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Abstract

We study the fundamental problems of variance and risk estimation in high di-
mensional statistical modeling. In particular, we consider the problem of learning
a coefficient vector §y € RP from noisy linear observations y = X6y + w € R"”
(p > n) and the popular estimation procedure of solving the ¢;-penalized least
squares objective known as the LASSO or Basis Pursuit DeNoising (BPDN). In
this context, we develop new estimators for the {5 estimation risk ||6 — 6|2 and
the variance of the noise when distributions of 8y and w are unknown. These can
be used to select the regularization parameter optimally. Our approach combines
Stein’s unbiased risk estimate [Ste81]] and the recent results of [BM12al|[BM12b]]
on the analysis of approximate message passing and the risk of LASSO.

We establish high-dimensional consistency of our estimators for sequences of ma-
trices X of increasing dimensions, with independent Gaussian entries. We es-
tablish validity for a broader class of Gaussian designs, conditional on a certain
conjecture from statistical physics.

To the best of our knowledge, this result is the first that provides an asymptotically
consistent risk estimator for the LASSO solely based on data. In addition, we
demonstrate through simulations that our variance estimation outperforms several
existing methods in the literature.

1 Introduction

In Gaussian random design model for the linear regression, we seek to reconstruct an unknown
coefficient vector §y € RP from a vector of noisy linear measurements y € R"™:

y = X6y +w, (L1

where X € R"*? is a measurement (or feature) matrix with iid rows generated through a multivari-
ate normal density. The noise vector, w, has iid entries with mean 0 and variance 2. While this
problem is well understood in the low dimensional regime p < n, a growing corpus of research
addresses the more challenging high-dimensional scenario in which p > n. The Basis Pursuit De-
noising (BPDN) or LASSO [CD93] [Tib96] is an extremely popular approach in this regime, that
finds an estimate for 6y by minimizing the following cost function

Cxy (X, 0) = (20) 7 [ly — X013 + A0l , (1.2)
with A > 0. In particular, 6, is estimated by 5()\; X,y) = argming Cx , (A, 6). This method is
well suited for the ubiquitous case in which 6 is sparse, i.e. a small number of features effectively
predict the outcome. Since this optimization problem is convex, it can be solved efficiently, and fast
specialized algorithms have been developed for this purpose [BT09].

Research has established a number of important properties of LASSO estimator under suitable con-
ditions on the design matrix X, and for sufficiently sparse vectors 6y. Under irrepresentability
conditions, the LASSO correctly recovers the support of 8y [ZY06, MBO6, [Wai09]. Under weaker



conditions such as restricted isometry or compatibility properties the correct recovery of support fails
however, the /5 estimation error H@— 0o||2 is of the same order as the one achieved by an oracle esti-
mator that knows the support [[CRT06,|/CTO7, BRT09,BdG11]]. Finally, [DMMO9, REG09, BM12b|]
provided asymptotic formulas for MSE or other operating characteristics of é\, for Gaussian design
matrices X.

While the aforementioned research provides solid justification for using the LASSO estimator, it is
of limited guidance to the practitioner. For instance, a crucial question is how to set the regularization
parameter A. This question becomes even more urgent for high-dimensional methods with multiple
regularization terms. The oracle bounds of [CRTO06, [CT07, BRT09, BdG11] suggest to take A =
coy/log p with ¢ a dimension-independent constant (say ¢ = 1 or 2). However, in practice a factor
two in A can make a substantial difference for statistical applications. Related to this issue is the
question of estimating accurately the ¢5 error || — 6 ||3. The above oracle bounds have the form

6 = 60]|2 < C kA2, with k = [|6g||o the number of nonzero entries in 6o, as long as A > co/Iog p.
As a consequence, minimizing the bound does not yield a recipe for setting A. Finally, estimating
the noise level is necessary for applying these formulae, and this is in itself a challenging question.

The results of [DMMO09, BM12b] provide exact asymptotic formulae for the risk, and its dependence
on the regularization parameter A. This might appear promising for choosing the optimal value of
A, but has one serious drawback. The formulae of [DMMO9, BM12b|] depend on the empirical
dlstrlbutlotﬂ of the entries of 6, which is of course unknown, as well as on the noise level’] A step
towards the resolution of this problem was taken in [DMM11]], which determined the least favorable
noise level and distribution of entries, and hence suggested a prescription for A, and a predicted risk
in this case. While this settles the question (in an asymptotic sense) from a minimax point of view,
it would be preferable to have a prescription that is adaptive to the distribution of the entries of 6
and to the noise level.

Our starting point is the asymptotic results of [DMMOQ9, DMM 11} BM12al BM12b]]. These provide
a construction of an unbiased pseudo-data gv that is asymptotlcally Gaussian with mean 6. The

LASSO estimator @ is obtained by applying a denoiser function to 6%. We then use Stein’s Unbiased
Risk Estimate (SURE) [Ste81]] to derive an expression for the /5 risk (mean squared error) of this
operation. What results is an expression for the mean squared error of the LASSO that only depends
on the observed data y and X. Finally, by modifying this formula we obtain an estimator for the
noise level.

We prove that these estimators are asymptotically consistent for sequences of design matrices X
with converging aspect ratio and iid Gaussian entries. We expect that the consistency holds far
beyond this case. In particular, for the case of general Gaussian design matrices, consistency holds
conditionally on a conjectured formula stated in [JM13] on the basis of the “replica method” from
statistical physics.

For the sake of concreteness, let us briefly describe our method in the case of standard Gaussian
design that is when the design matrix X has iid Gaussian entries. We construct the unbiased pseudo-
data vector by

0" =0+ X" (y— X0)/[n—||0]lo]. (1.3)

Our estimator of the mean squared error is derived from applying SURE to unbiased pseudo-data.
In particular, our estimator is R(y, X, A, 7) where

Ry, X, 0, 7) =72 (208llo/p — 1) + 1 X7 (y = X8)I3 / [p(n — 18]0)*] (L4)

Here 6(); X, y) is the LASSO estimator and 7 = ||ly — X0)|2/[n — [|0]o)-
Our estimator of the noise level is
52 /n=72—R(y, X,\,7)/o

where § = n/p. Although our rigorous results are asymptotic in the problem dimensions, we show
through numerical simulations that they are accurate already on problems with a few thousands of

!The probability distribution that puts a point mass 1/p at each of the p entries of the vector.
“Note that our definition of noise level o corresponds to o+/n in most of the compressed sensing literature.
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Figure 1: Red color represents the estimated values by our estimators and green color represents the
true values to be estimated. Left: MSE versus regularization parameter A. Here, 6 = 0.5, o? /n =
0.2, X € R™ P with iid N1 (0, 1) entries where n = 4000. Right: 6*/n versus . Comparison of
different estimators of o2 under the same model parameters. Scaled Lasso’s prescribed choice of
(X, 62 /n) is marked with a bold x.

variables. To the best of our knowledge, this is the first method for estimating the LASSO mean
square error solely based on data. We compare our approach with earlier work on the estimation of
the noise level. The authors of [NSvdG10] target this problem by using a ¢;-penalized maximum
log-likelihood estimator (PMLE) and a related method called “Scaled Lasso” [SZ12] (also studied by
[BC13]]) considers an iterative algorithm to jointly estimate the noise level and 6. Moreover, authors
of [FGH12|| developed a refitted cross-validation (RCV) procedure for the same task. Under some
conditions, the aforementioned studies provide consistency results for their noise level estimators.
‘We compare our estimator with these methods through extensive numerical simulations.

The rest of the paper is organized as follows. In order to motivate our theoretical work, we start with
numerical simulations in Section [2| The necessary background on SURE and asymptotic distribu-
tional characterization of the LASSO is presented in Section[3] Finally, our main theoretical results
can be found in Section

2 Simulation Results

In this section, we validate the accuracy of our estimators through numerical simulations. We also
analyze the behavior of our variance estimator as A varies, along with four other methods. Two of
these methods rely on the minimization problem,

ly — X0|3
2nhy (o)

ol
Fha(o) + ) Y

(0,0) = argmin, , {
where for PMLE h;(0) = o2, ha(0) = log(c), hs(o) = o and for the Scaled Lasso hi (o) = o,
ha(c) = 0/2, and h3(o) = 1. The third method is a naive procedure that estimates the variance in
two steps: (i) use the LASSO to determine the relevant variables; (ii) apply ordinary least squares
on the selected variables to estimate the variance. The fourth method is Refitted Cross-Validation
(RCV) by [FGH12[] which also has two-stages. RCV requires sure screening property that is the
model selected in its first stage includes all the relevant variables. Note that this requirement may
not be satisfied for many values of A. In our implementation of RCV, we used the LASSO for
variable selection.

In our simulation studies, we used the LASSO solver 11_1s [SJKGO07|]. We simulated across 50
replications within each, we generated a new Gaussian design matrix X. We solved for LASSO
over 20 equidistant \’s in the interval [0.1,2]. For each )\, a new signal 6, and noise independent
from X were generated.
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Figure 2: Red color represents the estimated values by our estimators and green color represents
the true values to be estimated. Lefi: MSE versus regularization parameter A\. Here, 6 = 0.5,
o?/n = 0.2, rows of X € R"*? are iid from N,(0,X) where n = 5000 and ¥ has entries 1
on the main diagonal, 0.4 on above and below the main diagonal. Right: Comparison of different
estimators of o2 /n. Parameter values are the same as in Figure Scaled Lasso’s prescribed choice
of (A, 62 /n) is marked with a bold x.

The results are demonstrated in Figures[I]and 2} Figure[I]is obtained using n = 4000, 6 = 0.5 and
02 /n = 0.2. The coordinates of true signal independently get values 0, 1, —1 with probabilities 0.9,

0.05, 0.05 respectively. For each replication, we used a design matrix X where X ; b N1(0,1).
Figure [2)is obtained with n = 5000 and same values of § and o as in Figure[l| The coordinates
of true signal independently get values 0, 1, —1 with probabilities 0.9, 0.05, 0.05 respectively. For
each replication, we used a design matrix X where each row is independently generated through
N, (0, %) where X has 1 on the main diagonal and 0.4 above and below the diagonal.

As can be seen from the figures, the asymptotic theory applies quite well to the finite dimensional
data. We refer reader to [BEM13]] for a more detailed simulation analysis.

3 Background and Notations

3.1 Preliminaries and Definitions

First, we need to provide a brief introduction to approximate message passing (AMP) algorithm
suggested by [DMMAO09] and its connection to LASSO (see [DMMO09, BM12b] for more details).

For an appropriate sequence of non-linear denoisers {n; };>¢, the AMP algorithm constructs a se-
quence of estimates {6};>0, pseudo-data {y’};>0, and residuals {€'};>o where 0*,y, € R? and
€' € R™. These sequences are generated according to the iteration
1

0 =y, =0 X e, =y - X0+ ST i) G
where § = n/p and the algorithm is initialized with 09 = €9 = 0 € RP. In addition, each denoiser
7:(+) is a separable function and its derivative is denoted by 7;( - ). Given a scalar function f and a
vector u € R™, we let f(u) denote the vector (f(u1),. .., f(um)) € R™ obtained by applying f
component-wise and (u) =m™1 > | u; is the average of the vector u € R™.

Next, consider the state evolution for the AMP algorithm. For the random variable ©g ~ pg,,
a positive constant o and a given sequence of non-linear denoisers {1, };>o, define the sequence
{r?}i>0 iteratively by

1
o =F(), F() =0+ glE{ [:(©0 +TZ) — O9]*}, (3.2)

where 78 = 02 + E{©3}/5 and Z ~ N;(0, 1) is independent of ©y. From Eq. it is apparent
that the function F; depends on the distribution of ©. It is shown in [BM12a] that the pseudo-data



y' has the same asymptotic distribution as ©g + 7, Z. This result can be roughly interpreted as the
pseudo-data generated by AMP is the summation of the true signal and a normally distributed noise
which has zero mean. Its variance is determined by the state evolution. In other words, each iteration
produces a pseudo-data that is distributed normally around the true signal, i.e. y! ~ 0o ;+ N1 (0, 77).
The importance of this result will appear later when we use Stein’s method in order to obtain an
estimator for the MSE and the variance of the noise.

We will use state evolution in order to describe the behavior of a specific type of converging sequence
defined as the following:

Definition 1. The sequence of instances {0y(n), X (n),0%(n)}nen indexed by n is said to be a
converging sequence if 0y(n) € RP, X(n) € R"*?, 0%(n) € R and p = p(n) is such that n/p —
§ € (0,00), a%(n)/n — o} for some oo € R and in addition the following conditions hold:

(a) The empirical distribution of {6y ,:(n)}!_,, converges in distribution to a probability measure
Po, on R with bounded 2" moment. Further, asn — 0o, p~t>°F_ 0 ;(n)? — Epo, {05}

(b) If {ei}1<icp C RP denotes the standard basis, then n~'/? max;epp [|[X(n)eilla — 1,
n~1/? min;ep, [ X (n)eill — 1, asn — oo with [p] = {1,...,p}.

We provide rigorous results for the special class of converging sequences when entries of X are iid
N1(0, 1) (i.e., standard gaussian design model). We also provide results (assuming Conjectureis
correct) when rows of X are iid multivariate normal N, (0, X) (i.e., general gaussian design model).

In order to discuss the LASSO connection for the AMP algorithm, we need to use a specific class of
denoisers and apply an appropriate calibration to the state evolution. Here, we provide briefly how
this can be done and we refer the reader to [BEM13|| for a detailed discussion.

Denote by 7 : R x R — R the soft thresholding denoiser where

x—¢ ifx>¢
n(x;§)={0 ifg<r<e.
z+& ifx<—=¢

Also, denote by 7/(-; -), the derivative of the soft-thresholding function with respect to its first
argument. We will use the AMP algorithm with the soft-thresholding denoiser 7:(-) = n(-; &)
along with a suitable sequence of thresholds {&; }+>o in order to obtain a connection to the LASSO.

Let @ > 0 be a constant and at every iteration ¢, choose the threshold & = a7;. It was shown in
[DMMO09] and [BM12b] that the state evolution has a unique fixed point 7, = lim;_, o, 7%, and there
exists a mapping o — 7, (), between those two parameters. Further, it was shown that a function
a — A(«) with domain (aumin (), 00) for some constant oy, and given by

Ma)=ar (1 - %E[n'(@o +7.Z;a1)])

admits a well-defined continuous and non-decreasing inverse « : (0,00) — (Qmin, 00). In particu-
lar, the functions A — «(A) and « — 7. () provide a calibration between the AMP algorithm and
the LASSO where A is the regularization parameter.

3.2 Distributional Results for the LASSO

We will proceed by stating a distributional result on LASSO which was established in [BM12b].

Theorem 3.1. Let {0y(n), X (n),02(n)}nen be a converging sequence of instances of the standard

~

Gaussian design model. Denote the LASSO estimator of 0g(n) by 6(n, A) and the unbiased pseudo-
data generated by LASSO by 0%(n,\) = 0 + XT(y — X0)/[n — ||6]/o).

Then, as n — 00, the empirical distribution of {51“, 6o,i}7_, converges weakly to the joint distri-
bution of (©g + T+ Z,00) where Oy ~ pg,, T« = Tu(a(N)), Z ~ N1(0,1) and ©¢ and Z are

independent random variables.

The above theorem combined with the stationarity condition of the LASSO implies that the empiri-
cal distribution of {6;,60;}!_, converges weakly to the joint distribution of ((6¢ + 7.Z;£.), O9)



where £, = a(A)7.(a(N)). It is also important to emphasize a relation between the asymptotic
MSE, 72 and the model variance. By Theoremand the state evolution recursion, almost surely,

lim 16— 60l13/p = E[ n(®0 + 7.Z:€.) = O | = 3(x7 — o3), (3.3)

which will be helpful to get an estimator for the noise level.

3.3 Stein’s Unbiased Risk Estimator

In [Ste81], Stein proposed a method to estimate the risk of an almost arbitrary estimator of the mean
of a multivariate normal vector. A generalized form of his method can be stated as the following.

Proposition 3.2. [ISte81|]&[Johl2|] Let x,;n € R™ and V' € R™ "™ be such that © ~ N, (u, V).
Suppose that fi(x) € R™ is an estimator of u for which ji(x) = x + g(z) and that g : R™ — R" is
weakly differentiable and that Vi, j € [n), E,[|z;9;(z)| + |z;9;(z)|] < oo where v is the measure
corresponding to the multivariate Gaussian distribution N,,(u, V'). Define the functional

S(z, ) = Te(V) + 2Tx(V Dy(x)) + [lg(2) 13 ,
where Dg is the vector derivative.  S(x,fi) is an unbiased estimator of the risk, i.e.
E[|la(z) — pll3 = Eu[S(z, )],

In the literature of statistics, the above estimator is called “Stein’s Unbiased Risk Estimator” or
SURE. The following remark will be helpful to build intuition about our approach.

Remark 1. If we consider the risk of soft thresholding estimator n(x;;€) for p; when x; ~
N1 (ui, 02) fori € [m], the above formula suggests the functional

Sa,n(-; 20° - LS i
D RIS ES SR

as an estimator of the corresponding MSE.

4 Main Results

4.1 Standard Gaussian Design Model

We start by defining two estimators that are motivated by Proposition 3.2}
Definition 2. Define
Ry(e,7) = =7 +20°(0/ (@) + ((Y(a) - 2)%),
where © € R™, 7 € Ry, and v : R — R is a suitable non-linear function. Also for y € R™ and
X € R™*P denote by R(y, X, \, T), the estimator of the mean squared error of LASSO where

I1X"(y = XO)II3

p(n = [6]0)*
Remark 2. Note that ﬁ(y, X, A\, 7) is just a special case of }/éw(as, T) when x = 0" and Y(-) =
n(+5€) for & = \/(1—8]lo/p).

We are now ready to state the following theorem on the asymptotic MSE of the AMP:

R(y, X, A\, 7) 5 2116l — p) +

Theorem 4.1. Let {0y(n), X (n),02(n)}nen be a converging sequence of instances of the standard
Gaussian design model. Denote the sequence of estimators of 0o(n) by {0%(n)}i>o, the pseudo-
data by {y"(n)}+>0, and residuals by {€'(n)}>0 produced by AMP algorithm using the sequence
of Lipschitz continuous functions {n }+>o as in Eq.

Then, as n — c0, the mean squared error of the AMP algorithm at iteration t + 1 has the same limit
as Ry, (y',7) where 7, = ||€!||2//n. More precisely, with probability one,

: t+1 2 s 5) t o~
Jim |67 = 6ol2/p(n) = lim Ry, (y°,7) - .1

~

In other words, R,,(y",7;) is a consistent estimator of the asymptotic mean squared error of the
AMP algorithm at iteration t 4 1.



The above theorem allows us to accurately predict how far the AMP estimate is from the true signal
at iteration ¢ 4 1 and this can be utilized as a stopping rule for the AMP algorithm. Note that it was
shown in [BM12b] that the left hand side of Eq. (4.1)) is E[(1:(©¢ + 7:Z) — ©0)?]. Combining this
with the above theorem, we easily obtain,

lim Ry, (v, 7) = E[(0:(O0 + 72) — ©0)?].

We state the following version of Theorem [.1]for the LASSO.

Theorem 4.2. Let {0y(n), X (n),0%(n)}nen be a converging sequence of instances of the standard

Gaussian design model. Denote the LASSO estimator of 0y(n) by 6(n, \). Then with probability
one,

where 7 = |ly — X0)|2/[n — |16ljo]. In other words, R(y, X, \,7) is a consistent estimator of the
asymptotic mean squared error of the LASSO.

Note that Theorem [4.2] enables us to assess the quality of the LASSO estimation without knowing
the true signal itself or the noise (or their distribution). The following corollary can be shown using
the above theorem and Eq.

Corollary 4.3. In the standard Gaussian design model, the variance of the noise can be accurately

estimated by 5%/n = 72 — R(y, X, \,7)/0 where § = n/p and other variables are defined as in
Theorem[4.2] In other words, we have

S N
nh_}rrgoa /n=og, 4.2)

almost surely, providing us a consistent estimator for the variance of the noise in the LASSO.

Remark 3. Theorems 4.1| and provide a rigorous method for selecting the regularization pa-
rameter optimally. Also, note that obtaining the expression in Theorem only requires solving
one solution path to LASSO problem versus k solution paths required by k-fold cross-validation
methods. Additionally, using the exponential convergence of AMP algorithm for the standard gaus-
sian design model, proved by [BMI2b)], one can use O(log(1/€)) iterations of AMP algorithm and
TheoremH.1|to obtain the solution path with an additional error up to O(e).

4.2 General Gaussian Design Model

In Section .1] we devised our estimators based on the standard Gaussian design model. Motivated
by Theorem §.2] we state the following conjecture of [JM13]].

Let {Q(n)}nen be a sequence of inverse covariance matrices. Define the general Gaussian design
model by the converging sequence of instances {6y (n), X (n),o%(n)},en Where for each n, rows
of design matrix X (n) are 4id multivariate Gaussian, i.e. N, (0, Q(n)~!

Conjecture 4.4 ([IM13]). Let {0y(n), X(n),c0%(n)}nen be a converging sequence of instances
under the general Gaussian design model with a sequence of proper inverse covariance matri-
ces {Q(n)}nen. Assume that the empirical distribution of {(6o., Qi }r_, converges weakly to
the distribution of a random vector (©¢, Y). Denote the LASSO estimator of 0y(n) by a(n, A)
and the LASSO pseudo-data by au(n,)\) =0+ QXT(y — X@)/[n — ||§HO] Then, for some
7 € R, the empirical distribution of {00, 67,}-‘, Q;;} converges weakly to the joint distribution of
(00,00 +7YY2Z.Y), where Z ~ N1(0,1), and (O, Y) are independent random variables. Fur-
ther, the empirical distribution of (y — Xa)/[n - ||§H0] converges weakly to N(0, 72).

A heuristic justification of this conjecture using the replica method from statistical physics is offered
in [JM13]). Using the above conjecture, we define the following generalized estimator of the linearly
transformed risk under the general Gaussian design model. The construction of the estimator is
essentially the same as before i.e. apply SURE to unbiased pseudo-data.



Definition 3. For an inverse covariance matrix O and a suitable matrix V. RP*P Jet W = VQVT
and define an estimator of ||V (0 — 0)||2/p as

= 7 _ IVOXT(y — X6)|I3
Ta(y, X, 7\, V) =— (Tr (Wss) — Tr (Wgg) — 2Tr (WgeQgsQz2) ) + =
p ( o (Wssfss055) ) p(n = [6]lo)?

where y € R™ and X € R"™*P denote the linear observations and the design matrix, respectively.

~

Further, 6(n, \) is the LASSO solution for penalty level \ and T is a real number. S C [p] is the

support of 0 and S is [p] \ S. Finally, for a p x p matrix M and subsets D, E of [p| the notation
Mppg refers to the | D| X |E| sub-matrix of M obtained by intersection of rows with indices from D
and columns with indices from E.

Derivation of the above formula is rather complicated and we refer the reader to [BEM13] for a
detailed argument. A notable case, when V' = I, corresponds to the mean squared error of LASSO

for the general Gaussian design and the estimator ]/%(y, X, A\, 7) is just a special case of the estimator
Ta(y, X,7,\, V). Thatis, when V = Q = I, we have I';(y, X, 7, A\, I) = R(y, X, A\, 7).
Now, we state the following analog of Theorem .2}

Theorem 4.5. Let {0y(n), X (n),0%(n)}nen be a converging sequence of instances of the general
Gaussian design model with the inverse covariance matrices {Q(n)}nen. Denote the LASSO esti-

~

mator of 0y(n) by 8(n, \). If Conjectureholds, then, with probability one,
lim [0 —6o[|3/p(n) = lim Ta(y, X, 7\, 1)

where T = ||y — X§||2/[n - ||§H0] In other words, T (y, X, 7, \, I) is a consistent estimator of the
asymptotic MSE of the LASSO.

We will assume that a similar state evolution holds for the general design. In fact, for the general
case, replica method suggests the relation

lim Q20— 0)|I3/p(n) = (% — o).

Hence motivated by the Corollary [4.3] we state the following result on the general Gaussian design
model.

Corollary 4.6. Assume that Conjecture[d.4| holds. In the general Gaussian design model, the vari-
ance of the noise can be accurately estimated by

6%(n,Q)/n =7 ~Ta(y, X,7,1,Q7%)/3,
where 6 = n/p and other variables are defined as in Theorem Also, we have

almost surely, providing us a consistent estimator for the noise level in LASSO.

Corollary [4.6] extends the results stated in Corollary [4.3]to the general Gaussian design matrices.
The derivation of formulas in Theorem {.3] and Corollary .6 follows similar arguments as in the
standard Gaussian design model. In particular, they are obtained by applying SURE to the distri-
butional result of Conjecture [4.4] and using the stationary condition of the LASSO. Details of this
derivation can be found in [BEM13]].
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