) and the initial state from s; ~ po. In addition the agent receives a reward
drawn from a distribution® with mean 7;(s;) determined by the reward function. The reward func-
tion r is possibly time-dependent and takes values in [0, 1]. The quality of a policy 7 is evaluated by

the fotal expected reward of an episode Rf, = E {ZtH: 1 rt(st)}. For simplicity,! we assume that

the reward function r is known to the agent but the transition kernel p is unknown. The question
we study is how many episodes does a learning agent follow a policy 7 that is not e-optimal, i.e.,
W — € > R7,, with probability at least 1 — ¢ for any chosen accuracy € and failure probability ¢.

Notation. In the following sections, we reason about the true MDP M, an empirical MDP M and

an optimistic MDP M which are identical except for their transition probabilities p, p and p;. We
will provide more details about these MDPs later. We introduce the notation explicitly only for M

but the quantities carry over to M and M with additional tildes or hats by replacing p with p, or p.

! Previous works [5] have shown that the complexity of learning state transitions usually dominates learning
reward functions. We therefore follow existing sample complexity analyses [6, 7] and assume known rewards
for simplicity. The algorithm and PAC bound can be extended readily to the case of unknown reward functions.

?The best action will generally depend on the state and the number of remaining time steps. In the tutoring
example, even if the student has the same state of knowledge, the optimal tutor decision may be to space
practice if there is many days till the test and provide intensive short-term practice if the test is tomorrow.

31t is straightforward to have the reward depend on the state, or state/action or state/action/next state.



The (linear) operator P[" f(s) := E[f(si41)|s: = s] = > cs P(8'|s, mi(s)) f(s) takes any function
f : S — R and returns the expected value of f with respect to the next time step.* For convenience,
we define the multi-step version as P f := PP, ... P f. The value function from time ¢ to

time j is defined as V;7;(s) := [Zi:z re(se)|si = s| = g:i Pr,_yre = (PFVTL) (s) +1i(s)

2 K3

and V;7; is the optimal value-function. When the policy is clear, we omit the superscript 7.

We denote by S(s,a) C S the set of possible successor states of state s and action a. The maximum
number of them is denoted by C' = max; sesx.4 |S(s,a)|. In general, without making further
assumptions, we have C' = |S|, though in many practical domains (robotics, user modeling) each
state can only transition to a subset of the full set of states (e.g. a robot can’t teleport across the
building, but can only take local moves). The notation O is similar to the usual O-notation but
ignores log-terms. More precisely f = O(g) if there are constants ¢y, ¢y such that f < ¢;g(In g)°
and analogously for Q. The natural logarithm is In and log = log, is the base-2 logarithm.

3 Upper PAC-Bound

We now introduce a new model-based algorithm, UCFH, for RL in finite horizon episodic domains.
We will later prove UCFH is PAC with an upper bound on its sample complexity that is smaller
than prior approaches. Like many other PAC RL algorithms [3, 13, 14, 15], UCFH uses an opti-
mism under uncertainty approach to balance exploration and exploitation. The algorithm generally
works in phases comprised of optimistic planning, policy execution and model updating that take
several episodes each. Phases are indexed by k. As the agent acts in the environment and observes
(s,a,r,s") tuples, UCFH maintains a confidence set over the possible transition parameters for each
state-action pair that are consistent with the observed transitions. Defining such a confidence set that
holds with high probability can be be achieved using concentration inequalities like the Hoeffding
inequality. One innovation in our work is to use a particular new set of conditions to define the con-
fidence set that enables us to obtain our tighter bounds. We will discuss the confidence sets further
below. The collection of these confidence sets together form a class of MDPs M, that are consistent

with the observed data. We define M)}, as the maximum likelihood estimate of the MDP given the
previous observations.

Given M}, UCFH computes a policy 7% by performing optimistic planning. Specifically, we use
a finite horizon variant of extended value iteration (EVI) [5, 14]. EVI performs modified Bellman
backups that are optimistic with respect to a given set of parameters. That is, given a confidence
set of possible transition model parameters, it selects in each time step the model within that set
that maximizes the expected sum of future rewards. Appendix A provides more details about fixed
horizon EVL

UCFH then executes 7% until there is a state-action pair (s, a) that has been visited often enough
since its last update (defined precisely in the until-condition in UCFH). After updating the model
statistics for this (s, a)-pair, a new policy 7**! is obtained by optimistic planning again. We refer to
each such iteration of planning-execution-update as a phase with index k. If there is no ambiguity,
we omit the phase indices k to avoid cluttered notation.

UCFH is inspired by the infinite-horizon UCRL-vy algorithm by Lattimore and Hutter [6] but has
several important differences. First, the policy can only be updated at the end of an episode, so
there is no need for explicit delay phases as in UCRL-y. Second, the policies 7% in UCFH are
time-dependent. Finally, UCFH can directly deal with non-sparse transition probabilities, whereas
UCRL-y only directly allows two possible successor states for each (s, a)-pair (C' = 2).

Confidence sets. The class of MDPs M, consists of fixed-horizon MDPs M’ with the known true
reward function r and where the transition probability p}(s’|s, a) from any (s,a) € S x Ato s’ €
S(s, a) at any time ¢ is in the confidence set induced by p(s’|s, a) of the empirical MDP M. Solely
for the purpose of computationally more efficient optimistic planning, we allow time-dependent
transitions (allows choosing different transition models in different time steps to maximize reward),
but this does not affect the theoretical guarantees as the true stationary MDP is still in M}, with high

*The definition also works for time-dependent transition probabilities.



Algorithm 1: UCFH: Upper-Confidence Fixed-Horizon episodic reinforcement learning algorithm

Input: desired accuracy € € (0, 1], failure tolerance § € (0, 1], fixed-horizon MDP M
Result: with probability at least 1 —4: e-optimal policy

k=1 wnmin = s = 2U,ixC’ Unmax := |S X Allog, %,
> 2 2772
m = 512(log, log, H)2 2 log (8H |S\2) 615X AIC logf (ISP H?/9)
n(s,a) =v(s,a) =n(s,a,8):=0 V,s€S,ac A s ES(sa)
while do
/* Optimistic planning %/

p(s'|s,a) :=n(s,a,s)/n(s,a), forall (s,a) withn(s,a) > 0and s’ € S(s,a);
My, = {M € Monst. : V(s,a) e Sx At =1...H,s' € S(s,a)
Pt(s']s,a) € ConfidenceSet (p(s'|s,a),n(s,a)) };
Mk,ﬂ'k := FixedHorizonEVI (My);
/+ Execute policy %/
repeat
| sampleEpisode (n*) ;// from M using 7"

until there is a (s,a) € S x Awith v(s,a) > max{mwmnin,n(s,a)} andn(s,a) < |S|mH;
/* Update model statistics for one (s,a)-pair with condition above */
n(s,a) :==n(s,a)+ v(s, a);
n(s,a,s’) :=n(s,a,s) +v(s,a,s) Vs €S(s, a);
| v(s,a) :=v(s,a,8):=0 Vs €S8(s,a);k:=k+1
Procedure SampleEpisode (m)
S0 ~ Pos
fort=0to H — 1do

ag = mep1(se) and sep1 ~ p(-[se, ar)s

v(se, ar) = v(s, ar) + 1 and v(s¢, ag, Se41) = v(st, at, Se41) + 1

Function ConfidenceSet (p, n)

P = {p/ €0,1]:ifn>1:[p/(1—p)—p(l—p) < M

n—1 "

p—p/| < min <\/1n(gr/151)7\/2p(1n_ p) In(6/81) + 3%111 ;) } )

ey

L return P

probability. Unlike the confidence intervals used by Lattimore and Hutter [6], we not only include
conditions based on Hoeffding’s inequality’ and Bernstein’s inequality (Eq. 2), but also require that
the variance p(1 — p) of the Bernoulli random variable associated with this transition is close to the
empirical one (Eq. 1). This additional condition (Eq. 1) is key for making the algorithm directly
applicable to generic MDPs (in which states can transition to any number of next states, e.g. C' > 2)
while only having a linear dependency on C' in the PAC bound.

3.1 PAC Analysis

For simplicity we assume that each episode starts in a fixed start state sg. This assumption is not
crucial and can easily be removed by additional notational effort.

Theorem 1. For any 0 < €,0 < 1, the following holds. With probability at least 1 — §, UCFH
produces a sequence of policies 7", that yield at most

2
O(H S x Al 1n(15)

€2

episodes with R* — R™ = T (s0) — Vf:[(so) > €. The maximum number of possible successor
states is denoted by 1 < C' < |S|.

5The first condition in the min in Equation (2) is actually not necessary for the theoretical results to hold. It
can be removed and all 6/41 can be replaced by 4/41.



Similarities to other analyses. The proof of Theorem 1 is quite long and involved, but builds on
similar techniques for sample-complexity bounds in reinforcement learning (see e.g. Brafman and
Tennenholtz [3], Strehl and Littman [16]). The general proof strategy is closest to the one of UCRL-y
[6] and the obtained bounds are similar if we replace the time horizon H with the equivalent in the
discounted case 1/(1 — ). However, there are important differences that we highlight now briefly.

e A central quantity in the analysis by Lattimore and Hutter [6] is the local variance of the value
function. The exact definition for the fixed-horizon case will be given below. The key insight for
the almost tight bounds of Lattimore and Hutter [6] and Azar et al. [8] is to leverage the fact that
these local variances satisfy a Bellman equation [17] and so the discounted sum of local variances
can be bounded by O((1 —~)~2) instead of O((1 —~)~2). We prove in Lemma 4 that local value

function variances o2 ; also satisfy a Bellman equation for fixed-horizon MDPs even if transition

probabilities and rewards are time-dependent. This allows us to bound the total sum of local
variances by O(H?) and obtain similarly strong results in this setting.

e Lattimore and Hutter [6] assumed there are only two possible successor states (i.e., C' = 2) which
allows them to easily relate the local variances o2 ; to the difference of the expected value of

successor states in the true and optimistic MDP (P; — I3i)1~/i+1; 4. For C' > 2, the relation is less
clear, but we address this by proving a bound with tight dependencies on C' (Lemma C.6).

e To avoid super-linear dependency on C' in the final PAC bound, we add the additional condition
in Equation (1) to the confidence set. We show that this allows us to upper-bound the total reward
difference R* — R™ of policy 7% with terms that either depend on o2 ; or decrease linearly in
the number of samples. This gives the desired linear dependency on C' in the final bound. We
therefore avoid assuming C' = 2 which makes UCFH directly applicable to generic MDPs with
C > 2 without the impractical transformation argument used by Lattimore and Hutter [6].

We will now introduce the notion of knownness and importance of state-action pairs that is essential
for the analysis of UCFH and subsequently present several lemmas necessary for the proof of Theo-
rem 1. We only sketch proofs here but detailed proofs for all results are available in the appendix.

Fine-grained categorization of (s, a)-pairs. Many PAC RL sample complexity proofs [3, 4, 13,
14] only have a binary notion of “knownness”, distinguishing between known (transition proba-
bility estimated sufficiently accurately) and unknown (s, a)-pairs. However, as recently shown by
Lattimore and Hutter [6] for the infinite horizon setting, it is possible to obtain much tighter sample
complexity results by using a more fine grained categorization. In particular, a key idea is that in or-
der to obtain accurate estimates of the value function of a policy from a starting state, it is sufficient
to have only a loose estimate of the parameters of (s, a)-pairs that are unlikely to be visited under
this policy.

Let the weight of a (s, a)-pair given policy 7% be its expected frequency in an episode

H H
wi(s,a) =Y P(sy = s,mf(st) =a) = Y _ Pry_1I{s = a =7/ (s)}(s0).
t=1 t=1
The importance vy, of (s, a) is its relative weight compared to Wy, := ﬁls\ on a log-scale

wi(s,a)

tk(s,a) = min{zi Dz > } where z; = O0and z; = 202 Vi =2,3,....

Wmin

Note that ¢x(s,a) € {0,1,2,4,8,16...} is an integer indicating the influence of the state-action
pair on the value function of 7*. Similarly, we define the knownness

nk(saa)
La) = s < RS U g 194,
Kr(s,a) max{z z mwk(&a)} { }

which indicates how often (s, a) has been observed relative to its importance. The constant m is
defined in Algorithm 1. We can now categorize (s, a)-pairs into subsets

Xiwo =1{(s,a) € X : ki(s,a) = k,u(s,a) =1} and Xj =8 x A\ X},

where X, = {(s,a) € S x A : 1x(s,a) > 0} is the active set and X}, the set of state-action pairs
that are very unlikely under the current policy. Intuitively, the model of UCFH is accurate if only few



(s,a) are in categories with low knownness — that is, important under the current policy but have
not been observed often so far. Recall that over time observations are generated under many policies
(as the policy is recomputed), so this condition does not always hold. We will therefore distinguish
between phases k where | X}, .. ,| < & for all x and ¢ and phases where this condition is violated.
The condition essentially allows for only a few (s, a) in categories that are less known and more and
more (s, a) in categories that are more well known. In fact, we will show that the policy is e-optimal
with high probability in phases that satisfy this condition.

We first show the validity of the confidence sets M.
Lemma 1 (Capturing the true MDP whp.). M € My, for all k with probability at least 1 — 6/2.

Proof Sketch. By combining Hoeffding’s inequality, Bernstein’s inequality and the concentration re-
sult on empirical variances by Maurer and Pontil [18] with the union bound, we get that p(s'|s, a) €
‘P with probability at least 1 — §; for a single phase k, fixed s,a € S x A and fixed s’ € S(s,a). We
then show that the number of model updates is bounded by Uy, and apply the union bound. O

The following lemma bounds the number of episodes in which Vk, ¢ : | Xk .| < k is violated with
high probability.

Lemma 2. Let E be the number of episodes k for which there are k and v with | Xy | > K,
ie. B =377 {3(k,0) ¢ |Xpw,.| > K} and assume that m > gln ”{% Then P(E <
6N Enyax) > 1 — /2 where N = |S x A|m and Eyx = log, winn log, |S|.

Proof Sketch. We first bound the total number of times a fixed pair (s, a) can be observed while
being in a particular category Xy, ., in all phases k for 1 < k < |S|. We then show that for a
particular (k, ¢), the number of episodes where | X, . ,| > « is bounded with high probability, as the
value of ¢+ implies a minimum probability of observing each (s, a) pair in Xy, ., in an episode. Since
the observations are not independent we use martingale concentration results to show the statement
for a fixed (k, ¢). The desired result follows with the union bound over all relevant x and ¢. O

The next lemma states that in episodes where the condition V&, ¢ : | X} .| < & is satisfied and the
true MDP is in the confidence set, the expected optimistic policy value is close to the true value.
This lemma is the technically most involved part of the proof.

Lemma 3 (Bound mismatch in total reward). Assume M € My. If | X x| < & for all (k,t) and
0<e<landm > 512C4 (log, log, H)? log? (%) In %. Then |‘~/1’T;I(30)—V1”;I(so)| <e

€

Proof Sketch. Using Dbasic algebraic transformations, we show that [p — p] <

vp(1—p)O (,/%ln %) + O (%ln %) for each p,p € P in the confidence set as defined

in Eq. 2. Since we assume M € M, we know that p(s’|s,a) and p(s'|s, a) satisfy this bound
with n(s, a) for all s,a and s’. We use that to bound the difference of the expected value function

of the successor state in M and M, proving that |(P; — I:’,»)‘Zﬂzj(s)\ < 0 (L)) In é) +

n(s,m(s

O( mln %) Gi:j(s), where the local variance of the value function is defined as
2

Uzzzj(s’a’) =E [(Vz‘j—l:j(si-%l) - Piﬂ‘/iil:j(si))2|si = 38,0y = a] and Oi:j(s) = Uz‘%j(saﬂi(s))-
This bound then is applied to [Vi.z(s0) — Vi.rr (s0)| < 212" Pre| (P — Pr)Vig1.5(s)|. The basic
idea is to split the bound into a sum of two parts by partitioning of the (s, a) space by knownness,
e.g. thatis (s, a;) € X, for all k and ¢ and (s¢,a;) € X. Using the fact that w(s, a;) and
n(sy, a;) are tightly coupled for each (k, ¢), we can bound the expression eventually by e. The final
key ingredient in the remainder of the proof is to bound Zil Pi.t_104.1(5)? by O(H?) instead of
the trivial bound O(H?). To this end, we show the lemma below. O

Lemma 4. The variance of the value function defined as ij(s) =
. 2

E [( T_iri(se) — Vf](sz)) ls; = s} satisfies a Bellman equation V;; = P/V11.; + U?:j

which gives V;; = Zg:ipiit—lgt%j' Since 0 < Vg < H?*?2

0< Z{Zl Piy107,(s) < H?r2 forall s € S.

max

it follows that



r(+)=1

p(+li,a) = § + €j(a)

Figure 1: Class of a hard-to-learn finite horizon MDPs. The function ¢’ is defined as €' (a1) = €/2,
€/(af) = e and otherwise €' (a) = 0 where a is an unknown action per state i and € is a parameter.

Proof Sketch. The proof works by induction and uses fact that the value function satisfies the Bell-
man equation and the tower-property of conditional expectations. O

Proof Sketch for Theorem 1. The proof of Theorem | consists of the following major parts:
1. The true MDP is in the set of MDPs M, for all phases k with probability at least 1—% (Lemma 1).

2. The FixedHorizonEVI algorithm computes a value function whose optimistic value is higher
than the optimal reward in the true MDP with probability at least 1 — 6/2 (Lemma A.1).

3. The number of episodes with | X}, .. ,| > & for some  and ¢ are bounded with probability at least

1-6/2by O(IS x A|m) if m = Q (i In ‘%‘) (Lemma 2).

4. If | Xk .| < & for all &, ¢, i.e., relevant state-action pairs are sufficiently known and m =

~ 2 e . .
Q (c;] In %), then the optimistic value computed is e-close to the true MDP value. Together

with part 2, we get that with high probability, the policy 7* is e-optimal in this case.

CISxAlH? { 1
€2 hlg

5. From parts 3 and 4, with probability 1 — §, there are at most 0 ( episodes that

are not e-optimal.

4 Lower PAC Bound

Theorem 2. There exist positive constants c1, ¢z, 0q, € such that for every § € (0,9q) and € €
(0, €0) and for every algorithm A that satisfies a PAC guarantee for (¢, ) and outputs a deterministic
policy, there is a fixed-horizon episodic MDP My, q.q with

e (H —2)2(|A] — 1)(/S| - 3) e\ o (1S x AH? o
Klnal 2 e 1n<5+c3>_9( € 1n(5+03>> ¥

where n 4 is the number of episodes until the algorithm’s policy is (e, 0)-accurate. The constants

can be set to §y = % X =5 €0 = moa ~ H /35000, c2 = 4 and c5 = e~*/80.

The ranges of possible § and € are of similar order than in other state-of-the-art lower bounds for
multi-armed bandits [19] and discounted MDPs [14, 6]. They are mostly determined by the bandit
result by Mannor and Tsitsiklis [19] we build on. Increasing the parameter limits dp and € for
bandits would immediately result in larger ranges in our lower bound, but this was not the focus of
our analysis.

Proof Sketch. The basic idea is to show that the class of MDPs shown in Figure | require at least a
number of observed episodes of the order of Equation (3). From the start state 0, the agent ends up
in states 1 to n with equal probability, independent of the action. From each such state 7, the agent
transitions to either a good state + with reward 1 or a bad state — with reward 0 and stays there for
the rest of the episode. Therefore, each state 7 = 1,...,n is essentially a multi-armed bandit with
binary rewards of either 0 or H — 2. For each bandit, the probability of ending up in + or — is
equal except for the first action a1 with p(s;11 = +|s; = 4,a; = a1) = 1/2 4 €/2 and possibly an
unknown optimal action « (different for each state i) with p(s¢41 = +|s: = i,a: = a) = 1/2+e.

In the episodic fixed-horizon setting we are considering, taking a suboptimal action in one of the
bandits does not necessarily yield a suboptimal episode. We have to consider the average over all
bandits instead. In an e-optimal episode, the agent therefore needs to follow a policy that would
solve at least a certain portion of all » multi-armed bandits with probability at least 1 — §. We show
that the best strategy for the agent to achieve this is to try to solve all bandits with equal probability.
The number of samples required to do so then results in the lower bound in Equation (3). [



Similar MDPs that essentially solve multiple of such multi-armed bandits have been used to prove
lower sample-complexity bounds for discounted MDPs [14, 6]. However, the analysis in the infinite
horizon case as well as for the sliding-window fixed-horizon optimality criterion considered by
Kakade [4] is significantly simpler. For these criteria, every time step the agent follows a policy that
is not e-optimal counts as a “mistake”. Therefore, every time the agent does not pick the optimal
arm in any of the multi-armed bandits counts as a mistake. This contrasts with our fixed-horizon
setting where we must instead consider taking an average over all bandits.

5 Related Work on Fixed-Horizon Sample Complexity Bounds

We are not aware of any lower sample complexity bounds beyond multi-armed bandit results that
directly apply to our setting. Our upper bound in Theorem | improves upon existing results by at
least a factor of H. We briefly review those existing results in the following.

Timestep bounds. Kakade [4, Chapter 8] proves upper and lower PAC bounds for a similar set-
ting where the agent interacts indefinitely with the environment but the interactions are divided in
segments of equal length and the agent is evaluated by the expected sum of rewards until the end

S| A|H®
€3

of each segment. The bound states that there are not more than O ( In %)" time steps in

which the agents acts e-suboptimal. Strehl et al. [1] improves the state-dependency of these bounds

ISIIAIH® 11
et In 8

for their delayed Q-learning algorithm to 0 ( ) However, in episodic MDP it is more

natural to consider performance on the entire episode since suboptimality near the end of the episode
is no issue as long as the total reward on the entire episode is sufficiently high. Kolter and Ng [9]
use an interesting sliding-window criterion, but prove bounds for a Bayesian setting instead of PAC.
Timestep-based bounds can be applied to the episodic case by augmenting the original statespace
with a time-index per episode to allow resets after H steps. This adds H dependencies for each |S|
in the original bound which results in a horizon-dependency of at least H® of these existing bounds.
Translating the regret bounds of UCRL2 in Corollary 3 by Jaksch et al. [20] yields a PAC-bound
\SIQIJZ‘\\H3 1n%

on the number of episodes of at least O ( ) even if one ignores the reset after [ time

steps. Timestep-based lower PAC-bounds cannot be applied directly to the episodic reward criterion.

Episode bounds. Similar to us, Fiechter [10] uses the value of initial states as optimality-criterion,
~ 2 7

but defines the value w.r.t. the y-discounted infinite horizon. His results of order O (% In %)

episodes of length O(1/(1 — ~)) ~ O(H) are therefore not directly applicable to our setting. Auer

and Ortner [5] investigate the same setting as we and propose a UCB-type algorithm that has no-

|SI°LAIHT
€3

regret, which translates into a basic PAC bound of order o} ( n %) episodes. We improve

on this bound substantially in terms of its dependency on H, |S| and €. Reveliotis and Bountourelis
[12] also consider the episodic undiscounted fixed-horizon setting and present an efficient algorithm
in cases where the transition graph is acyclic and the agent knows for each state a policy that visits
this state with a known minimum probability g. These assumptions are quite limiting and rarely
IS|IAH*

hold in practice and their bound of order 0 ( 2

In %) explicitly depends on 1/q.

6 Conclusion

We have shown upper and lower bounds on the sample complexity of episodic fixed-horizon RL that
are tight up to log-factors in the time horizon H, the accuracy e, the number of actions |.A| and up
to an additive constant in the failure probability 6. These bounds improve upon existing results by a
factor of at least H. One might hope to reduce the dependency of the upper bound on |S| to be linear
by an analysis similar to Mormax [7] for discounted MDPs which has sample complexity linear in
|S| at the penalty of additional dependencies on H. Our proposed UCFH algorithm that achieves our
PAC bound can be applied to directly to a wide range of fixed-horizon episodic MDPs with known
rewards and does not require additional structure such as sparse or acyclic state transitions assumed
in previous work. The empirical evaluation of UCFH is an interesting direction for future work.

Acknowledgments: We thank Tor Lattimore for the helpful suggestions and comments. This work
was supported by an NSF CAREER award and the ONR Young Investigator Program.

SFor comparison we adapt existing bounds to our setting. While the original bound stated by Kakade [4]
only has H®, an additional H*® comes in through €~ due to different normalization of rewards.
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A Fixed-Horizon Extended Value Iteration

We want to find a policy 7 and optimistic My, € M, which have the highest total reward R”Mfck =
maxn prrem, 83, . Note that 7% is an optimal policy for M, but not necessarily for M. We can
find such a policy by dynamic programming similar to extended value iteration [16, 5]. The optimal
Q-function can be computed as Q3. ;7 (s,a) =rg(s)andfori = H —1,...,2,1as

Qi (s a) =ri(s) + Snax Z Di I&%@%LH(SC@
PiETsa s'€S(s,a)

The feasible set is defined as P, , := {p € [0,1]I5=d)||p|l; = 1,Vs' € S(s,a) : p(s') €
ConfidenceSet(p(s'|s,a),n(s,a))}. The optimal policy 75 (s) at time ¢ is then simply the max-
imizer of the inner max operator and the transition probability p; (-|s, a) is the maximizer of the outer
maximum. The inner max can be solved efficiently by enumeration and the outer maximum simi-
lar to extended value iteration [16]. The basic idea is to put as much probability mass as possible
to successor states with highest value. See the following algorithm for the implementation details.

Function FixedHorizonEVI(M)

Qirp(s,a) =ru(s) Vs,aeSxA; // O(|S]|Al)

fort = H —1to 1 do ) // O(H|S|log |S| + H|S||AC))

Tiv1(s) = argmax,c 4 Q711 (s,a) Vs €S /7 O(|S|-A])
sort states s, - s(USDh such that_ ' '

Qt 1. (8, 71 (59)) > Qi1 (sUFY, mega (s0FD)) 1 /7 O(Slog |S])

for s,a € S x Ado // O(|S||A|C)

pt(s’|s,a) := min ConfidenceSet (p(s'|s,a),n(s,a)) Vs € S(s,a); // O(C)

A=1=3 s, be(s]s a); // 0(0)

1:=1; // O(1)

while A > 0 do // O(C)

s = s,
A’ := min{A, max ConfidenceSet(p(s'|s,a),n(s,a)) — p:(s'|s,a)};
Di(8']s,a) == pe(s']s,a) + A;

A=A-AN;i:=¢+1;

| Q::H(S’ a) = Zs’GS(s,a) ﬁt (8/|S7 a)Q:+I:H(S/7 7Tt+1(8/)) 5 /7 O(C)

m1(s) := argmax,c 4 Qt.y(s,a) Vs €S // O(|S||A
return MDP with transition probabilities p;, optimal policy m

Note that due to the nonlinear constraint in Equation (1), ConfidenceSet(p(s'|s, a),n(s,a))
may be the union of two disjoint intervals instead of one interval. Still, min- and max-operations on
the confidence sets can be computed readily in constant time. Therefore, the transition probabilities
Pi(|s,a) for a single time step ¢ and state-action pair s, a can be computed in O(|S||A|C) given
sorted states. Sorting the states takes O(|S| log |S|) which results in O(H|S|log |S| + H|S||.A|C)
runtime complexity of FixedHorizonEVI (see comments in Function FixedHorizonEVI ). The
Algorithm requires O(H|S||.A|C) additional space besides the storage requirements of the input
MDP M as the transition probabilities p, are returned by the algorithm. If those are not required
and only the optimal policy is of interest, the additional space can be reduced to O(|S||A]).

Lemma A.1 (Validity of optimistic planning). FixedHorizonEVI (My) returns M, 7" =
arg Maxyse py,« K-

Proof Sketch. This result can be proved straight-forwardly by showing that 7% is optimal in the
last time step H with highest possible reward and then subsequently for all previous time steps
inductively. It follows directly from the definition of the algorithm in Function FixedHorizonEVI
that the returned MDP is in M. O
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B Runtime- and Space-Complexity of UCFH

Sampling one episode and updating the respective v variables has O(H ) runtime. Theorem 1 states

2
that after at most O (W In %) observed episodes, the current policy is e-optimal with suffi-

ciently high probability. This results in a total runtime for sampling of O (w In %)

Each update of the policy involves updating the n variables and M, which takes runtime O(C') and
a call of FixedHorizonEVI with runtime cost O(H|S||.A|C + H|S|log|S|). From Lemma C.1
below, we know that the policy can be updated at most Uy,.x times which a gives total runtime for
policy updates of

S|?H?
OWrnacHISI(IAIC + o] 5)) =0  HISPLAI(AIC + log ) tog 12 )
~ 1
=0 <H8|2.A|2Clog > .
€
The total runtime of UCFH before the policy is e-optimal with probability at least 1 — § is therefore
- HS 2 2 1
o (5||A|C In > .

€2 )

The space complexity of UCFH is dominated by the requirement to store statistics for each possible
transition which gives O(|S||.A|C') complexity.

C Detailed Proofs for the Upper PAC Bound
C.1 Bound on the Number of Policy Changes of UCFH

Lemma C.1. The total number of updates is bounded by Up,ax = |S X A|log, %

Proof. First note that n(s, a) is never never decreasing and no updates happen once n(s,a) >
|S|mH for all (s,a). In each update, the n(s,a) of exactly one (s,a) pair increases by
max{muwmin, n(s,a)}. For a single (s,a) pair, such updates can happen only log,(|S|mH) —

ISImH 1 dates in total. O

logy (Mwmin) times. Hence, there are at most |S x A|log,

C.2 Proof of Lemma 1 — Capturing the true MDP

Proof. For a single (s,a) pair, s’ € S(s,a) and k, we can treat the event that s’ is the successor
state of s when chosing action a as a Bernoulli random variable with probability p(s’|s, a). Using
Hoeffding’s inequality,” we then realize that

p(s'1s,@) — pls'ls, )] < /2L

and by Bernstein’s inequality

2p(s'ls, a)(1 — p(s'|s, a)) In(6/61)

2
(s15,) = (61,0 < + 5 In(6/61)
with probability at least 1 — J7/3 respectively. Using both inequalities of Theorem 10 by Maurer
and Pontil [18]® and the fact that (a + b)2 > a? + b? , we have

Ip(s'ls, a)(1 = p(s'|s, @) — B(s'] 5, a) (1 — B(s'|s, a))| < %ﬁ/{”

"While the considered random variables are strictly speaking not necessarily independent, they can be
treated as such for the concentration inequalities applied here. See Appendix A of Strehl and Littman [16]
for details.

8The empirical variance denoted by V;,(X) by Maurer and Pontil [18] is p(s’|s, a)(1 — p(s'|s, a)) in our
case and EV/, is the true variance which amounts to p(s’|s,a)(1 — p(s’|s, a)) for us.

12



for n > 1 with probability at least 1 — d1/3. All three inequalities hold with probability 1 — d; by
the union bound. By Lemma C.1, there are at most U, updates and so there are at most Uy, ax
different k to consider. Since in each update, only a single (s, a) pair with at most C' successor states
is updated, for all k and (s, a), there are only Up,,xC' different p(s’|s, a) to consider. Applying the
union bound, we get that M ¢ M, for any k with probability at most Upy,,xCd1. By setting

01 = ﬁ we get the desired result. O

C.3 Bounding the number of episodes with x > | X}, .. ,| for some x, ¢

Before presenting the proof of Lemma 2 which bounds the total number of episodes where there is
a k and ¢ such that K > | X}, .|, we establish a bound for each individual x and ¢ in the following
two additional lemmas.

Lemma C.2 (Bound on observations of X. ,; ,). The total number of observations of (s,a) € X, 1.,
where k € [1,|S| — 1] and v > 0 over all phases k is at most 3|S x Almw, k. The variable w, is the
smallest possible weight of a (s, a)-pair that has importance ..

Proof. We denote the smallest possible weight for any (s,a) pair such that ¢(s,a) = ¢ by w, :=
min{w(s,a) : tx(s,a) = ¢}. Note that w,11 = 2w, for « > 0. Consider any phase k and fix
(s,a) € Xy, with ¢ > 0. Since we assumed ¢ (s,a) = ¢ > 0, we have w, < wg(s,a) < 2w,.
From ky(s,a) = k, it follows that

ng(s,a)
muw(s, a)

m <K<
which implies that

mw, k < mwg(s,a)k < ng(s,a) < 2mwg(s,a)k < dmw, k. 4)
Hence, each state can only be observed 3muw, times while being in {(s,a) € Xk, k€ N} O

Lemma C.3. The number of episodes E,. , in phases with | Xy, . ,| > k is bounded for every o. > 3
with high probability,

P(E,., > aN) < exp (_ Bm(nﬂ)N)

H

where N = |S x Alm and 8 = %{/{f

Proof. Lety; := Zfil I{(s¢, at) € Xk, } be the number of observations of (s, a) in X}, . , in the
ith epsiode with Xy, ,,, > k. Wehave i € {1,... E, ,}) and k is the phase that episode i belongs to.

Since X ., > & + 1 and all states in partition (x, ¢) have wy (s, a) > w, , we get
Elvi|vi, ... vic1] > (6 + Dw,. (5)

Also V{y;|vy ... vi—1] < Elyi|va, ... vi—1|H asv; € [0, H|.

To reason about E,; ,, we define the continuation

L {VZ- ifi < E,,

Vi T w,(k+ 1) otherwise

and the centered auxiliary sequence

viw,(k+1)

= 1

E[th/f,...uf_l]'

U =

By construction

[U;r‘ljh .. .,ﬁifl]
AN 2R 2

E
E[ﬂﬂﬂl,...ﬁi,l] :wL(m+1)E :wb(/i-l-l)

13



By Lemma C.2, we have that £, , > oN only if

alN
Zﬁi < 3Nw,k < 3Nw,(k + 1).

i=1
Define now the martingale
aN 7 aN
Bi =K leﬂljl,...ﬂi :ij-l- Z E[ﬂj|l71...l77;}
j=1 Jj=1 j=i+1

which gives By = aNw,(k+1) and Boy = Zfﬂ v;. Further, since v;~ € [0, H] and Equation (5),
we have

_ o _ U)L(H“rl)( [ '+|517-~-ﬂi—1])
|Bi+1 — Bz| = |Vi —E[Vi|V1, .. -7Vi71]| = Z
Elv; \Vl,...yitl}

< |l/z+ —E[V;r|ﬂ1,...ﬁi,1]| < H.
Using

alN
2:=Y V[B;— B;_1|By — By, ... Bi_1 — B; ]

=1

= ZV[mﬂl, ... Ui—1) <aNHuw,(k+1) = HBy
we can apply Theorem 22 by Chung and Lu [21] and obtain

alN
P(E., >aN) <P (Z 7; < 3Nw,(k + 1))
i=1
== H:D(BQN - B() S 3B0/Oz - Bo> = IP(BQN - BO S - (1 - 3/0{) Bo>
(3/a—1)2B2
< exp <_ 202 + H(1/3 — 1})04)30)

for o > 3. We can further simplify the bound to

P(E,, > aN) < exp ( (3/a — 1)2B2 )

2HB, + H(1/3— 1/a)B,
(3/a—1)* By
< exp (2 + (—1/&‘1‘ 1/3) H>

B a(3/a—1)? Nw,(k+ 1)
eXp<_ 73— 1ja  H >

O

We are now ready to prove Lemma 2 by combining the bound in the previous lemma for all x and ¢.

wk(s a) H

Proof of Lemma 2. Since wy(s,a) < H, we have that < = and 5o i4(s,a) <

H/wyin = 4H?|S|/e. In addition, | Xk.r.] < |S| for all k, /<; L and so ka\ > Kk can only
be true for £ < |S|. Hence, only

Emax 1Og2 10g2 |S‘

m

14



possible values for (k,¢) exists that can have | Xy . ,| > . Using the union bound over all (s, ¢)
and Lemma C.3, we get that

. 1N
IP(E S OlNEmax) ZIP’(I(nm)( E&L g QN) Z 1— Elnax exp <6U)(KJI;‘))
minN min
21 Bmcexp (_ﬂwH> =1— Enaxexp (-W)
Bem|S x A|
=1- Em b'q —_
a: eXp( 4H2‘S|

Bounding the right hand-side by 1 — §/2 and solving for m gives

Bem|S x A| 4H?|S| 2Fmax
1—Emaxexp(—4H2|S> >1-6/2 < mZ\SXAWEln 5
Hence, the condition
m > 4—HQ In 2Bmax
— Pe §
is sufficient for the desired result to hold. By plugging in & = 6 and 8 = 0‘7(%%;/15 = 19—3 > % we
obtain the statement to show. O

C.4 Bound on the value function difference for episodes with Vx, ¢ : | X}, . ,| < &

To prove Lemma 3, it is sufficient to consider a fixed phase k. To avoid notational clutter, we
therefore omit the phase indices k in this section.

For the proof, we reason about a sequence of MDPs M ; which have the same transition probabilities
but different reward functions (9. For d = 0, the reward function is the ori ginal reward function r

of M,i.e. r§°) =r,forallt = 1... H. The following reward functions are then defined recursively

s r,§2d+2) = at(fil){’Q, where Ut(fil){’Q is the local variance of the value function w.r.t. the rewards (@),

Note that for every dandt = 1... H and s € S, we have rgd) (s) € [0, HY]. In complete analogy,

we define Md and Md.

a.

We first prove a sequence of lemmas necessary for Lemma 3.
Lemma C4.

T

1
Vijg—Vij= Py 1 (P — P)Vigrj

t=1

Proof.
Vi (8) = Vii(s) =r(s) + PiVisrij(s) = v(s) = PiVig1;i(s) + PiVisrj(s) = PiVig1y(s)
=Pi(Vit1j = Visryg) + (P = Pi)Vigr;5(9)
Since we have Vj.;(s) = 7(s) = Vj.;(s), we can recursively expand the first difference until i = j
and get

7j—1

Vij— ‘71] = Zqu(Pt - Pt)f/tﬂ;j

t=1

L]
Lemma C.5. Assume p,p,p € [0, 1] satisfy p € P and p € P where
In(6/5
S R )

p—p'| < \/2p<1n_p) In(6/8,) + 33” In(6/61),

ifn>1:[p'(1—p") —p(l-p)| < 212(?/151)}

15



Then

Proof.

~ . N 2p(1 —p 2
lp— 5l <lp— | +1p — 5] < M B ZP) 16 /0) + 2, n(6/n)

§2\/2 (;3(1 —p)+ W) In(6/d1) + ?jin In(6/6)

n

<2\/2ﬁ(1n_ﬁ) In(6/01) + 2% + ?:in In(6/61)

g\/ 2 ) 155, + % In(6/41)

Lemma C.6. Assume
‘p(sl|57 a) - ﬁi(sl|57 CL)| < 01(57 a) + 62(57 a)\/ﬁi(8/|57 CL)(I - ]32‘(5/‘8, CL))
fora=m;(s)andall $',s € S. Then
[(Pi = Pi)Vir1(s)] < ea(5,0)|S(s, )| Vitrsjlloo + ca(s,0)V/IS (s, )G (5)

Sor any (s,a) € S x A where S(s,a) denotes the set of possible successor states of state s and
action a.

Proof. Let s and a = m;(s) be fixed and define for this fixed s the constant function V (s') =
P,Vii1.5(s) [sic] as the expected value function of the successor states of s. Note that V(s') is a
constant function and so V = P,V = P,V.

(P = Py)Vigrs(s)| = |(Ps = Pi)Viga:j(s) + V(s) = V(s)|
=[(P; = P)(Vigr;j — V)(s)|
< > (s a) = pi(s']s, a)|[Viga (s) = V()] (6)

s’€S(s,a)

< Y (ala) +elsa) Vs ol =5 s0) Vi () = V()

s'€S(s,a)

<[S(s,a)ler(s, @) |Visrglloo + c2(s,a) D \/ﬁz‘(S’ls, a)(1 = pi(s']s,a)) (Vig1,5(s") = V(s))?
s’€S(s,a)

s'€S(s,a)

<IS(s, a)le1 (s, )| Visrijlloo + c2(s, a)\/ls(&a)l Yo Bils'ls @)L = Bis']s,0) (Vi (s7) = V()2

)

§|S(57a)|cl(5’a)”‘7i+1ijOO+02(Saa)\/|‘S.(S7a)| Yo bilsls,a)(Vigry(s) = V()2

s'€S(s,a)

=[S (s, a)le1 (s, a)[Vitijlloo + c2(s,a) /S (s, )55 (s)

In Inequality (6), we wrote out the definition of P; and P; and applied the triangle inequality. We then
applied the assumed bound and bounded |V;41.;(s") =V (s")| by || Vi+1:j|l o as all value functions are
nonnegative. In Inequality (7), we applied the Cauchy-Schwarz inequality and subsequently used

the fact that each term is the sum is nonnegative and that (1 — p;(s’|s,a)) < 1. The final equality
follows from the definition of 7. O
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C.4.1 Bounding the difference in value function

Lemma C.7. Assume M € My, If | X, ,| < & for all (k,t). Then

Vi (s0) = VD (s0)| =2 Ag < Ag + B+ min{Cy, ) + C"\/Dogs2}

where .
. A 2H 7
Ag=Cmt,  By=" Ik ‘Clng,
4 3m 51

and

(Z*gl:\/0|/C><z| Sprewl 6= ClA, C‘”:\/C|IC><I|§Lln56.
1 1

Proof.

d ~(d
Ag =V (s0) = V% (s0)| =

H-1
Z Pl:tfl(Pt - Pt)‘/;f(in:H(SO)
t=1

H—

—

< Z Pry1|(P — Pt)‘N/t(ﬂ:HKSO)
t=1
H-1

= Py Z I{s="-,a=m(s)} (P Pt) t+1 H| (s0)
t=1 s,aESXA

= Pracy (s = o = m(s)}(P = POV 4] ) (s0)

= 3 Y P (Hs = a=m&HP — PIVE4(9)]) (s0)

The first equality follows from Lemma C.4, the second step from the fact that V; ;.5 > 0 and
Py, being non-expansive. In the third, we introduce an indicator function which does not change
the value as we sum over all (s, a) pairs. The fourth step relies on the linearity of the P;.; operators.

In the fifth step, we realize that I{s = -;a = m(s) } (P — Pt)Vt(ﬂH() isa functlon that takes
nonzero values only for input s. We can therefore replace the argument of the second term with s
without changing the value. The term then becomes constant and by linearity of F;.;, we can write

H—-1
Vi (s0) = VBl =aa < Y S IP— POV 4 (OI(Pra—al{s = -,a = m(s)})(s0)

s,aESXA t=1

H—-1
< S IV oo (Pre—al{s = -.a = m(s)})(s0)
s,ag X t=1
H-1 o
+ 3 S - PV p($)(Praoal{s = - a = m(s)})(s0)
s,aeX t=1
H—-1
< H (Pry 1 T{s = - a = m(s)})(s0)
s,ag X t=1
H-1
+ (P — BV 1 (8)|(Pra—1l{s = -,a = m(s)})(s0)
s,aceX t=1
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H-1
< ZHdH Py 1 I{s=-,a=m(s)})(s0)
s,a¢X t=1
H—
+ > ‘|S s,0)lei(s, ) H + 3(s,0)/[S(5, @)1 (5, )| (Pr1T{s = -0 = m(s)})(50)

s,aeX t=1

,_.

H
< Y0 Y HTNPral{s = a=m(s)})(s0)

s,ag X t=1
H
+ > Y |IS(s,a)ler(s, a) H (Pry—aI{s = -, a = m(s)})(s0)
s,aeX t=1
+3 % ‘CQ(S,a)\/LS'(s,a)|&§i)1(s,a)‘ (Pro—11{s = -,a = m(s)})(s0)
s,aeX t=1
< Z H¥ (s, a) + Z 1S (s, a)|c1 (s, a) H w(s, a)
s,ag X s,aeX
H-1
+ 3 VIS(s a)ea(s,a) Y 1 (s, a)(Pre1l{s = -, a = m(s)})(s0)
s,a€X t=1
< Z H™w(s,a) + Z Cey(s,a)H (s, a)
s,ag X s,aeX
H—
+ Z VCesy(s,a) Z d (s,a)(Prt—11{s = -,a = m(s)})(s0)
s,a€X t=1

In the second inequality, we split the sum over all (s, a) pairs and used the fact that P, and P, are
non-expansive, i.e., |(P; — ﬁt)ﬁfzﬂ(s)\ < ||V(d1 11|l oo The next step follows from ||Vt+1 illoo <

HV1( gllee < H d+1 We then apply Lemma C.6 and subsequently use that all terms are nonnegative
and the definition of w(s, a). Eventually, we use that |S(s, a)| < C forall s, a. Using the assumption

that M € My, and M € M, from Lemma A.1, we can apply Lemma C.5 and get that

8 6 16 6
=/———=In— =———In—.
c2(s,a) n(s,a) ne and c1(s, ) 3(n(s,a) — 1) ne

Hence, we can bound
Ay < A(so) + B(so) + C(s0)

as a sum of three terms which we will consider individually in the following. The first term is

Hd+1|8| € R
A(so) = Y H™ < Wi |SIHT < S 2L = Sgd = 4

as w(s, a) < wmy for all s, a not in the active set and that the policy is deterministic, which implies
that there are only |S| nonzero w. The next term is

16 6
=C Hd—&-lil -
g;x T P

16
=H*CIn Z dow 75’(1) 5

Kt s,a€Xy,,




For s,a € X, ,, we have n(s,a) > mw(s, a)x (see Equation (4)) and so

w(s, a) < 1

(®)

n(s,a) = km’

Further, for all relevant (s, a)-pairs, we have n(s, a) > 1 (follows from | X,; ,| < k) which implies

2 X
Bl < g 30
rm

and since we assumed | X, ,| < &

B2HM KX ZI|C, 6

B — =B
(80) 3m n 51 d
where C x 7 is the set of all possible (x, ¢)-pairs. The last term is
H-1
VO Z co(s,a Z Edf)l(s a))Pri—11{s =-,a =m(s)}
s,aeX t=1
H-1
<VC Z co(s,a Z Elz,(s a))Pri1I{s =-,a =m(s)}
s,a€X t=1
H-1 H-1
<V/C Z co(s,a) Py I{s=-a=m(s)} &t(filz,’z(s,a))Pl;t_l]I{s = a=m(s)}
s,a€X t=1 t=1
8w(s,a) ., 6 =
VO e BE 2 502 (s,0) Pra—1I{s = - a = my(s)}
s,aeX ’ t=1

where we first applied the Cauchy-Schwarz inequality and then used the definition of c¢o(s, a) and
w(s, a).

H-1
8w(s,a 6 -
Cloo) YOS 3\ T n g 3ol s ) Praalls = o = mlo)} o)
Kyt $,6EX . ’ t=1
Vo Sw(s,a), 6 = - (d),2
= CZ pem Z n(s,a) = 5 Z Gpp (8,0))Pru1l{s =, a =m(s)}(s0)
Kyt s,a€X ., ’ t=1
8 6=
SVOY | X g 3ol (s ) Pral{s = 0 = m(s)} (s0)
Kyt 5,a€Xx,. t=1
H-1
6 ~(d),2
<, |CIKxI|— lné— Gof (8,0))Pri1l{s = -,a = m(s)}(s0)
1 s,a€X t=1
6 H-1
<\CIXT = 3 Y610 (s,) Praaal{s = a = m(s)}(s0)
s,a€ESXA t=1
s gl
=\ O X T i 37 Proag 7 (s0) ©)
t=1

2d+3 .
SW,Cxﬂwmln(ﬁ/énzcd
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We first split the sum and applied the Cauchy-Schwarz inequality. Then we used again Inequality (8)
and | X, L| < k. In the fourth step, we applied Cauchy-Schwarz and the final inequality follows

from ||O' ?|loe < H2¥+2 and the fact that P,y is non-expansive. Alternatively, we can rewrite
the bound in Equation (9) as

H-1
6 L
C(s0) < c|/c><1|—1n— > Prad (s0)

t=1

H-1
8 6 ~(d),2 ~ ~(d),2 ~ ~(d),2
=,| CIK x T] m In a ;:1 P1:t710t(:11r (s0) — P1:t710'§:13r (s0) + P1:t710t(;1){ (50)-

Lemma 4 shows that the variance \~7(1d also satisﬁes the Bellman equation with the local variances

592 This insight allows us to bound "1 Py, 1592 (s9) = VY, (s0) < H2I+2. Also, note

that &§d1)12 = t(2d+2) which gives us

A

H—-1
6 ~
Clso) <4| C K x T| Elnd— <H2d+2 + 3 P 2 (g )—Pl:t_lrt(2d+2)(so)>
t=1

8 6 ~
# O x | im - (242 4 Vi) (s0) = Vi (s0))

S\/C“C X I| %ln;% (H2d+2 +A2d+2)

S\/C“C X I| %H2d+21n§ + \/O“C X I| A2d+2h’156 = Cd+cl/\/A2d+2
1

C.4.2 Proof of Lemma 4 (Bellman equation of local value function variances)

Proof of Lemma 4.
F )
Vi:j(s) =E (Z re(s) — V;:j(&')) |s; = s
t=i
F )
=E < D relse) = Vigaj(sip1) + Vigay(sia) +rilsi) — V;j;j(S»;)) |si=s
t=it1
F )
=E ( > r(se) - m;j(sim) |si=s
t=it1

+2E

( D rilse) - Vi+1:j(3i+1)> (Vigrsj(sig1) +ri(si) = V(si)) [si = S]

t=it1
+E [(Vvi+1:j(5z'+1) +7i(si) = Vi (s0)* |s: = 5}
=E [Viy1j(siv1)]si = 5]
< > rils) - Vz‘+l:j($i+1)> (Vigasj(sig1) +ri(si) — Vi (si) |Si+1] |8 = 5]

t=i4+1

+2E |E

+E [(Vi-s-lzj(si-u) - Pi‘/i+1:j(3i))2 |s; = S]
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where the final equality follows from the tower property of conditional expectations, and the fact
that V;.;(s;) = P;Vit1.5(s;) + 7i(s;). Since by the definition of the value function

( Z ri(se) — Vz‘+1:j(£i+1)> |5i+1‘| =0

t=i+1

E

2

the middle term vanishes and the last term is by definition o7 ;(s) we obtain

Viij(s) = PiVig1;(s) + 07 (s).

Noting that V;.;(s) = (r;(s) — rj(s))? = 0, we can unroll the equation and obtain

J
Vig(s) = 37 Pr102,(s).
t=1

From the definition of V1.7 and the fact that 0 < 7(-) < rpax, we see that 0 < Vi. g < H?r2,
and the final statement of the lemma follows.

O

C4.3 Proof of Lemma 3
Proof of Lemma 3. The recursive bound from Lemma C.7
Ag < Ad‘i‘Bd"’é:i-f‘éN\/m
has the form Ay <Yy + Z \/m . Expanding this form and using the triangle inequality gives

Ao <Yo + Z\/ Do < Yo + Z\/Ya + Z\/Ds < Yo + Z\/Ya + 23205
Yo+ Z\/ Yo+ Z32YH 4 ZTAATE <

In H
21In2

and by doing this up to level v = | 1, we obtain

Mo< S zdavihy zEsaTh
deD\{~}
where D = {0, 2,6, 14, ...~}. Note that the exponent of H compared to m is the larger in C’é than
in B,. Therefore, for sufficiently large m, CA’I’i dominates the other term. More precisely, for
128H 6
m>——C|KxZ|ln— (10)
9 01

we have B, < C’{i We can therefore consider Z = C” and Yy = 26‘& + Ay. Also, since C; > CA’&
we can bound A, < Ag + 2Cy. For notational simplicity, we will use the auxiliary variable

_ SCIKxZIH? . 6

1
m m62 . 51
and get
Z=0C"= \/mlé and

Yy=Ag+2C, = (1/4+ 2y/m1)H% and

A, <A, +20, = (1/4+2y/m H)H.
Then

2+d) " 2+d)~* 2+4d)~"
(z2y2)* Y = (2 (14 4 2ymn)2) CTY T = € (mled(1/4 + 2y/mn)?) AT

21



and

(227A7)<2+v>—1 :( TE2(1/4 + 2/ my )(M)f =e (m;a(1/4+2\/m1H)2)

(2+m~!

Putting these pieces together, we obtain

1 e . (1 7
< 3 (em)*H <4+2\/n71) + (emq) 72 <4+2 Hm1>

dED\{W}
1 i . (1 e
- + 2y/m1 + Z (emq) 2+ <4 —|—2\/m1) + (emq)7+2 <4 —|—2\/Hm1)
deD\{0,v}
1 7t 2
< +2F+ Z (emy)=Ha <4) + (2¢/m1) ™2
deD\{0,v}

¥ (emy) 7 l(i)vig + (2\/15711)”2”]

where we used the fact that (a + b)? < a? + b% for a,b > 0 and 0 < ¢ < 1. We now bound the
H'/(2+7) by using the definition of ~. Since
1 2In2
2+~ T A2+ InH -

and since H > 1, we have H/2+7) < 4. Therefore

Lioomme 3 (emyeh KD (2F>*1

deD\{0,7}

< 2logy 2

+ (emn) 7 [(i) +4<2¢n71>f+2]

| S

si+2\/n71+ 37 (emy)7 [(DMH&WV@

deD\{0}

,4;

—_

1 2F+l(§fem 12L[<
)

v ot [

In the first inequality, we used the bound for H'/(2*7) and in the second inequality we simplified
the expression by noting that all terms are nonnegative. In the next step, we re-parameterized the

sum. In the final inequality, we used the assumption that 0 < ¢ < 1 and therefore -2 <1

4(2\/@2"]

,4;

AO 1 1 e Lo e . —
— <q 2t Z( DAY (m) T (4m)
i=1 i=1
1 1 IOgQ’Y logz'Y 1_9—i—1
_27
SN TE ;(41711 +162( ) .
By requiring that
1
my < Z

and noting that 1 —27% > 1/2and 1 — 2_1'_1 3/4 fori > 1, we can bound the expression by

A 1 3/4
—O < +2y/m1 + - log2( )vV4my + 161og, (v )(7711) .
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By requiring that m; < 1/64 and m; < (2log,~)~2 and m; < 1/64(log,y)~*/3, we can assure
that Ay < e. Taking all assumptions on m; we made above together, we realize that

1 2 1 2
<|l———) <(|[——
= (810g210g2 H> - <810g27)

is sufficient for them to hold where we used log, v = logQ(f% log, H) < log, log, H. This gives
the following condition on m

H? 6

m > 512C(log, logy H)?|K x I|—=-In 5

€ 1

which is a stronger condition that the one in Equation (10).

By construction of .(s,a), we have (s,a) < 25— = M = w. Also, ki(s,a) <
ISImH - _ USPH® Tperefore
MWmin €
4|S|>H? 8H2%|S 8H?|S|?
K x I| < log, | |€ log, El | < log; €| |

which let us conclude that

2

CH 8H2|S|? 6
m > 512—;—(log, log, H)?log? <||> In 5
€ € 1

is a sufficient condition and thus, the statement to show, holds. O

C.5 Proof of Theorem 1

Proof of Theorem 1. By Lemma 2, we know that the number of episodes where | X,; ,| > & for some
K, ¢ is bounded by 6 Fy,.«|S X A|m with probability at least 1 — /2. For all other episodes, we have
by Lemma 3 that |R’”€ — R™| < e. Since, with probability at least 1 — 6/2, we have by Lemma 1
M € My, we can use Lemma A.1 which gives R™ > R* > R™* to conclude that with probabilty
at least 1 — §/2, for all episodes with | X, ,| < x for all k, ¢, we have R* — R™ < e. Applying the
union bound, we get the desired result, if m satisfies

H2 H2 2
m 25120 5 (log, log, H)?log; (8|S|) 1116E and
€ € 1

6H? 2By

>—1 .
m_e . )

From the definitions, we get

6CUnax _ | 61S x AlC1og, (S| H/wmin) _ | 61 x A|Clog, (4]S[2H?/e)

In—=1In

01 1) N ) N 1)
and 25 25
4H 4H
Emax = 10g2 ‘S| 1Og2 | | S 1Og§ | |
€
and
2 2 2
i 2 _ 1 2log; |S|logy (4H2ISI/€) _ | 210g3(4H2(S]/c)
) 1) 6
2 2772
< 1 818 X Allog3 (4I[2H2/c)
0
Setting

2 2| ¢Q|2 2 27172
m = 512(log, log, H)zcijj log? <8H |1 > In 6|8 x Al Clo§2(4\8| H?/e)
€ €

is therefore a valid choice for m to ensure that with probability at least 1 — ¢ , there are at most
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L, CH?|S x A|
62

2 2 2 2 27172
¢ log? (4H 3|> log? (SH S| )m 6|S x A|C log2(4|S|2H? /e)
€

6mEmax =3072(log, log, H)

2 € 1)

e-suboptimal episodes.

D Proof of the Lower PAC Bound

Proof of Theorem 2. We consider the class of MDPs shown in Figure 1. The MDPs essentially
consist of n parallel multi-armed bandits. For each bandit, there exist m + 1 = |.A| possible in-
stantiations, which we denote by I; = 0...m. The instantiation, or hypothesis, I; = 0 corresponds
to €;(a) = I{a = ap}e’'/2, that is, only action ag has a small bias. The other hypotheses I; = j
for j = 1...m correspond to ¢;(a) = I{a = ap}e'/2 + I{a = a;}¢’. Weuse I = ([1,...1,) to
indicate the instance of the entire MDP.

We define G; = {w € Q : 7(i) = ay, }, the event that 7, the policy generated by A chooses optimally
in bandit <. For a given instance I, the difference between the optimal expected cumulative reward
R7 and the expected cumulative reward R7T of policy 7 is at least

n /

1 €
*—RT>(H-2 1——51[ =
R} —RT > ( )( P {G}>2
For 7 to be e-optimal, we therefore need

n /
e>R;— R} > (H -2) (1 - ;ZH{G&}> %
i=1

e (1— ;ZH{G,}),

1< :26

g;H{Gi} > (1‘(1{_2)6/)’

1 & 2¢(H —2)n \ 7
2 Gz (1 Gl ) =1

4 . .
where we chose value € := ( ;ff‘;m for €/. We will specify the exact value of parameter 7 later.

The condition basically states that at least a fraction of ¢ := 1 — 1/(8¢*) bandits need to be solved
optimally by A for the resulting policy 7 to be e-accurate. For A to be (e, §)-correct, we therefore
need

1 n

Pr | — HG;} > >P;(R;—RT>e)>1-96
I(ﬂ;{ }_¢>_I(1 1262

for each instance /. Using Markov’s inequality, we obtain

1o 1 < 1 ¢

1-6<P; <n > G} > ¢> <3 Y E{Gi)] < > > Pi(Gy)
i=1 i=1

i=1

All G; are independent of each other by construction of the MDP. In fact Y | I{G;} is Poisson-
binomial distributed as I{ G, } are independent Bernoulli random variables with potentially different
mean. Therefore, upper bounds &; must exist such that §; > P;(G¢) for all hypotheses I and such
that1—6 < 7Tl¢ >t (1—6;) or equivalently n(1+8¢p—¢) > >-7 | &;. Since all G; are independent
of each other and

, 16ee* 16(H —2)e*n 1

€ = < —

(H —2)n — (H —2)64etn 4
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we can apply Theorem 1 by Mannor and Tsitsiklis [19] in cases where

1 1 1 5 _ 2
5 <-(1—¢p4+6p)<-(1-0¢+0) < —+—- < —
’_n( é+ qb)_n( ¢+)_84+ < gt

This result gives us the minimum expected number of times E;[n;] we need to observe state i to
ensure that Py (G?) <§;

E[ni] > [Cl(“j';l) In (?)} I{nd; <1— ¢+ 65},

for appropriate constants ¢; and cz (e.g. ¢; = 400 and co = 4). We can find a valid lower bound
for the total number of samples for any 41, ... J,, by considering the worst bound over all 61, . . . 6,,.
The following optimization problem encodes this idea

1
i — . <1 =
631.1%,1 ZEZI In 6i]I{7751 <1—¢+ ¢d} (11)

s.t. 251: <n(l+ ¢d — ¢)

As shown in Lemma D.1 in the supplementary material, the optimal solution of the optimization
problem in Equation (11)is 6; = -+ = §, = cif n(1 —Inc) < 1 withc = 1 + d¢ — ¢. Since the

left-hand side of this condition is decreasing in c, we can plug in a lower bound of ¢ > 1 — ¢ = ¢
and get the sufficient condition

n(1 —ln@) =n(l-Inn+4+1n8) <1.
It is easy to verify that 7 = 1/10 satisfies this condition. Hence 6; = --- = §,, = c is the optimal

solution to the problem in Equation (11). In each episode, we only observe a single state 7 and
therefore, there need to be at least

|A\ - 1n Co ca(JA —1)n o
ZEIM 2 In 5 > 2 In 5—!—%

(2

observed episodes for appropriate constants ¢; and co. Plugging in € and n = |S| — 3, we obtain
the desired statement.

O
Lemma D.1. The optimization problem
In - ]I 0; <
o B Z w5 M < )
s.L. Z 0; < nc
i=1

with ¢ € [0, 1] and

n(l—Inc) <1
has optimal solution 6y = --- =9, = c.
Proof. Without the indicator part in the objective, we can show that 4; = - -+ = §,, = cis an optimal

solution by checking the KKT conditions and noting that the problem is convex. Let k denote the
number of §; that are set such that the indicator function is 0. Without loss of generality we can
assume that their value is p := ¢/n and the remaining J; take the same value 64 (for a fixed dp
and k, the problem reduces to the one without the indicator functions). Then the problem transforms
into

1

i —k)In —
6Ae(0,1)r,rkuer}{o,1,.“n}(n )In oa

(n—k)ds +kép < nc
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‘We can rewrite the constraint as

(n—k)da + kép < nc

(n—k)oa <nc—kdp = <nk)c

n
5 oy
< .
A_n—kc

Since the objective decreases with ¢ 4, it is optimal to choose § 4 as large as possible. The optimiza-
tion problem then reduces to

-k
min  (n—k)ln ( " c_l) .
ke{0,...[n/v]} n—k
where we used for convenience v := 1/7. We want to show that the optimal solution to this problem
is k = 0. We can therefore relax the problem to the continuous domain without loss of generality

n—=k
i — k)1 -1
remin, (n >n(n—wf>

By reparameterizing the problem with aw = k/n, we get
l1-a
min n(l —a)ln| —— | .
acl0,1/7] ( ) (c(l - fya))

We realize that the minimizer does not depend on n (while the value does). The second derivative
of the objective function is

N O Vi
1=y (l-a)

which is nonnegative for @ € [0,1/~]. Hence, the objective is convex in the feasible region and
the minimizer of this problem is a = 0 if the derivative of the objective is nonnegative in 0. The
derivative of the objective in 0 is given by

n(y — 1+ In(c)).

A sufficient condition for v = 0 being optimal is therefore

vy>1—1Inc
or, in terms of the original problem with y = 1/~, 6; = ...d,, = cis optimal if

n(1—1Inc)

N
—_
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