6 Proof of Proposition 2

The proof follows the development in [7], where they consider the case with k& = 2. Denote Q(x)
as

Q(x) = log(P(x)/P(0)),
forany x = (x1,...,xp) € XP. Given any x, also denote X5 := (1,...,%5-1,0,Tsq1,...,Zp).
Now, consider the following general form for Q(x):
Q(X) = Z thth(Xt1)+...+ Z Xtq1 ...thth ,,,,, tk(th,...,th), (14)
ti1€V t1,..,tk€V
since the joint distribution has atmost factors of size k. It can then be seen that
exp(Q(x) — Q(%,)) = P(x)/P(xs)

= P(@s|21, ..o T, Tst1, -5 2p) [POT1, 0y Tsm1, sy o, Tp),
(15)

where the first equality follows from the definition of @), and the second equality follows from some
algebra (See for instance Section 2 in [7]). Now, consider simplifications of both sides of (15).
Given the form of Q(x) in (14), we have

Qx) —Q(x1) =

p
il G1($1)+Z$tG1t(i171’t)+ Z Tty ~'~xth1,t2,...,tk(x17'-wmtk) . (16)
t=2

to,...,tp€{2,....p}
Also, given the exponential family form of the node-conditional distribution specified in the theorem,

P(xi|xla~-~7xs—17'r5+1""’x20) _ _ _
log POlr, e o Tern e aty) = E(zv\s)(B(zs) — B(0)) + (C(xzs) — C(0)). (17

Setting x; = 0 for all t # s in (15), and using the expressions for the left and right hand sides in
(16) and (17), we obtain,

z:Gs(xs) = E(0)(B(xs) — B(0)) + (C(xs) — €(0)). (18)
Setting z, = 0 for all r & {s,t},
2sGs(ws) + x50:Gst (x5, 1) = E(0,. .., 2¢,...,0)(B(xs) — B(0)) + (C(xzs) — C(0)). (19)
Similarly,
i Gi(xy) + 252Gt (xs, ) = E(0, ..., 2s,...,0)(B(xy) — B(0)) + (C(zy) — C(0)). (20)
From the above three equations, we obtain:
251Gt (s, 11) = Ot (B(xs) — B(0))(B(z) — B(0)).
More generally, by considering non-zero triplets, and setting x,. = 0 for all » & {s, ¢, u}, we obtain,

sts (xs) + xsxtht (‘rsa (Et) + xsqusu(xsv xu) + -Tsxtqustu (CIJS, T, xu) =
EQO,...,z...,%qy,...,0)(B(zs) — B(0)) + (C(zs) — C(0)), (21)

so that by a similar reasoning we can obtain

T4 L0 Gty (X5, Tty o) = Ospu (B(x5) — B(0))(B(xt) — B(0))(B(zy) — B(0)).
More generally, we can show that

Tty oo Tty Gyt (@ty s ooy ) = Oy 1 (B(ag,) — B(0)) ... (B(zy,,) — B(0)).

Thus, the k-th order factors in the joint distribution as specified in (14) are tensor products of
(B(zs) — B(0)), thus proving the statement of the theorem.
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7 Proof of Proposition 3

Proof. The set of sufficient statistics in (10) do not include node-wise terms {X}; suppose we
consider the model with these terms added. Suppose we zero-pad the true parameter §* € RE) o

include zero weights over these node-wise terms; the resulting parameter would lie in R(E)+p ; we
will overload notation and denote this zero-padded parameter as 8*. Similarly, given any v € RP,

we can treat these as weights over the node-wise terms, and zero-pad itto ¥ € R(E) P, Suppose that
|v]]2 = 1; a simple calculation then shows that

log Elexp({v, X))] = A(6" + ) — A(0").
By a Taylor Series expansion, we have for some r € [0, 1],
1
A(0* +0) — A(0*) = VAO*) -0+ 55Tv2‘A(¢9* +70)v

< e llalBlls + = IV A" + ro)l[0]12
< lle”llzllollz + S IIV=AQ@™ + ro)ll][o])3
B
> Rm 2Hh7

where we use the bounds in Assumption 3: noting that ||r5||2 < 1, Assumption 3 yields || VZA(0* +
ro)ll < .

Thus, by the standard Chernoff bounding technique, for a unit norm vector v,
1
P((v,z) > a') <exp(—a' + ki, + inh).

This can be extended for a non-unit norm vector u with norm ||ul|2 < ¢/,

a 1
P({u,x) > a) < exp(—7 + km + 5#n)-
Thus, the statement in the proposition follows by setting a = § log 7:

) 1 ,
P({u,z) > dlogn) < exp(—g logn + K + 5/@;7,) < cn*‘s/c .

where ¢ = exp(km + 3kn). O

8 Proof of Proposition 4

Proof. The proof follows along similar lines as that of Proposition 3. Suppose we zero-pad the
edge-weights in the true parameter 8* € R() to include a zero weight for sufficient statistic X2;
we will overload notation and denote this zero-padded parameter in RE)H a5 9. Similarly, let

7 € RG)* be the zero-padded parameter with its last coordinate equal to ¢ € R, so that ||[v]|s = ¢.
We then have A simple calculation shows that

log E[exp(tX?)] = A(0* +v) — A(6%).

By a Taylor Series expansion, we have for some r € [0, 1],
1
A(0* +0) — A(0*) = VAO*) -0 + §6TV2A(9* + 70)T
_ 1 .
< E[X/|[oll2 + 51V A0 + ro)lll[ollz
Loy
< Kyt + §I{ht ,

where we use the bounds in Assumption 3. Note that ||77]2 < t < 1, Assumption 3 yields
[V2A6* + ro)|| < kp.

11



Thus, again by the standard Chernoff bounding technique, for ¢t < 1,

1 & N2 n
P (n ; (X£ )) > 5) < exp(—ndt + nk,t + 5/%252)
(6 — ky)? 52
< —n— ) < _
< exp(-nl" 5 < explon ).
for § < min{2k,/3, kp, + Ky} O

9 Proof of Theorem 1

Following the development in [3], we use the primal-dual witness method to prove the successful
graph structure recovery. From the sub-gradient optimality condition of convex program (13), we
have

VU0 XP) 4+ A\ Z =0 (22)
where each entry of sub-gradient vector 7 satisfies the following property: Zst = sign(@st) if 58,5 #*
0, and | Zs;| < 1 other wise.

Note that, for the regime p > n, the convex program (13) is not necessarily strictly convex, as a
result there may be multiple optimal solutions. However, the following lemma presented in [3], is
the key motivation of the primal-dual witness method:

Lemma 1 Suppose that there exits an primal optimal solution 9 with associated dual optimal

solution Z s.t. || Zse|| < 1. Then, any optimal solution 6 should have Ggc = 0.

Based on this lemma, we prove the statement by the following steps: (see [3] for details)

(a) We set g s.t. g = arg min g, oyere—1{£(0; X7') + An|0]|1}, and Zs = sign(@s).
(b) We set Ogc = 0.

(c) We get ZSC to satisfy the condition (22) with 0 and 25.
(d) We check the dual feasibility condition and the sign consistency condition with high probability.

From now, we are going to show that ||2 s]loo < 1 with high probability. By some algebra the sub-
gradient optimality condition (22) can be represented as V2£(6*; X7')(0—0*) = -\, Z+W"+R",
where W := —V/{(0*; X7") is the sample score function (that we will show is small with high
probability), and R™ is the remainder term by applying coordinate-wise mean value theorem; R =

[V20(6%; X7) — V20(0U); X”)]T(@\— 6*). Note that §9) is some vector on the line between 6 and
0%, and [-]] is j-th row of matrix.

Using the notation for the Fisher Information matrix, we then have

Q (0 —6") = -\, Z + W" + R".
We will need the following lemmas that respectively control various terms in the above expression:
the score term W™, the deviation 65 — 0%, and the remainder term R".

Lemma 2. Suppose that we set A, to satisfy 8(270‘),/ e < )\, < An”2 k3 2=2(|6*(|2 for

ni—r2

some constant k3 < min{2k, /3, 2Ky, + Ky }. Suppose also that n > 8 h logp Then, for the mutual
incoherence parameter o € (0, 1],

9 _
P ( 3 @ loo < Z) > 1 — exp(—cin) — cop/ /4 — exp(—c3n)

where p’ := max{n, p}.
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s and |W" o < 22. Then, we have

>\ min
Lemma 3. Suppose that \,,d < I Tog 7

p <||§S — 052 < fA ) —cp Tt —en 2 (23)
for some constants c1,ca > 0.
Lemmad4. If \,d < WQ = and |[W" | < 2u then we have
R"||so a _ _
P(H )\H S 4(2_a)) zl_clp/ 5/4_c2p/ 2. (24)

for some constants c1,co > 0.

The proof then follows from Lemmas 2-4 in a straightforward fashion, following [3]. Consider the
choice of regularization parameter \,, = @‘/mgq / nllo_%. For a sample size greater than or

4logp
ACHE

1
) e , we satisfy the condition of Lemma 2, so that we may conclude, with high

1/(1-3k2)
probability, || < 2=. Moreover, for a sample size n > L’ {(%)4d2(log P’ )3} 2,

equal to (

and for some constant L’ > 0, the conditions for Lemma 3 and 4 are satisfied and hence equations
(24) and (23) holds with high probability.

Strict dual feasibility. Some algebra introduced in [3] yields that

5 - Wil . IIES Welleo  [1RS]l
Z elloo < *c *C 1 oo|:H S lloo 0o 1:| S |loo Slloo
[Zselloc < [Q5es(Qses) ™" N + N\, +1+ N\ + N\,
W™ oo B[l a o a
<(1- 2-a)| J<a-m+S+5=1-% <1
<(l-a)+(2-a) " + . < ( Oz)—|—4—|—4 5 <
Correct sign recovery. For the successful sign recovery, it suffices to show that ||§5 O%|loo < 0“‘7“
From Lemma 3, we have ||95 — 0%l < ||t93 — 0%z < /\—\f)\n < er;‘“ as long as 6%, >

22 \/d),,. This completes the proof.

Amin

10 Proof of Lemma 2

Proof. Forafixedt € {1,...,p — 1}, we define Vt(i) for notational convenience so that

e = LS xi0x X0 X0 = L3y
=1 =1
(1) i)

Consider the upper bound on the moment generating function of V', conditioned on X {ls ,

Elexp(t'V"|X\))]
= Y e {t [xOX - X D07, X))] + (C(XD) + XxO0" x(0) - D07, X)) }

x{®
= exp {D((@* X)Xy - Do, x0)) XD (67, X{?>)}
= exp{ 5 () D" (0", X >—|—vltX())} for some v; € [0, 1]
where the last equality holds by the second-order Taylor series expansion. Consequently, we have

7 1 " t 1 * 7 7
—ZlogEexp(t VX)) Sng (XD (07, X\0) + vt X[,

=1 =1

13



Now, we define the event:

&1 := {max |<0*,X{?> + 0t X V| < kylogp'} (25)

where k1 is the exponential family dependent constant in Assumption 5. Then, noting that
<9*,X<Zs)> + vit’Xt(l) is of the form (u, X') where ||ul|s < 2||6*||2, provided that ¢’ < [|6* |2,

PIES]) < con p/ =/ ClIOT) < oy =574 (26)

for some constant ca > 0, from the Proposition 3 and the union bound. By combining (26) with the
Assumption 5, we obtain

1 & . y nk22 1 & ) 2
2N logElexpt Vi XD < 2 X2 fort! < ||6¥
n; 0g [exp( t )| \S]_ n;( t ) ort = || H2

with probability at least 1 — cop’~5/%.

For each index ¢, the variables % { (X t(i) ) 2} satisfy the tail bound in Proposition 4. Let us define
i=1

) 2 .
the event &, := { max IS (Xt(z)) < /@3} for some constant k3 < min{2k,/3, 2k, +
oD

t=1
Ky }. Then, we can establish the upper bound of probability P[£5] by a union bound,

2
Pl5] < 2exp(—n + logp) < exp(—csn)
Kh
2
as long as n > % log p. Therefore, conditioned on &7, &5, the moment generating function is
3
bounded as follows:

n'2 g t'2

1o i i *
~ > logElexp(t'V")X\] . &1, &) < for ¢/ < [|6°2.

i=1

The standard Chernoff bound technique implies that for any § > 0,

1 n i nK2K] t/2
P[g STVI> 4 51,52} < 2exp <n(3 - t’5)> for ' < [|6% ..
1=1

2
Setting t' = n%ﬁs:
LS~ ?
p[, VY > 8 &, }<2ex - for § < n"2k3||0%||>.
WO sl 6n6] < 2o (—gio < |07
Given the setting of the regularization parameter \,,, we have ﬁ% < n"2g3]|60*||2 for n large

enough; thus setting 6 = ﬁ /\4n :

1 & i a A a? nA2
P[f AR e }<2 - n_ ),
ngl ¢ |>2—a 4 €1 62] < 2exp (2 — a)? 32nr2k3

and by a union bound, we obtain
2 2

a A o nA
P[W"OO _@ Ane ]<2 _ n_ 4 .
W > 525 6] < 200 (- S o)

Finally, provided that \,, > 8(2;a) VFRar/ 2282 we obtain

nl—r2>

a
2—a 4

where we use the fact that P(X) < P(X|&1, &) + P(&5) + P(&5). O

1—5/4

PlIW"]os > | < exp(=cin) + cap'~5/* + exp(—csm),
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11 Proof of Lemma 3

Proof. In order to establish the error bound Hé\s —6%||2 < B for some radius B, several works (e.g.
[12, 3]) proved that it suffices to show F'(ug) > 0 for all ug := 0g — 0% s.t. ||ug|l2 = B where

Flus) = (05 + us; X7') = £(05; XT') + A (|05 + uslla = [105]]2)-

Note that for g := fg — 0%, F(ig) = 0. From now on, we show that F'(uy) is strictly positive on

the boundary of the ball with radius B = M )\n\/& where M > 0 is a parameter that we will choose
later in this proof. Some algebra yields

Flu) > (V@2 { — IM +q" M — M} @7)

where ¢* is the minimum eigenvalue of V2/(6% + vug; X7') for some v € [0, 1]. Moreover,

q" == Apin (V%(@fg + vus))
> min Amin(v%(eg + UUS))

v€[0,1]
1< i i i
> Awin [ D D" (05, X)X (X))
i=1

n

1 * % 7 7 iNT
= max |37 D" (0% + vus, X)) (wEXE) X (X))

IR . i i i 2

= Ao = max max - [D"((05 + vus, X§)| (us, X$)| ((X$), )
’ i=1

where y € Res.t ||yll2 = 1.

Now define the events
&3 = {i:HllaXn (0% + Uus,Xg)H <k1}, and (28)

€4 = {max|X[| < 4logp'}. (29)

Given the setting of B < ||6* |2, we have P[e§] < ¢; p'~>/4, and again, for all sample i, D"’ ((0% +
vug, X é”}) < n™ with high probability, similar as £; in the previous chapter. At the same time,
by the Proposition 3, we obtain P[e§] < canpp’~* < cop’~2. Note that since all the elements
in vector X is smaller than 4logp/, |(ug, X )| < 4logp/'vVd||ug|l2 = 4log p' MAnd for all i.

Then, conditioned on &3 and &4,
q* 2 Amin - 4)\maxM>\ndnK2 IOg plv

: Amin Amin : :
As a result, assuming that \,, < Do Tog g q > “in | Finally, from (27), we obtain

1 )\min
Flug) > (An\/ﬁ)z{ - oM SRR - M},

5

Amin ©

which is strictly positive for M =

; Amin A
Therefore, if A\, < gx—7535 gy = T0hmnrTogpy» then

~ N 5
16s — 6312 < VA,

>\min

which completes the proof. O
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12 Proof of Lemma 4

Proof. In the proof, we are going to show that || R" || s < 4n"2 log p' Amax||0s — 0%]|3. Then, since
the conditions of Lemma 4 are stronger than those of Lemma 3, from the result of Lemma 3, we can
conclude that

10012 A\ ax log p’
/\2

min

IR loo < And,

as claimed in Lemma 4.

From the definition of R™, for a fixed ¢ € {1,...,p — 1}, R} can be written as

. Z (Do, X0 - (@, X)) [x0 (x() 1] 5 - 0

where (") is some point in the line between 8 and 6%, i.e., 3) = 1,6 + (1 — v;)6* for v, € [0, 1].
By another application of the mean value theorem, we have

Ry = 25 (@0, x OO} (- 07 X0 (X0 - 0}

for a some point 0® between ) and 6*. Similarly in previous proofs, conditioned on the event &3
and £, we obtain

4n~2 1 iINT 5 g«
|R”|<%Z{ 6 - 07X (xD) - 01}

i=1

Performing some algebra yields

|RP| < 4n"* Apax log p' |05 — 0353, forallt € {1,...,p— 1}
with probability at least 1 — ¢1p/ =5/4 _ ¢on~2 for some constants ¢; and c¢o, which completes the
proof. O

13 Data and Pre-processing for Genomic Network Examples

Our GLM graphical models were applied to two examples of non-Gaussian high-throughput ge-
nomic data to learn a Glioblastoma aberration network and a breast cancer meta-miRNA expression
network. For the former, Level III array CGH Glioblastoma data [14] was downloaded from the
Cancer Genomic Atlas (TCGA) portal (http://tcga-data.nci.nih.gov/tcga/). Array CGH data mea-
sures copy number variation, or the number of copies of a particular genomic region in a sample;
there are normally two copies of a gene, maternal and paternal. The Bioconductor package
CNTools [20] was used to convert the copy number information into a matrix structure with rows
as overlapping genomic segments and columns as the subjects (n = 461). Each matrix element
is categorized in one of three groups: amplified, normal, or deleted using defaults in CNTools.
A sliding window algorithm was then applied across the genomic segments, merging segments in
which the categories differed by less than 10% across all the subjects [21]. This resulted in a matrix
of genomic regions by subjects. All genomic regions were ordered by their percentage of aberrations
across all samples and the top 10% of these regions, 101 in total, were used in our analysis. Our
processed data matrix was checked for batch effects by fitting a multinomial ANOVA model to each
genomic region [22]; no significant batch effects were detected.

For the miRNA network, level III breast cancer miRNA expression [13] as measured by next gen-
eration sequencing was downloaded from the TCGA portal (http://tcga-data.nci.nih.gov/tcga/). Mi-
croRNAs (miRNA) are short RNA fragments that are thought to be post-transcriptional regulators,
enhancing or inhibiting gene expression. Measuring miRNA expression by high-throughput se-
quencing results in count data that is zero-inflated, highly skewed, and whose total count volume
depends on experimental conditions [23]. Data was processed to be approximately Poisson by fol-
lowing the steps in [24]. In brief, the data was quantile corrected to adjust for sequencing depth [25],
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the miRNAs with little variation across the samples, the bottom 50%, were filtered out, and the data
was adjusted for possible overdispersion using a power transform and a goodness of fit test [23, 24].
The resulting data matrix consisting of 544 subjects and 262 miRNAs was tested for batch effects
by fitting a Poisson ANOVA model [22]; only 4% of miRNAs were found to be associated with
batch labels, and thus no significant batch association was detected. As Poisson graphical models
are restricted to capture negative conditional relationships, we study the inhibitory effect of miR-
NAs through a meta-miRNA network. Meta-miRNAs were formed by clustering the miRNAs into
tightly positively correlated groups, 32 in total, by using hierarchical cluster with average linkage.
The mediod, or median centroid of each cluster, was taken to by the driver miRNA and formed the
nodes of our meta-miRNA network.
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