A Proof of Theorem 4.1]

The proof of the theorem relies on results from [Hazan et al.|[2012] about learning S-decomposable
matrices. Let W be an n x m matrix. We define the symmetrization of W to be the (n+m) X (n+m)
matrix
0o w
sym(W) = [WT 0 }

We say that W is 3-decomposable if there exist positive semi-definite matrices P, N for which
sym(W) = P—-N
Vi, Py, Nyy < B
Each matrix in {£1}"*"™ can be naturally interpreted as a hypothesis on [r] x [m].

We say that a learning algorithm L learns a class H,, C {£1}%» using m(n, ¢, d) examples if, for
every distribution D on X,, X {+1} and a sample S of more than m(n, ¢, d) i.i.d. examples drawn
from D,

PSr (Errp(L(S)) > Errp(Hy,) +€) <6

Hazan et al.|[2012] have prove(ﬂ that

Theorem A.l. |[Hazan et al| [2012]] The hypothesis class of 3-decomposable n X m matrices with

B (ntm) log(n-+m) +log(1/9)

+1 entries ban be efficiently learnt using a sample of O ( ) examples.

We start with a generic reduction from a problem of learning a class G,, over an instance space
X, C {—1,1,0}™ to the problem of learning 3(n)-decomposable matrices. We say that G, is
realized by m,, X m,, matrices that are 5(n)-decomposable if there exists a mapping ¢, : X,, —
[mn] x [my] such that for every h € G,, there exists a 8(n)-decomposable m,, x m,, matrix W for
which Vz € X,,, h(z) = Wy, («)- The mapping ), is called a realization of G,,. In the case that
the mapping ,, can be computed in time polynomial in n, we say that G, is efficiently realized and
1y, 1s an efficient realization. It follows from Theorem [A.T] that:

Corollary A.2. If G, is efficiently realized by m,, X m., matrices that are 3(n)-decomposable then
B(n)*my, 10g(72nn)+10g(1/6)>

Gy, can be efficiently learnt using a sample of O ( examples.

We now turn to the proof of Theorem .1} We start with the first assertion, about learning H,, ».
The idea will be to partition the instance space into a disjoint union of subsets and show that the
restriction of the hypothesis class to each subset can be efficiently realized by 3(n)-decomposable.
Concretely, we decompose C', o into a disjoint union of five sets

Chna=Ui_ ,A;,

where
AT = {xGCn72|inr}.
i=1

In section[A.T| we will prove that

Lemma A.3. Forevery =2 <1 <2, Hy, |AZ, can be efficiently realized by n X n matrices that are
O(log(n))-decomposable.

To glue together the five restrictions, we will rely on the following Lemma, whose proof is given in

section[A.1]

Lemma A.4. Let X1, ..., Xy be partition of a domain X and let H be a hypothesis class over X.
Define H; = H|x,. Suppose the for every H; there exist a learning algorithm that learns H; using
< C(d + log(1/9))/€? examples, for some constant C > 8. Consider the algorithm A which

3The result of |[Hazan et al. [2012] is more general than what is stated here. Also, |Hazan et al.| [2012]
considered the online scenario. The result for the statistical scenario, as stated here, can be derived by applying
standard online-to-batch conversions (see for example |Cesa-Bianchi et al.|[2001])).
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receives an i.i.d. training set S of m examples from X x {0, 1} and applies the learning algorithm
for each H; on the examples in S that belongs to X;. Then, A learns H using at most

2Ck(d + log(2k/9))

€

examples.

The first part of Theorem[4.1]is therefore follows from Lemma[A.3] Lemma[A.4]and Corollary [A.7]

Having the first part of Theorem .1 and Lemma[A.4]at hand, it is not hard to prove the second part
of Theorem .1t

For1 <i<n-—2andb € {£1} define
Dn,i,b = {l‘ € On,g | r; = band V] <1, ;= 0}

Let ¢, : Cp 3 — Cp 2 be the mapping that zeros the first non zero coordinate. It is not hard to see
that Hn73|Dn,i,b = {h o ,(/J'ﬂ|Dn,i,b | h e ’Hn,g}. Therefore H,, 3|p can be identified with #,, 2

using the mapping v,,, and therefore can efficiently learnt using O (M

n,i,b
) examples

(the dependency on ¢ does not appear in the statement, but can be easily inferred from the proof).
The second part of Theorem [.T]is therefore follows from the first part of the Theorem and Lemma

A.1 Proofs of LemmalA.3land Lemmal[A_4|

In the proof, we will rely on the following facts. The tensor product of two matrices A € M, x
and B € My, is defined as the (n - k) x (m - [) matrix

A,-B - Ain-B

AeB=| .
Ap1-B -+ Apm-B

Proposition A.5. Let W be a -decomposable matrix and let A be a PSD matrix whose diagonal
entries are upper bounded by o. Then W @ A is (« - )-decomposable.

Proof. 1t is not hard to see that for every matrix W and a symmetric matrix A,
sym(W) ® A =sym(W ® A)

Moreover, since the tensor product of two PSD matrices is PSD, if sym(W) = P — N is a (-
decomposition of W, then
sym(WeA)=PRA-N®A

is a (a - 8)-decomposition of W ® A. O

Proposition A.6. If W is a 5-decomposable matrix, then so is every matrix obtained from W by
iteratively deleting rows and columns.

Proof. 1t is enough to show that deleting one row or column leaves W [-decomposable. Suppose
that W’ is obtained from W € M,,,, by deleting the i’th row (the proof for deleting columns is
similar). It is not hard to see that sym(W") is the ’th principal minor of sym(W). Therefore, since
principal minors of PSD matrices are PSD matrices as well, if sym(W) = P—N is S-decomposition
of W then sym(W') = [P]; ; — [N];,; is a S-decomposition of W"'.

Proposition A.7. |Hazan et al|[2012|] Let T, be the upper triangular matrix whose all entries in
the diagonal and above are 1, and whose all entries beneath the diagonal are —1. Then T, is

O(log(n))-decomposable.

Lastly, we will also need the following generalization of proposition|A.7
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Proposition A.8. Let W be an n x n £1 matrix. Assume that there exists a sequence 0 <
J(1),...,5(n) < n such that
-1 <@
Wi, — { 3 <)

L j>3()
Then, W is O(log(n))-decomposable.

Proof. Since switching rows of a S-decomposable matrix leaves a S-decomposable matrix, we can
assume without loss of generality that j(1) < j(2) < ... < j(n). Let J be the n x n all ones matrix.
It is not hard to see that W can be obtained from 7,, ® J by iteratively deleting rows and columns.
Combining propositions and we conclude that W is O(log(n))-decomposable, as
required. O

We are now ready to prove Lemmal|A.3

Proof. (of Lemma|A.3) Denote A}, = H,, 2

Case 1, r=0: Note that AY = {e; —e; | i,7 € [n]}. Define ¥, : A2 — [n] x [n] by ¥ (e; — ;)

(i,7). We claim that 1, is an efficient realization of A% by n x n matrices that are O(log(n
decomposable. Indeed, let h = h,,, € A2, and let W be the n x n matrix W;; = Wi (ei—e;)

h(e; — e;). It is enough to show that W is O(log(n))-decomposable.

Ar . We split into cases.

=l
=

We can rename the coordinates so that
wy > Wy > ... > Wy (D
From equation (1)), it is not hard to see that there exist numbers

0<j(1)<j@)<...<jn)<n

-1 i=50)
Wi {1 j > (i)

for which

The conclusion follows from Proposition [A.§]

Case 2, r=2 and r=-2: We confine ourselves to the case » = 2. The case r = —2 is similar. Note
that A2 = {e; +¢; | i # j € [n]}. Define ¢, : A2 — [n] x [n] by ¥n(e; +¢;) = (i,5). We
claim that ), is an efficient realization of A2 by n x n matrices that are O(log(n)) decomposable.
Indeed, let b = hy,;, € A2, and let W be the n x n matrix W;; = Wy, (eive;) = hlei +ej). Ttis
enough to show that W is O(log(n))-decomposable.

‘We can rename the coordinates so that

wy < wg <

o< wy, ()
From equation (2), it is not hard to see that there exist numbers

n> (1) > §(2) > ... > j(n) > 0

-1 <)
W%_{l j> i)

for which

The conclusion follows from Proposition [A.g]

Case 3, r=1 and r=-1: We confine ourselves to the case »r = 1. The case » = —1 is similar. Note that
Al = {e; | i € [n]}. Define v, : AY — [n] x[n] by ¥, (e;) = (i,4). We claim that ¢),, is an efficient
realization of AL by n x n matrices that are 3-decomposable (let alone, log(n)-decomposable).
Indeed, let h = hy,;, € AL, and let W be the n x n matrix with W;; = W (er) = h(ei) and —1
outside the diagonal. It is enough to show that W is 3-decomposable. Since J is 1-decomposable, it
is enough to show that W + J is 2-decomposable. However, it is not hard to see that every diagonal
matrix D is (max; | D;;|)-decomposable.
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Proof. (of LemmalA.4) Let S = (21,41),- -, (Tm, Ym) be a training set and let 7i; be the number
of examples in S that belong to X;. Given that the values of the random variables 11, ..., m; is
determined, we have that w.p. of at least 1 — 9,

C(d +log(k/d))

m;

)

Vi, Errp,(h;) —Errp,(h*) <

where D; is the induced distribution over X, h; is the output of the ¢’th algorithm, and h* is the
optimal hypothesis w.r.t. the original distribution D. Define,

m; = max{C(d + log(k/d)),m;} .

It follows from the above that we also have, w.p. at least 1 — 4, for every 1,

EI‘I'DA(hi) — EI‘I‘D.(h*) S M =l €;.

m;

Let oy = D{(x,y) : © € A;}, and note that ) _, a; = 1. Therefore,

Errp(hs) — Errp(h*) < Zaiei = Z\/cfy/aief

S\/Zai\/Zaie?:\/Zaie?
_ [C(d +log(k/9)) ,Zaim-

Next note that if a;m < C'(d 4 log(k/d)) then a;m/m; < 1. Otherwise, using Chernoff’s inequal-
ity, for every ¢ we have

Pr[m; < 0.5a;m] < e—im/8 < g—(dHlog(k/d)) — ¢—d_ <

| >
ET

Therefore, by the union bound,
Pr[3i: m; < 0.50;m] < 6.

It follows that with probability of at least 1 — 6,

S < Vor.

— m;
K3

All in all, we have shown that with probability of at least 1 — 2§ it holds that

Errp(hg) — Errp(h*) < \/2Ck(d t}iOg(k/(s)) .

Therefore, the the algorithm learns # using

2Ck(d + log(2k/5))
= 2

€

examples. O
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