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Abstract

This document comprises two sections. The first section is a brief introduction
of the mathematical background. The second section gives the proof of main
theorems presented in the paper.

1 Mathematical Background

In this section, we review mathematical concepts and important results that are closely related to
the paper. In particular, the emphasis is placed onto Poisson processes, Gamma processes, Dirichlet
processes, as well as completely random measures. We assume that the readers are familiarized with
the basic knowledge in measure theory, probability theory, and stochastic processes.

1.1 Random Point Processes and Random Measures

Definition 1 (Random point process). Let (€2, F) be a measurable space, a random point process
(or simply point process) on 2 is a random variable, whose value is a countable subset of ().

Given a point process I1, each sample 7 of I1 is a set of points in €2, which induces a o-finite counting
measure over {2, denoted by V.. The measure N;; is defined to be

N (A) =#{QnNn~}.

Intuitively, IV, counts the number of points in 7 that are also in A. Then, we can introduce a random
variable Ny that depends on II, such that when II = 7, N = N,. It means that the value of Ny
is a counting measure over 2. This kind of random variable is called a random measure, which is
defined formally, as follows

Definition 2 (Random measure). Let (2, F) be a measurable space, a random measure on () is a
random variable, whose value is a measure over §).

According to the analysis above, we can see that each point process II corresponds uniquely to a
random counting measure /Vyy.

Definition 3 (Completely random measure). Let M be a random measure over (2, F), then M
is called a completely random measure, if for any collection of disjoint measurable subsets
Ay, Aa, ... € F, the random variables M (A1), M (As), ... are independent.

Definition 4 (Completely random point process). Let I be a point process on 2, then I is called a
completely random point process if N1y is a completely random measure.



1.2 Poisson Distributions and Poisson Processes

Definition 5 (Poisson distribution). A discrete random variable X whose values are non-negative
integers has a Poisson distribution, denoted by X ~ P(N), if

Aee=A

k!
Here, \ is called the mean parameter of the distribution.

P(X = k) = . k=0,1,...

Let X ~ P(A), then
E(X)=A, and Var(X)=A\. (D
For Poisson distribution, we have the following important results.

Proposition 1 (Countable Additivity). Let X1, Xo,... be a countable collection of independent
poisson distributed variables as Xy, ~ P(Ay). Then

ZXk~P<ZAk>. 2)
k=1 k=1

We note that as a special case, poisson distribution also satisfies finite additivity.

Proposition 2. Let X ~ P(A), and (Y1,...,Yk) ~ Mult(p1,...,px; X), then Y1,..., Yk are
independent, and each k has Yy, ~ P(pi)).

Next, we extend Poisson distributions to Poisson processes.

Definition 6 (Poisson Process). A point process 11 on ) is called a Poisson process with mean

measure p, denoted by 1 ~ PoissonP (u), if it satisfies

1. for each measurable subset A € Fq, N(A) has a Poisson distribution as Ny(A) ~
P(u(A)); and
2. Il is completely random, i.e. for any collection of disjoint measurable subsets Ay, As, ... €
F, Ni(A1), Nru(Asz), . .. are independent.
Theorem 1. A point process Il on a regular measure space is a Poisson process if and only if Ny is

completely random. If this is true, the base measure is given by 1(A) = E(N(A)).

Note: For the convenience of the reader, all theorems presented in the paper are re-stated in this
supplemental document with the same indices.

1.3 Gamma Distributions and Gamma Processes

Definition 7 (Gamma Distribution). A non-negative real-valued random variable X is said to
have a Gamma distribution with shape parameter u and scale parameter ), denoted by X ~
Gamma(u, \), if its probability density function is given by

ZZ:uflefsv/)\

flzu,\) = W

For X ~ Gamma(u, A), we have
E(X)=u\, and Var(X)=u\
In particular when A = 1, E(X) = Var(X) = u.
Like Poisson distribution, Gamma distribution also satisfies countable additivity.

Proposition 3. Let X1, X5, ... be a countable collection of independent Gamma distributed vari-
ables as X}, ~ Gamma(uy, \). Then

iXk ~ Gamma (i Uk, /\> . 3)
k=1 k=1



Definition 8 (Gamma Process). A random measure G on S is called a Gamma process with base
measure (i and scale parameter ), denoted by G ~ T'P(u, A), if it satisfies

1. for each measurable subset A € Fq, G(A) has a Gamma distribution as G(A) ~
Gamma(u(A), X); and

2. G is completely random.

For the purpose of studying Dirichlet processes, the scale parameter A does not affect the results,
and we therefore assume A\ = 1 in both the paper and this document. For conciseness, we write
I'P(u) in place of I'P (4, 1), and Gamma(p(A)) in place of Gamma(p(A), 1), without making the
scale parameter explicit.

1.4 Dirichlet Distributions and Dirichlet Processes

Let S, denote the probability simplex in the d-dimensional real vector space R¢, as
Sa={(x1,...,24) ER :2; >0,i=1,...,d, andx; + -+ 24 = 1}. (4)

Definition 9 (Dirichlet Distribution). An Sg-valued random variable X is said to have a Dirichlet
distribution, denoted by X ~ Dir(ay,...,aq) with ay,...,aq > 0, if it has a probability density
Sfunction with respect to the Lebesgue measure over Sy given by

r (Z?:l ai) ﬁ 1
[z, xgion,. . 00) = —5———= | | 27 (5)
[lici Tew) 55
For X = (X1,...,X4) ~ Dir(ay,...,aq), we have

E(X;) = Z, Var(X;) = E(Xi)(gi 111E(Xz))

E(X;)E(X,)
oy +1

y and COV(Xi,Xj) = — (6)
d

Here, ov, = )1, o

Definition 10 (Dirichlet Process). A random measure D on ) is called a Dirichlet process with

base measure y, denoted by D ~ DP (), if for any finite measurable partition { Ay, ..., Ap} of Q,

2 Proofs of Theorems

There are seven theorems in the paper. Theorem 1 is a deep result established based on Lévy-
Khinchin representation. Interested readers can refer to [1](see chapter 1.4 and chapter 8) for details.
Theorem 2 is an immediate corollary of the superposition theorem (page 16 of [1]). We derived the
remaining theorems (theorem 3, 4, 5, 6, and 7) in developing our approach. In this section, we prove
all theorems except theorem 1, as well as the formulas for computing expectation and covariance
(those below theorem 3 and theorem 5 in the paper).

Section 2 in the paper briefly characterizes the relations between Poisson processes, compound Pois-
son processes, Gamma processes, and Dirichlet processes. These relations are crucial for deriving
the theorems. In particular, we will repeatedly use the following two facts in our proofs:

1. Let v denote a measure over R* given by v(dw) = w™le *dw. If G is a compound
Poisson process whose underlying Poisson process has a mean measure p X -, then G is a
Gamma process with base measure y, i.e. G ~ TP (u).

2. Let G ~ T'P(u), then D := G/G(2) ~ Dir(p), G(?) ~ Gamma(u(Q?)), and D is
independent of G(2).

2.1 The Proofs for Theorem 2 and Theorem 3

Lemma 1 (Disjointness Lemma [1]). Let Iy, ..., 11, be independent Poisson processes on §), and
II;, ~ PoissonP(uy). Suppose each py is a o-finite non-atomic measure, then 11y, ... 11, are
disjoint almost surely.



The proof of this lemma can be found in pages 15 to 16 in [1]. The implication of this lemma is that
for any A € Fq, we have

NH1U~~UHm (A) = Hl(A) +ot Hm(A)a a.s. (8)

In addition, o-finiteness and being non-atomic are two properties that we assume implicitly for all
the Poisson processes discussed in this document, such that the disjointness lemma can apply.

Theorem 2 (Superposition Theorem for Poisson Process). Let 114, ..., 11, be independent Poisson
processes on Q with I}, ~ PoissonP (puy,), then

m m
U 1I;, ~ PoissonP (Z Mk) . )
k=1 k=1

Proof. LetII' := II; U - - - U II,,,. Then according to the disjointness lemma and the additivity of
Poisson distribution, for each A € Fq,, we have

Nu(A) =Y Npg, (A) ~ P (Z mA)) : (10)

i=1 k=1
Moreover, Ny is completely random due to the complete randomness of Nyj,. Hence, II ~
PoissonP ()" pix)- O

Note that [1] gives a more general version of this theorem (in page 16) that considers the sum
of a countable collection of Poisson processes. Nonetheless, the finite sum is sufficient for the
development of our approach.

Lemma 2. Let Gy, ..., Gy, be independent Gamma processes on Q with Gy, ~ I'P(uy,), then
ZGk ~ TP (Z ,Uk) ) a1
k=1 k=1

Proof. Let IT}, be the Poisson processes on the product space © x R* that underlies G, which has
I ~ PoissonP (u; x ). According to the disjointness lemma, II' := (J;_ II} is the Poisson
process that underlies G’ :== > | Gj. By theorem 2, we have

IT" ~ PoissonP (Z(uk X fy)> = PoissonP <<Z ,uk> X 'y> . (12)
k=1

k=1

Based on the relation between Gamma processes and Poisson processes, we can conclude that G ~
m
TP (32521 bk)- 0

Theorem 3. Let D1, ..., D, be independent Dirichlet processes on Q2 with Dy, ~ DP(ug), and
(c1y..vyem) ~ Dir(u1 (), ..., um(Y)) be independent of D1, ..., Dy, then

> exDy ~ DP (Z Nk) ) (13)
k=1 k=1

Proof. For each k, we draw g, ~ Gamma(u(£2)) independently, and let G, = gpDy. Then
from the relation between Dirichlet process and Gamma process, we know that G1,...,G,, are
independent Gamma processes with G, ~ TP (). Let G’ := >7" | G = Y _1-, gx Dy, then by
the lemma above, we have G’ ~ TP (3" | ux). Let ¢’ = ;- gk, then by normalizing G’, we
get

D':=G/G(Q)=C/g =) ckDx. (14)

k=1
Here, ¢t = gr/q' = g/ > 1oy 91- Hence, (c1, ..., ¢m) ~ Dir(pu1(Q), ..., 1 (Q)), and ¢4, . . ., ¢,
are independent of D1, ..., D,, due to the fact that g1, ..., g, are independent of D1,...,D,,. In
addition, since D’ is obtained by normalizing G’, we have D’ ~ DP (} ;" ; u). Combining this
with Eq.(14) completes the proof. O



Next, we prove the formulas of the expectation of D’ and the covariance between D’ and Dy,.
Lemma 3. Let X, Y be independent real-valued random variables, then

Cov(XY,Y) = E(X)Var(Y). (15)
Proof. We can see this by
Cov(XY,Y) =E(XY?) —E(XY)E(Y) = E(X)E(Y?) — E(X)E(Y)?
= E(X)(E(Y?) —E(Y)?) = E(X)Var(Y). (16)
0

Proposition 4. Let Dy, ..., D, be independent Dirichlet processes on 2 with Dy, ~ DP(uyg),
(c1,..-,¢m) ~ Dir(u1(Q), ..., um(Q)) be independent of Dy, ..., Dy, and D' = 3" ¢, Dy,
Then for each A € Fo,

E(D'(A)) =

k=1

Q\‘?S

E(Dy(4)), and Cov(D'(4), Dy(4) = “EVar(Dy(4)),  (7)
where ci; = p(Q) and o/ = >0, ay.
Proof. Let yf/ =7 | juy, then D’ ~ DP(y/). It follows that

B ()= Ly )= 23 a0 A s S, ).
k=1 k=1

A)
1 (£2)

For the covariance, we have

Cov (i ciDi(A), Dk(A)> = Zm:Cov(ciDi(A), Dy (A)),

= Cov(ciDi(A), Dr(A)),
= E(c) Var(Dy(A)) = %Var(Dk(A)).

The proof is completed. O

2.2 The Proofs for Theorem 4 and Theorem 5

Consider a marking process described as follows. Let II be a Poisson process on €2 with IT ~
PoissonP (1); and for each point 6 € II, we randomly draw a mark mg ~ p(6,-) in M. Here, p(6, -)
is a probability measure over the mark space M, which may or may not depend on 6. Collecting
all the pairs (6, mg) leads to a point process on the product space 2 x M. The following theorem
shows that such a point process is also a Poisson process.

Lemma 4 (Marking Theorem [1]). Suppose (M, Fys) is a measurable space, and for each 0 € ),
there exists a probability measure p(6, -) over M, such that for each B € Fr, p(0, B), as a function
of 0, is measurable with respect to Fq. Let I1 ~ PoissonP (1) be a Poisson process on , and for
each 0 € 11, we independently draw mg ~ p(0, ), then the point process given by II* = {(0,my) :
0 € 11} is a Poisson process on Q) x M as II* ~ PoissonP(u*), where

1 (C) = /C 1(6)p(6, dm). 19)

Based on the marking theorem, we derive the coloring theorem as below.

Lemma 5 (Generalized Coloring Theorem). Let IT ~ PoissonP (1) be a Poisson process on ), and
qi : @ — [0, 1] be a non-negative measurable function for k = 1, ..., m, suchthat >, qi(0) =1
Sorall 0 € Q. For each 6 € 11, we independently draw cg € {1,...,n} withP(cy = k) = q(6).
Let 11, = {0 € 11 : ¢y = k} for each k, then 11y, is a Poisson process on €, as

I, ~ PoissonP (gxu). (20)



Here, qi i is defined by
(qrp)(A) 1=/ ardp, for A € Fo. 2n
A

This can also be written as (qi1)(d0) = qi(0)(df). Moreover, 114, ..., 11,, are independent.

Proof. LetIl* = {(0,¢p) : 6 € II} be the marked point process on the product space Qx{1,...,n}.
By the marking theorem, IT* is a Poisson process as II* ~ PoissonP(u*). In particular, for any
A€ Fqgandk € {1,...,n}, we have

B (kD) = [ a®)n(8) = () () @2)
A
According to the construction of IIj, we note that for any A € Fq,
N, (A) = N-(A x {k}) ~ P((gep)(A)). (23)
Moreover, Npj, inherits the completely randomness from IT*. Hence, IT;, ~ PoissonP(gju). Fur-
thermore, we note that Iy, ..., II,, are respectively based on 2 x {1},...,Q x {n} in the product
space, which are disjoint, implying that II, ..., II,, are independent. The proof is completed. [

Note that the coloring theorem that we show here is more general than the coloring theorem in page
53 of [1], which assumes that the “color distribution” for all 6 is the same. While in this generalized
coloring theorem, we allow different color distribution for different 6.

Theorem 4 (Subsampling Theorem). Let II ~ PoissonP(u) be a Poisson process on the space S,
and q : Q@ — [0, 1] be a non-negative measurable function. If we independently draw zy € {0, 1} for
each 0 € g withP(zp = 1) = q(0), and let 11, = {0 € I1 : zg = k} for k = 0, 1, then I1y and I1;
are independent Poisson processes on ), with Il ~ PoissonP((1 — q)p) and 11; ~ PoissonP (qpu).

Proof. This is just a special case of the generalized coloring theorem, where there are only two
colors 0 and 1. O

Lemma 6. Let G ~ I'P (1) be a Gamma process on Q given by G = > " w;0p,, and q : Q@ — [0, 1]
be a non-negative measurable function. If for each i, we independently draw z; € {0,1} with
P(z; = 1) = q(6;), and let

Go = Z w; 0y, ,

G1 = Z wﬁgi.
Then Gy ~ TP((1 — ¢)u), G1 ~ I'P(qpu), and Gy is independent of G.

Proof. Let IT* ~ PoissonP (1 x ) be the Poisson process that underlies G. We randomly colors
IT* with the probability function ¢ to get II§ and II} respectively for color 0 and color 1. By
the subsampling theorem for Poisson process, we have IIfj ~ PoissonP((1 — ¢)u x «), II§ ~
PoissonP(gqu X ), and IT is independent of IT}. By the construction of G and G4, we can easily
see that IIfj and II7 are the Poisson processes that underlie Gy and G respectively. Hence, we can
conclude that Go ~ I'P((1 — ¢)u), G1 ~ I'P(qpu), and Gy is independent of G;. O

Theorem 5. Let D ~ DP(u) be represented by D = >, 1;8¢, and q : Q — [0,1] be a non-
negative measurable function. For each i we independently draw z; with P(z; = 1) = q(6;), then

> rido, ~ DP(qu), (24)

1:z;=1

P . ) . .
where i =i/}, . _T; is the re-normalized coefficients.



Proof. We independently draw g € Gamma((€2)), and let G := gD, then

G=gD= Zgriégi ~ T'P(u). (25)
i=1

Let Gy, = Zi:zlzk gri0g, for k = 0, 1. Then by lemma 6, we have G; ~ I'P(qu). Normalizing G4,
we get

D iizi=1 9700, 7
Dy :=G1/Gi(Q) = =22 = =% = r;06; (26)
Ej:zJ:1 grj Z Ej:zjzl rj Z

By the relation between Gamma process and Dirichlet process, we have Dy ~ DP(qpu), completing
the proof.

i:z;=1 1:z;=1

Proposition 5. With the setting in the proof of theorem 5, we have for each A ~ Fq,

E(D:1(A)) = m, (27)
and
Cov(D1(A),D(A)) = (q:()é)mVar(Dl (4)). (28)

Proof. The formula for E(D;(A)) is an immediate consequence of the result D1 (A) ~ DP(qu). In
addition, we let Dy = G/G(f2). Note that Dy and D; are independent due to the independence
between Gy and G1, and D is the superposition of Dy and D;. Hence, the covariance formula
immediately follows from proposition 4. O

2.3 The Proofs for Theorem 6 and Theorem 7

A probabilistic transition is defined to be a function T' : Q x F — [0, 1] such that for each 6 € Fg,
T(0,-) is a probability measure over €2, and for each A € Fq, T(-, A) is integrable. T can be
considered as a transformation of measures over {2, as

(T)(A) = [ T(O, A)u(as). (29)
Q
Theorem 6 (Transition Theorem). Ler IT ~ PoissonP(u) and T be a probabilistic transition, then

T(IT) :={T(0) : @ € II} ~ PoissonP(Ty). (30)

Here, with abuse of notation, we use T (0) to denote an independent sample from T (0, -).

Proof. Given a measurable partition {A,..., A,} of Q. Foreach k = 1,...,n, we define g, :
0 — [0,1] by qx(0) = T(6, Ai). By the definition of T, each gy, is integrable. For each 0 € II, we
let zp = k when T'(0) € Ay, and II, = {0 € II : zp = k}. With such construction, we note that for
each k,

Ny (Ag) = N, (). (3D
Moreover, this is equivalent to drawing zy independently for each 6 with P(zy = k) = q(6). By
the generalized coloring theorem, we have

Nity () ~ () () = P ( / qkw)u(dm) —p ( | e Ak>u<d0>) — P((Tu)(Ay)).

(32)
Therefore, Ny (Ax) ~ P((T1)(Ax)). Again, by the generalized coloring theorem, IIy, ..., II,
are independent, which implies that N1y (A1), ..., Npar)(Ay) are independent. Since the parti-
tion {41, ..., A, } was arbitrarily given, the theorem is proved. O

Lemma 7. Let G = 2, w;8g, ~ I'P(u) be a Gamma process on §, then

T(G) =Y widpe,) ~ TP(Tp). (33)
=1



Proof. Let IT* be the Poisson process on Q x R™ that underlies G, which has IT* ~ PoissonP (ux ).
Given a probabilistic transition 7" on €2, let T* be a probabilistic transition on 2 x R* defined by

T*((0,w), A x B) = T(0, A)lep). for A€ Fo, B € Bas. (34)

Here, Bg+ is the Borel o-algebra for R Intuitively, we can think of 7 as a random transform that
sends (6, wy) to (T'(0),wp). Note that a measure defined on a product space is uniquely determined
by the measure values for all sets in form of A x B. Hence, by the equation above, 7™ is completely
defined.

According to the construction of T'(G), we can see that its underlying Poisson process is T (IT*).
By the transition theorem, T (IT*) is Poisson process on {2 x R* whose base measure is given by

(T Ax B) = [ T ((0.w). 4 x B)(ux 7) (b (35)
_ / T(8, A)L e 5y 1(d6) (duw) (36)
QxR+
— [ 760.Aud®) | 1uenyi(an) 37
Q R+
= (Tu)(A)y(B), for A€ Fq,B e BR™"). (38)

Since a measure over a product space is uniquely determined by the values of all the sets in form of
A x B, we can conclude that T*(u x v) = (T'u) x ~y. Therefore, T'(G) is a Gamma process on {2
with T'(G) ~ TP(T'pw). O

Theorem 7. Let D = .2 | r;89, ~ DP(u) be a Dirichlet process on €, then

T(D):=> ridr@,) ~ DP(Tp). (39)
=1

Proof. Let g ~ Gamma(u(Q?)), then G := gD ~ I'P(u). By lemma 7, we have T(G) ~ T'P(T'w).
It follows that
T(D) =T(G)/g =T(G)/(T(G)(Q)) ~ DP(Tp). (40)

Here, we use the fact g = G(Q2) = T(G)(Q). O
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