Appendix

This appendix describes the Bayesian Laplace propagation algorithm we derived for the two variants of the hierarchical
model we presented in the main text. First, we describe Model I for capturing nonstationarity in firing rates, and then we
move to Model II for capturing nonstationarity in neural dynamics.
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Figure 1. Schematic of hierarchical non-stationary Poisson observation Latent Dynamical System (N-PLDS) models.
Model I for capturing non-stationarity in mean firing rates. The parameter h slowly varies across trials and leads to
fluctuations in mean firing rates. Model II for capturing non-stationarity in population dynamics. The dynamics matrix
A changes across trials, as controlled by the hyperparameters ®.

Model I : nonstationarity in firing rates

Basic setup

Likelihood: y; € R?, x, € R*, C € RP*F
p(yi|x:, 0, W) = Poiss(yy| exp(C(x; + h) + d)),
where h(® € R¥ is a vector of latent variables that capture nonstationarity in firing rates across recordings i = {1,---,r}
Latent dynamics: A € R*** and B € RF*4
p(xe|xt—1, A) = N(x¢|Ax¢—1 + Buy, I).

Parameters in this model: © = {4, B,C, h(”)}. For simplicity, we set d to its ML estimate. Vectorized notations:
a=vec(A") € R¥ b= vec(BT) € R¥ and ¢ = vec(C'T) € RPF.

Priors:
p(ala) = N(alo,a™'T), p(b|3) =N (b|0, 57 1), (1)
For h(” | we assume slowly varying dynamics across recordings
W~ GP(mn, K(i.j)) (2)

where we denote the (vector) mean and (matrix) covariance functions by K (i, j), respectively, where the (7, j)th block of the
covariance matrix is given by

KGg) = 0+ e (-3 ) I @

The hyperparameters in total are ® = {my, o, 3,02, 72}.



Variational lower bound

The marginal likelihood of the observations is lower bounded by

r T r 9 X )? y(l T)
logp(yyy’) > / a0 {1y (0, x17) tog XL VAT ) (4)
‘J(97X1:T )
where the approximate posterior factor is
a0.x057) = 4o(0) [ (x50, (5)
i=1
where ¢p(0) = qan(a,b) qcvh(c,h(”)). (6)
For simplicity, we further assume
fen(c,h) = gue(h[c)g(c), (7)
= aue(h"[c)d(c — @), (8)
= Qh|é(h(1zr)|é)> 9)

where ¢ is maximum likelihood estimate of c.

Bayesian Laplace propagation

Posterior over parameters

We compute gy(6) by integrating out latent variables from the total log joint distribution:

logas(0) = B, oo [logp(xii v 0)] + const, (10)
E,. 0 [logp(y1 L) \xol ) 0) + logp(xé?;)W) + log p(6) | + const,
r T
= Y [E, o, (O (ogp(yi”x;”,c,h) + log p(x;” [x(2), ur, 2. b)) + log p(ala) + log p(b| 5)
i=1 ' t=1

+1log p(ht"(0, K) + const.
Note that we assume the inputs u are the same across recordings. (so we don’t put the recording index i on uy).
1. approximate posterior over a,b

We can compute gap(a,b) by extracting all the terms in logp(xo.7,¥1.7,6) that depend on a,b and then taking the
expectation of the terms w.r.t. gx(Xo.7):

r T
loggan(ab) = D E o, [Z log p(x\" |x{”;, ur, a,b) | +logp(ala) +logp(blB) + const,
i=1 '
1 T T )
= -3 Z an(xC, Z Axt | — Buy) " (x; @ _ AXEZ_)1 — Bw)| — %aTa - ngb + const, (11)
i=1 t=1

= -1 [aT(%I + Whit))a —2a’ (vec(S ) — Gy b) + bT(gI + U"b — 2bTvec(M(i))} + const,
i=1



where Wit = I, @ Wy, G%L,) = 1, © G 400, U =, ® U, and the sufficient statistics are denoted by
T T
WA(‘) = Z < ng)lxgz)l‘r >, SA(i) = Z < XiZ)IXEZ)T >, GA( ) Z < Xt 1> ut R

t=1
T
Z wu, ', )*Zut<x(z) (12)

Using new notations W = Y7 | Wf&l), s =Y vee(Sam), G =30 G%, m=Y"!_ vec(M®), we rewrite eq. 11 ,
whose derivative expressions are given by

log ¢ap(a,b) = —1 [aT(OJ +W)a—2a'(s—Gb)+b" (BT +rU")b — 2bTm} , (13)
H, = —aa% log gap(a,b) = (al + W), (14)
Hap = —z2+loggap(a,b) = G, (15)
Hy = —gorloggap(ab) = (BI+rU"), (16)
Zloggap(a,b) = —(al+W)a+(s—Gb) = —Haa+ (s— Gb), (17)
2 loggap(a,b) = ~GTa— (BI+rU")Db+m = ~G'a— H,b+m. (18)

Using Schur complement, we obtain the covariance of g(a,b)
Ya = (Ha— HapHy'Hap' )7}, (19)
Sb o= (Hy— Hap' Hy'Hap)™', (20)
Yab = —SaHapHy', (21)

and the mean of g(a,b),

wp = Yp(m— Hu' Hyl's), (22)
Ha = Ya(s— HapHy'm). (23)

2. Computing gue(h"|¢)

Assuming we have the maximum likelihood estimate of ¢, we write down all the terms in log p(xq.7,y1.7, ) that depend on
h(l:r):

r T

loggne(h™le) = Y B o lZlogp<y§”|x£’%e,h<“> +logp(h™") |0, K),
i=1 ’ t=1

- Z]qu xli)T

T

- >

o %h(l:'r‘)TK—lh(l:r) + COﬂSt,

OTEED +hD) +d) =17 exp (C(x” + h®) + d))
(

CSe + ,E“T Ch® +d)-E NO) )1T exp (é(xi’) +h@) 4 )| - %h(”)TK_lh(M) + const,
1:T

T
Sy

>y

t=1

ax(
i=1
(24)
where each row of C' is denoted by ¢, and the sufficient statistic is denoted by
T . .
Scw= Z <x{) > g7 (25)

t=1



Assuming the approximate posterior over latent variables is multivariate Gaussian with marginals q(x;) = N (x¢|w;, T¢), the
expectation of the exponential term above is given by

T
E, o (S exp(e 5} = [ dxllaclxl)exple. x4 ok 6D,
t=1
T . .
= Y expe.Tw” + L&, TrVe,). (26)
t=1

Therefore, the log joint distribution is given by

logqh|é(h(1”)\é) = Z [CSC« ) + Z ( T(Ch +d) — 17 exp(C(w) @ 4 h) + %diag(C’Tgi)éT) + d)) — %h(l”)—'—K_lh(l:T)7

— h( : (deTy l.r)) . ]_T(exp(évbdh(l:r)) ° g(l:r)) _ %h(l:r)'I'];('flh(l:r)7 (27)

where " = I, @ €, y0) = [Z0, yiV, - T vV, g0 = [g®, - g7, where g = S, exp(Cwf” +
Ldiag(CY'CT) + d).
(1:T)|"

We approximate the joint posterior gy e(h ¢) as a Gaussian distribution from the derivatives w.r.t. h(tm):

qne(h7[e) = N(B"|up, ) (28)
Yo' = Hy+ K™, where h") = (29)
= K {édey(m) _ éde(eXp(ébdh(l:r)) o g(l”"))} . where h(1™) = . (30)

where Hy, = — ot Soio [ dxpa(ep) S0y logp(y!” el &, d, h(®)] = G ding [exp(CPh(17) o g10)] 71,

3. Computing the ML estimate of ¢

We set C to the ML estimate C, which is obtained by

T T
¢ = argmng;]qu(xﬁ)T) Lz_; 10gp(y§”|x§l)7c,h(l))] , (31)
whose first derivatives w.r.t. C is given by :
,
> [Scw + 2 (yeh T —19(0)(wi” +h )T~ diag(t (€)1} C) (32)
i=1 t=1
where we fix h() to its posterior mean gy, and I()(C) = exp(CT (w; R N )+ %diag(CTTgi)C) +d).
4. ML estimate of d
T T ) A
L A ‘ i ) A 1 T
d = arg mdaX; CScay + tz_; (y (Ch® +d) — exp(C’(w +h®) + dlag(CT )+ d)) (33)
r T ) r T ]
= 10g>_ Y yi?) — 108> D exp(Clwi” + hD) + Ldiag(CT{CT))). (34)

i=1 t=1 i=1 t=1



Posterior over latent variables

In VBE step, we compute gx(Xo:qr) by

Y ologalxiy) = > Egye)logp(0, x40, yii) + const,
=1 =1
= 3 [Eao) logp(x{r, yi2r16) — 10g 2(, | (35)
=1

where the normalization constant is given by
Zly = [ dx! Eqy o) o y{e 36
(@ = Xo.7 €xXp (Eg,(0) log p(xg.7, y1.710) ) - (36)
The complete-data log likelihood in the ith recording is written as

T
log p(xr, yirl0) = > {logpyi”xt”, €, d,h®) +log p(x” ", 4, B, uy)}, (37)

t=1

which tells us that the log posterior over latent variables is quadratic in each x;. This enables us to use the sequential
update of the posterior over latent variables. We will also use the following sequential forward/backward algorithm for each
recording in parallel. In the following, the recording index i on x,y is removed for notational cleanness.

Forward filtering

We denote the posterior over the latent variables at each time ¢ by
alxy) o /dxt_la(xt_l) exp [< log(p(x¢|x:—1)p(ye|x¢)) >q9(9)} , (38)

o exp(< logp(ye|xi)) >q000)) {/dxtla(xtl) exp (< log(p(x¢|x¢—1) >q(9))} . (39)

Assuming a(x¢—1) = N (x¢—1|pt—1, X¢—1), the integral is analytically tractable since the second part in the integrand is also
quadratic in x;_1:

exp[—%(xt,l—r <ATA>x_,— 2xt,1T(< A>Tx,—<A'B> u) +x ' x,— 2%, <B>w+w' <B'B> w)].

The integrand is summarised as

a(xi—1) exp (< log(p(xelxi—1) >q0)) = ZN(xe-1lmi_1,Zi_1), (40)
Yilo= T+ <ATAS, (41)
pisy = S (S et < A> Txi— < ATB>w), (42)
and the remaining term Z is given by:
Z = expl-2(x¢'x—2x; <B>w+w' <B'B>uw)+spi ST p], (43)
where
Tpwr Tt = L et < A> Tx— < ATB>w) Y (S et < A> Txi— < ATB > ),
= ix' <A>T <A>Tx+2x <A> (S8 w1 -2, <ATB>u)+

e SASE S 2 TSNS < ATB>w +u <ATB> 'Y <ATB>w).



Therefore, Z is proportional to a

7
o=

ne =

Gaussian in x; :

N(thﬂhit)a

I-<A>% [ <A>T,

S<B>wt+ < A>; S - < A>3 <ATB>uy),

We approximate the forward message as a Gaussian in x; using the first and second derivatives w.r.t. x;

where

<logp(ytlxt) >0 =

——

a(x;) oo exp(< logp(ye|x:) >qg(9))N(Xt‘ﬂtait)~

logp(yt|xt7 é7 da h(l) )N(h(i) |l"’h(i) ) Zh(i) )dh(l)a

NE

/ [(ytTeS)(XtTés) —exp(x; &, +hTe, + ds)] N O gy, Epo)dh @,
1

w
Il

NE

. . . 1, R
{(ytTes)(xtTcs) — exp(xt—rcS + csTuhu) + icsTEhmcS + ds)]

w
Il
—_

The forward message at time ¢ is approximately

a(xt) ~ N(Xt“’l‘tazt),

e = fu+3

DI

P
Z [y;fes —exp(x; €5 + &5 P + %éSTEhmés +d,)] €, wherex; = p,
s=1

y4

- o . . .

X+ E exp(x; | €s 4 €5 ppo + %CSTEhu)cs +d,) ¢, ', where x; = ;.
=1

s=

Backward smoothing

We denote the backward message at each time ¢ by

B(x:) = p(yerirlxe) = N(xi|ne, Uy).

We can obtain the recursion rules by considering 8(x¢—1)

B(Xt—l) =

[ st exp (< og(plxbxiaJp(yilxe) >00)
/dxt exp (< log(p(x¢|x¢—1) >q9(9)) [ﬁ(xt) exp (< log p(y:|x¢)) >q9(9))] ,

/dxt exp (< log(p(x¢|x¢—1) >q9(9)) N (x¢| 7y, ﬁlt),

[YtT(C'(Xt +h) +d) - 1T exp(C(x, + ) + d)} N (0D |y, Sy )dh @,

—~ o~
S Ot
= I



assuming B(xr) = 1. The Gaussian p(x;) = N (x|, ¥;) is obtained by computing the first and second derivatives w.r.t.
Xty

p
e o= MmUY [yle.—exp(x & + & ppe + 38 Spoés +do)] &, wherex; =, (57)
s=1
B p
Ut o= U D exp(xe €+ & o + 385 Spwés +dy) €8T, where x; = 7. (58)
s=1

The first term in the integrand above is given by

<log(p(xt[xt-1) >q06) = —%(xtht — 2% (< A>x1+ < B>w))
I <ATA>Sx 1+ 2% <A'B>w) - iu, <B'B>u,. (59)
Therefore, the integral is given by
/dxt exp (< log(p(x¢|x¢—1) >q9(9))/\/(xt|’f7t, @t) = Z/dxt exp (—%xt—r([—k @;1)Xt + xtT(< A>x_1+<B>w+ ﬁfflﬁt))

where (only showing the terms depending on x;_1)

Z = “Ax"T<ATASx 42 <ATB>w)+ - (60)

After integrating out x; by formulating a Gaussian distribution N (x:|n;, U;) where the mean and covariance are given by

Ul = T (61)
n = U (<A>xi1+<B>u+ U, (62)

we obtain a quadratic function in x;_; (combining the remainder from the integral and Z)

%(< A > X1+ < B > u; + \i/t_lﬁt)T\Ijr(< A > X1+ < B > u; + \i/t_lﬁt) — %(Xt_lT < ATA > Xe1 + 2Xt_1T < ATB > llt)
= A1 (ATA> —<A>TU <A>)x 1 = 2% (K A> TU (< B>w + U 'i)— <ATB>uy)) +---. (63)

Therefore, the backward message is approximately Gaussian with the mean and covariance given by

B(xi—1) = N(xia|mi—1, %), (64)
Ul = <ATA> —< A>T < A>, (65)
M1 = Yy (< A>TV (<B>u+9;,'m)- <A'B>u). (66)
Computing marginals of latent variables using « and f
Using the o and 8 recursions in the forward /backward algorithm, we can compute the marginals of the latent variables.
p(xelyrr) = p(xelyit,yer17), (67)
o P(Yer1:7Xe, Yi:0)p(%e |y 1:t) = P(Yerrrlxe)p(Xely1e) = B(xe)a(xt), (68)
XX J\f(xt|wt, Tt) (69)
where
b= oty (70)

wi = (U + 5 ). (71)



We also need to compute pairwise marginals of latent variables, given by

p(Xta Xt41 |Y1:t, Yt+1, )’t+2:T),

p(X¢, Xe 1|y 1.7)

X p(yt+1>Yt+2:T|Xt7Xt+17ylzt)p(xt+1‘Xt7y1:t)p(xt|y1:t)7
X P(Yit1|Xea1) PV [ Xe1)D(Xeg1 %) D(Xe [ ¥ 1:¢),
o B(xer1) exp (< log(p(yeralXes1)P(Xes11X1)) >g000)) (1), (72)
which are jointly Gaussian
Xt - N Wi Ty Tt,tJrl 73
plen) = o)l ) ®
To compute the cross-covariance Y ;41, we first compute the second derivatives w.r.t. [x; xt+1]T:
9% log [ dfqe(0)p(x¢, xe41|y1:1) _ DI —< A>T (74)
6[Xt Xt+1]2 — < A > \IJt+1 + I + Wt+1
where
62
W, = —— =< >000)5 75
b1 OXi41Xp41 | 0g P(Ye+1lXt41) >q(0) (75)
= ZeXp(Xt+1Tés + ésTuh<i) + %és—rzh(i)és + ds) ésés—r (76)

s=1

evaluated at x;41 = wy41. By negating and inverting the matrix, and using the Schur complement, we can obtain Ty 441,

T = —(E = <A>ST (UL + T4+ We) ' <A>) (=< A>TV L + T+ W)l (77)

Computing sufficient statistics of latent variables

Using g« (Xo.7), we can compute the sufficient statistics of latent variables (that are used in M step).

T T T T

Wy = Z < Xt_le_l >= Z T,_1+ wt_lth_l, Sa = Z < xt_lxtT >= Z Tt—l,t + wt_lth7 (78)
t=1 t=1 t=1 t=1
T T T T

We = Z < thz1 >= Z T + wtth, Sc = Z < Xt > yf = Zwtyf (79)
t=1 t=1 t=1 t=1

Hyperaparameter estimation

We take the derivatives of the variational lower bound w.r.t. each hyperparameter to obtain update rules. The lower bound
is simplified as below:

, r 0, x5y
logp(yng)) > /d0 dxo1 ) (G,XB%T)) log o q(go 1(1 T)) ),
» X0,

— /d9 dxé?;) q(9,x8§f)) logp(ng ,yngT)|0) / (()1;) q(x(()1 )) logq(x(()lT)) /d6‘ dx(()ljf) q(@,xg;‘)) log

T 0)
> log Z; +/d0dx 0,x\7) o p(0) :
2 & 4 ;) o1 4l 7’) gq(@)

p(0)

q(0)’

(80)



where the last line follows from the equality
_/ dx(()lqr)qx(xél )) log gx (x % T)) = - /dx&,f) Qx(X(()?;))qu(G) 1ng(x0 T >y1 T |9 + ZIOgZ (81)

So, we need to consider the second term in RHS of the lower bound for hyperparameter update (the integration w.r.t. x is
omitted, since the integrand is independent of x)

(1:r)
(1:r) (1:r) p(a’ b7 h ) _ . (1:r)
/ dadb dh"q(a, ba(h(t7) log A = <K Lab) - KL(O) (82)

where the first term on RHS is given by
(a,b)

KL(a,b) = / da dbg(a, b) log ]‘i b (83)
N(Nab Aa b)

= da dbN (pap, Aap) log —— 222227 84

[ i N ) tos S )

= —glog|A pAap| + 3 TAL L (Aab + papan )] (85)

where the prior covariance on (a, b) is denoted by Aa,b = [a@=1 0;0 371I] and the posterior mean and covariance on (a,b)
are denoted by ttab = [a; tb] and Ag b = [Za Zab; Ea’b—'— Yb], respectively. We minimise the KL divergence for updating
a, (8.

The second term on RHS is given by

KL(h(lr)) _ / dh(l:r) qh(h(lzr))log qh(h(lzr)) (86)
p(h(@n)|g2 72
. . N(h(l:r)“Lh Eh)
= dh ) N (05 |, 32 1 ’ 87
/ N( |pn, ¥n) log p(h()my, K) (87)
= —21log|K 'Sy + 2Tr [K Y (Eh + (un — mp)(pn — my) ")] + const. (88)
The first derivative w.r.t. kernel parameters (denoted by a = {02, 72}) is given by
0 o 10K 40K
aKL(h(l )) = %TI‘ (K 18(1) — %TI' (K 1%[( 1(2}1 + (l,l,h — mh)(l,l,h — mh)T)> s (89)
1 10K T
= T (KT 5 (I - K~ '(Sh + (pn — mp)(pn —mn) ")) |, (90)
where the first derivative of K (i,j) w.r.t. « is given by
9 ... _ 1 25 1, T S
LK) = gl )0+ i) exp (—gg i = 1)) e = 5gli 57K g), (o1)
9 Kij) = exp(——t(-j2)1 (92)
80'2 7.7 - p 27_2 j k2-

We update o numerically using the derivative expression above.
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Model II: nonstationarity in neural dynamics

Basic setup

Likelihood: y; € RP, x;, € R¥, C' € RP**
p(ye|x¢, C,d) = Poiss(y| exp(Cx; + d)).
Latent dynamics: A € RF**
p(Xe|xi—1, A) = N (x4 Axy—1, I).

Parameters in this model: © = {A,C}. For simplicity, we will fix d to its maximum likelihood estimate. Vectorized nota-
tions: a = vec(AT) € R¥" and ¢ = vec(CT) € RPF,

Priors:
plely) = N(cl0,77'T) (93)
Assuming a to be temporally evolving across recordings where the recording index is ¢ = {1,--- ,r}:
a" ~ GP(a K(i,j)) (94)

where we denote the (vector) mean and (matrix) covariance functions by a and K (4, j), respectively, where the (4, 7)th block
of the covariance matrix is given by

K(Z,j) = (0’2 + eéi,j)exp (—271_2(1 —j)2> 12, (95)

The hyperparameters in total are ® = {a, 02,72, ~}.

Variational lower bound

The marginal likelihood of the observations is lower bounded by

r T 0 X )’y(l ™)
ospit) 2 a0 a0.x() ™ 0. iunl)T :
» 20T

where the approximate posterior factories
q(0, X0 T H qx Xo T (97)

and we assume gg(6) = ga(a(l")gc(c).



Bayesian Laplace propagation

Posterior over parameters

We compute ¢y(6) by integrating out latent variables from the total log joint distribution:

loggg(0) = ]qu(xg;T)) [logp(xngr),ygqu),H)] + const,

= E ) [logp(yglf”x(()ljf),e) + logp(xO T)|0) + logp(e)} + const,

3 [Fu

is a vector of r repeating a.

T
o (3 togp(y(x(”, €) + log p(x(”x(",,a))
t=1

where a(17)

1. approximate posterior over a(*")

3

log ga(at™) = X)) ZIng \Xg?l,a(i)) +logp(a®a™ K) + const,

(a(l r)THa(l r) a(l.r)TS) _ %(a(lzr) _ E:1(1:7’))TI(—1(3(1:7“) _ é(lzr))

l\')\»—l ,_.

where the matrix H and the vector s are given by

wd 0, 0, ... 0

A1)

0, Wj;%), 0, ... 0 vee(Sam)
H, = . . . y S= :

0, .0, Wfﬂ,) vee(S4m)

and Wi = I, @ W), where Wy = Zthl < xﬁ”lxg’) T > and Syu = Zt L < xgl)lx(z)T >.

Therefore, the approximate posterior over al") is given by

q(a’™) = N(pa,%a),
.l = K '+H,,
ta = Sa(K'altm) 4s).

So, < AW >= [reshape(pa((i — 1)k* + 1 :ik?), k, k)] T and 4 is the first kx k matrix of $a((i—1)k?+1 : ik?, (i—

ik?). In addition to the mean and covariance of A we also need the following quantity in VBE step:

< ADT 4@ > = < A® >T <« A0 5 +EX 40 -

11

(98)

+logp(a®[at™) K) + log p(c|y) + const,

(101)

(104)

1k*+1:

(105)



2. Computing ¢.(c)

Similarly, we write down all the terms in log p(Xo.T, y1.1, #) that depend on c:

r T
logge(e) = D E, [Z log p(y;”Ix;", ¢) | +logp(cly) + const,
i=1 ’ t=1
r T ) ) 1
= Z X0}, [Z @T OXEl) +d) —1" exp (C’xgl) +d))| - ifycTc + const,
i=1 t=1
_ - T (z 1
— z_;lc vee(Sea) ZE (>){Zexp Cs +d;)} —570 ¢ + const,

where each row of C is denoted by cs and the sufficient statistic is denoted by

T
Sc(i): Z < XE > yE T

12

(106)

(107)

Assuming the approximate posterior over latent variables is multivariate Gaussian with marginals q(x;) = N (x¢|w;, T¢), the

expectation of the exponential term in eq. 106 is given by
T . .
E, i o exple %))} = / (g () exples x4 e TxfY),
Tot=1
= Zexp cS —|— cSTT Cs).

Therefore, the log joint distribution is given by

T

P T
logge(c) = Z lc vee(Soa) ZZexp Cs wtl) + céTT(Z)cé +d,) 5

i=1 s=1t=1

We approximate ¢o(C) to a Gaussian distribution from the first /second derivatives of eq. 109 w.r.t. cs,
P
qc(C) = HN(CS‘NCNZCS)
s=1

e, = Z[Scues—z[ O 10 explelol? + 3T T, +d)| . wheree, = e

t=1

vl o= I+ Z Z (r$ 4+ +TPe) (! +10e)T) exp(clw!” + %CzTgi)Cs +d;), where c;

i=1 t=1

1
— fycTc + const.

(108)

(109)

(110)

(111)

= fre,-(112)
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3. ML estimate of d

The ML estimate of d given the mean of C' (denoted by C) is closed form:

d arg max Z

CSCu) + Z (yg Td — exp(C’wt(i) + %diag(CA'Tgi)CA’T) + d))
t—1

r T

1og(z Z yt(i)) — 1og(z Z exp(éwt(i) + %diag(éTEi)C‘T)). (113)

i=1 t=1 i=1 t=1

Posterior over latent variables

We compute gy (Xo:qT) by

T T
Z log qx(xéf)T) = Z Eq, 0y log p(b, x(()l:)T7 yY)T) + const,
= i1
= ZEQQ(Q logp( Zlog Z(Z (114)
i=1

where the normalization constant is given by

2y = / dxp xp (]E%(e)logp(x((f)T,YﬁTlﬁ))- (115)

The complete-data log likelihood in the ith recording is written as

T

log p(xr, yir10) = Y {logp(yi”[x{”, C,d) + log p(x{” |x{";, AD)}, (116)
t=1

which tells us that the log posterior over latent variables is quadratic in each x;. This enables us to use the sequential

update of the posterior over latent variables. We will also use the following sequential forward /backward algorithm for each
recording in parallel. In the following, the recording index i is removed for notational cleanness.

Forward filtering
We denote the posterior over the latent variables at each time ¢ by

a(xy) « /dxt,la(xt,l) exp [< log(p(x¢|x:—1)p(yi|xt)) >q9(9)} , (117)

o exp(< logp(ye[xt)) >g000)) {/dxt_la(xt_l) exp (< log(p(x¢|x¢—1) >q(9))} ) (118)
Assuming a(x;—1) = N (x¢—1|pt—1, X¢—1), the integral is analytically tractable since the second part in the integrand is also
quadratic in x;_1:
exp[—%(xt,l—r <ATA>x1—2x1 <A>Tx; + Xtht)].
The integrand is summarised as
aX¢—1) exp (< log(p(x¢[x¢—1) >q(9)) = ZN(xe-1|pi_1, 27 0), (119)
ST o= S <ATAS, (120)
pion = S (Smeat < A> Txy), (121)



and the remaining term Z is given by:
* Ty*x—1, %
Z = eXP[%Ht—1 My VY B
where

1,,%

i ST = S et < A> Tx) TR (B et < A> Txy),

(xf <A>Y  <A> Tx +2x% " <A>Y 5 )+

SIS

Therefore, Z is proportional to a Gaussian in x; :
Z N(Xt‘ﬂhit)v
5t I-<A>%r  <A>T

/)/t = it < A > Ez_lzt__llljft—la

We approximate the forward message as a Gaussian in x; using the first and second derivatives w.r.t. x;
a(x;) oo exp(< logp(y:|xt) >q9(9))N(Xt\ﬂnit)-
The forward message at time ¢ is approximately

alx) = N(xi|p, Z),

p
pe = [+ Z [(ytTes)ucs — (fe, + Ecsxt)ex?“%*éx?z%xﬁdﬂ ,  where x; = p,
s=1
Ld T 1,T
2;1 _ Z 1 =+ Z Ecs + Ncs + chxt)(p/cs + ECSXt) :| Xt MestoX; chxt"l‘ds’ where Xt = by
s=1

Backward smoothing
We denote the backward message at each time ¢ by

B(x:) = p(yeyirlxe) = N(xi|ne, Uy).

We can obtain the recursion rules by considering 5(x;—1)
Bit) = [ dxiBlxe) exp (< og(plxabxioa)p(y1lx0) >00)

= /dxt exp (< log(p(x¢[x¢-1) >q3(9)) [5(Xt)eXP (< log p(ytxt)) >qs(9))] J

/dxt exp (< log(p(x¢|x¢—1) >q9(9)) N (x| 7y, \flt),
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(122)

(123)
(124)
(125)

(126)

(127)

(128)

(129)

(130)

(131)

assuming B(xr) = 1. The Gaussian p(x;) = N (x¢|f;, ¥;) is obtained by computing the first and second derivatives w.r.t.

Xt

\I/t_l _ \IJI—F

P

T T -

e = MtV Z [(y?eS)I’LCs - (I’LCS + Ecsxt)ext Hest 3% Ecsxﬁ_ds} ,  Where x; = 7,

s=1

p
s=1

T 1,7 ~
Ecg + Mcs + Ecsxt)(u'cg + chxt) ] et Hes 2% ECSXterSa where Xt = Tt

(132)

(133)
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The first term in the integrand in eq. 131 is given by
<log(p(xelxi—1) >qp0) = —3(x{x—2x] <A>x1)— 2x{ < ATA> x4 (134)

Therefore, the integral is given by
/dxt exp (< log(p(x¢|x¢—1) >q9(9)) N (x¢| 7, \i/t) = Z/dxt exp (—%xf(] + \i/t_l)xt + x?(< A>xiq+ \Ilt_lﬁt))

where (only showing the terms depending on x;_1)
Z = —IWxI' < ATA> %+ (135)
After integrating out x; by formulating a Gaussian distribution N (x;|n}, ¥;) where the mean and covariance are given by

Ul o= T4 (136)
N = Vi< A>x .+ ), (137)

we obtain a quadratic function in x,_; (combining the remainder from the integral and Z)

< A>x 0 + 07 9) U (< A>xpq + 07 ) — 3xf ) < ATA > x4
= A (< ATA> — < AST U < A>)xq —2x < AST U0 g 4 (138)

Therefore, the backward message is approximately Gaussian with the mean and covariance given by

B(xi—1) ~ N(xi—1|mi-1, %), (139)
Ul = <ATA>S —<AST U < A>, (140)
Mo = U <ASTUU g, = U, <AST (I+9,) 5, (141)

Computing marginals of latent variables using « and

Using the a and S recursions in the forward/backward algorithm, we can compute the marginals of the latent variables.

p(xelyrr) = p(Xe|yie Yer11)s (142)
o P(Yerrr|Xe, Y1:6)P(Xe|Y1:4) = (Y17 [%e)P(Xe|y1:6) = B(xe)u(x4), (143)
X N(Xt|wt, Tt) (144)
where
o= uten (145)
wi = TV e+ 5 ). (146)

We also need to compute pairwise marginals of latent variables, given by

P(Xt, Xe1|Y1:6, Yer1, YegoT),

P(Yir1s Vit |Xe, Xeq1, Y1:6)P(Xe1 [Xe, Y1:0)P(Xe [y 1:8) 5
p(Yt+1|Xt+1)p(Yt+2:T|Xt+1)p(Xt+1|Xt)p(xt\Y1:t),

B(x¢41) exp (< log(p(ye+1[Xe+1)p(Xe41[xt)) >q9(9)) a(xy), (147)

Xy w; Ty YTiia
_ | 1] 148
P (Xt+1> <[wt+1] [TZM Ten D e

p(Xh Xt+1|Y1:T)

R R R

which are jointly Gaussian
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To compute the cross-covariance Y 41, we first compute the second derivatives of log of eq. 147 w.r.t. [x; x441] 7

9% log [ dfq9(0)p(xs, Xet1]y1:7) _ DI —<A>T (149)
A[xy X¢41)? —<A> U+ T+ Wi
where
62
Wir = Iz <log p(yis1lXet1) >q0)s (150)
xt+1
3 (S, 4 (e, + o) te, + B 01)T] st HixE s, (151)
s=1

evaluated at x;41 = w41. By negating and inverting the matrix in eq. 149, and using the Schur complement, we can obtain
Titr1,

Tiirr = —(E = <AST (UL + T4+ W) ' <A>) (=< AST)(UL + T+ W)™ (152)

Computing sufficient statistics of latent variables

Using qx(xg;)T), we can compute the sufficient statistics of latent variables (that are used in M step).

T T
Wyo = Z < X,E )1X§Z)1 >= Z Ty 1+ wf )1w(l) ; Sam = Z < xt 1Xt OT 5= Z Tﬁl_)u + wt(l_)lwt(z)T,(li)S)
t=1 t=1 t=1
T
Scw = Z <x\V > yt Zw ytl)—r (154)
t=1

Hyperaparameter estimation

We take the derivatives of the variational lower bound w.r.t. each hyperparameter to obtain update rules. The lower bound
is simplified as below:

1 1:r
p(6, %57 y1.7")

logp(yngT)) > /d@ dXOT q(é XOT)) log

q(0, x5,
=[x a0 ol 10— [ o) logate) + [ o i) a6 x) 1o 20
= Zlogz()+/d9 dx a0, x4 logf;gz;, (155)
where the line is true from eq. 114, i.e.,
- / dx g (x5 ) log g (x5it)) = — / dx(i g (x5 Eqy (0 log p(xii) y 1177 10) +Zlogz (156)

=1

So, we need to consider the second term in RHS of eq. 155 for hyperparameter update (the integration w.r.t. x is omitted,
since the integrand is independent of x)
p(a(lcr)7 C)

/da(ltT) dC q(a(lT))q(C) log W = —KL(O) — KL(a(lt"")), (157)



The first term, K L(C) is given by !

B qc(C)
KL(C) = /dCQC(C)Ing(C«h/)?
p N s|Hc 720
= Y [ dew A(ede e lon R e e,

s=1

[
M’E

(‘% log |73,

Il
—

S

The first derivative expression w.r.t. 7 gives us the following update:

P

7_1 = %ZTY[ZCS + I'LCSIJ’Z;]’
s=1
Similarly, the second term is given by
(1:r)
(1:r)y (1:7) (1:7) da(a )
KL(@"") = /da ga(a"")log p(@@™]a, o2, r2)’
N(a“‘av Ya)

/da(lzr) N(a(lz"’)“[/a’za) 10g N(a(l;r)‘é(l:T)’K)7

= —% 10g |K7123| + %TI‘ [Kflza] + %(ua _ é(lzr))TKfl('ua _

The first derivative w.r.t. a is given by

%KL(a(LT)) _ (Ma _ é(lzr))TK—l(Ma _ a(l:r))7

N~ N~
SIS

(Ha — EQ)TK_I(Na — Fa)
where F = 1, ® I},2, and this gives us the update rule:
a = (E'"K'E)y"YETK 'p,).

The first derivative w.r.t. kernel parameters (denoted by a = {02, 72}) is given by

3] 0K 0K
—~ KL (1:7r) — lrI\r K—li _ lrI\I_ K—liK—l b _ a(Lir) _ (LT
S KL = 4T (K G0 ) e (K R (0t (- 80— 20T
_, 0K _ (1 (1
= %Tl" (K la—a(I—K 1(Ea+(l‘a_ (t: ))(Na_a(ll ))T))> )
where the first derivative of K(i,j) w.r.t. « is given by
0 .o . 1 N2/ 2 1 N2 o 1 N2 .o
k() = 5l =P+ bep (<5l ) T = (i = PR,

o 1,
ﬁK(%]) = eXp<27_2(Z]))Ik2-

We update o numerically using the derivative expression above.

1The formula of KL divergence between two Gaussians is given by:

+ 1T [V (Ze, =7 + pe,nl)]) -

a'™) + const.

KLl = —31oglS87!+ 3T [B7HE -+ (h - w)(a— 7).
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(159)

(160)

(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

(158)
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Illustration with simulated data

A. Non-stationary population activities

trial#1 corrcoef =-0.8 trial # 100 : corr coef = 0.8
1 LAY YD T P — T T ; \
) : e ¥ e e N T ".'. ' 5 'Fl? .1 ‘! |1‘,'|',|, '
o b ) .L | b o . o ol 'f.". ./I'mr "v""'
e 20 LN ] ' /! ' 1 ' ! : L “l ' .:“‘I.
8 X g weo N .o . [ \f-\ll: ""1.
R T T h ne 5\"": T T
o |,||-[ deetn P T . et w, det
40k o e i Ll TR R P T T B I 1L A IR ) TIPS £ A
2 4 6 8 10s 0 2 4 6 8 10s
B. Correlation coefficients C Off-diagonal of A
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Figure 2. Illustration of non-stationarity in population dynamics (data simulated from Model II). A: Raster
plots of spontaneous activity from 40 neurons during 10 seconds of recording for simulated trials 1 and 100. We assumed
that the two sub-populations (blue and red) have negative correlation at trial 1 and positive correlation at trial 100. B:
Recovered correlations. Our Model II (red) accurately recovers the correlations between two groups across trials (RMSE:
0.04), while other methods perform poorly: independent PLDSs fit to each trial individually give noisy results (RMSE
0.06) and a single PLDS fit across all trials cannot capture the change in correlation (RMSE 0.44). C: Estimation of
off-diagonal in dynamics matrices. We fixed the loading matrix C' to its true value to avoid issues with non-identifiability of
parameters in LDS models. The off-diagonal term A;, estimated by our model matched the true values well, whereas the
independent PLDS produced noisy estimates, and the fixed PLDS cannot capture the change in Ajs.

We tested Model IT using a simulation of spontaneous activity from a population of 40 neurons (simulated from Model II). We
assumed that the population could be split into two sub-populations of size 20 neurons each, and simulated an experiment in
which the correlation across the two sub-populations changed dramatically across the experiment: Specifically, we generated
a 2-d latent state that controls correlations in firing rates between the two groups of neurons, and adjusted the off-diagonal
term in the dynamics matrix (Aj2) such that the correlation between the groups varied slowly from —1 to 1 across 100 trials,
where the length of each trial is T = 200. Other elements of A were adjusted such that the stationary covariance of the
system was kept constant.

We fit Model II N-PLDS, a single PLDS, and 100 independent PLDSs to the data. Our model accurately recovered the
correlation change in z across trials, while the single PLDS was not able to capture the non-stationarity and the independent
PLDSs exhibited noisy correlations (Fig. 2). Finally, our model also accurately recovered the off-diagonal parameter Ao
(Fig. 2 C). For panel C only, we set the loading matrix C' to the ground truth value for each of the models (Model II, fixed
PLDS, separate PLDSs). LDS models suffer from non-identifiability of parameters, implying that estimated parameters do
not necessarily match the true parameters even for perfect model fits.
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Illustration with real data

Finally, we analyzed a dataset of spontaneous activity recorded from a population of 40 neurons from macaque visual cortex.
The details of data collection are described in [1] and the data is available from [2]. Using the spike-sorting information
provided in the dataset, we selected the spike-cluster with highest signal-to-noise ratio from each recording channel, and out
of those 46 units kept the 40 units with highest firing rates. As the original data consisted of one continuous recording of
length 15 minutes, we divided the data into 30 ‘epochs’ of length 30 seconds each, and used every 5th epoch (20% of the
data) for testing and the rest (80% of data) for training.

In this data, the mean firing rates are almost constant across time, while the correlations increase at the end of the experiment
(Fig. 3 A). After estimating the parameters of our N-PLDS (Model II) from the training data, we computed the predictive
distribution on the dynamics matrices A* for the test data. Using these parameters, we drew samples for spikes to compute
the mean firing rates for each trial (Fig. 3 A), as well as the mean pairwise cross-correlations across all neuron pairs. The
correlations estimated from N-PLDS (Model IT) matched those in the data. For PLDS with fixed parameters, the estimated
firing rates and correlations are constant across epochs (Fig. 3 B). To quantify these results, we computed the RMSE in
the prediction of mean firing rates and mean correlations on test epochs. The RMSEs on mean firing rate estimation for
PLDS are 0.0156,0.0182,0.0188 for k = 1,2, 4, respectively, while RMSE of N-PLDS is 0.0080 (k = 4). The RMSE on mean
correlation estimation in PLDSs is 0.0138 (same for k = 1,2,4) and 0.0087 (k = 4) in N-PLDS.

A. N-PLDS (Model Il) with different k B. Prediction on test data
- mean of y meanofy data—
k=2 data — N-PLDS (k=4) —
015 W24 test trials o 0.15 PLDS (k=1) — /
0.055 5 10 75 20 25 30 0055 70 75 20 25 30
trials test trials
0.041 mean corr of y 0.04r mean corr of y
0.02F 7= 0.02 e
773 S y 'S
/\Aﬁ\_ j*’—‘f @ pd _
. = ‘ | 0 i i : —9 —
0 5 10 15 20 25 30 5 10 15 20 25 30
trials test trials

Figure 3. Non-stationary population dynamics (data from [1]). A: Summary statistics of samples from N-PLDS
(Model II) with non-stationarity dynamics matrix A for different dimensions of latent dynamics (k = 1,2,4). The top plot
shows the mean firing rate of 40 neurons during 30 epochs, showing that there is only a slight systematic drift in mean
firing rate. Each dot represents predicted mean firing rates for the held-out data (6 trials). The bottom plot shows the
mean correlation of the spike counts. All three N-PLDS models capture the increase in correlation at the end of the
experiment, with the k = 4 capturing it most accurately. B: Comparison to using a PLDS model with fixed parameters
(k=1,2,4). Both the mean firing rate and correlation in PLDS are constant across epochs. As a consequence, the best
RMSE on mean correlation estimation in PLDS is 0.0138 (k = 1) compared to 0.0087 (k = 4) in N-PLDS.
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