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S1 Derivation of Equation (4)

The NLL objective function can be written as
2L (0) = —2Ep,, [log Py(X,Y)]
= —Epp [log Pp(X|Y) +1log Py(Y)] — Ep,, [log Py(Y'|X) + log Pp(X)]
= —Ep, [log Py(X|Y) + log Py(Y|X)] — Ep, [log Py(X) + log Py(Y)]

=LY(0) —Ep, [log Ps(X)] — Ep, [log Ps(Y)] (S1)
=LV(0) +Ep, [log ij((j(())} +Ep, [log J;jg//))] (S2)
KL(Pp(X)||Ps(X))  KL(Pp(Y)|Ps(Y))
*EP‘D [10g PD (X)] — ]EPD [log P’D(Y)]
Cq
= LY(0) + KL (Pp(X)||Py(X)) + KL (Pp(Y)[|[Ps(Y)) + C: (83)

where Equation holds by the definition of £V!(6). Note that C; is independent of 6. Similarly,
we can rewrite the MinVI objective as

£Y(0) = —Ep,, [log Pp(X|Y) + log Pp(Y'|X)] (S4)
_ Pp(X]Y) Pp(Y]X)
= e {log By(X]Y) ] R [log (Y] X) } 5>

_EP’D [IOg P'D(X|Y)] - EP’D [1Og PD(Y|X)]

Cy

where in Equation (S3)), we have

Pp(X[Y)] Pp(Xly)
Ep, [log P(,(XY)} = zy:PD(y)EPD(XIy) [log Pg(X|y)} (S6)
= Epp vy [KL (Pp(X|Y)|| Py (X[Y)) ] (S7)

Finally, we have
LY(0) = Eppx) [KL (Pp(Y|X)| Py(Y]X)) ]+
Epp(v) [KL (Pp(X[Y)||Py(X[Y))] + Ca. (S8)

(5 is independent of § and by setting C' = C + C5, we derive the Equation (4).



S2  Proof of Theorem 2.1

Proposition S2.1 ([0, 2). Let X be a finite state space. Let irreducible transition matrices T,
and T converge to 7, (X) and 7w(X), respectively, where m(X) = Pp(X) is a data-generating
distribution of X. If T,, converges to T in the induced matrix norm, which is denoted by || - ||,
7n(X) converges to Pp(X) in I? norm.

Proof. Let |X| be the number of states. For simplicity, we denote 7 = 7(X) and 7, = m,(X).
Since 7 is a stationary distribution of irreducible transition matrix 7', 7 is uniquely defined and it
satisfies the following:

Tr=m 1Tn=1. (S9)
Combining above two equations, we have

Th,—1 T2 e Ty x| 0

Top  Top—1 - Ty, x| 0
: : T=|. (S10)

Tix|-11 o T — 1 1

1 1 1
=T

Since 7 exists and unique, 7" is invertible and we have
-

r=T"'0 0 --- 1] (S11)

and similarly,
=70 0 --- 1" (S12)
Since T;, (entrywise) converges to T, T,; ! also converges to T~!. Therefore, we conclude 7,
converges to m = Pp(X). O

Now, we provide a proof of Theorem 2.1.

Proof of Theorem 2.1. To prove the convergence of marginal distributions, it is sufficient to show
the convergence of transition operators. Since |X'| and || are finite, for any € > 0, there exists N
such that Vn > NN, with probability at least 1 — ¢, Vo € X, Vy € ),

|Po,, (y|z) — Pp (ylz)| <€, | Py, (z|y) — Pp (z]y)| < e

The transition operators are defined as follows:

TY (yltllylt — 1) = > _ Po, (Wltllz) Po, (xlylt — 1)),
reX

T (yHlylt — 1) = Y Pp (y[t]|z) Pp (xly[t — 1])
reX

where Py, (z|y) and Py, (y|x) are derived from the joint distribution Py, (x,y) and similarly for
data-generating distribution, Pp (z|y) and Pp (y|x) are derived from Pp (x,y). Then, forn > N,
we have, for any vy, y,—1 € ), with probability at least 1 — e,

’ Tg (Yelys—1) — (i (Yelye—1) ’

< | X Po. (wle) P, (alyer) = Po (ale) P (elyi-1) |
zeEX

IN

X max | Py, (u1l2) Po, (elyi—1) = Po (wl2) Po (ely-1)| (s13)
1 (2¢)

As we assume finite sets X’ and )/, this proves the convergence (in probability) of transition operator
TY to TY. The same argument holds for the convergence of transition operator T to 7. With

A



Proposition[S2.1| we proved the convergence of asymptotic marginal distribution 7, (X') and 7,,(Y")
to data-generating marginal distributions Pp(X) and Pp(Y'), respectively.

Now, let’s look at the joint probability distributions Py (z,y) = Ps, (z|y)Pp, (y) and similarly,
Pp (z,y) = Pp(z|y)Pp(y). As we proved above, the following inequalities hold Vn > N

|Po, (v) = Po(y)| < e

Therefore, using the similar argument in Equation (S13), we have

P, (aly) — P (aly)| < e (S149)

‘Pgn (z,y) Pp(x,y)‘ < 2 (S15)

and this completes the proof. O



S3 Retrieval Task

We provide more results of retrieval task with multimodal queries on MIR-Flickr database.
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Figure S1: Retrieval results with multimodal queries on MIR-Flickr database. The leftmost image-
text pairs are multimodal queries and those in the right side of the bar are retrieved samples with the
highest similarities to the query.
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