Supplementary Material for Provable Tensor Factorization with
Missing Data

A Proof of Theorem 2.1 for Initialization Analysis

We prove the following bound on the spectrum of random tensors:

lelim vl =l (Pa(T) = pT)[z,y.2] < CTax(logn)® \/(n1nzns)t/2p.
z,y,z,||z||=|yl=|z||=1

Here we prove the theorem for general case where 7" is not symmetric and might even have
different dimensions n1, no and ng. Inspired by [24, 20], our strategy is as follows:

(1) Reduce to x,y, and z which belongs to discretized sets §n1, §n2, and 5'”3;
(2) Bound the contribution of light triples using concentration of measure;

(3) Bound the contribution of heavy triples using the discrepancy property of a random tripar-
tite hypergraph.

Define a discretization of an n-dimensional ball as

3, = {xe{jﬁz}" el <1}

such that S, C S,, = {x € R : ||z < 1}. Later we will set A to be a small enough constant.
Lemma A.1 (Remark 4.1 in [20]). For any tensor A € R™t*"2X"3
1

max Az, y, z] < max —Alx,y, 2
LESn, YE Sy, TESny [2,y,2] < 2€8n, ,yESn, ,wE€Sn, (1—-A)2 [, 7]

It is therefore enough show that the bound holds for discretized vectors all discretized vectors z, y,
and z. One caveat is that such a probabilistic bound must hold with probability sufficiently close to
one such that we can apply the union bound over all discretized choices of z, y, and z. The
following lemma bounds the number of such choices.

Lemma A.2 ([20]). The size of the discretized set is bounded by |§n\ < (A / 1()) "

A naive approach to upper bound (Pq(T) — pT)|x, y, z] would be to consider it as a random
variable and apply concentration inequalities directly. However, this naive approach fails since z, y
and z can contain entries that are much larger than their typical value of O(1/4/n). We thus
separate the analysis into two contributions, and apply concentration inequalities to bound the
contribution of the light triples and use graph topology of the random sampling to bound the
contribution of the heavy triples. Define the light triples as

.. €

Heavy triples are defined as its complement £ = {[n1] x [na] x [n3]} \ £. Later we will set the
appropriate value for ¢ = ©(p,/ninans). We can then write each contributions separately as

’(PQ(T)—PT)[%Z/,Z]‘ < ‘ Z (PQ(T)ijkxiyjzk)_pT[xvwa]""‘ Z PQ(T)ijkxiyjzk(F)

(i,4,k)€L (i,4,k)EL

We will prove that both contributions are upper bounded by CT}ax (log n)2 1/ (n1m2n3)1/2p with
some positive constant C forall x € S,,,, y € S,,, and z € S,,,. The bound on the light triples
follows from Chernoff’s concentration inequalities. The bound on the heavy triples follows from
the discrepancy property of random hyper graphs, which implies that there cannot be too many
triples with large contributions. Theorem 2.1 then follows from Lemma A.1 with an appropriate
choice of A = O(1).

10



A.1 Bounding the contribution of light triples

Let Z = Z(i,j,k)eﬁ (Pg)(T)ijkxiijk) —pTlx,y,z| forsome x € Sy, y € Sp,, and z € Sp,,.
We claim that

meax\/ ninans 271max\/g
]P’(Z — =+t 7> < —t .9
> Ve +t(ny +n2 + ns3) AiTiaTs < exp{ (ng +ng + ns)} 9
‘We first show that the mean of Z is bounded as
E[Z]] < 2p T | 205 (10)
€

The mean can be written as
]E[Z} =p Zﬁ Tijkxiyjzn — D Z[nl]x[ng]x [n3] Tijkxiyjze = p ZZTijkxiyjzk- Using the fact that
for heavy triples |Tink2;y;zk| > Tmaxy/€/(n1nang), the expected contribution is then bounded by

‘ 3 Tijkxiyjzk‘ < Y R

_ _NTijeiy; 2
(i,5,k)EL (i,5,k)EL
Vninang 2 2.9 2
7Tmax\ﬁ Z Tineiy; 2,

(i,3,k)EL

Tmax\/ ninans

Ve '
We next show concentration of Z around item mean. Let A = |/minons/ (2T max/€) such that

[ATjk2iy; 2] < 1/2forall (4,7, k) € L. Then,
eMikeivize — 1 < XNTjraiyszr + 2M(Tijpwiy; ).

N

E[e*”] exp{-ApTlw,y,2]} [] (1—p+perTneass)
(3,9,k)EL
< exp{-ApTlz,y. 2l [] (1 +pOTywziyize + 20 (Tijeaiy;ze)”))
(i,5,k)EL
< exp{p) Ajrwiyjzn — ApTle,y, 2l +p Y 2N (Tijewiy;z)’ }
z z
< exp {)\E[Z] + %} .

Applying Chernoff bound P(Z — E[Z] > t) < E[e*?]e*FIZI=2 this proves (9). Note that the
deviation of —Z can be bounded similarly. We can now finish the proof of upper bound on the
contribution of light triples by taking the union bound over all discretized vectors inside the ball.
Setting t = 21og(20/A) in (9), we get

meax\/ ninans 2Tmax\ﬁ
— Y _— =~ +2log(20/A 7)
Ve + 21log(20/A) (n1 + ng + n3) NG

IP( _ max E Tijrwiyize — p Tz, y,2] >
xES,Ll,yESnZ,ZESng (i,j,k‘)Gﬁ

<9 6(n1+n2+n3) log(20/A) 672log(20/A)(n1+n2+n3)

< 26—(n1+n2+n3) log(20/A) )

Since p = €/,/n1nang, this proves that the contribution of light triples is bounded by C Tax+/€
with high probability.

Note that for the range of p = ¢/n?, the contribution of light couples is bounded by C Tyax+/€/n.
However, even in this regime of p, the contribution of heavy triples is still (1), which dominates
the light triples by a factor of \/n. This is the reason for the choice of p = O(e/n!?).
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A.2 Bounding the contribution of heavy triples

The contribution of heavy triples is bounded by

‘ Z Tijkxiyjzk‘ < Thax Z |xiyjzk|.
(i.5.k)EL (4,5,k)EL

In the following, we will show that the right-hand side of the above inequality is upper bounded by

> lwyzl < CVe(logn)?,

(i.5.k)EL
for some positive numerical constant C' > 0 with probability larger than 1 — n 2.

We consider a hypergraph G = ([n1] X [n2] X [ns], F) with undirected hyper edges, where each
edge connects three nodes, each one from each set [n1], [n2], and [n3]. Given a sampling of entries
in a tensor, we let the edges in G denote the positions of the entries that is sampled. The proof is a

generalization of similar proof for matrices in [24, 25, 20] and is based on two properties of the
hypergraph G. Define the degree of a node as the number of edges connected to that particular
node such that deg, () = |{(, j, k) € E}|, and similarly define deg,(j) and degs(k). Define the
degree of two nodes as the number of edges connected to both of the nodes such that
deg5(i,j) = |{(¢,4, k) € E}|, and similarly define deg,(i, k) and degqs(J, k).

1. Bounded degree property. A hyper graph G satisfies the bounded degree property if the
degree are upper bounded as follows:

degy(i) < &opmnang  foralli € [n4],
degy(j) < &opmins  forall j € [no],
degs(k) < &opmning forallk € [ng],
degi5(i,7) < & (pns+logng) foralli € [n],j € [na],
degq5(i, k) < &o(png+logng) foralli € [ni],k € [ng],
degos(j, k) < & (pni+logng) forall j € [ngo], k € [na] , (11)

for some positive numerical constant £, > 0 (independent of nj,ns,n3 and p) where
p = |E|/(ninans).

2. Discrepancy property. A hyper graph G satisfies the discrepancy property if for any subset
of nodes A; € [n1], A2 € [n2], and A3 € [ns], at least one of the following is true:

€(A17A27A3) S glé(Al,AQ,Ag,) (12)
e(Ay, Ay, A en on on
e(Al’AQ’AS)m(W) < Gmax {lAilin () el in (7)ol tn (T

for some positive numerical constants &1, &> > 0 (independent of n1,ny, n3 and p). Here,
e(A1, Aa, A3) denotes the number of edges between the three subsets A;, A5 and A3, and
€(A1, Ay, A3) = p|A1||Az||As| denotes the average number of edges between the three
subsets.

We first prove that if the sampling pattern is defined by a graph G which satisfies both the bounded
degree and discrepancy properties, then the contribution of heavy triples is O(+/€). Notice that this
is a deterministic statement, that holds for all graphs with the above properties. We then finish the
proof by showing that the random sampling satisfies both the bounded degree and discrepancy
properties with probability at least 1 — n =5,

We partition the indices according to the value of corresponding vectors:

w _ A 1o AL
Aj = {Z € [nq] : n12 || < —n12 }
(U) — . . A v—1 < A v
Ay = {]E[ng] : n22 \y7|<—n 2 }
w A A,
AW = {ke[ng] - =2 Jor] < =2 }
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foru e {1,...,[logy(/ni/A)] + 1}, v e {1,..., [logy(y/n2/A)] + 1}, and
w e {1,...,[logy(y/n3/A)] + 1}. We denote the size of each set by al(“) = |A7(“)| We use ey
to denote the number of edges between three subsets A§“), Ag’), and A:(,,w), and we use
Cuvw =P a(lu)ag))
Ag“) ’s cover all non-zero values of the entries of x, since, with discretization, the smallest possible
positive value is A/,/n. The same applies to the entries of y and z.

agw) to denote the average number of edges. Notice that the above definition of

Z |xiyj2k| - Z |ﬂcz‘yj2k|
e (6,5.%):|wsy; 20| >/ e/ (ninans)
Z e ﬁ A2V A2¥
uvW .
(u,v,w):2uFvHw >8./c /A3 N RV RV

Ouvw

<

Note that since ) _,, agu)Qz(ufl)Az/nl < ||z]|? < 1, we get that

ai” < (/AN
ay’ < (ng/A%)272070)
al” < (ng/A%)272w-1) (14)

The contributions from various combinations of (u, v, w) utilize various subsets of our
assumptions. We prove that in each case the contribution is O(+/€(logn)?) as follows.

Casel. For (u, v, w) satisfying the first discrepancy property (12) : eypw < &1€uvw-
In this case, using (14) and the fact that p = €/, /n1nans,

(W) (v) (w)A32u+v+w

w <
Zauvu = glpal Gg Qg3 \/W
< 04&pyninams
- A3utvtw
< 1661Ve(logn)?
where n = max{nj,no,n3} and in the last inequality we used the fact

that we are summing over heavy triples satisfying A32utv+tw > 8./e, and
Z(u,u,w):Q“Jr”erSS\/E/AS 27(u+v+w) <2 10g2( \ ’le/A) 10g2( \% nQ/A) As/(g\/g)

Case2. For (u, v, w) satisfying the second discrepancy property in (13).

Case 2-1. For (u,v,w) satisfying In(eypw/Cuvw) < (1/2) ln(eng/aé“’)) =
(1/4)(In(ens/(a§”'22%)) + In(22%)).
Case 2-1-1. When In(22%) < In(ens/(a{"’22%)), we have In(ewpw/Euvw)
ln(eng/(agw)ZQ'”)), which gives

A

Cuvw S enSéu,vw/(a:(gw)22w)
< eagu)aév)n3p2_2w
166 —2(u+v+w
< F?’?qﬂgﬂgp? 2(utvtw)

It follows that Y 0w < (16/A)py/ninanz2= 4 v=% < 2A2/e(logn)? using
the fact that we are summing over heavy triples.

Case 2-1-2. When In(22%) > In(ens/(a{"’22")), we have In(€yvw/Euvw) <
In(2v).



Case 2-1-2-1. For v/eeypy > 29TVTYE ., it follows that 24T < /e
Since we are in the case where the first discrepancy does not hold, i.e.
euvw > &1€uuw, and the the second discrepancy property holds, we have

Cuvw S Cuvw ln(euvw/éuvw) S §2a§w) ln(en:s/a;(;w)) S 2§2a§w) ln(22w) Then,

3outv+w
() 1, (g2u) D72
2.0 2 260" n(2) N
< Z 8 A /n32% Y In(2v)
\/11Nn2 2w
<

8AE2 /%mogxwﬁm) logy(v/n3/A)

which is O(v/e(log n)?\/(n3/(n1n2)))
Case 2-1-2-2. For y/eeypy < 2¢T0FeE

wo

Qutvtwy, agu) agv) a:())w) AB39utv+w

Ouvw <

> > NG e
- \/E a(lu)aév)(lgw) A322(u+v+w)
- A3 n1NonN3
< Ve

g el Iyl 112117
which is O(\/e).
Case 2-2. For (u, v, w) satisfying In(€,uu /€uow) > (1/2) In(ens/a$™).

Case 2-2-1. For 2¥tv < ninse/nz2", we know from the condition
In(eypw /Euvw) > (1/2)1n(en3/aéw)), that e, < 2£2a§w). Then,

3 < Y (w) 2T AR
G = M g
< A2u+v—w n3
< 2852 .
< 8&AVelogy(y/ni/A)logy(v/nz/A) |

which is O(y/e(logn)?).
Case 2-2-2. For 2“7 >\ /ninse/nz2"

Case 2-2-2-1. For (u,v,w) satisfying bounded degree property with
degq5(%,7) < &opns, we have ey, < ajaséopns. Then,

16506 o
uvw S 2w umv
Z o A

m mfﬁﬁ logy(v/2/A) logy(v/nz/A)
which is O(v/ey/n3/(n1n2)(log, n)?).

Case 2-2-2-2. For (u,v,w) satisfying bounded degree property with
degq5(%,J) < &ologns, we have ey, < a1a2éylogn.

16&p logng2® ==Y  [ning
S <y ols

16&p1
< R by /) oy (2 /A)

which is O((1/+/€)(logn)3).

14



For € > log n, this proves that the contribution of the heavy triples is O(y/e(log n)?).

We are left to prove that the bounded degree and the bounded discrepancy properties hold for a
random tripartite hypergraph G = (V3 U V4 U V3, E) where each edge is selected with probability
p. Precisely, let n = max{|V4],|Va|, |V3|}, then the following lemma provides a bound on the
degree and discrepancy, with high probability.

Lemma A.3. Forany§ € [0,1/e] andp > (1/n?)logn, there exists numerical constants C,C' > 0
such that a random tripartite hyper graph satisfies the bounded degree property: for all i € Vi,

jE€Vo,andk € V3,

degy(i) < 2pnans+ gl(’g 3%;1
degy(j) < 2pning + glog %
degs(k) < 2pning + glOg 3%;3
degy5(i,j) < 2png+ % log 3n(1$n2
degy5(i, k) < 2png + glog 3n(15n3
degys(j, k) < 2png + glog 3n§n3

and the bounded discrepancy property: for all subsets Ay C V1, Ay C Vo, and A3 C V3, at least
one of the following is true.

(A1, Az, As) < Ca?é(Ay, As, As) (1 n ln(l/é)) . or

pn?
e(Aq, A, A3) , o eny eno ens
A, Ay, As)ln ([ ————=—2) < In — Ailln — | |As|In —= , |A3]|]
e(A1, 42, 4s) n(é(Al,AQ,A3)> s ¢ ( " *max{‘ il s Al Inmen s 14| n|143|}>’
where ni = V1|, ng = |Va|, n3 = |V3|, n = max{ni,ng,ne} and a = maxn;/n;.

Now, for the choice of § = n~5, the bounded degree and discrepancy properties in (11), (12), and
(13) hold for random tripartite hypergraphs. This finishes the proof of Theorem 2.1.

A.3 Proof of the bounded degree and discrepancy properties in Lemma A.3

We first prove the bounded degree properties of (11) hold with probability at least 1 — . Applying
standard concentration inequality, e.g. Bernstein inequality, we get that for some positive constant
4 >0,

(1/2)(pnans + (8/3) log(3n1/4))

P ( " (1/3)(pnens + (8/3)log(3n1/3)) + nansp(l — p>)
< e—log(3n1/6) ,

IN

for n sufficiently large, and taking union bound over all choices of 4, j and k, deg; (¢), deg,(j), and
degs(k)’s are uniformly bounded with probability at least 1 — §/2.

Similarly, we can apply concentration inequality to bound for some positive constant § > 0
(1/2)(pns + (8/3) log(3n1na/9))*

exp - (1/3)(pns + (8/3) log(3n1n2/3)) + nap(1 — p>)
< e log(3nina/6) )

3n(15n2 )

IN

8
P( degys(i. ) < 2pna +  log

Applying the union bound over all choices of (¢, j), (¢, k) and (4, k), we get that the bound holds
uniformly with probability at least 1 — §/2.

Next, we prove that the random hyper graphs satisfy the discrepancy properties of (12) and (13).
For any given subsets 41 C [n1], A3 C [n2], and Ay C [ng], let ay, as, and ag denote the
cardinality of the subsets, and €(A1, Aa, A3) = pajasas.
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Let’s assume, without loss of generality, that a; < as < a3. We divide the analysis into two cases
depending on the size of the smallest subset. When at least two of the subsets are large, i.e.
as = Q(n) and az = Q(n), then by bounded degree property, we can prove that (12) holds.
However, when a; and as are small, e.g. O(1), then the first discrepancy no longer holds, and we
need a different technique to show concentration.

Case 1. When a; > n;/e.
From the bounded degree property, we know that deg; (i) < 2pnang + (8/3) In(3n1/4). Then,
e(A1,A2,43) < a1(2pnang + (8/3)In(3n1/4))
< ai(5pnang + (8/3)In(1/6))

In(1
< baipnons (1 + M)
pnang
S 562 Oézé(Al,Ag,Ag) <1+ M) .
pnang

Case 2. When a; < n1/e.
We use the following bound on sum of indicator variables deviating from the mean :
P(e(Ar, As, A3) > te(Ar, As, Ag)) < e (M/3)etnt (15)

where we denote é(A;, Az, As) by €, which holds for ¢ > 4. For the bound holds with probability
at least 1 — §, we require

e—(1/3)etInt (m) (n2> <”3> < g 7
ay az as ningng

where the term 1/(nin9n3) is chosen to compensate for the union bound over all choices of a;, as
and a3. Simplifying the combinatorial terms, we get

e—<1/3>a1nt<@)‘“ (%) (%)“SGman/a) < 1.

ay az as
Equivalently,
artn () +aptn (S2) 4 aghn (22 4 (M) < etint
a ao as 5 3

We assumed that a; < n4 /e, and since x In(ny /x) is monotone in = € [1,n4/e], we know that
ayIn(eny/ar) > Inny.

2

etInt
4a1 In (ﬁ) 4+ asIn (@> + aszln (%) + In (a—> < amn .
ax az as ) 3

To lighten the notations, let’s suppose a; In(en/a1) < agIn(ens/as) < azln(ens/asz). Lett’ be
the smallest number such that (3/€) (6as In(ens/as) + In(a?/8) ) =t'Int'.

For the regime of parameters such that ¢’ < 4, then e(A;, Az, A3) < 4e(A;, Az, A3) with
probability at least 1 — ¢ the bounded discrepancy condition, in particular the first one, holds.

For the regime of parameters such that ¢’ > 4, we can apply (15) to get that with probability at least
1 — 9, the following holds uniformly for all choices of Ay, A5, and As:

e(Ay, As, A3) < t'e(Aq, Ag, A3) .
Since we defined ' to satisfy &’ Int’ = 18a3 In(en3/a3) + 31In(a?/§), we have
e(Ay, Ay, A3)Int’ < 18azIn(ens/az) + 31n(a?/s) .
As t" upper bounds e( A1, As, A3)/€, we have

e(Ala AQ, A3)

6(141, AQ, Ag) ln (m

) < 18azIn(ens/as) + 31n(a?/s) .
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A.4 Proof of Thresholding

Lemma A4. Let ug, 1 < £ < r be such that [|[uy — ujllz < a where o < 1/4. Also, let uj,1 <
£ < r be p-incoherent unit vectors. Now define Uy as:

(i) = uy(4) iflue(i)| < <4
‘ sign(ug(i)) I if lue(i)] >

Also, letuy = ug/|[ugll2. Then, ||uy — uj||2 < 3a V1 < £ < r and each uy is 2ji-incoherent.

T
B
T

Proof. As |[u|lec < f,
1 —a < |Jugll2 < 1. Hence,

hence ||uy — uj|l2 < ||lug — uj|l2 < «, V4. This also implies that

~— —~ 1
Hll[ - uz”2 < ||uf - uZHQ + <~ — 1) < 3a.
([l

h p 2p
Moreover, |||l < Jrti—ay < o Hence proved. O

B Alternating Minimization Analysis

B.1 Main theorem for rank-two analysis

In this section, we provide convergence analysis for Algorithm 1 for the special case of a rank-2
orthonormal tensor 1" with equal singular values, i.e. 7' = u] ® u] ® uj + uj ® u; ® uj, where
uj,u} € R™ are orthonormal vectors satisfying p-incoherence, i.e., |[u} || < p/+/n. The purpose

of this example is to highlight the proof ideas and we fix o1, o2 to be both one at each step of
Algorithm 1 for simplicity. The following theorem proves the desired linear convergence. Let

[u!, ub] denote the current estimate at the ¢-th iteration of Algorithm 1. For brevity, we drop the

superscript indexing time and let [uy, us] denote [uf, ul] whenever it is clear from the context.
Theorem B.1. Ifu; and us are 2u-incoherent, then there exists a positive constant C' such that for

p > C1llogn log " the following holds (w.p. > 1 —log(1/¢€)/n®):
1
doo ([ur*, u5™), [uf, w3]) < 7 oo ([ur, ua], [uy, u3)),

where doo([ur, 2], [uf, ul]) = max; <i<o ||u; — ullla. Moreover, u'**, ubt! are both 2u-

incoherent.

Proof. We claim that with probability at least 1 — 1/n8,
* 1 * *
||1177§,Jr1 —ujflz < 1 doo ([u1, ua], [uj, u3)

for both i € {1,2}. This proves the desired bound. Incoherence of [u‘** u"*] follows from

Lemma B.2. Without loss of generality, we only prove the claim for i = 1. Recall that ﬁﬁ“ is the
solution of the least squares problem in Step 11 of Algorithm 1, and can be written as

G (f) = >k Gijrur () ur (k)ui (j)uj (k) 22k Oigrwa () ua (K) (u3 () us (j)us (k) — u(i )112(3)112(@)'

t > S m ) ()2 T S B (w0 (7))2 (ur ()2

(16)
Note that the update that can be written in a vector form:
W = (g, up)?ag + (g, ug)?u — (ug,uz)®us + B ((ug,up)?B - C)uy
+B7((uy,u3)?B — F)uy — B~ ((u1, u2)?B — G)uy, 17

where B, C, F, G are all diagonal matrices, s.t.,

By =Y (i ()’ (wi(k)?, Ci =Y S (j)wr (k)i (j)ui (k),
jk jk

Fy = Z Sijrur (fur(k)uz(jus(k), Gi = Z6,;jku1(j)u1(k)u2(j)u2(k) . (18
jk jk



Let it — (uy,ui)?uf = err® 4 err! + err?, such that

err = (uy, u3)?ul — (uy, uz)?uy,

err' = B ((uy, u})?B — O)u*,

err? = B ((uy, u})?B — F)uj — B~'({(u;,u)?B — G)uy . (19)
We separate the analysis for each of the error terms. Using Lemma B.3, we have:

lerr®[l2 < 4doc ([us, 2], [ug, u3)) uz — 3|2 (20)

Setting p > C“jzlfﬁjz” for a y to be chosen appropriately later and using Lemma B.7 and

Lemma B.5, we have (w.p. > 1 —2/n):

lerr![|> < %Hul _—t Q1)

Similarly, using Lemma B.4 and p > CElog”n o have (wp. >1—1/n°:

~2n3/2
gl
||err?|| gsm < lag — ullz. (22)
We want to upper bound the error:
B —uille <87 = (anup) i) + | ((an, up)? = Duils

Since 1 — (uy, uf)? = (1/2)||u; —uj||3, we have from (20), (21), and (22) that (w.p. > 1—10/n°):

2

=~ * u; —uj * * * *
(@ —ujll. < (1 j S + s 1||2)Hu1 —ujll2 + (87 + 4d s ([ug, ug), [ul,uz])> luz — a2 .

1—x
Setting v < 1/200 and for do ([u1, ug], [uj, us]) < 1/200 as per our assumption, this proves the
desired bound. O

B.2 Technical lemmas for rank-two analysis

The next lemma shows that all our estimates are 2j-incoherent, which in turn allows us to bound
the error in the above proof effectively. Note that the incoherence of the updates do not increase

beyond a global constant (24). Let 6% be obtained by update (16) and let ut™* = @™ /|G ||,.
Lemma B.2. Under the hypotheses of Theorem B.1, u’i“ is 2p-incoherent with probability at least
1—1/n°

Proof. Using (16) and the definitions of B, C, F', G given in (18), we have:

(Ciil VPl g |Gl 20 2

|Biil v/n~ |Bulv/n o |Bulv/n T yn’
where the second inequality follows by bounds on B;;, Cy;, Fy;, G4; obtained using Lemma B.5 and
the distance bound do ([uy, us], [uf, u3)). O

[t <

(23)

Next, we bound the first error term in (17).
Lemma B.3. Leru = u* +d" and v = v* 4+ dY, where u,u*,v,v* are all unit vectors and
u* L v*. Also, let ||d"||s < 1 and ||d”||2 < 1. Then, the following holds:

I(w, v¥)2v* = (u, v)*v|| < 4(][d"[|2 + [|d”]l2)]|d"]2.

Proof. Note that,

(u,v)? = ((u,v*) + (u,d))? = (u,v*)? + (u,d")? + 2(u, v*)(u,d’). 24)
Hence,
[, v)2v* = (u,v)2v 2 = [[(u,v)?d” — (u,d")*v* —2(u, v¥)(u,d”)v" |2,
< (u,v)2[[d” [z + [|d”[[* + 2[(a, v¥)[[|d”]|2- (25)
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Now, (u, v*) = (d%, v*) < [|d*]]2. Also,
(u,v)? < (u,v) = ((d*,v*) + (u*,d?) + (d*,d?)) < 2(||d“|| + ||d?||). Lemma now follows by
combining the above observations with (25). U

Now, we bound the third error term in (17). Note that although the two individual terms
(((u1,u3)?B — F)u} and ({u1,uz)?B — G)v) are both small, still it is critical to bound the
difference as the individual terms can be as large as a constant, even when u; = uj and up = uj.
However, the difference goes down linearly with ||ug — uj||2.

Lemma B4. Let B, C| F, G be defined as in (18). Also, let the assumptions of Theorem B.1 hold.
3 2
Also, let p > CEL8 1 \where C > 0 is a global constant. Then, the following holds with proba-

~Zn3/2 ’

bility > 1 — 4/n°:

1((ur, u3)*B — F)uj — ({u1,u2)* B — G)uz|l2 < 8v[uz — ul2.
Proof. Letug = uj + d¥ and u; = uj + df. Then,
((uy,12)?B — G)uy = ((ug, u2)?B — G)u} + ((uy, uz)’B — G)dy. (26)
Now,

Gi =Y dipwi (fur(k)us()us(k) = D digpwr () (k) (u3(5) + d3 (7)) (u3 (k) + d5 (k)
Jk jk

= S (G)w (k) (ui(i)uz (k) + dg (j)us (k) + us(j)ds (k) + ds (j)ds (k) = Fy + Dj; + D3 + D
ik
(27
Hence, using (24), and (27), we have:
((ur,u2)’B = G) = ((w1,u3)?B — F) + ((u, uz)(u;,d3) B — DY)
+ ({1, u3)(ui,d3) B — D?) + ((w1,d3)°B — D%)  (28)
Combining the above equation with (26), we get:
({1, u2)* B=G)us—({ur,u3)’ B~ F)us = ({1, u3)(u,d3) B=D")uz+({ur, uz)(u;, dy) B—D?)u;
+ ((u1,d%)?B — D*)u} — ((u,up)?B — G)dy.  (29)

Lemma now follows using Lemma B.7, B.8, and the above equation. O

We now present a few technical lemmas that are critical to our proofs of the above given lemmas.
Lemma B.5. Let u,u* € R" be p-incoherent unit vectors. Also, let 5,1 < j <n,1 <k <nbe

i.i.d. Bernoulli random variables with 5, = 1 w.p. p > Cp*log® n/(y% - n?).
Then, the following holds with probability > 1 — 1/n'0:

% > dru(i)u (GHulk)ut (k) — (u,u*)? < 5.
ik

where v < C/logn, where C > 0 is a global constant.
Lemma B.6. Let u € R"™ be p-incoherent unit vectors. Also, let a,b € R™ be s.t. |a;| < % and

allo < 1. Also, let 65,1 < j < n,1 <k < nbeiid Bernoulli random variables with 6, = 1
j j
3
wp.p = %

Then, the following holds with probability > 1 — 1/n10:

| % S deu(i)a(i)uk)b(k) — (w,a)iu, b < [b]o.
ik

where v < C/logn, where C' > 0 is a global constant.
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Lemma B.7. Let u be a fixed unit vector and let a, b, c be fixed vectors in R™. Also, let all u,a, b,ce

R"™ be s.t. their Lo, norm is bounded by - f and Lo norm is bounded by 1. Also, let p > > < ”

where C' > 0 is a global constant. Then the following holds (w.p. > 1 —2/n10):
|| (<u7 CL> <11, b>B - R>c||2 < ’Y\/l - <u7 a>2<ua b>2a

1% (log® n)
2 n3/2

where B, R are both diagonal matrices with B(i,i) = Il) >k Sijk(u(g))?*(u(k))? and R(i,i) =

LS e dgeu(i)ulk)a()b(k).

Lemma B.8. Ler u be a fixed unit vector and let a,b be fixed vectors in R™. Also, let all u be

p-incoherent unit vectors, and a be such that ||a]| o < % and ||al|2 < 1. Also, let p >

Cu®(log?® n)

Z T s
where C' > 0 is a global constant. Then the following holds (w.p. > 1 —2/n10):
1({u, a)(u,b) B — R)||2 < 27][b]|2
where B, R are diagonal matrices s.t. B(i,i) = %ij Sije(u(f)?(u(k))? R(i,i) =
% ij dijeu(j)u(k)a(s)b(k).
B.3 Proofs of Technical Lemmas
Proof of Lemma B.5. Let X, = l5]-ku(j)u*(j)u(/f)u*(k:). Xj| <tz Also,
4
. *( * o
Zka , Z u(5))*(u* ())*(u(k))* (u* (k) < o
7k
Hence, using Bernstein’s inequality, we have:
pn® 22
P — t) < . .
7““%: ik Z sl > 1) < exp(== - 1)
Lemma now follows by selecting ¢t = C / log n. O

Proof of Lemma B.6. Let Xjj, = l(5jku(j)a(j)u(k)b(k). Note that, | X ;5| < %. Also,

4 2 3 2
LS5 (at)? k) 200 < L < 0

ik

B

Hence, using Bernstein’s inequality, we have:

n'-® 2/2
Pr(|y_ X —E[Y_ Xl > 1) < exp(-2—. / ).
jk jk

P

p®|IDlI3 + [10llat /3

Lemma now follows by selecting t = ~y||b]|2.

Proof of Lemma B.7.

((u,a){u,b) B - R)c pZ%kCZ u, @) (u, b) (u()*(u(k))* — u(s)u(k)a(j)b(k))

ijk

where Z,;, = %&jkci((u, a)(u, b)(u(5))?(u(k))? — u(j)u(k)a(j)b(k))e;. Note that,

2
||Zijk 7E[lek]”2 S p \/1 — 11 a 2 < ")/\/1 — 11 CL> <11, b>2,

asp > %‘zgm”) Also,

1Y EZ5uZigellle = II* D e () (u(k)? ((u, @) (w, byu(s)ulk)—a(5)b(k))?||2 <

ijk ’ij)

20
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Hence, for p and v mentioned above, we have:
1Y (25 Ziklll2 < (1 = (u,a)*(u, b)%).
ijk

Lemma now follows by using Bernstein’s inequality and the fact that ), ik Zigk = 0. (]

Proof of Lemma B.8. Consider the i-th element of the diagonal matrix ((u,a){u,b)B — R) =
(u,a){u,b)B(i,i)— R(i,i). Now, using Lemma B.5, | B(i,i)| < 14+~ w.p. > 1—1/n!. Similarly,
using Lemma B.6, | R(i,4) — (u,a)(u, b)| < ~|/b||2. Hence, w.p. > 1 — 1/n'°, we have:
), BB ) — ()] < 20
Lemma now follows by observing that
[I({(u,a){u,b)B — R)||2 = max; |{u,a){u,b)B(i,i) — R(i,4)| and using the above mentioned
bound with union bound. ]

B.4 Proof of Theorem 2.3 and general rank-r analysis of alternating minimization

Proof. We prove the theorem by showing the following for all ¢:

* o 1 * *
o (AD™ + 1457 2) < Sdoo (U2, [U7,37]).

The update for ﬁ;tH is given by:

1 _ 2o Oign0g g () ug(k)ug ()ug (k)
v IR E
+Zé¢qzjk5wkuq() q(k) (o7 - ug(i)ug (j)uj (k) — o - we(i)ug(j)ue(k)) 31
>k Oijeug(j)?ug (k)2
It can be written as a vector update,
u, " = o (g, u) g — B (o) (ug, u)?B — 0;C)up + Y (07 (ug, up)?uy — oy (ug, ug)uy)
t#£q
+> B! ((ug,u})2B — Fy)uj — o0 - ((ug,u0)’B — Go)uy)
o
' (32)

where B, C, Fy, G, are all diagonal matrices, s.t.,
Z%kuq ug(k)?, Cliyi) =Y djnug(i)ug () ug (k)ug (k),
ik
i :Z%kuq Jug(k)up(j)up(k), and Gy(i, ) Zéwkuq Fug(k)ug(g)u(k). (33)

—~t 1
We decompose the error terms +

for each, where

opup =err)+Y",, (errj+err;) and provide upper bounds

errg = U;(<uq,u2> = Duy — J;Bfl(<uq,u;>23 - Oy,
err; = aZ‘(uq,u}>2uZ (uq,ug>2w,
err? = B! (UZ . ((uq,u£> B—F)u; —oy- ((uq7u4>2B — G@)Uz) . (34)

Using Lemma B.7, we have for all p satisfying p > (Cp?(logn)?)/(y? n3/?), with probability at
least 1 — 2/n'0:

lersdllz < oy (/1= g, 052 +29) /1= (g, 032 < 05 (gl +29) . G39)
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L U;"" to prove the theorem. Using Lemma B.10, we have (w.p.

Eventually, we set 7 < 6007~ it

>1—1/n®):
S flerrtlls < 83 (dgllz + Idellz) - o7 - (edellz + A7). (36)
l#q L#£q
Using Lemma B.11, we get (w.p. > 1 — 1/n%):
> lerrflla < 167> 07 - (A7 + [[del2)- (37)
l#£q L#q
Using (31), (35), (36), (37), we have (w.p. > 1 — S/ns):
u/\qt+1 _ O_Z+1ufl+1 —_ q q + errq, (38)
where,
lerrgllz < o (lldell2 +2v) [ dgllz + 8> (Idgllz2 + [ldell2 +2v) o7 ([ dell2 + AF) . (39)
L#q
Now, since ||dg||2 < 1600r a’:”"'i” , Ve, and vy < ﬁ, we have (w.p. > 1 — 3/n%):
O—Z szn 1 o * *
||errq||2 < ﬁ : Uma ”quQ + = 16 Omin dOO([U7 2]7 [U s b ])7 (40)

Using (38) and (40), and the fact that |o/t! — 07| < |olt ! ult! — uio?| for normalized vectors
u/t! and u}, we have:

O.*
t+1 * min * *
o 5] < T a o + T (U S [0, ) <

Similarly, using (38) and (41), we have:

doo([U, XL, (U7, 57]). - (41)

oyl

O.*
—wlle < (U B [UT, B). (42)
That is, .
(ADT + g 2 < Sdee((U, 31, U7, 27)). (43)

First part of the Theorem now follows by observing that d.([U'T!, ST [U*, ¥*]) =
max, o) ((A7)"+! +[|dLT|2) and by using the above equation.

Second part of the Theorem follows directly from Lemma B.9.

O
B.5 Technical lemmas for general rank-r analysis
Lemma B.9. Ler u"! be obtained by update (31) and let ult' = alt' /|02 Also, let the
conditions given in Theorem 2.3 hold. Then, w.p. > 1 —1/n°, uZ‘H is 2pu-incoherent.
Proof. Using (31) and the definitions of B, C, Fy, Gy given in (33), we have:
i1 *\CZZ|H [Fe(i, 1) p |Geli,9)| p
lagt (i) < o + 0oy :
! B, ZéIBH\f 1B, i)] vn
( L7/ A=)+ or (v + ldell2) +2ZU£' (1+A47)- (v+llde|z)) p/\n,
¢
1 14
— ) == 44
7q(1+ 100) vn “44)

where the second inequality follows by bounds on B;;, C;;, F;;, G;; obtained using Lemma B.6 and
the distance bound d, ([u1, ug], [uf, uj)).

Lemma now follows using (44) and the bound on |<7f]+1 — a;\ given by (43). O
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LemmaB.10. Letd, = uj —u, and A] = |o,—o0}|/0o;, where ||dg|2 < 1. Letuj,u, V1 < ¢ <r
be unit vectors and let (uj, uZ) = 0, V¢ # q. Then, the following holds:

lo7 - (ug, up)?ug — o - (ug, ue)*ugl| < oy ([[dell2 + [ldgl2)(llde]l2 + A7)

Proof. Leto, = o, + Af.

Now,
<uq,u5>2 = ((ug, uy) + <uq7d€>)2 = <uq’uz>2 + <uqu€>2 + 2(ug, ug)(ug, de). (45)
Hence,
[{ag, u)?ug — (ug, ue)®uelz = [[(ug, ur)?de — (ug, de)*uj — 2(ug, uy)(uy, de)ug |2,

< (g, ug)?[[dell2 + [ldel|* + 2| (ug, ug)|[ldel2. (46)

Now, (g, u5) = (dgu3) < gl Also, (ugue)? < (upue) = (g} + (g dy) +
(dg,d¢)) < 2(]|dg|| + ||del]). Using the above observations with (46), we have:

lo7 - (ug, up)?ug — o - (ug, ue)*uel| < of|{ug, up)*ug — (ug, ue)uell2 + 07 - A7 (ug, up)*.
Lemma now follows by combining the above equation with the above given bound on (u,, us)%. O

Lemma B.11. Let u,, dg, A7, V¢ be as defined in Theorem 2.3 and let B, Fy, Gy be as defined
in (33). Also, let T and p satisfy assumptions of Theorem 2.3. Then, the following holds with
probability > 1 — 4/n°:

o7 - ((ug,u})*B — Fp)uj — oy - ((ug, up)>B — Go)ugllz < 8y - 07 - (A7 + ||dg]2).

Proof.
((ug, u)’B — Ge)ug = ((ug,ur)>B — Go)uj + ((ug,ur)*B — Gy)d,. 47)

Now,
Geliyi) = Y Signug(f)ug(k)ue(i)ue(k) = dijug () ug (k) (w7 (5) + de() (wf (k) + de(k))
jk jk
= dijeg()ug (k) (u (j)uj (k) + de(i)uj (k) + uj (5)de(k) + do(5)de(k))
ik
= Fy(i,i) + D' (i,i) + D*(i,i) + D*(i,4). (48)
Using (45), and (48), we have:
((ugur)’B — Go) = ((ug,u3)*B — Fy) + ((ug, u){uy, de) B — DY)
+ (<uq7 uz><uqv df>B - DQ) + (<uq7d4>23 - DB) (49)
Combining the above equation with (47), we get:
((ug, ue)® B=Go)ue—({ug, u)? B—Fo)u; = ((ug, u){ug, de) B—D')uj+((ug, uj)(uy, de) B-D*)uy
+ ((ug,d)?B — D*)uj — ((u,,u,)?B — G)dg.  (50)

Hence, using Lemma B.7 and B.8, we get:

a7 [[((ug, 1e)* B — Ge)ug — ({ug, up)* B — Fouy|l2 < 8yo7 || de)a. GDh

Similarly, using Lemma B.7, we have:
A7 07| ((ug, ue)*B — Gejugllz < v+ A7 - o7 (52)

Lemma now follows by combining (51), (52), and by using triangular inequality. (]
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B.6 Proof of Lemma 2.4

Proof.

00 (ta @ uq @ ua) — o5 (uy @ uy @ ug)||F

< Eoy+ 0% (ta © e © a) — (u © u; ® ) | ¢
< gop+ ou (e —up) g @ | + e @ (w0 —142) @ Ul — |[ta ® 0 & (w0 = 3 )
< 4éo;.

Similarly, applying Cauchy-Schwartz,we get for a # b,
(00 (ta @t ® ua) — 0 (ug © Uy @ ug), op(up © up @ up) — oy, (uy @ uy @ uy))
< 168%0%0; .
It follows that
IT - T3

> (Talta @ ug @ ug) — o (u)h @ wlh @ ), 06 (up @ up @ wp) — 0 (U @ up @ up))
a,be(r]

1627 () 02)? < (4érop,)* < (4602 |T|p)?.
a

IN
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