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Appendix C Consistency properties.
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A Deriving the Approximate Estimator

Lemma 3. min
0≤η≤1

min
α
ηT `(y −Kα) + 1Tψ(η) + λ

2 ‖η‖1αTKα (24)

= min
0≤η≤1

sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1
2λν

T
(
K ◦ (η‖η‖−1

1 ηT )
)
ν. (25)

where the function evaluations are componentwise.

Proof. The lemma amounts to dualizing the interior convex minimization problem

min
α
ηT `(y −Kα) + 1Tψ(η) + λ

2 ‖η‖1αTKα. (26)

Recall from the main body that the function ` is assumed to be closed and convex. Therefore, strong
Fenchel duality holds and we can reexpress ` as `(r) = supν νr − ν`∗(ν) where `∗ is the Fenchel
conjugate of ` [22, Ch.3]. Thus

ηT `(y −Kα) = sup
ν
νT∆(η)(y −Kα)− νT `∗(ν) (27)

and we can therefore re-write (26) as

(26) = min
α

sup
ν

1Tψ(η)− ηT `∗(ν) + νT∆(y)η − νT∆(η)Kα+
λ

2
‖η‖1αTKα (28)

= sup
ν

min
α

1Tψ(η)− ηT `∗(ν) + νT∆(y)η − νT∆(η)Kα+
λ

2
‖η‖1αTKα, (29)

where (29) follows by strong duality (since for all fixed ν in (29) the sublevel sets in α are bounded
[22, Ch.3]).

Finally, α can be eliminated from the inner problem by solving for a critical point (the inner ob-
jective is convex in α). Taking the gradient in α and setting to zero gives the system of equations
∇α = K∆(η)ν + λ‖η‖1Kα = 0, which is satisfied by α = ∆(η)ν/(λ‖η‖1). Substituting this
solution back into (29) yields

(29) = sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1

2λ‖η‖1
νT∆(η)K∆(η)ν (30)

= sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1

2λ
νT
(
K ◦ (η‖η‖−1

1 ηT )
)
ν, (31)

establishing the lemma. �

To prove the next lemma from the main body, recall the definitions.

Nη = {N : N < 0, N1 = η, rank(N) = 1} (32)
Mη = {M : M < 0,M1 = η, tr(M) ≤ 1}. (33)

Lemma 4.
(25) = min

0≤η≤1
min
N∈Nη

sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1
2λν

T (K ◦N)ν (34)

≥ min
0≤η≤1

min
M∈Mη

sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1
2λν

T (K ◦M)ν. (35)

using the fact that Nη ⊆Mη .

Proof. First, to prove the equality (34) consider any fixed η ∈ [0, 1]n. We will show that N =
η‖η‖−1

1 ηT ⇔ N ∈ Nη , which will immediately yield the equality. The direction⇒ can be verified
by a simple check. To prove⇐, assume N ∈ Nη . Since N < 0 and rank(N) = 1 we know that
N = qλqT for some λ > 0 and q such that ‖q‖ = 1. But now, since N1 = η, it must follow that
q = η/(ληT1), hence q = η/‖η‖ and λqT1 = ‖η‖. Therefore, λ = ‖η‖/qT1 = ‖η‖2/(ηT1).
That is, N must have the form N = qλqT = η‖η‖−1

1 ηT .

The inequality (35) then follows from the above argument, and the fact that ‖η‖2/(ηT1) ≤ 1, which
implies tr(N) ≤ 1 for any N ∈ Nη . Therefore Nη ⊆Mη . �
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B Robustness

B.1 Non-robustness of (Non-constant) Convex Losses

Theorem 5. Empirical risk minimization based on a (non-constant) convex loss cannot have
bounded response if the domain (or kernel) is unbounded, even under Tikhonov regularization.

We will separately prove the two cases; first, assuming an explicit feature representation expressed
in a data matrix X , and second, in the case of an RKHS.

B.1.1 Explicit Feature Case

Proof. Consider the L2-norm regularized M -estimator:

θ̂ = arg min
θ∈Θ

λ

2
‖θ‖22 +

n∑

i=1

ρ(yi −Xi:θ), (36)

where ρ is some (non-constant) convex function. For simplicity, we assume ρ is differentiable
(otherwise one can consider subdifferentials to arrive at the same conclusion).

Suppose the theorem is false, then θ̂ remains in a bounded interior subset. From the first order
optimality condition (see, for instance, [22]), we know that

[ρ′(y1−X1:θ̂) + λ]X1: +

n∑

i=2

[ρ′(yi−Xi:θ̂) + λ]Xi: = 0. (37)

Now we perturb (X1:, y1) to cause a contradiction. Since ρ is a univariate convex and non-
constant function, we apparently have limd→∞ ρ′(d) > 0 or limd→−∞ ρ′(d) < 0 or both. Assume
limd→∞ ρ′(d) > 0 (the other case can be proved similarly).

Let y1 and ‖X1:‖ tend to infinity in a way that y1
‖X1:‖ also tends to infinity. Then

y1 −X1:θ̂ ≥ y1 − ‖X1:‖ · ‖θ̂‖ (38)

= ‖X1:‖ ·
(

y1

‖X1:‖
− ‖θ̂‖

)
(39)

tends to infinity since θ̂ is bounded. Therefore ρ′(y1 −X1:θ̂) tends to a positive number. But then
the first term in (37) is unbounded in norm while the second term is bounded in norm (for we did
not perturb {(Xi:, yi)}ni=2), contradiction. �

Intuitively the meaning of this theorem is clear: If the loss function is unbounded, then any sample
that is far enough can drag the estimate θ̂ outside of any bounded interior subset. Tikhonov regular-
ization is not able to overcome this effect. Note that we need to perturb both X1: and y1, in order
to derive a contradiction (for instance, if one only perturbs y1, then convex functions with bounded
derivatives will survive the proof).

B.1.2 RKHS Case

Proof. Let us consider the standard regularized M -estimator:

f̂MR ∈ arg min
f∈H

1

n

n∑

i=1

ρ(yi − 〈φ(xi), f〉) +
λ

2
‖f‖2H, (40)

where {(xi, yi)}ni=1 are samples from the domain X × R; and H is the RKHS induced by some
unbounded kernel κ, with its canonical feature map φ : X 7→ H. As above, we assume ρ is some
non-constant convex loss function. For simplicity, we assume that the minimum in (40) is attained.

Suppose the theorem is false, then f̂MR remains in a bounded set. The first order necessary condition
for the optimality of f̂MR yields

ρ′
(
y1 − 〈φ(x1), f̂MR〉

)
φ(x1) +

n∑

i=2

ρ′
(
yi − 〈φ(xi), f̂MR〉

)
φ(xi) + nλf̂MR = 0, (41)
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where ρ′ denotes the subdifferential of ρ (whose existence is guaranteed by convexity, moreover
since ρ is finite-valued on R, ρ′ is also finite-valued on R). The second term and third term above
are bounded since f̂MR is assumed to be bounded. We will perturb (x1, y1) such that the first term
is not bounded in norm, hence creating a contradiction.

Since ρ is convex and non-constant, we must have either limy→∞ ρ′(y) > 0 or limy→−∞ ρ′(y) > 0
(or both). Let us assume limy→∞ ρ′(y) > 0 (the other case can be proved similarly).

Let both y1 and κ(x1, x1) tend to infinity in a way such that y1√
κ(x1,x1)

also tends to infinity. Then

y1 − 〈φ(x1), f̂MR〉 ≥ y1 −
√
κ(x1, x1)‖f̂MR‖H =

√
κ(x1, x1)

(
y1√

κ(x1, x1)
− ‖f̂MR‖H

)
,

(42)hence
∥∥∥ρ′
(
y1 − 〈φ(x1), f̂MR〉

)
φ(x1)

∥∥∥
H

=
∣∣∣ρ′
(
y1 − 〈φ(x1), f̂MR〉

)∣∣∣
√
κ(x1, x1) → ∞, (43)

due to our assumptions. �

Note that again we need to perturb both κ(x1, x1) and y1 to reach a contradiction (for instance, if
one only perturbs y1, then convex functions with bounded derivatives will survive our proof).

It should be clear in both these proofs that one may replace the L2-norm with other regularizers
without affecting Theorem 5.
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B.2 Robustness of the Approximate Regression Estimator

Theorem 3. Assume the loss ρ is bounded and has a variational representation (84) such that `
is Lipschitz-continuous and ψ′ is bounded. Also assume there is at least one (unperturbed) inlier,
and consider the perturbation of a single data point (y1, x1). Under the following conditions, the
rounded (re-optimized) estimator maintains bounded response:
(i) If either y1 remains bounded, or κ(x1, x1) remains bounded.
(ii) If |y1| → ∞, κ(x1, x1)→∞ and `(y1)/κ(x1, x1)→∞.

To prove this theorem, we first need some key definitions. First recall the definition of outlier and
inlier from the main body.

Definition 2 (Outliers and Inliers). For an L-Lipschitz loss `, an outlier is a point (xi, yi) that
satisfies `(yi) > L2Kii/(2λ)− ψ′(0), while an inlier satisfies `(yi) + L2Kii/(2λ) < −ψ′(1).

Also recall

Nη = {N : N < 0, N1 = η, rank(N) = 1} (44)
Mη = {M : M < 0,M1 = η, tr(M) ≤ 1}. (45)

Let

R0 = min
0≤η≤1

min
α
ηT `(y −Kα) + 1Tψ(η) +

λ

2
‖η‖1αTKα (46)

R1 = min
0≤η≤1

min
M∈Mη

sup
ν

1Tψ(η) + ηT (∆(y)ν − `∗(ν))− 1

2λ
νT (K ◦M)ν (47)

R2 = sup
ν

1Tψ(η) + ηT (∆(y)ν − `∗(ν))− 1

2λ
νT
(
K ◦ (η‖η‖−1

1 ηT )
)
ν (48)

= min
α
ηT `(y −Kα) + 1Tψ(η) +

λ

2
‖η‖1αTKα, (49)

where η in (48) is fixed at the optimal assignment determined by (47), and (49) follows by Lemma 3.
Here, R0 denotes the objective value obtained by the (intractable) oracle minimizer, R1 is the ob-
jective value obtained by the relaxed solution, and R2 denotes the objective value obtained by the
rounded solution.

It is immediate that R0 and R1 must be bounded, since

R1 ≤ R0 ≤ nψ(0) < ∞ (50)

where the first inequality follows from Lemma 4, and the second inequality is achieved by choosing
η = α = 0 in (47). The key question is whether R2, the rounded objective value, remains bounded.
Once this is established for each of the cases, we finally show that this will imply that ‖f̂2‖H remains
bounded, and the theorem will be proved.

B.2.1 Proof for Case (i), Bounded y

Proof. Assume that y remains bounded. We will need to make use of the fact that, since ` is closed
and convex, we have

max
ν

η(yν − `∗(ν)) = ηmax
ν

yν − `∗(ν) = η`(y). (51)

Therefore, from (48) and (51) it follows that

R2 ≤ sup
ν

1Tψ(η)− ηT (`∗(ν)−∆(y)ν) (52)

= 1Tψ(η) + ηT `(y) (53)
≤ nγ (54)

such that γ = max0≤η≤1 ψ(η) + max|y|≤B `(y) <∞. �
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B.2.2 Proof for Case (i), Bounded K

Proof. Assume K remains bounded; in particular that |Kij | ≤ B for some B < ∞. We will need
to make use of the fact that ` is Lipschitz-continuous. In particular, let ` have a Lipschitz-constant
of L. Then it follows from Lemma 3 and the definition of Fenchel conjugate [26] that

R2 = sup
−L≤ν≤L

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1

2λ
νT
(
K ◦ (η‖η‖−1

1 ηT )
)
ν (55)

≤ sup
−L≤ν≤L

1Tψ(η)− ηT (`∗(ν)−∆(y)ν) (56)

= sup
−L≤ν≤L

1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1

2λ
νT (K ◦M)ν +

1

2λ
νT (K ◦M)ν (57)

≤ sup
−L≤ν≤L

{
1Tψ(η)− ηT (`∗(ν)−∆(y)ν)− 1

2λ
νT (K ◦M)ν

}

+ sup
−L≤ν≤L

1

2λ
νT (K ◦M)ν (58)

= R1 + sup
−L≤ν≤L

1

2λ
νT (K ◦M)ν (59)

≤ nψ(0) + sup
−L≤ν≤L

1

2λ
νT (K ◦M)ν. (60)

Therefore it suffices to bound

sup
−L≤ν≤L

νT (K ◦M)ν

≤ L2 tr(KM) (61)

≤ L2Bn, (62)

since M < 0, tr(M) ≤ 1, and λmax(K) ≤ Bn [25, p.292,Thm.5.6.9]. �

B.2.3 Proof for Case (ii)

Proof. The proof in this case proceeds differently than the previous cases. Here we assume we
are given a fixed data set (x1, y1), ..., (xn, yn), where only the first data point (x1, y1) is perturbed
(without loss of generality), so that |y1| → ∞, κ(x1, x1) → ∞ and `(y1)/κ(x1, x1) → ∞. Note
that such a point must eventually become an outlier. We will show that this forces the corresponding
weight η1 to eventually satisfy η1 = 0 in the relaxed solution (47), which will automatically imply
that the rounded value R2 stays at the same finite value thereafter (since no other data point is
perturbed).

Consider the inner objective in (47):

1Tψ(η) + ηT (∆(y)ν − `∗(ν))− 1

2λ
νT (K ◦M)ν (63)

= 1Tψ(M1) + ηT (∆(y)ν − `∗(ν))− 1

2λ
νT (K ◦M)ν. (64)

The gradients with respect to the parameters for this objective are given by

∇ν = ∆(η)(y − `∗(ν)′)− 1

λ
(K ◦M)ν (65)

∇M = ψ′(M1)1T + (∆(y)ν − `∗(ν))1T − 1

2λ
(K ◦ ννT ) (66)

d

dη1
= ψ′(η1) + y1ν1 − `∗(ν1)− 1

2λn
K1:νν1. (67)

Since ` is Lipschitz-continuous with Lipschitz constant L, we know that |ν| ≤ L [26], hence
∣∣∣∣

1

2λn
K1:νν1

∣∣∣∣ ≤
max |K1:|

2λn
L2n =

L2

2λ
K11. (68)
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Now consider the tentative assignment M1: = 0T , η1 = 0. At this assignment, all of the quadratic
terms in ν1 have been nullified in (63) and (64), leaving the optimization over ν1 as

max
ν1

y1ν1 − `∗(ν1) = `(y1) (69)

by (51). Now note that at this solution for ν1 we have

d

dη1
= ψ′(η1) + `(y1)− 1

2λn
K1:νν1 (70)

d

dη1

∣∣∣∣
η1=0

= ψ′(0) + `(y1)− 1

2λn
K1:νν1. (71)

Therefore, if `(y1) > L2

2λK11 − ψ′(0) (the outlier condition) then d
dη1

∣∣∣
η1=0

> 0, which implies that

η1 stays at 0. We conclude that once the outlier condition is achieved (guaranteed by the assump-
tions), R2 retains the same finite value after all subsequent perturbations of (x1, y1), independent of
`(y1) and κ(x1, x1). �

B.2.4 Final Step: Bounding ‖f̂‖H

Consider the rounded estimate f̂2, corresponding to the solution to (49). It remains to bound ‖f̂2‖H
in all the three cases discussed above.

Proof. Observe that

‖f̂2‖H = αTKα ≤ 2R2

λ‖η‖1
. (72)

Since R2 has been proved bounded under the stated assumptions, we only need to consider the
behavior of ‖η‖1, which we do in two cases: η = 0 and η 6= 0.

First, assume η = 0. Then α = 0 is an optimal solution of (49), implying that ‖f̂2‖H = 0, which is
obviously bounded.

So it only remains to consider η 6= 0. In this case it suffices to bound ‖η‖1 away from zero. We
achieve this by appealing to the assumption that there is at least one inlier; that is, an unperturbed
point (xi, yi), i 6= 1, such that `(yi) +L2Kii/(2λ) < −ψ′(1). For any such point, we can establish
that ηi = 1, and the result will follow.

To show that any inlier gets weight ηi in the relaxed solution (47), tentatively consider the assignment
ηi = 1 then recall from (67) that

d

dηi
= ψ′(ηi) + yiνi − `∗(νi)−

1

2λn
Ki:ννi (73)

d

dηi

∣∣∣∣
ηi=1

= ψ′(1) + yiνi − `∗(νi)−
1

2λn
Ki:ννi. (74)

in the relaxed problem. By (69) above we know that yiνi − `∗(νi) ≤ `(yi). Furthermore, by (68)
we know that |Ki:ννi/(2λn)| ≤ L2Kii/(2λ). Therefore, if the condition `(yi) + L2Kii/(2λ) <

−ψ′(1) is satisfied then d
dηi

∣∣∣
ηi=1

< 0, which implies that ηi stays at 1. �

16



C Consistency

C.1 Consistency of Standard Regression Estimators

Let us start by establishing some notation. Recall that H is the RKHS induced by some kernel κ,
{(xi, yi)}ni=1 are i.i.d.samples from the underlying training distribution P(x, y). For any function f
(possibly random), define

R(f) :=

∫

X×R
ρ(y − f(x))dP(x, y).

Then the following functions all aim at minimizingR(f) in one way or another:
f∗ ∈ argmin

f
R(f) (75)

fH ∈ argmin
f∈H

R(f) (76)

fH,λ ∈ argmin
f∈H

R(f) + λ‖f‖2H (77)

f̂H,λ ∈ argmin
f∈H

R̂(f) + λ‖f‖2H, (78)

where R̂(f) := 1
n

∑n
i=1 ρ(yi − f(xi)). For simplicity, we have tacitly assumed the existence of all

minimizers in the above. We will also ignore measurability issues for the time being. Note that only
the last function f̂H,λ depends on the data.

The regularized M -estimator f̂H,λ is said to be (loss) consistent if

R(f̂H,λ)−R(f∗)→ 0 (79)
as the sample size n increases to infinity and the regularization constant λ decreases to zero. To
investigate when consistency can be assured, the following decomposition is standard and helpful
[15]:

R(f̂H,λ)−R(f∗) = R(f̂H,λ)−R(fH,λ)− λ‖fH,λ‖2H (80)

+R(fH,λ) + λ‖fH,λ‖2H −R(fH) (81)
+R(fH)−R(f∗), (82)

where the last term is usually called the approximation error, which measures how well can functions
in H approximate f∗ under the ρ loss; the second term can be thought of as some stability error
(where the regularization constant λ plays the role of perturbation); and the first term is related to
the sampling error. Note that the last two terms depend only on the interaction between the RKHS
H (hence the kernel κ), the training distribution P(x, y), and the loss ρ. It is however independent
of any estimation procedure (except perhaps providing some insights on how to practically tune the
regularization constant). Very general bounds for the last two terms exist in the learning theory
literature, see, for instance [15] and [27]. To make our presentation less complicated we will simply
assume the sum of the last two terms, as a function of λ, goes to 0 when λ itself decreases to 0. The
interested reader can consult the books [15] and [27] for precise technical conditions under which
this is indeed so.

The right-hand side in (80) is apparently upper bounded by

R(f̂H,λ) + λ‖f̂H,λ‖2H −R(fH,λ)− λ‖fH,λ‖2H = R(f̂H,λ)− R̂(f̂H,λ)

+ R̂(f̂H,λ) + λ‖f̂H,λ‖2H − R̂(fH,λ)− λ‖fH,λ‖2H
+R(fH,λ)− R̂(fH,λ)

≤ R(f̂H,λ)− R̂(f̂H,λ) +R(fH,λ)− R̂(fH,λ)

≤ sup
f :‖f‖H≤ 1√

λ

|R(f)− R̂(f)|, (83)

where the first inequality is due to the optimality of f̂H,λ, and the second inequality follows under
the assumption 0 ≤ ρ ≤ 1. Therefore we have related the right-hand side in (80) to the (uniform)
sampling error. Applying standard uniform convergence bounds, for instance, the Rademacher com-
plexity bound in [28, Theorem 8; Theorem 12; Lemma 22], leads to the following consistency result:
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Proposition 1. Assuming (81) and (82) approach 0 when λ→ 0, the loss ρ is Lipschitz and bounded
between 0 and 1, supx∈X κ(x, x) ≤ 1, then the regularized M -estimator defined in (78) is (ρ-loss)
consistent.

It is also possible to derive consistency results that depends on the capacity of the RKHS [15].

C.2 Consistency of Approximate Regression Estimators

Theorem 4. Assume ` is Lipschitz-continuous and ψ(η) = 1−η. Assume that the data is generated
from a mixture of inliers and outliers, where P (inlier) > P (outlier). Then the estimate θ̂ produced
by the rounded (re-optimized) method is loss consistent.

Proof. From the proof of Theorem 3 above, we know that the relaxed solution will set ηi = 0 for
all outliers, and ηi = 1 for all inliers. Since only outliers and inliers are present in the data, the
solution η will be discrete {0, 1}n, and all outliers will be ignored. Thus the reoptimized estimator
f̂2 is based only on the inliers, and on such data the estimator is solved by a standard regularized
empirical risk minimization. The consistency then follows from the standard results on regularized
empirical risk minimization above. �
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D Variational Factorization of Loss Functions

Our objective in this section is to study some variational representation of loss functions. Our
treatment is inspired by but different from that presented in [8].

Given any loss function ρ(r) (not necessarily convex), we want to find (closed and proper) convex
functions `(r) and ψ(η) such that

ρ(r) = min
η∈[0,1]

η`(r) + ψ(η). (84)

Our main motivation to find such a variational representation for ρ is from optimization: the right
hand side is separately (although not jointly) convex in both η and r, hence we can optimize ρ
by dealing alternatively with ` and ψ, if the latter are in much simpler forms. This variational
representation also allows us to develop a promising convex relaxation, as we will see soon.

Note that due to the closedness assumption on ψ, the minimum in (84) is always attained hence
justifies our notation of min instead of inf . Also due to the convexity we pose on `, the effective do-
main of ρ is necessarily convex. We also mention that the convexity of ψ simplifies our presentation
but is not essential, for we can always replace ψ by its (closed) convex hull over the interval [0, 1].

It is obvious that all closed convex functions ρ admit a variational representation (84): Just set
`(r) = ρ(r), ψ(η) = δ{1}(η).12 In fact, much more can be said. But let us prove a technical lemma
first.

For any closed convex function ψ(η), define its restricted Fenchel conjugate as:

ψ̂(η̂) := max
η∈[0,1]

ηη̂ − ψ(η). (85)

Note that ψ̂(η̂) ≤ maxη∈[0,1] ηη̂ − minη∈[0,1] ψ(η) = (η̂)+ − minη∈[0,1] ψ(η) < ∞, due to the
closedness assumption on ψ. Hence ψ̂ is defined on the whole real line.

Denote F as the set of all closed (proper) convex functions on R̄, F̂ the set of all closed (proper)
convex functions ˆ̀with effective domain R and satisfying13

0 ≤ lim sup
η̂→−∞

ψ̂(η̂)

η̂
≤ lim inf

η̂→∞

ψ̂(η̂)

η̂
≤ 1. (86)

Define the mapping F which maps ψ ∈ F into its restricted Fenchel conjugate ψ̂.

Lemma 5. F maps F onto F̂ .

Proof. We first prove the range of the mapping F is contained in F̂ . By definition,

lim inf
η̂→∞

ψ̂(η̂)

η̂
= lim inf

η̂→∞
max
η∈[0,1]

η − ψ(η)

η̂
(87)

≤ lim inf
η̂→∞

1− minη∈[0,1] ψ(η)

η̂
(88)

= 1. (89)

The last equality is because of the closedness of ψ. The other inequality in (86) can be similarly
proved.

Let ϕ̂ ∈ F̂ , consider its (ordinary) Fenchel conjugate:

ϕ̂∗(η) = sup
η̂
ηη̂ − ϕ̂(η̂) = sup

η̂
η̂
(
η − ϕ̂(η̂)

η̂

)
. (90)

12 As is conventional in convex analysis, we use δC(η) to denote the indicator function for the point set C;
i.e., δC(η) = 0 if η ∈ C, otherwise δC(η) =∞.

13 It does not matter if we change lim sup to lim inf or vice versa.
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By the conditions (86) on F̂ , there exists a sequence η̂i → ∞ as i → ∞ such that ψ̂(η̂i)
η̂i
≤ 1 + ε

for arbitrarily small ε > 0 and all sufficiently large i. Now if η > 1 (hence η ≥ 1 + 2ε for suitably
small ε), then it is clear that ϕ̂∗(η) = ∞. Similar arguments apply when η < 0, hence the effective
domain of ϕ̂∗ is contained in [0, 1]. Let ψ = ϕ̂∗, then ψ̂ = ϕ̂∗∗ = ϕ̂. This proves the mapping F is
onto. �

Remark 1. If we restrict the effective domain of the functions in F to be in [0, 1], then an easy
argument of duality establishes the one-one property of the mapping F .

Remark 2. It should be clear that the interval [0, 1] plays no special role here. Lemma 5 remains
true (with obvious modifications) if we replace [0, 1] with any other (non-degenerate) compact in-
terval [a, b]. However, for our later convex relaxation, it is desirable to have a ≥ 0.

Theorem 5. The function ρ admits a variational representation (84) if and only if ρ = −ψ̂ ◦ (−`)
for some ψ̂ ∈ F̂ , ` ∈ F . This shall be called the variational factorization of ρ.

Proof. This is an immediate consequence of Lemma 5:

−ρ(r) := − min
η∈[0,1]

η`(r) + ψ(η) (91)

= max
η∈[0,1]

η(−`(r))− ψ(η) (92)

= ψ̂(−`(r)). (93)

�

Let us now first illustrate a few examples to see how one can apply Theorem 5.

Example 1 (Variational representation of the Geman-McClure function r2

1+r2 ). This example was
also discussed in [8], through some integral arguments. Our derivation here, based on Theorem
5, is different. Rewrite −ρ(r) = −1 + 1

1+r2 , which suggests us choose `(r) = r2. Then ψ̂(η) =

−1 + 1
1−η ,∀η ≤ 0. Note that the decomposition −ρ = ψ̂ ◦ (−`) only determines ψ̂ on the range

of −`, hence giving us some flexibility to “complete” ψ̂ on the entire real line such that (86) are
satisfied. The easiest (nontrivial) way to extend ψ̂ is to glue with it an affine function whose slope
dominates ψ̂. That is, define ψ̂(η) = aη + b,∀η ≥ 0, where a ≥ supη≤0 ψ̂

′(η) = 1. Picking
a = 1 then satisfies both conditions in (86). To make ψ̂ closed, we must set b = limη→0 ψ̂(η) = 0.
To summarize, ρ(r) = r2

1+r2 admits the variational representation (84) with `(r) = r2, ψ(η) =

ψ̂∗(η) = supη∗ ηη
∗ − ψ̂(η∗) = (

√
η − 1)2.

Example 2 (Variational representation of the sigmoid function exp(r)
1+exp(r) ). This example is new. It

was not discussed in [8], probably because there ` was restricted to the squared loss, which turns
out to be prohibitive in this case. We simply repeat the procedure in Example 1. The similarity
between the sigmoid function and the Geman-McClure function suggests us choose `(r) = exp(r),
hence ψ̂(η) is accordingly determined on (−∞, 0) as −1 + 1

1−η . Arguing exactly as in Example 1
we get the variational representation of the sigmoid function: `(r) = exp(r), ψ(η) = (

√
η − 1)2.

Example 3 (Variational representation of the Geman-Reynolds function −1
1+|r| ). This example was

discussed in [8] where `(r) = r2, but the final result turned out to be very complicated. We now
demonstrate that by choosing a better `, the representation can be significantly simplified. Note
that ρ(η) + 1 = |η|

1+|η| . By analogy to the previous examples, it is easy to see that `(r) = |r|,
ψ(η) = (

√
η − 1)2 − 1 is a correct, and perhaps better, representation.

The above three examples can be summarized as: `(r)
1+`(r) with `(r) positive and convex has varia-

tional representation `(r), ψ(η) = (
√
η − 1)2.

Example 4 (Some other examples). These examples (with `(r) = r2) were all discussed in [8]. We
include them mainly for the purpose of completeness.
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Lorentzian function ρ(r) = log(1 + `(r)) with ` positive and convex has variational representation:
`(r), ψ(η) = η − 1− log η.

Tukey’s biweight function ρ(r) = min{`2(r)− `4(r) + `6(r)/3, 1/3} with ` convex has variational
representation: `(r), ψ(η) = 1

3 − η + 2
3η

3/2.

Leclerc’s function ρ(r) = 1 − exp(−`2(r)) with ` convex has variational representation:
`(r), ψ(η) = η log η − η + 1.

The mean-field function ρ(r) = − log(1 + exp(−`2(r))) with variational representation:
`(r), ψ(η) = η log η + (1− η) log(1− η).

The nontrivial part in all examples is to identify the correct form of `; once that is done, the rest
is fairly routine. Fortunately, for many useful loss functions, a few trial-and-error usually suffice.
While we will develop a more principled way to yield a factorization, we nevertheless find the naive
guessing method convenient and that is why we present it first.

We now turn to two immediate questions about Theorem 5:

• Is the variational factorization unique?
• Do all functions admit a variational factorization?

The first question is easily seen to be false since one can scale (or more generally, affinely transform)
ψ̂ and ` accordingly. The answer to the second question is also negative, for as we noted before,
the effective domain of ρ needs to be convex. Moreover, by Alexandrov’s theorem, −ρ must have
second derivative almost everywhere, in order to be a candidate of compositions of convex-concave
functions. But it is well-known that there exist plenty of continuous and nowhere differentiable
functions. Nevertheless, as noted before, all convex functions do admit a variational factorization
(another trivial factorization would be ψ̂(η) = η, ` = ρ, a concrete example of the non-uniquesness).
All concave functions whose negations are in F̂ also admit a variational factorization (again, a trivial
factorization would be ψ̂ = −ρ, `(r) = −r).

To have a more satisfying (and involved) answer for the above two questions, we need to put some
conditions on the loss function and its variational factors.14 We shall call a variational factorization
(ψ̂, `) minimal if ψ̂ is strictly increasing, and for any other factorization (ϕ̂, ξ), the function ψ̂−1 ◦ ϕ̂
is convex. Now we can have a positive answer for the uniqueness question.
Lemma 6. Minimal factorizations, if exist, are unique up to some (appropriate) affine transforms.

Proof. Let (ψ̂, `), (ϕ̂, ξ) both be minimal, then from the definition, we know both ψ̂−1 ◦ ϕ̂ and
ϕ̂−1 ◦ ψ̂ are convex. Since both ψ̂ and ϕ̂ are assumed to be strictly increasing, it suffices to prove
that only certain affine function can possibly be strictly increasing, convex, and having a convex
inverse. But this is immediate, for we have ∀λ ∈ [0, 1],

λx+ (1− λ)y = f−1 ◦ f(λx+ (1− λ)y) (94)

≤ f−1(λf(x) + (1− λ)f(y)) (95)

≤ λf−1 ◦ f(x) + (1− λ)f−1 ◦ f(y) (96)
= λx+ (1− λ)y. (97)

The equality for all pairs of (x, y) forces f to be affine. �

The next result requires some tools from real analysis, in particular, the Riesz representation theorem
for bounded linear functionals (for a review, refer to [30]).
Lemma 7. Let −ρ be continuous and strictly decreasing on the open interval I ⊆ R and admits
a variational factorization (ψ̂, `) which are convex, continuous and strictly increasing on {−`(r) :
r ∈ I} and I, respectively, then

1. the right derivative, ρr, of ρ exists on I;
14 Our treatment here is mainly inspired by [29].
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2. log ρr is locally of bounded variation, hence corresponds (uniquely) to a (regular) Radon
measure on I, which we denote as d(log ρr);

3. a minimal factorization of −ρ is given as (ϕ̂, ξ), with

ξ(x) :=

∫ x

a

exp(

∫ y

b

dν+)dy, ϕ̂(x) = −ρ(ξ−1(−x)), (98)

provided that (98) is finite valued. Here a = inf I, b ∈ I and dν+ is the positive part of the
Radon measure d(log ρr).

Proof. 1. The proof is obvious hence omitted.

2. Due to the chain rule for derivatives:

(−ρ)r = (ψ̂ ◦ (−`))r (99)

= (ψ̂r ◦ (−`)) · (−`r), hence (100)

log ρr = log(ψ̂r ◦ (−`)) + log `r. (101)

Note that all quantities inside the log are positive due to the monotonicity assumption. Moreover,
the two terms on the right hand side are decreasing and increasing, respectively, due to the convexity
assumption. Therefore log ρr is locally of bounded variation. Through the usual Riemann-Stieltjes
integral, log ρr induces a bounded linear functional on Cc(I) (continuous functions on I with com-
pact support), hence by the Riesz representation theorem, corresponds to a unique (regular) Radon
measure on I.

3. Suppose (ϕ̂, ξ) is the minimal factorization and (ψ̂, `) is any variational factorization of −ρ, then
from −ρ = ϕ̂ ◦ (−ξ) = ψ̂ ◦ (−`) and the minimality of ϕ̂ we know f := ϕ̂−1 ◦ ψ̂ = (−ξ) ◦ (−`)−1

is convex, hence−ξ = f ◦ (−`). It follows that log ξr = log(fr ◦ (−`)) + log `r. Since f is convex,
log(fr ◦ (−`)) is decreasing, therefore d(log ξr) ≤ d(log `r). This proves some minimal property
of the induced Radon measure of the minimal factorization.

Recall (101) which decomposes d(log ρr) into a positive measure and a negative one. The result
above suggests us choose d(log ξr) = dν+, for the latter, being the positive part, is minimal by
the Hahn-Jordan decomposition. This choice also forces ϕ̂r to be increasing. Assuming (ϕ̂, ξ) as
defined in (98) is finite valued, it is easy to verify the required convexity and monotonicity. �

Remark 3. A careful inspection of the proof reveals that the minimal factorization in (98) does not
hinge on the fact that −ρ indeed admits a variational factorization, as long as log ρr is locally of
bounded variation. Therefore finding the minimal factorization does not involve more work than
finding merely a factorization.

Again, we digest the previous lemma through an example.

Example 5 (The sigmoid function revisited). I = (−∞,∞) in this example, hence a = −∞
and we pick b = 0 (any other value would lead to the same result up to some constants). Simple
calculation confirms d(log ρr) = 1−exp(−x)

1+exp(x) dx, where dx, as usual, is the Lebesgue measure on

I. Therefore dν+ = 1{x ≤ 0} · 1−exp(−x)
1+exp(x) dx. Direct integration in (98) gives ξ(x) = 1{x ≤

0} · 4 exp(x)
1+exp(x) + 1{x > 0} · (2 + x) and ϕ̂(x) = 1{x ≥ −2} · x4 − 1{x < −2} · 1

1+exp(x+2) . One
easily verifies that the conditions in (86) are indeed satisfied. By Theorem 5 we know there exists a
variational representation (ϕ, ξ) for the sigmoid function, although its explicit form is too cumber-
some to write down. This variational factorization is very different from the one in Example 2, and
perhaps is harder to come up with through guessing. From the point of view of optimization, the
current factorization is inferior, despite of its theoretical value.

Lemma 7 cannot be applied directly to the Geman-McClure function due to the lack of monotonicity
on the entire real line. However, such functions have the symmetry property that we can exploit.
The idea is to restrict ρ(x) to R+ where monotonicity is guaranteed, then apply Lemma 7 we get ξ
on R+ (and ϕ̂). Finally extend ξ to R− by symmetry.
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Example 6 (The Geman-McClure function revisited). Following the above recipe, I = (0,∞), a =
0 and we leave b unspecified (as it only affects constants). Simple calculation confirms d(log ρr) =

1−3x2

x(1+x2)dx. Therefore dν+ = 1{0 ≤ x ≤ 1/
√

3} · 1−3x2

x(1+x2)dx. Direct integration in (98) gives

ξ(x) = 1{0 ≤ x ≤ 1/
√

3} · x2

1+x2 + 1{x > 1/
√

3} · (x + 1/4 − 1/
√

3) and ϕ̂(x) = 1{x ≥
−1/4} · x − 1{x < −1/4} · (x+1/4−1/

√
3)2

1+(x+1/4−1/
√

3)2
. For x < 0, we set ξ(x) = ξ(−x) while leave

ϕ̂ untouched. One again verifies that the conditions in (86) are satisfied. By Theorem 5 we know
there exists a variational representation (ϕ, ξ) for the sigmoid function, although its explicit form is
again too cumbersome to write down. This variational factorization is very different from the one in
Example 1, and is inferior from the point of view of optimization.

The above two examples might lead one to conclude that the minimal factorization given by
Lemma 7 is of little use from the viewpoint of optimization, which is our main motivation of de-
veloping the variational representation. However, as we point out below, the true value of Lemma 7
is to ensure one when a particular loss function does admit a variational factorization. Note that
once the existence issue is solved, finding a meaningful factorization can usually be done through a
few trial-and-error. We also notice that without the help of Lemma 7, it seems hard to envision the
following theorem merely from the conclusion we drew in Theorem 5.
Theorem 6. All bounded strictly increasing C2 functions admit a variational factorization that
satisfies (86), provided ξ(x) defined below in (102) is finite valued and ρ′(x)

ξ′(x) is bounded from above.

Proof. Let ρ be bounded and strictly increasing. (98) now simplifies to

ξ(x) =

∫ x

a

exp

(∫ y

b

max{ρ′′(z), 0}
ρ′(z)

dz

)
dy. (102)

We need only verify (86). Notice that ϕ̂ in (98) is only determined in {−ξ(x) : x ∈ domρ}, but we
can always complete it using the trick presented in Example 1 and 2.

Suppose ϕ̂(x) is defined for all sufficiently small x before we do the “completion”, then

lim sup
x→−∞

ϕ̂(x)

x
= lim sup

x→−∞

−ρ(ξ−1(−x))

x
= 0, (103)

since ρ is bounded. The other condition in (86) can be similarly argued. On the other hand, if ϕ̂(x)
(for sufficiently small x) is only defined after we do the “completion”, then we need to verify that
[−ρ(ξ−1(−x))]′ = ρ′(ξ−1(−x))

ξ′(ξ−1(−x)) = ρ′(y)
ξ′(y) is between 0 and some positive number c (scaling ϕ̂ and

ξ appropriately will make c = 1). This holds because both ρ and ξ are strictly increasing, ρ′ is
bounded from above (for ρ is bounded), plus our assumption. �

While it is possible to pin down a sufficient condition to remove the assumption in Theorem 6, we
prefer not to do so, simply because this assumption itself is easily checkable. Apparently, Theo-
rem 6 can be slightly modified to accommodate symmetric (and strictly increasing on, say, R+) loss
functions. Refer to Examples 5 and 6.
Remark 4. It is clear that we may replace the strictly decreasing assumption on the loss ρ with
strictly increasing in both Lemma 7 and Theorem 6 (under obvious modifications), although such
increasing functions seem to be uninteresting for loss minimization.

In summary, we wonder what kind of functions can be factorized into the composition of a concave
function and a convex function, where the concave part satisfies some condition like (86)? Of
course, we would also like a principled method to find such factorizations, hopefully useful ones in
the sense of optimization. Our results in Lemma 7 and Theorem 6 provide partial solutions to the
above request, but seem to rely heavily on the monotonicity assumption. It would be nice to replace
this assumption with something lighter.
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E Computation

E.1 Efficient Implementation of the Approximate Estimator

Recall that the approximate estimator is computed in three steps: First, the relaxed lower bound
(35) is computed, recovering η (see Lemma 4 in Appendix A). Second, the parameters α are re-
covered by fixing η and re-solving for α in (24) (see Lemma 3 in Appendix A). Third, η and α
are locally reoptimized in (24) using the previous (η,α) as the initial point. We discuss an efficient
implementation strategy, and the conditions under which polynomial run-time can be ensured.

For clarity we consider the case ψ(η) = 1− η. (An efficient algorithm is possible for general ψ, but
the details unnecessarily complicate the presentation.)

Relaxation: The first step of the approximate estimator is to compute the lower bound (35) given in
Lemma 4, and recover the optimal η and M . This optimization can be solved efficiently as follows.
Recall the definition Mη = {M < 0,M1 = η, tr(M) ≤ 1}, apply the definition ψ(η) = 1 − η,
and observe

(35) = max
ν

min
0≤η≤1

min
M∈Mη

n− 1Tη − ηT (`∗(ν)−∆(y)ν)− 1

2λ
νT (K ◦M)ν (104)

= max
ν

max
a≥0,b≥0

min
η

min
M∈Mη

n− 1Tη − ηT (`∗(ν)−∆(y)ν)

− 1

2λ
νT (K ◦M)ν − aTM1 + bT (M1− 1) (105)

= max
ν

max
a≥0,b≥0

min
M<0,tr(M)≤1

n− 1TM1− 1TM(`∗(ν)−∆(y)ν)

− 1

2λ
νT (K ◦M)ν − aTM1 + bT (M1− 1) (106)

= max
ν,a≥0,b≥0

n− bT1− max
M<0,tr(M)≤1

1TM1 + 1TM(`∗(ν)−∆(y)ν)

+
1

2λ
νT (K ◦M)ν + aTM1− bTM1,(107)

where (104) follows by Sion’s minimax theorem [26, Cor.37.3.2]; (105) follows by Lagrange dual-
ity; (106) follows by substituting M1 = η to replace the constraint and eliminate η; and (107) is
simple regrouping. Therefore (107) can be solved as a nonsmooth maximization:

max
ν,a≥0,b≥0

n− bT1− f(ν,a,b), (108)

where

f(ν,a,b) = max
M<0,tr(M)≤1

1TM1 + 1TMc +
1

2λ
νT (K ◦M)ν + aTM1− bTM1 (109)

=
1

2
max

M<0,tr(M)≤1
tr(MC(ν,a,b)), (110)

such that

C(ν,a,b) = 211T + 1c(ν)T + c(ν)1T +
1

λ

(
K ◦ ννT

)
+ a1T + 1aT − b1T − 1bT (111)

c(ν) = `∗(ν)−∆(y)ν. (112)

Note that in the maximization problem (108), f(ν,a,b) must be convex, since it is a pointwise
maximum of linear functions [22, Ch.3]; hence (108) is a concave maximization problem. Each
evaluation of f(ν,a,b) requires no more than O(n3) time, since (110) can be solved by computing
the maximum eigenvector of C(ν,a,b) [31]. Moreover, a subgradient in (ν,a,b) can easily be
recovered from the maximizer M , based on the fact that

∂f 3




∆(M1)(`′(ν)− y) + 1
λ (K ◦M)ν

M1
−M1


 (113)
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by Danskin’s theorem [32, Ch.6]. (Note that the maximizer M might not be unique, so f is non-
smooth at points where this occurs.) Finally, at a solution (ν,a,b;M) the weight vector η is
recovered via η = M1.

Therefore, computing the relaxed solution requires solving a nonsmooth concave maximization over
3n variables, where each function evaluation (and subgradient) can be computed in O(n3) time. An
ellipsoid algorithm can therefore be used to solve (108) in polynomial-time [21] [33].

Rounding: The rounding procedure involves a simple, smooth convex minimization of α in (24),
where η is fixed from the relaxation step. This problem can be solved in polynomial-time provided
only that the base loss ` (assumed convex) is also self-concordant [20].

Reoptimization: Finally, in the reopimization step, both η and α are jointly (and locally) opti-
mized in (24), starting from the solution above. A local optimum can, once again, be recovered
in polynomial-time adding only the assumption that ψ (in addition to being convex) is also self-
concordant.

Therefore, the estimation procedure requires only polynomial-time under the stated assumptions.
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E.2 Proofs of NP-hardness

Our goal is to prove that minimizing a bounded loss function is NP-hard in general. After estab-
lishing the preliminary definitions required to be sufficiently precise about the results, we first prove
that a special case—clipped-loss minimization—is strongly NP-hard in Section E.2.1. Then the NP-
hardness of bounded loss minimization can be easily established by a reduction from clipped-loss
minimization in Section E.2.2.

E.2.1 Hardness of Clipped Loss Minimization

Definition 3 (Loss function). A function ` : R → R is a loss function if (i) `(r) ≥ 0 for all r;
(ii) `(0) = 0; and (iii) `(r) is nondecreasing in r away from r = 0; that is, r1 ≤ r2 ≤ 0 implies
`(r1) ≥ `(r2), and 0 ≤ r1 ≤ r2 implies `(r1) ≤ `(r2).
Definition 4 (τ -minimal two-sided loss). A loss function ` is a τ -minimal two-sided loss if there
exists a finite Bτ > 0 such that (i) r ≤ Bτ implies `(r) ≥ τ ; and (ii) r ≥ Bτ implies `(r) ≥ τ .
Definition 5 (β-bounded loss). A loss function ρ is a β-bounded loss if ρ(y − ŷ) ≤ β for all y and
ŷ.
Definition 6 (weakly τ -minimal loss). A loss function ` is a weakly τ -minimal loss if it is a (τ − ε)-
minimal loss for all ε > 0.
Definition 7 (Clipped loss minimization).
Instance: t × n matrix X of training data, t × 1 vector y of training labels, 1-minimal two-sided
loss function `, nonnegative threshold number c.
Question: Is there an n× 1 vector θ such that

∑t
i=1 min(1, `(yi −Xi:θ)) ≤ c?

Definition 8 (Bounded loss minimization).
Instance: t× n matrix X of training data, t× 1 vector y of training labels, 1-bounded and weakly
1-minimal two-sided loss function `, nonnegative threshold number b.
Question: Is there an n× 1 vector θ such that

∑t
i=1 `(yi −Xi:θ) ≤ b?

Definition 9 (Maximum 2-satisfiability).
Instance: Set U of variables, collectionC of clauses over U such that each clause c ∈ C has |c| = 2,
positive integer K ≤ |C|.
Question: Is there a truth assignment for U that simultaneously satisfies at least K of the clauses in
C?

Note that MAX2SAT is known to be NP-complete in general [34]. It is solvable in polynomial-time
if K = |C| [34], but NP-hard to approximate within a multiplicative constant better than 21/22 =
0.95454 [35].
Theorem 7. Clipped loss minimization is strongly NP-hard.

Proof. We transform MAX2SAT to clipped-loss minimization. Let (U,C,K) constitute an instance
of MAX2SAT.

Let 1i denote a boolean vector with a single 1 in position i. We will also use a scale factor s that
will be specified below (we will be able to choose a value for s that is polynomial in |U |).
Widget construction: For each variable in uj ∈ U associate a feature X:j with corresponding
weight θj . For each clause c ∈ C construct three training examples in the form (x>, y) as follows:

• For ui ∨ uj clauses, construct three examples (s1>i , s), (s1>j , s) and (s(1i + 1j)
>, s).

• For ui ∨ ¬uj clauses, construct three examples (s1>i , s), (s1>j , 0) and (s(1i − 1j)
>, 0).

• For ¬ui ∨ uj clauses, construct three examples (s1>i , 0), (s1>j , s) and (s(1i − 1j)
>, 0).

• For ¬ui ∨ ¬uj clauses, construct three examples (s1>i , 0), (s1>j , 0) and (s(1i + 1j)
>, s).

To illustrate how this construction will work, consider a training example (s1>i , s). For a weight
vector θ one will obtain a prediction ŷ = s1>i θ = sθi, which is compared to the target value y = s.
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Figure 1: Depiction of the error surface in (θi, θj) for the three training examples constructed for
each type of clause (when i 6= j): a ui ∨ uj clause, a ui ∨ ¬uj clause, a ¬ui ∨ uj clause, and a
¬ui ∨ ¬uj clause. (The trough widths are controlled by the scale factor s.) Note that the minimum
total loss of 1 can only be achieved by setting (θi, θj) to a satisfying assignment in each of the four
cases.

Note that if θi = 1, then the loss must be zero on this example, since ŷ = s = y. However, as θi
moves away from 1 the loss must increase until it “saturates”. Let

ρ(y − ŷ) = min(1, `(y − ŷ)) (114)

denote the “clipped” loss. Since ` is a 1-minimal two-sided loss there must exist a finite B1 > 0
such that for any y, ŷ ≤ y − B1 implies ρ(y − ŷ) = 1 and ŷ ≥ y + B1 implies ρ(y − ŷ) = 1.
Conversely, if ρ(y − ŷ) < 1 then it must follow that y − B1 < ŷ < y + B1. The role of the scale
factor s, therefore, is to control the width of the “trough” where the losses remain strictly less than
1: Note that for any scale factor s > 0, if ρ(sy − sŷ) < 1 then sy − B1 < sŷ < sy + B1, which
holds if and only if y − B1/s < ŷ < y + B1/s. Thus, the larger the choice of s, the narrower the
trough where losses less than 1 can be achieved for a given training example.

Figure E.2.1 depicts the error surfaces created by the set of three training examples for each of the
four clause types (for sufficiently large s) when the variables are distinct, i 6= j. Note that the
minimum loss any weight vector can achieve on a clause (i.e., on its associated set of three training
examples) is always 1, and this can only be achieved by assigning boolean weights that “satisfy” the
clause.
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Figure 2: Illustrating bins of width B1
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Figure 3: Illustrating how an empty (bin, mirror bin) pair can be used to define which component
weight values are “nearly discrete” versus “close to 1/2”.

Choosing the scale factor s: The scale factor s needs to be fixed to a sufficiently large value so
that, for any weight vector θ, there exists a “gap” between 0 and 1

2 (and a corresponding mirror
gap between 1

2 and 1) that contains no individual weight component θi. In particular, consider a

partition of the interval [B1(1+
√

2)
s , 1

2 ] into disjoint bins of size B1

√
2

s . There are at least b
(

1
2 −

B1(1+
√

2)
s

)
/B1

√
2

s c = b s
B12
√

2
− 1√

2
− 1c such bins that fit entirely within the interval.15 So, by

setting

s = B12
√

2(|U |+ 3) (115)

it follows that there must be at least |U | + 1 disjoint bins of width B1

√
2

s within the interval

[B1(1+
√

2)
s , 1

2 ], plus a mirror set of |U | + 1 disjoint bins within the interval [ 1
2 , 1 −

B1(1+
√

2)
s ];

see Figure 2. Given that the weight vector only has |U | components, by construction, we know that
for any particular θ there must be at least one (bin, mirror bin) pair such that neither bin contains
any θi value; see Figure 3. We will use these empty bins to define which θi values are considered to
be “nearly discrete” versus “close to 1/2”, as shown in Figure 3.

Main argument: We now proceed to show that there is always a boolean weight vector that is a
global minimizer of the total clipped loss. Let

ρ(θ) =

t∑

i=1

ρ(yi −Xi:θ) (116)

denote the total clipped loss obtained by a weight vector θ on the constructed set of training exam-
ples. Let θ(0) be a global minimizer of (116). Then we know that there must be some (bin, mirror
bin) pair that contains no component of θ(0), which we can use to define “nearly discrete” ver-
sus “close to 1/2” weight values (Figure 3). Then by Lemma 8 below we know there must be some

15 The reason for considering the interval [B1(1+
√

2)
s

, 1
2
] instead of [0, 1

2
] is that we also need to ensure the

empty bin does not intersect the parallelogram at the interesction between an axis-parallel and diagonal trough.
For a given s this will be true for any bin that is at least B1(1+

√
2)

s
away from 0 or 1.
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Figure 4: Illustrating the rounding scheme of Lemma 8 for a ui ∨ uj clause. (The scheme for the
other three clause types depicted in Figure E.2.1 is isomorphic. Weight pairs (θi, θj) in the four red
corner quadrants are rounded to the boolean corners. Weight pairs (θi, θj) in the four blue semi-
rectangles on the edges are rounded to the line where the “nearly discrete” value becomes boolean.
Weight pairs (θi, θj) in the green central square are not rounded. No weight pair occurs in the
cross-hatch formed by the empty bins.

weight vector θ(1) which contains only boolean or “close to 1/2” values such that ρ(θ(1)) ≤ ρ(θ(0)).
Then by Lemma 9 below we know there must exist a pure boolean weight vector θ(2) such that
ρ(θ(2)) ≤ ρ(θ(1)). Finally given a boolean assignment θ(2), a corresponding truth assignment u(2)

can be directly recovered via the transformation

ui = true ⇔ θi = 1

ui = false ⇔ θi = 0. (117)

Furthermore, for a boolean weight vector θ(2) we have that

ρ(θ(2)) = 3× |{clauses falsified by u(2)}|
+ 1× |{clauses satisfied by u(2)}| (118)

= 3|C|−2× |{clauses satisfied by u(2)}|. (119)

It then follows that |{clauses satisfied by u(2)}| ≥ K if and only if ρ(θ(2)) ≤ 3|C| − 2K. That is,
the minimum clipped loss achieved can be used to decide whether K clauses can be satisfied in the
original instance. �

Lemma 8. For any weight vector θ there is always a weight vector θ̃ with only boolean components
or components that are “close to 1/2” such that ρ(θ̃) ≤ ρ(θ).

Proof. Fix θ and use one of its empty bins to define which component values are “nearly discrete”
versus “close to 1/2”. Let θ̃ be the vector obtained by rounding all “nearly discrete” values of θ to
their nearest boolean value. We show that the total clipped loss obtained by θ̃ cannot be greater than
that of θ.

Consider Figure 4, which depicts the effect of rounding for a clause of the ui ∨ uj type (the other
three cases are isomorphic). For any clause, there are two situations to consider: when both weights
are rounded and when only one weight is rounded.

First, consider the case where both weights (θi, θj) are “nearly discrete” and hence both are rounded
to their nearest boolean value. This corresponds to being in one of the red corner quadrants shown
in Figure 4. By inspection, one can see that the boolean assignment within each quadrant achieves
the minimum loss attainable within the quadrant. In particular, in the three “satisfying” quadrants
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Figure 5: Possible weight pairs that can occur after rounding.

the boolean assignment is the strict minimizer of the loss, whereas in the “falsifying” quadrant all
assignments achieve the same loss of 3. Therefore, the total loss cannot have increased on such a
clause due to rounding.

Second, consider the case where one of the weights is “nearly discrete” and hence rounded, while
the other is “close to 1/2” and hence not rounded. This corresponds to being in one of the blue semi-
rectangles on the edges shown in Figure 4. Once again, by inspection one can see that rounding the
“nearly discrete” weight to its nearest boolean value cannot increase the loss obtained. In particular,
rounding the “nearly discrete” variable yields the minimum loss assignment in the top and right
semi-rectangles, while every assignment in the bottom and left semi-rectangles obtains the same
loss of 3. This latter property is precisely what is achieved by the bin definitions: the empty bin
width of B1

√
2

s is sufficient to ensure that the blue semi-rectangles do not intersect the diagonal
trough. Therefore, the total loss cannot have increased on such a clause due to rounding.

In clauses where both weights are “close to 1/2” (the green square in the middle) neither weight is
rounded, hence the loss does not change. The result follows. �

Lemma 9. For any weight vector θ with only boolean components or components that are “close
to 1/2” there is always a boolean weight vector θ̂ such that ρ(θ̂) ≤ ρ(θ).

Proof. Consider Figure 5, which depicts the possible weight pairs (θi, θj) participating in a clause
of type ui ∨uj . (The situation for any of the clause types is isomorphic.) The isolated red points are
the only purely boolean values, the blue line segments indicate pairs where one value is boolean, and
the green square shows the region where both weights are “close to 1/2”. Observe that any weight
pair with one or more “close to 1/2” values (i.e., the union of the blue lines and the green square) has
loss at least 2.

Given the weight vector θ, patition the clauses into three subsets: the set of clauses where both
weight values are boolean (“closed clauses”), the set of clauses where one weight is boolean and the
other is not (“mixed clauses”), and the set of clauses where both weights are “close to 1/2” (“open
clauses”). Let the set of “non-closed clauses” consist of the union of the “mixed clauses” and the
“open clauses”. From above, we know that θ achieves a loss of at least 2 on each “non-closed
clause”. Let c denote the loss per clause achieved by θ on the “closed clauses”. There are two cases
to consider.

Case 1: (c ≥ 2) In this case the overall loss per clause achieved by θ must be at least 2, which
implies the total loss is ρ(θ) ≥ 2|C|. Therefore, by Lemma 10 below we know that there must exist
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some assignment û to the variables in U that satisfies at least |C|2 of the clauses in C. Let θ̂ denote
the corresponding boolean weight vector, recovered via the translation (117). By (119) we know
that

ρ(θ̂) = 3|C| − 2× |{clauses satisfied by u(2)}| (120)
≤ 2|C| (121)
≤ ρ(θ). (122)

Case 2: (c < 2) Let B denote the indices where θ is boolean, and let N denote the indices where
θ is “close to 1/2”. (Since c < 2 there must be at least one component θi that is boolean.) Fix
the boolean components of θB , which in turn fixes the outcomes on the “closed clauses”. For any
“mixed clause” let θi denote the weight that is boolean. We would like to preserve the assignment
of θi. Therefore, temporarily replace such a mixed clause with a new singleton clause defined by
substituting ui with its partner uj . Consider the new set of altered “mixed clauses”, in union with the
set of “open clauses”. Denote this new set C̃. Note that C̃ is defined only on the subset of variables
UN corresponding to weights in θ that are “close to 1/2”. By Lemma 10 below, there must be some
assignment ũN that satisfies at least half of the clauses in C̃, hence there exists a corresponding
boolean weight vector θ̃N that achieves a loss of at most 2|C̃| on C̃.

Now consider the boolean weight vector θ̂ formed by conjoining θB with θ̃N . Note that for any
“closed clause” θ and θ̂ behave identically and hence achieve the same loss. However, recall θ
achieves a loss of at least 2 on each “non-closed clause”, while by the above construction, θ̂ achieves
a loss of at most 2 per clause over the “non-closed clauses”. (In particular, even though ûN was
constructed by satisfying temporarily altered “mixed clauses” above, if it satisfies such a clause,
then it must also satisfy the original “mixed clause”.) Hence ρ(θ̂) ≤ ρ(θ).

Since in each of the two cases we were able to identify a boolean weight vector θ̂ that achieves a
loss no worse than θ, the result must follow. �

Lemma 10. For any MAX2SAT instance (U,C,K) and any assignment u to its variables U , either
u or its negation ¬u must satisfy at least |C|2 of the clauses in C.

Proof. Consider any assignment u. Note that ¬u must satisfy each clause that u falsifies. Therefore,
if u satisfies fewer than |C|2 clauses, it must falsify at least |C|2 of the clauses, hence ¬u would have
to satisfy at least |C|2 of the clauses. Otherwise, u satisfies at least |C|2 of the clauses. �
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E.2.2 Hardness of Bounded Loss Minimization

Finally, we are in a position to prove Theorem 2 from the main body. Recall the definition of
bounded loss minimization (Definition 8).
Theorem 2. Bounded (non-constant) loss minimization is NP-hard.

Proof. We transform MAX2SAT to bounded-loss minimization. Let (U,C,K) constitute an in-
stance of MAX2SAT. Use the same widget construction as in the proof of Theorem 7. Let

t = 3|C| (123)

`(θ) =

t∑

i=1

`(yi −Xi:θ) (124)

`∗ = min
θ
`(θ) (125)

on the constructed training set.

To prove that minimizing the bounded loss ` can be used to decide whether K clauses can be
satisfied, first consider an intermediate clipped-loss version of the problem. In particular, let

ˆ̀(y − ŷ) =
1

1− 1
2t

`(y − ŷ) (126)

ρ̂(y − ŷ) = min(1, ˆ̀(y − ŷ)) (127)

ρ̂(θ) =

t∑

i=1

ρ̂(yi −Xi:θ) (128)

ρ̂∗ = min
θ
ρ̂(θ) (129)

on the constructed training set. Note that ˆ̀ is a 1-minimal loss with B̂1 = B1− 1
2t

(see Definition 4).
Therefore, by Theorem 7, ρ̂∗ can be used to decide whetherK clauses can be satisfied in the original
MAX2SAT instance. Recall also that ρ̂∗ must be integer valued in this case.

Lemma 11 below shows that ρ̂∗− 1
2 ≤ `∗ ≤ ρ̂∗. It then follows that for any integer n, ρ̂∗ ≤ n if and

only if `∗ < n+ 1
2 . To see why this must hold, note: (⇐) if `∗ < n+ 1

2 then ρ̂∗ ≤ `∗ + 1
2 < n+ 1,

hence ρ̂∗ ≤ n since ρ̂∗ is integer valued; and also (⇒) if `∗ ≥ n + 1
2 then ρ̂∗ ≥ `∗ ≥ n + 1

2 ,
hence ρ̂∗ > n since ρ̂∗ is integer valued. Therefore, `∗ can be used to decide what integer value ρ̂∗
achieves, which in turn can be used to decide whether K clauses can be satisfied by Theorem 7. �

Note that bounded-loss minimization is strongly NP-hard if B1− 1
2t

is polynomial in t = 3|C|.
Lemma 11. ρ̂∗ − 1

2 ≤ `∗ ≤ ρ̂∗.

Proof. First, note that for any (y, ŷ)

ρ̂(y − ŷ)− 1
2t ≤ (1− 1

2t )ρ̂(y − ŷ) (130)

= (1− 1
2t ) min(1, ˆ̀(y − ŷ)) (131)

= min(1− 1
2t , `(y − ŷ)) (132)

≤ `(y − ŷ) (133)
≤ ρ̂(y − ŷ). (134)

Therefore, for any θ
ρ̂(θ)− 1

2 ≤ `(θ) ≤ ρ̂(θ). (135)

If we let θ∗ = arg minθ `(θ) and θ̂ = arg minθ ρ̂(θ), it is then immedate that

ρ̂(θ̂)− 1
2 ≤ ρ̂(θ∗)− 1

2 (136)
≤ `(θ∗) (137)

≤ `(θ̂) (138)

≤ ρ̂(θ̂). (139)
�

32



Auxiliary References
[26] R. Rockafellar. Convex Analysis. Princeton U. Press, 1970.
[27] F. Cucker and D. Zhou. Learning Theory: An Approximation Theory Viewpoint. Cambridge,

2007.
[28] Peter L. Bartlett and Shahar Mendelson. Rademacher and gaussian complexities: risk bounds

and structural results. Journal of Machine Learning Research, 3:463–482, 2003.
[29] K. Sturm. Generalized Orlicz spaces and Wasserstein distances for convex-concave scale func-

tions. Bulletin des Sciences Mathématiques, 135:795–802, 2011.
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