Appendix

8 Background

8.1 Optimization

The main results in this paper rely strongly on the work of Schmidt et al. [26] on the convergence of
proximal gradient methods with errors in estimated gradients. The first result used is the following
theorem for the convergence of gradient descent on convex functions with errors in the estimated
gradients.

Theorem 10. (Special case of [26, Proposition 1]) Suppose that a function f is convex with an
L-Lipshitz gradient (meaning | f'(¢) — f'(0)|l2 < L|¢ — 0]|2). If © is a closed convex set and one
iterates

1
0, < 1lg [9k—1 -7 (f'(Ok=1) +ex)|

then, defining 6* € argmingece f(0), for all K > 1, we have, for Ax := Zszl Hef” , that
1 & L
- _ * < _p* 2'
f (Kg_l@k) FO7) < 5 (100 = 07|z + 2Ak)

This section will show that this is indeed a special case of .[26] To start with, we simply restate
exactly the previous result [26, Proposition 1], with only trivial changes in notation.

Theorem 11. Assume that:

o fis convex and has L-Lipschitz continuous gradient
e h is a lower semi-continuous proper convex function.
e The functionr = f + h attains it’s minimum at a certain 6* € R™.

o 0y is an ey-optimal solution, i.e. that
L 9 . L 9
=110k — ylI> + h(0r) < ex + min —[|6 — y||* + h(6)
2 6cR™ 2

where

Yy =01 — % (f'(Or—1) +ex).

Then, for all K > 1, one has that

K
1 . L . 2
r <Ekz_:l9k> —r(0%) < K (”90—‘9 H+2AK+\/2BK)

PR o) 07 BRVET P o
K i3 L ) K k:1K'

k=1

with

The first theorem follows from this one by setting & to be the indicator function for the set ©, i.e.

0-{2, 158

and assuming that €;, = 0. By the convexity of ©, h will be a lower semi-continuous proper convex
function. Further, from the fact that © is closed, r will attain its minimum. Now, we verify that this
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results in the theorem statement at the start of this section. 6, takes the form

L
O = argmin =0 —y|* + h(0)

e —
arggggll yl|

1
in (|6 — 0_ — (' (65—
argmin |6 — b1 + 7 (' (0k-1) +ex) |

= llg |Or—1 — % (f'(Ok-1) +ex)

We will also use the following result for strongly-convex optimzation. The special case follows from
the same construction used above.

Next, consider the following result on optimization of strongly convex functions, which follows
from [26] by a very similar argument.

Theorem 12. (Special case of [26, Proposition 3]) Suppose that a function f is A-strongly convex
with an L-Lipshitz gradient (meaning || f'(¢) — f'(0)|2 < L||¢ — 0]|2). If © is a closed convex set
and one iterates

1
O < Ilg [Ox—1 — I (f'(Or—1) +en)]|,

Then, defining 0* = arg mingee f(0), for all K > 1, we have, for Ay, = ZkK:l(l — %)’k@ that

A ~
0k =072 < (1— E)K (1160 — 6|2 + Ay)

Corollary 13. Under the same conditions, if ||ex|| < r for all k, then

A rL
O — 0%l < (1 — 2)X110, — 0 =
10k llz2 < ( L) |60 |2 + 3

Proof. Using the fact that 35 aF =a K0 Lok <a K32 ab = %, we get that
K
_ A L A
Ak < E 1-2)F<rZ(1-2)K
K—Tk:1( L) _TA( L) 3
and therefore that
* A K * L A —-K
_ < _ = _ (1= .
lox -0z < (1-2) (|90 O"ll2+r5 (- 2) )

8.2 Concentration Results

Three concentration inequalities, are stated here for reference. The first is Bernstein’s inequality.

Theorem 14. (Bernstein’s inequality) Suppose Z1, ..., Z are independent with mean 0, that | Z| <
c and that 0?2 = V[Z;). Then, if we define 0> = % Zszl o3,

K
1 Ke?
Nz < e ).
K; ke —eXp( 202—0—206/3)

The second is the following Hoeffding-type bound to control the difference between the expected
value of ¢(X) and the estimated value using M samples.

P

Theorem 15. If X1, ..., Xy are independent variables with mean p, and | X; — pl| < ¢, then for
all e > 0, with probability at least 1 — §,

_ c 1
—pl] < 4] — ~- .
IX = sl </ 137 <1+\/210g6>
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Proof. Boucheron et al. [2013, Ex. 6.3] show that, under the same conditions as stated, for all

5 2 4/v,
P - ul > 5] <o (-0,

where v = %. We will fix ¢, and solve for the appropriate s. If we set § = exp(— %), then
we have that s = 4/2v log % + /v, meaning that, with probability at least 1 — &,

7 1 cM 1 cM
X - < —[y/2==log = +/—
[X —ul < M( g5ty )

which is equivalent to the result with a small amount of manipulation. o

The third is the Efron-Stein inequality [4, Theorem 3.1].

Theorem 16. If X = (X1, ..., X,»,) is a vector of independent random variables and f(X) is a
square-integrable function, then

1 & N2
vire0) < 5 3 | (00 - rx )]

where X is X with X; independently re-drawn, i.e.
XD = (Xy, .0, X, X0 X1, ooy Xon).

9 Preliminary Results

A result that we will use several times below is that, for0 < o« < 1, — @ < ﬁ This bound is
tight in the limit that o« — 1.

Lemma 17. The difference of two estimated mean vectors is bounded by
([Eq [t(X)] = Ep[t(X)]ll2 < 2Rzllq — pllzv.

Proof. Let the distribution functions of p and ¢ be P and (), respectively. Then, we have that

5G] - B0 = | [ ¢0) @P (@) - date)

< / (AP (x) — dQ()] - [#(x)]]2-

Using the definition of total-variation distance, and the bound that ||t(z)|l2 < R gives the result.
o

Lemma 18. If1/a + 1/b = 1, then the difference of two log-partition functions is bounded by
|A(0) — A(¢)| < Rall0 — ¢]lo-
Proof. By the Lagrange remainder theorem, there must exist some 7y on the line segment between 6

and ¢ such that A(¢) = A(0) + (¢ — 0)T V., A(v). Thus, applying Holder’s inequality, we have that
[A(9) = AO)] = |(6 = )V, A < Ml = 0llo - [IV5 A -
The result follows from the fact that ||V, A(7)|o = [|Ep, t(X)]la < Ra. O

Next, we observe that the total variation distance between py and py is bounded by the distance
between 6 and ¢.

Theorem 19. If1/a + 1/b = 1, then the difference of distributions is bounded by
Ipo — pollTv < 2Ral|0 — -
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Proof. If we assume that py is a density, we can decompose the total-variation distance as

|lpe — pollv
1 o Pe(@)
— 5 [ pola) L= exp (6= 0) - ta)  A(0) + A®))

1
<5 [ mo@) 1= expl(@ - 0) - to) — A@) + AO)]].
If py is a distribution, the analogous expression is true, replacing the integral over x with a sum.

We can upper-bound the quantity inside exp by applying Holder’s inequality and the previous
Lemma as

(¢ —0) - t(x) — A(¢) + A(9))]
<|(¢@—0)-t(x)| +[A(o) — A(0))]
S 2Ra”9 - ¢Hb

From which we have that

1
lpe — pollrv < 3 |1 — exp (2Ra[|0 — ¢l[v)] -

If 2R,4||0 — ¢||» > 1, the theorem is obviously true, since H - |lrv < 1. Suppose instead that that

2R,[|0 — ¢lls < 1.1f0 < ¢ < 1, then §|1 — exp(c)| < ¢S5+, Applying this with ¢ = 2R, |6 — ¢||»

gives that ||[pp — pe||Tv < (e —1)R2||0 — ¢||p. The result follows from the fact that2 > (e—1). O

10 Lipschitz Continuity

This section shows that the ridge-regularized empirical log-likelihood does indeed have a Lipschitz
continuous gradient.

Theorem 20. The regularized log-likelihood function is L-Lipschitz with L = 4R3 + ), i.e.
1£/(6) = £'(@)ll2 < (4R5 + N[0 = ¢]l2-
Proof. We start by the definition of the gradient, with

176) - 1@l = | (G5 - 1+20) - (55 - 1+29)

do
dA dA
= ”E "6 + A0 = d)]l2-

2

dA dA
< |- - — — ||z
<15~ gyl + Ao~ ol
Now, looking at the first two terms, we can apply Lemma 17 to get that
dA dA
|55 - 55| = w01 = By,
< 2Rsllpe — polITv-

Observing by Theorem 19 that ||pg — ps||7v < 2R2||0 — &||2 gives that
1F/(8) = f'(@)ll2 < 4R3(10 — 6|2 + A0 — 6|2
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11 Convex Convergence

This section gives the main result for convergence this is true both in the regularized case where
A > 0 and the unregularized case where A = 0. The main difficulty in this proof is showing that the
sum of the norms of the errors of estimated gradients is small.

Theorem 21. Assuming that X1, ..., X s are independent and identically distributed with mean |
and that || X, ||2 < Ra, then

M

1
47 3 X — sl

m=1

2R,

E < ==
VM

Proof. Using that E [Z 2} =V[ZI+E[Z ]Qand the fact that the variance is non-negative (Or simply
Jensen’s inequality), we have

| M 2 | M
Ell= Y Xmn-— < Ell= Y X —pl3
133 %] < 13-
1 2
= B 11X — pll3]
< —(2Ry)?
< 57 (2R2)
_ AR
= 30
Taking the square-root gives the result. O

Theorem 22. Assuming that X1, ..., X s are iid with mean p and that || X, || < Ra, then

H— ZX —u

2R2
M

Proof.

|
<

1 M
V|||— X —
I3 3 %l

Now, the Efron-Stein inequality tells us that

VIF(Xs, o X)) < 5 f_j [( f(X“"”)ﬂ

where X (™) is X with X,/ independently re-drawn. Now, we identify f(Xi,...,X,,) =
I Z%Zl(Xm — )| to obtain that

1> (X —u)ll] < % > E <| Y X =)l = 11> (x5 —u)l)

m’/=1 m=1 m=1

Further, since we know that
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we can apply that that (||a + b|| — ||a||)? < ||b]|* to obtain that

M 2
<|| Z wl =11 (xg —u)ll) = X0 — X |2,
m=1

and so

M 1 M ,
v |Z<Xm—u>|] <5 D E[IXE - Xwl?].

m=1 m/=1

And, since we assume that | X,,,|| < Rg, HX(n,l/) — Xy || € 2R3, which leads to

M
v H > —u)l} < 2MRj,
L m=1
from which it follows that
v H L Z Xyl < 22
AN =T
O
Theorem 23. With probability at least 1 — 6,
M
2R K
— —E, [t(X < Ke(d) + )
where €(0) is the solution to
Ké?
5= — ) 5
P < ARZ/M + 4R26/3> )

Proof. Letdy, = - M #(xF) — Eq, [t(X)]. Applying Bernstein’s inequality immediately gives

us that
K

P LS (ldulls — Elldlla) > | < exp (—oyiot
K k2 kll2) > €| < exp 207 1 203 )

k=1
Here, we can bound o2 by

K

2 2
_——EU_——EV dill2 — E||d ———E'\\/ d < —=
K e k K (k|2 [ d]|2] K e [ldkll2] < M

where the final inequality follows from Theorem 22. We also know that ||dx|| < 2Ry = ¢, from
which we get that

1 & Ké?
— dill2 — El||d < — .
g D sl ~ | k||2]>e] < oo (1)

So we have that, with probability 1 — &

A

1 K
= 2 ldellz ~Ellldells] < €(9)
k=1

K

1

e Do ldllz < e(6) +Ellldill2]
k=1

2R,
/_M )

where the final inequality follows from Theorem 21. o

< €(0) +
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Corollary 24. If M > 3K/ log(}), then with probability at least 1 — 6,

i X))l < 2R, (%m%).

WMN ,

Proof. Solving Equation 5 for € yields that

2R 1 1\? 9Klog1i

Now, suppose that 35 < log 1, as assumed here. Then,

2R 1 1\? 1
e(d) < 3—; logg—i-\/(logg) +3(1og5)2)
2R 1 1
< 222 (log = +2log(~
< 222 (tou g+ 2107))
_ 2R 1
- K %%

Substituting this bound into the result of Theorem 23 gives the result.

Now, we can prove the main result.
Theorem 25. With probability at least 1 — 6, at long as M > 3K/ log(%),

K 2
1 . SR2 L||6y — 6*||2 1 K
f<?;9k>—f(9 <2 (Tﬂog \/_—I—KCa .
Proof. Applying Theorem 10 gives that
1 & L
* * 2
f(EI;%)—f(e) < 5 (6o =672 +24K)",
for Ag = + 50, [lex |, where

M
Zt D = T4+ M1 — ' (0k-1)

>t} Ep,, [((X)].

i=1

Sis

e =

<.
—

<l=

Now, we know that

K K M

1 _
Z”ekH SZHMZt(‘Tf Eq._ 1 HQ—’—Z”E% 1 Epk—l[t(X)]H2'
k=1 k=1 i=1

We have by Lemma 17 and the assumption of mixing speed that
[Eqi_, [H(X)] = Epy_, [E(X)][l2 < 2Rzlgr—1 — pr—1llry < 2RyCa”.
Meanwhile, the previous Corollary tells us that, with probability 1 — &,

M

ZII—Z ) - Eqm[t<X>]|2s2R2(¢£M+1og§)

i=1
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Thus, we have that

f<%;9k>—f(9)

IN
)

L 2 K 1 2
_K (|6‘0—9 ||2+ (2R2 (\/—M'i‘lOg g) +2R2K0a”)>

L ARy [ K 1 A\
= ﬁ(|90—9|| t (\/—M—l—logg—i—KCa ))
_ 8R3 [ L|6 — 0% 1 K O\
= KL( 1R, +10g5+m+KCa .

O

Now, what we really want to do is guarantee that f ( % Zszl 0r ) — f(6*) < ¢, while ensuring the
the total work M Kv is not too large. Our analysis will use the following theorem.

Theorem 26. Suppose that a,b,c, o > 0. If 1 + B2 + B3 = 1, 51, B2, B3 > 0, then setting

a’ ab v, 085

K=o M= Gmd = Cloga

2
is sufficient to guarantee that % (a + b% + Kcoﬂ) < e with a total work of

1 a4b2 10g [51(}526

KMy = a1~ Tloga)”

Proof. Firstly, we should verify the e bound. We have that

K a® fi1fae | a® 51536
a+b—=+Kca" = a+b_g 4+ —
vM 51 ab Bl
Pr, B3
a+t+a—= +
BB
and hence that
1 K 2 2
il b—— + Kea? = — |14+ =
K(a—i— —M—i— ca) K(—i— + )
= Eﬂ—%(ﬁl-i-ﬁz-i-ﬁs)
< e
Multiplying together th terms gives the second part of the result. O

We can also show that this solution is not too sub-optimal.
Theorem 27. Suppose that a,b,c,aa > 0. If K,M,v > 0 are set so that

2
—(a—i—b\/IL—I—Kca) < ¢, then

atb? log &
€3 (—loga)’

KMuv >

Proof. The starting condition is equivalent to stating that

\/_ +\/_ca < +e.
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Since all terms are positive, clearly each is less than y/e. From this follows that
2

K > £
€
2.2

mo>
€
log 4

> =<
© T Floga)
Multiplying these together gives the result. O

Theorem 28. If D > max (||6p — 6*||2, % log +), then for all € there is a setting of K Mv such
that f (% Zszl Gk) — f(6%) < €y with probability 1 — § and

. _B2LR3D' | ADR,C
= BIBZE(L—a) F Bibses

LR2D* 1
O 3& log —
€ f(l —a) €f
A LR3D* .
e}l -a)
Proof. So, we apply this to the original theorem. Our settings are

_ 8R3 (L|6o —0°]l2 1 K 2
o, | — £(6) 7B g s 4 — 4+ K .
<KZ k) KL( T, tleg+ =+ KCa

T
= _— 1 —
iR, 985

KMv

= 1
c = C
el
SR2

Note that, by the definition of D, a < 5% and so ac < LDC . Thus, the total amount of work is

1 a%p? log B1Bse
Bip3 € 1oga

1 a*b?log B ,336

B S —loga

LDC
< 1 l 2 ! 1Og B1B32Rz€
= B2 e3 \ 2R, log a
ﬁl 2 g

LDCSR;
_ 1 8°R§ (LD)4 log 5 meT

B153 63»L3 2R, log o

C
1 32LD*R3log 52

BiBs € log o
. _BULD'R; | ADRC
= BIBA(—a) ° BiBse
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12 Strongly Convex Convergence

This section gives the main result for convergence this is true both only in the regularized case where
A > 0. Again, the main difficulty in this proof is showing that the sum of the norms of the errors
of estimated gradients is small. This proof is relatively easier, as we simply bound all errors to be
small with high probability, rather than jointly bounding the sum of errors.

Lemma 29. With probability at least 1 — 6,

R / 1
H6k+1||2 < \/QM <1 + 210g g) + 2RQCOLU

Proof. Once we have the difference of the distributions, we can go after the error in the gradient
estimate. By definition,

1 M
lew+1llz = Il 57 D t@k) = Epy, [H(X)][l2
=1
1 M
<57 Zt(xf) — Eq, [t(X)]]I2

+ [ Egy [H(X)] = Epy, [E(X)]]]2-
Consider the second term. We know by Lemma 17 and the assumption of mixing speed
B, [E(X)] = Ep, [H(X)]ll2 < 2Ralgx — prllry < 2RyCa”. (©)

Now, consider the first term. We know that E,, [¢(X)] is the expected value of 4 Zﬁl t(zk). We
also know that |[t(zF) — E,, [t(X)]|| < 2Rs. Thus, we can apply Theorem 15 to get that, with

probability 1 — 4,
M
1 k R2 / 1

Adding together Equations 6 and 7 gives the result. O

Theorem 30. With probability at least 1 — ¢,

« N . L Ry K v
— < — — — — — —
0k — 072 < (1 L) 60 — 072 + h\ (\/ oM <1+\/21og 5 +2RyCa

Proof. Apply the previous Lemma to bound bound on ||e 1|2 with probability at least 1 — ¢’ where
4§’ = §/K. Then, plug this into the main optimization result in Corollary 13. O

Theorem 31. Suppose a,b,c > 0. Then for any K, M, v such that v a + \/LM’ /log % +ca® <e.
it must be the case that

b2 log 2 log < ( log ¢ )
KMuv > — < = log €
& (“logy)(—loga) & \ 5(~log )
Proof. Clearly, we must have that each term is at most €, yielding that
log =
logy
b2 K _ b log £

K >

> —= —_ > —
M =z €2 log § — € 10g510g'y
log(c/e)
v =AY
(—loga)
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From this we obtain that
2 oo 2] log &
KMv > —b 08 ¢ og(c/e) lo ( 08 ¢ _>.

2 (log1)(—loga) " \8(—log)
O
Theorem 32. Suppose that a,b,c,c > 0. If 1 + B2 + B3 = 1, B; > 0, then setting
a
K = log(=—)/(—lo
&(52)/ (= log)

2
b2 / K

v = log (i) /(—loga)
Bse
is sufficient to guarantee that Y% a + \/LM (1+4/2log %) + ca’ < e with a total work of at most

1o () o () s
KMV < 14 4/2log —— 2
285 (—logv)(—loga) & 5(—log)
Proof. We define the errors so that
VKG = 3
b / K
—(1 2log —) =
m( + 0og 5) 6ﬁ2
ca’ = ¢€fs3.
Solving, we obtain that
a
K = log(—)/(—1lo
g( Ble)/ (—logv)

2
b2 / K

v o= log(é) /(—loga).

This yields that the final amount of work is

log () ow (55) w2 (| 210 1B
(—logv)(—loga) €2f3 o(—log~)

2

KMv

O

Remark 33. For example, you might choose 8, = 3,31 = } and 83 = 1, in which case the total
amount of work is bounded by

4b* log (32) log (%)
e? (—logv)(—loga)

4p? (log (£) +log4) (log (%) + log4) \/ . log(2) +1log4 ’
€ (—log7)(~loga) <1 TS (o)

2
log(42)

KMuv S e/
§(—log~)

14 4/2log

Or, if you choose 3 = 1/v/2 and ) = 33 = (1 — 1/4/2)/2 ~ 0.1464, then you get the bound of

2
op2 (log (2) + 1.922)(log 7 | +1.922) log(2) & 1.922
KMV < = (%) 14 [210g 28E) £ 1922
€ (—logv)(—loga) d(—1log7)

which is not too much worse than the lower-bound.
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Corollary 34. If we choose

K

Y

Log [[60 — 6|2
A 516
L?R K ’
2 /
> —— -
M > 26255)\2 <1+ 2log 5)
v > 1 o 2LRyC
1—a ® B3€eA
then |0k — 0*||2 < € with probability at least 1 — §, and the total amount of work is bounded by
2
1 (L\° R 160 — 6]l L 160 — 012
< _ = = 70— 7h2
KMU_62 (/\) 25%(1_a)10g( Gre 14 4/2log )\510g Bre

Proof. Apply the previous convergence theory to our setting. We equate

A L Rs K b K
1- YK |10g—0*||o+= —= [1+4/2log — 2 v =Ko+ ——(144/21log — v,
( L) 160 ||2+/\< 2M<+ og5>+ R20a> va—l—m(—l— og6)+ca

This requires the constants

A
= 1——
v L

a = |6o—0|2

L [R,
b o= 242
V72

¢ = 2LRx,C/A
Thus, we will make the choices

K = log(

a

516)/(— log )

o =21 -

|00 — 9||2)
Bie

2
b? / K
L?R K ’
2
22BN < TyEs 5)
v = lo (i)/(—lo )
g Bae g

2LR5C
g (252C ) /(- toga)

1 o 2LR>C
11—« & ﬁ36)\
This means a total amount of work of

2
L 160 — 0|2 L’R, L 160 — 6]]2 2LR,C
KMv = = 3 log( Bre )262[33)\2(1 ) 1+ 4/2log % log Bre log ok

2
L\? R 160 — 0|2 L 1600 — 0|2
(X> 263(1 — a) tog ( Bi1e ) Ly 2los (E tog ( Bi1e ))

O

< log(

L
= log(

IN

1
2
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