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1. INTRODUCTION

A important part in statistical analysis of data is to find a class of models that
is flexible and rich enough to model the regularities in the data, but at the same
time exhibits enough symmetry and structure itself to still be computationally and
analytically tractable. One special way of introducing such a symmetry is to fix the
general form of the isodensity contour lines. This approach was taken by [2] who
modelled the contour lines by the level sets of a positively homogeneous function
of degree one. Unfortunately, in the general case it is hard to derive the normal-
ization constant for an arbitrary such function. For a special kind of v-spherical
distributions, the Lp-spherically symmetric distributions [5; 3] this problem be-
comes tractable by restricting the contour lines to L,-spheres, but at the prize
of introducing permutation symmetry. The L,-spherically symmetric distribution
itself generalize the class of Lo-spherically symmetric distributions which exhibit
rotational symmetry [4; 1]. In some cases permutation or even rotational symme-
try might be an appropriate assumption for the data. However, in other cases such
symmetries might actually make the model miss important structure present in the
data.

Here, we present a generalization of the class of Lj-spherically symmetric dis-
tribution within the class of r-spherical distributions. Instead of using a single
L,-norm to define the contour of the density, we use nested L,-norms where the
coefficients, the L,-norm is computed over, can be L,-norms themselves—with pos-
sibly different p. This preserves positive homogeneity and replaces permutational
invariance with invariance under reflection at the coordinate axes. Due to the nested
structure, we call this new class of distributions L,-nested symmetric distributions.
As we demonstrate below, this construction still bears enough structure to define
polar-like coordinates similar to those of [6; 3] and thereby to compute the normal-
ization constant of the distribution given an arbitrary univariate distribution on the
function values. By that construction, we can leverage most important properties
of the Ly-spherically symmetric distributions to the L,-nested distributions.

The remaining part of the paper is structured as follows: In section 2 we intro-
duce some helpful nomenclature and define L,-nested functions. In section 3 we
define coordinates in the spirit of [3] and derive the Jacobian of the determinant. In
section 4 we introduce the uniform distribution on the L,-nested unit sphere which
allows us to leverage some of the results of [3] to L,-nested symmetric distributions
in section 5. In section 6 we derive a sampling scheme for L,-nested symmetric
distributions. We conclude by presenting a potential application for the class of
L,-nested symmetric distributions.
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2. NOMENCLATURE AND DEFINITIONS
Definition 2.1 (L,-nested functions). We call a function f : R"* — R L,-nested
if f fulfills the following recursive definition:
(i) The function f : R® — Ris the L,-norm of its £ children (f1(x1), ..., fe(x¢))

F0) = (fr(xa), ooy fe(x0) Ml

where the x; € R™ are a partition of the vector x into £ parts.

(ii) The children f; are either L,-nested functions themselves or compute the
absolute value of a single coefficient x;, i.e. f;(x;) = |z;| if and only if
Xj=a; € R.

This gives rise to a tree structure of f which is depicted in Figure 1. Note,
that every L,-nested function is positively homogeneous by construction. In order
to present results for arbitrary L,-nested functions, we start by introducing some
helpful notation.

) f@ flf@ _||f1€m”17(z)

/\

fi = fi(x1) = filfi10,) = [[F10:0. |1,

AN

ffm»l ffmlz@

A

fr = fr(fr1e,) = fi(xr) = fr(il, - [yiger])

/TN

lyil = |yilP7r =fr1 - fre, = Yive, | = [Yire, |70

FIGURE 1. Tree structure associated with an L,-nested
function f: Every parent node I gets its value f; by comput-
ing the L,,-norm of the values of its children f;;.,,. The leafs of
the tree correspond to the (absolute values) of the coefficients in
the vector x. The values of the p at the leaf nodes are set to the
value p = 1 by definition, e.g. p;1 = ... = pr ¢, = 1 in the diagram.

Definition 2.2 (Notation and Conventions for L,-nested functions). We use the
following notational conventions:
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We use multi-indices to denote the different nodes of the tree corresponding
to an Ly-nested function f. The function f itself corresponds to the root
node and is denoted by fy. The functions corresponding to its children
are denoted by fi,..., fo,- The children of the i child are denoted by
fi, - fie;- In this manner, an index is added for each layer of the tree.
We always use the letter “¢” to denote the total amount of children of a
node.

For notational convenience, we assign a p to each of the leaf nodes (i.e. the
absolute values |z;|) but fix their values to p = 1 by definition.

For the sake of compact notation, we denote a list of indices with a single
multi-index I = 41,...,7¢. The range of the single indices and the length
of the multi-index should be clear from the context. Multi-indices are
always denoted by upper-case letters. A concatenation I,k of a multi-
index I with another index k corresponds to adding k& to the index list, i.e.
I,k =11,....%m, k. We use the convention that I,0 = I.

Those coefficients of the vector x that correspond to leafs of the subtree
under a node with the index I are denoted by x;. The number of leafs in
a subtree under a node I is denoted by nj. If I denotes a leaf then n; = 1.
The Ly-nested function associated with the subtree under a node I is de-
noted by

fr(xr) = 1(fra(xr,0)s o fre (xX0,e)) lps -

We use sans-serif font to denote the function value f; = f7(xs) of a subtree
I. In many cases we use fr and f;(x;) interchangeably. Whether f; is to
be considered as a function of its children or merely the value of the node
I should always be clear from the context.

A vector with the function values of the children of I is denoted with
bold sans-serif font and the following index-list notation:

frxn) = (Fra(ern)s s fre,(<r,e0)) o
= [1(fr,1s s ) Ml
= |Ifr,10,|lp,
The function computing the value of the /** —and therefore by convention
last—child of a node I when fixing the value f; of that node, is denoted by

-1 o
gre;(fr.fr1, o fre,—1) = (ﬁ” - Z f?fk)

k=1
= g1 (ff,wf—l)
= 8I,¢;-

Notice the small but important difference that the value f; depends only
on the values of its children f; 1, ...,f; ¢,, while the value g, depends on
the value of its neighbors f; 1,...,fr ¢, —1 and its parent f; = f7 y.
Vectors in R” that lie on the L,-nested unit sphere, i.e. that fulfill f(u) =1
are denoted by the letter u.

Vectors @t € RY that lie on the L, unit sphere associated with the inner
node I, i.e. that fulfill f;.;.,, = fru are denoted by the letter . Note that
the coordinates u and @ are different: f;(@) = 1 while f;(uy) <1.
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When defining polar-like coordinates in section 3 only all but the last
coeflicients of u or u are needed, since the last can be computed from the
remaining ones. We often still denote this shorter vectors by u or . The
actual dimensionality should be clear from the context.

Let us demonstrate the above definitions with a simple example.
Ezample 2.1. Consider the Ly-nested function

Py =
£ = (af + foal) 3 [ ) ™

1
Po

_P1 Pl 1 5 Py 7o
— <((f1f$11»1)p1,1 + (ff};)m,z) 4 (fg )Pz)

= (f1 (F1,1:2)" + f2 (f2,1)pw)ﬁ
= fo (F12)

with £y = 2, {1 = 2 and p1 1 = p1,2 = p2 = 1 by definition. Resolving f(x1, z2, z3) =
a for |z3| yields the functions g

23| = g2
= g2 (fp,f1)
1
= (-
1
= (aP? — f1 (F1,1:2)"") 70
1
po =
= (7~ (el ) )
3. L,-NESTED COORDINATE TRANSFORMATION AND THE DETERMINANT OF ITS
JACOBIAN

The most important consequence of the positive homogeneity of f is that it can
be used to normalized vectors and, by that property, to generalize the polar-like
coordinates using L,-norms of [3].

Definition 3.1 (Polar-like Coordinates). We define the following polar-like coor-
dinates for a vector x € R™:

Ti . B
u; = i) fori=1,...,n—-1
r= f(x).

The inverse coordinate transformation is given by
r;=ru; fori=1,...,n—1
Tp = rApuy,
where we define A,, = sgnz, and u, to be the value of the leaf corresponding to

|| when setting fg = 1.

The definition of the coordinates is basically equivalent to that of [3] with the
difference that the L,-norm is replaced by an L,-nested function. Just as in the
case of Ly,-spherical coordinates, it will turn out that the Jacobian of the coordinate
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transformation does not depend on the value of A,,. This is basically a consequence
of the invariance under reflection at the coordinate axes.

The remaining part of this section will be devoted to computing the determinant
of the Jacobian. We start by stating the general form of the determinant in terms
of the partial derivatives gZZ, up and r. Afterwards we demonstrate that those
partial derivatives have a special form and that most of them cancel in the Laplace
expansion of the determinant.

Lemma 3.1 (Determinant of the Jacobian). Let r and u be defined as in Defini-
tion (3.1). The general form of the determinant of the Jacobian J of the inverse
coordinate transformation is given by

n—1
ou
n—=1[ _ § n .
W = ( k=1 Ouy, " un) .

Proof. The partial derivatives of the inverse coordinate transformation are given
by:

78 yi =0prfor 1 <i,k<n-—1
auk

0 yn:Anr%fOI‘lngn—l
Ouy, Ouy

a .

—y,=u;for1 <i<n-1

or

0

n = Apty,.
ﬁry v

Therefore, the structure of the Jacobian is given by

r 0 U1
J =
0 - r Up—1
Oup Oup
A,r i Anraun_l A uy,

Since we are only interested in the absolute value of the determinant and since
A, € {—1,1}, we can factor out A,, and drop it. Furthermore, we can factor out r
from the first n — 1 columns which yields

1 0 Ul
|det J| = r"~! |det
1 Un—1
Oun, Ouy
6u1 e Bun,l Un

Now we can use Laplace formula to expand the determinant with respect to the last
column. For that purpose, let J; denote the matrix which is obtained by deleting



6 FABIAN SINZ, EERO SIMONCELLI, MATTHIAS BETHGE

the last column and the ith row from 7. This matrix has the following structure
1 0
0

1 0
Ji = |
0 "
0 1
% unp Ounp
ouq ou; OUn 1

We can transform J; into a lower triangular matrix by moving the column with
all zeros and a““ bottom entry to the rightmost column of 7;. Each swapping of
two columns mtroduces a factor of —1. In the end, we can compute the value of
det J; by simply taking the product of the diagonal entries and obtain det 7; =
(—=1)n1= 16“” . This yields

|det J| = r"* (Z(—l)"““uk det jk>

Oyn,
=1 (Z(—l)n+kuk det Ji + (_1)2n8y’l“>

— 7“"_1 ( (_1)n+kuk(_1)n—l—k% +un>

8uk

0

For a given Lj-nested function f, the terms r, u; and g%: needed to compute
the determinant with equation (1) can be computed easily. However, as already
mentioned, most constituents of those terms cancel each other as the following
example demonstrates. We urge the reader to follow the next example as it contains
the important ideas for the general case below.

Ezample 3.1. Consider the function from the previous example

1

F) = (e +aaP) 55+ g0 ) ™
Setting u = ﬁ and solving for ug yields
flu)=1
S uz = (1 (s |u2\p1)%)$
Now, let Go and F; denote

1-pyp

=
Go = (1= (jua ™ + fugl™) ) ™

Py —
Fi= (lua[” + Jug[?) "7
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Essentially, Go and F; are terms that evolve from the application from the chain
rule when computing the partial derivative. G originates from using the chain rule
upwards in the tree and F; from using it downwards. The indices correspond the
multi-indices of the respective nodes. Computing the derivative yields

8U3 0 Po 1%
2 -~ (1= p1 P1\p ) 0
Oup,  Ouy ( (Jua | + ua[2)
1 0 2y
= —G - _— p1 _|_ P1Y)py
2% o (Jua [ + |uz|P)
1p 0
= — Gy —Fy o |ug|?
Do P1 Oug
= —GQFlAkUkpl_l.
By inserting the results in equation (1) we obtain
2
1 Oou,
72\«7| = _Ziauk Uk + U3
k=1
2
= Z GoFq|ukP* + ug
k=1
2 . 1
=G (Z Fufuf™ + G5 (1= (™ + |u2|m>m)””>
k=1
2 g _1-pp P 1
=G (Z Fuluel? + (1= (ua? + fuo) 7 )7 (1= (Jua + a7 ) )
k=1
2 "o
:GQ< Flluklpl+1—<u1|’“+|“2'p1)m>
k=1
2 .
o (Fl S el 41— FiF (! + u2|“>’”>
k=1
2 P1 P
- (Fl S lurlP 1= Fy (Jual” + )T (P IU2|“>“>
k=1

2 2
= G2 (Fl Z |Uk|p1 +1- F1 Z |’U,kp1>
k=1 k=1
= Ga.

In the example above, the terms from using the chain rule downwards in the tree
canceled while the terms from using the chain rule upwards remained. It will turn
out that this is true in general. Before we state the general equation we introduce
a short notation for the terms that cancel and for those that remain.
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Definition 3.2. Let I =14, ...,4%,_1. In the following, we denote

_ Pre;—pI
Gre, =81y,
Pre;—PI
-1 P
— Pr Pr
(2) = |8 _E fj,j
=1
and
PI—DPI, i
Fri, = fur
Pr—PI i,

4 DIy
_ PI,i,
- fIairyk
k=1

Note that the term Fr; is a function of its children while Gy ;. is a function of the
parent node and all but the last children.

Before going on, let us quickly outline the essential mechanism when taking

the chain rule 7. Imagine the tree corresponding to f. By definition w,, is the

rightmost leaf ofqthe tree. Let L, ¢y be the multi-index of u,,. The calculation of

‘37;" will obviously involve heavy usage of the chain rule. As in the example, the
q

chain rule starts at the leaf u,, ascends in the the tree until it reaches the lowest
node whose subtree contains both, u, and u,. At this point, it starts descending
the tree until it reaches the leaf u,;. Depending on whether the chain rule ascends
or descends, two different forms of derivatives occur: At wu, = gr ¢, the chain rule
will start ascending by taking the derivative of the term

lr—1 PL
gL, = (e: - fﬁfk>
k=1
which will produce a G-term and move the chain rule one step up in the tree.

If the parent of u, is already the lowest node whose subtree contains u, a u,,
then wu, is hidden somewhere in the f-terms and the g-term is independent of u,.
However, if this node is still higher in the tree, then the situation is reversed, i.e.
the f-terms are independent of u, which is hidden in the g-term. When going on,
the chain rule will produce a G-term when ascending the tree and an F-term when
descending. The situation is depicted in Figure 2. The next lemma states a few
helpful properties of the F- and G-terms.

Lemma 3.2. Let I =1,...,i,—1 and f;; be any node of the tree associated with
an L,-nested function f. Then the following recursions hold for the derivatives
of g?’i’jr and f?’ir w.r.t ug: If ug is not in the subtree under the node I,i,, i.e.

u & fr.i,., then (remember that pr,;. =1 for leaf nodes by notational convention):

0

—fPL =0
1,1,
Ouy
and
0 ,Pr :
9 . Du, gr if Uqg € 8T
Priy __ st .
ou. BLir = Gri,
Uqg pr

0 ¢P1 ; .
— L ifug €
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forug € f1j and ug € fr 1 for k # j. Otherwise

8 gpl‘u, _
Ouy Lir

and

forug € fri. s and ug & fr i, 1 for k # s.

Proof. Both first equations are obvious, since only those nodes have a non-zero

derivative for which the subtree actually depends on u,. The second equations can
be seen by computation

PIiq __ Pr,i,—1 0
814, —PIi.8r; Gri,
Ouq " Oug

P -1 Pr
_ CgPrir—1 pro_ I
=Dr1,i. 81, ou gr E ij
q j=1
lr—1
_ Pri. Pl,irflglfpz 0 gpz _ 1
= i, i T § I.j
PrI 8uq 1 J
aiq ey if ug € gr
_ D1, G
= or e
I 9 ¢pr1 :
~ Bug fI,j if Uqg € f]’j
Similarly
9 PI pr—1 9 f;
1i, 1,3 st
Oug " Oug
1
Lr i Plip
_ pr_l 0 DI,i,
=PIy, ou I,irk
4 \ k=1
_ Pr pi-1.1-pr, 9 DI, iy
= Li. L. Lir,s
Pri, dugq
2 Fr. 0 DI,y
= —Fli, Lir,
DL, dug '
for uy € fr . 6. O

The next lemma states the form of the derivative g% in terms of the G- and
q
F-terms.

Lemma 3.3. Let |ug| = oy, 0, 01,005 [Un| = Ty, 0, withr < d and, therefore, the

shortest path from wy, to ug be (€1, ..., 0q), (41, s a—1), s (€1, ocis €p), (1, oo by 01), oy (B, ooy Uy 81,

The derivative of u, w.r.t. ug is given by

0 .
%un = _Gzl’m,fd Teeet G£1’~~1Er+1 : Ffla»-%mil : Fela“werﬂ-lw--yitfl : Aquq
q

cit).
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with Ag = sgnug and |ug|P = (Aqug)?. In particular

7G£1,...,Zd Teee Gel,...

.. Peq,..., e _
72r+1‘F£17~-lr711 F517 ity |u| ! mi .

Ug=——1U
q@uq "
Proof. Successive application of Lemma (3.2). O

Before finally deriving the expression for the determinant, we state two more
helpful equations.

Lemma 3.4. Let I =iq,...,1,_1, then

Pr,i, _ pPr
(3) Gri .8ri. = 8,
lr—1

Z FI kfpl k

—
=~

Nz
|

PI,ip pI L, k
(5) fI S § : FI erk 1,k

Proof. First, we prove the equalities (3) and (4):
Go1 gPlir —(P1,ir —PI) PIir
I zrgl i =8 o gI,zr

=g, aed. (3)

Pr
( eIZ_ pr ) .

él—
§ : pr —Pr, kaI k

EI 1
=gr' ZFlk‘clk g.e.d. (4).

In a similar fashion, equality (5) can be proven by substituting definitions and
introducing one in the exponent.

O

Proposition 3.1 (Determinant of the Jacobian). Let £ be the set of multi-indices of
the path from the leaf u,, to the root node (excluding the root node). The determinant
of the Jacobian for an Ly-nested function is given by

det | 7| ="t H Gr.
LeL

Proof. Let L = {4,...£4_1 be the multi-index of the parent of u,. We compute
—+|det J| and obtain the result by solving for | det 7|. As shown in Lemma (3.1)
—|det J| has the form

1 sy Oy,
det = - — Up,
T.n—1| *7| ; 8’U/k kT Un
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L. PL.e .
By definition u, = gre, = gLLed”’. Now, assume that wu,.,...,u,_1 are children of

fr, i.e. uy = fr 1, for some I,i; = iy,...,%; and r < k < n. Remember, that by
Lemma (3.3) the terms uq%un for r < ¢ < n have the form
q

_ Doy, ..., Cgqyitses i
Ya gy tn = =Gry  Fryiy oo Frp - Jug[Pfartamieteo,

Now, we can expand the determinant as follows
L du
- Z L e

n—1
Z aun u Ouy, wup -+ gpL,ed
= - k— 5 Uk
auk & 6uk Lytq

=r

8un
= _Z “ur + G, < Z Lfd 3u Tuk + Gy, ngiféid>
n—1

Lg—1
8un 4, Ou
= E uk"‘GL,éd <— E GL,lfdiau: -’u,k—‘,—gg E Fkaka:>
k=r

by equality (4) of Lemma (3.4). Note that all terms GLlé gZ" cug forr <k <n
now have the form

0

G, Uk —U :_FL' '---'FLI' Uy [Per o ta—1ri i1
de auk n st B | q|

since we constructed them to be neighbors of u,,. However, with equation (5) of
Lemma (3.4), we can further expand the sum Zi‘;l FLykuL];k down to the leafs
Upy ooy Upn_1. When doing so we end up with the same factors Fr; - ... - Frr-
|ug|Pfr-fa-1itie-1 g in the derivatives G z Uqg 62 Uy. This means exactly that

La—1

-1 aun Cug = FL kpr,k
E : Lty 8’& ];_1: sRULLKk

and, therefore,

Edfl
aun Oup,
= Z ~up + G o, < Z Lfd au - Uk +g]l)/L _ Z FL’k;fsz,k>
k=1
au Edf édfl
= —Z "+ Gy <Z FLaflt +er — > FL,kfif,f)
k=1

k=1
L ou
= Z - Tuk + GlegiL.

By factoring out Gpp, from the equation, the terms gzn -uy, loose the Gp g,

in front and we get basically the same equation as before, only that the new leaf
(the new “u,”) is gf* and we got rid of all the children of f;. By repeating that
procedure up to the root node, we successively factor out all Gy, for L' € £ until
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all terms of the sum vanish and we are only left with f; = 1. Therefore, the
determinant is
= H Gr.

LeLl

which completes the proof. O

4. L,-NESTED UNIFORM DISTRIBUTION

In analogy to [6] we define a uniform distribution on the Lp-nested sphere.
Naturally, the density of this distribution is the inverse of the surface area of the
L,-nested unit sphere. In this section we first compute the surface of the L,-nested
sphere and then define the L,-nested uniform distribution in terms of the polar-like
coordinates from the section before. Before we start, we start by computing the
surface and the volume of an arbitrary L,-nested sphere.

Proposition 4.1 (Volumen and Surface of the L,-nested Sphere). Let f be an
L,-nested function and let I be the set of all multi-indices denoting the inner nodes
of the tree structure associated with f. Let n; denote the number of leafs contained
in the subtree under the node I (if I is a leaf already, ny = 1). The volumen V¢ (R)
and the surface Sf(R) of the Ly-nested sphere with radius R is given by

lr—1

_ R"2" Do 1n1k NI k+1
(©) Vi(R) == IGHIpi,,lﬂB ) ]
IT, T[]

R™2™
(7) - n H Lr—1 nr
Iez Py FI:E:|
lr—1

(8) S(R) = R~ 12"H211HB

1e7 P1

Do 1n1k NI k+1
pr

9) —r 2 ] 7?:1 - [n’;}k}

{7 —
Iez pII 1F [%}

Proof. We obtain the volumen by computing the integral f FO<R dx. Differenti-
ation with respect to R yields the surface area. For symmetry reasons we can
compute the volume only on the positive quadrant R’} and multiply the result with
2™ later to obtain the full volumen and surface area. The strategy for computing
the volumen is as follows. We start off with inner nodes I that are parents of leafs
only. The value f; of such a node is simply the L,, norm of its children. Therefore,
we can convert the integral over the children of I with the transformation of [3].
This maps the leafs fr 1., into f; and “angular” variables ., ;. Since integral
borders of the original integral depend only on the value of f; and not on u, we
can separate the variables w from the radial variables f; and integrate the vari-
ables uy, 1 separately. The integration over wy, 1 yields a certain factor, while
the variable f; effectively becomes a new leaf.

Now suppose I is the parent of leafs only. W.l.o.g. let the ¢; leafs correspond to
the last £ coefficients of x. Let x € R"}. Carrying out the first transformation and
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integration yields

l-pr
lr—1

Pr
dx = / / felil 1-— ~;ZDI df]dﬂg —1dX1:n—[
/f(x)<R F(Xtin—ep 6 ) SR J e, — 1€V£I ! Z ! '

nIep—PI

Lr—1 Pr
— / =L dXy g, X / 1-— Z T ditg, _1.
f(x1n—e;,6,)SR Uy, 161/1 !

For solving the second integral we make the pointwise transformation s; = @?’ and
obtain

nre;—PI nre

1617 pr 1 2171 prr -1 Z[*l Lfl
/ - Z i dtbe; -1 = ﬁ/ b Z o [[ s dse
g, 1EVT by >0 si<1 i=1 i=1
lr—1
H B —1 N, k nrk+1
[1 1
pI Ee1 br
ATk }
he1 pr’ pr

by using the fact that the transformed integral has the form of an unnormalized
Dirichlet distribution and, therefore, the value of the integral must equal its nor-
malization constant.

Now, we go on with solving the integral

(10) / f;”_ldf]dxlzn,gl.
(X1:n—t7,;)SR

We carry this out in exactly the same manner as we solved the previous integral.
We only need to make sure that we only contract nodes that have only leafs as
children (remember that radii of contracted nodes become leafs) and we need to
find a formula how the factors f}” ~1 propagate through the tree.

For the latter, we first state the formula and then prove it via induction. For
notational convenience let X denote the remaining coefficients of x, f the vector
of leafs resulting from contraction and J the set of multi-indices corresponding to
the contracted leafs. The integral which is left to solve after integrating over all
@ is given by (remember that n; denotes real leafs, i.e. the ones corresponding to
coefficients of x):

/ I fyeafax.
F&HSR G g

We already proved the first induction step by computing equation (10). For com-
puting the general induction step suppose [ is an inner node whose children are leafs
or contracted leafs. Let J’ be the set of contracted leafs under I and j =J\J'.
Furthermore, let f and % be the leafs belonging to the set J. For notational con-
venience, we will denote all children of I with f; ; no matter whether they are real
leafs y; or result from a previous contraction. Transforming the children of I into
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radial coordinates by [3] yields

f?’—ldfdx:/ frat < f"J’l> dfdx
/f(fc,f)<RJlg7 f&xH<R H H

JeJ!
1— PI
21 1
= 1— =PI ff]*l A f7}j—1
/(i1~7f1)§R/7;€1 eVt ( Z ) jle_.If !
nglfl
lr—1 “pr 4r—1 B
x fI 1- Z p)) [T Graw)™" | dxdfdfrda,
k=1
-—1
= f J
ng, =PI
EI 1 T —
i L) (1— > ~P'> H s | dxdfdfdig,
/ [T | " axafdf,
FERf<R \ 5 iy
ngp =PI
lr—1 pr  Lr—1
x/ 1-— Z P H arE dig, .
g, — 1€V[I ! k=1

Again, by transforming it into a Dirichlet distribution, the latter integral has the
solution

ngp =PI

lr—1 lr—1

Lr—1 DI
/u[ eVt (1 - Z wl) 1<1_[1 T = H b
I— —

while the remaining former integral has the form

/ ~ e f;”—ldid?df,:/ I fafax
FERM<RE \ G5 F&HR 7o

as claimed.
By carrying out the integration up to the root node the remaining integral be-

comes
R
n— n— Rn
/ i 1df@:/ fir tdfy = —.
f3<R 0 n

Collecting the factors from integration over the @ proves the equations (6) and (8).

Using B [a,b] = ‘Z]ig]] yields equations (7) and (9). O

—1 11, k NI k+1
pr

In order to clarify the proof we explicitly carry out the integration for our first
example.
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Ezample 4.1. Again, let the L,-nested function be given by

1

N i
160 = (P + a3 + fasf)

Let x € Ri. Carrying out the steps from the proof above yields

! py ol el -1 g~
/ dx:/ / (1 —aPr) ™ ' "dudfidzs
fx)<R f(fr,m3)<R JO
1
:/ ffl_ldfldxgx/ (1—a) 7 da
f(fl,l;g)SR 0

1 1 1
:/ 11 df s x —B { } ,
f(fi,23)<R Y41 P1 p1

Solving the first integral yields

1—pg

1
[ | /#*wwWﬂhmw%mm
f(f1,23)<R fp<R
/ / flotbi=256-1 (1 _ upo) Ty dudfy
fo<R

1—pyp
:/ f3 dfp ></ a(l—aP°) o da
fo<R 0
31 2 1
Ehafzd)
3 po Lpo Po
Collecting all factors yields

311 2 1 1 1
[ e ELLLp[2 1
F(x)<R 3 pep1 |Pp Do p1 P1

Extending the domain such that x € R3, simply introduces a factor 22. The surface
is obtained by differentiating with respect to R. This yields the final equations

Vvor) = B2 L 13[2 1]3{1 1}

3 pwm Po’ Po 1’ p1

2 1 1 1

St(R) = R*2% . 11p [ ] B [ }
Py P1 Poy Po pP1 P

Proposition 4.2 (L,-nested Uniform Distribution). Let f be an L,-nested func-
tion. Let L be set set of multi-indices on the path from the root node to the leaf
corresponding to y, and let L be the multi-index of x,. The uniform distribution
on the Ly-nested unit sphere, i.e. the set {x € R"|f(x) =1} is given by

—1
mk NI k+1
11 +1 ‘HGL

p1 Lec

lr—1

on— 1H[11HB

IeT

p(u) =

where the support of p(u) is given by
supp p = {u € R" [ f(u,g; (u)) = 1}

Proof. Since the Lj,-nested sphere is a compact set, the density of the uniform
distribution is simply one over the surface area of the unit L,-nested sphere. The
surface Sy(1) is given by Proposition 4.1. Transforming ﬁ into the coordinates
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of Definition 3.1 introduces the determinant of the Jacobian from Proposition 3.1
and an additional factor of 2 since the u € R®~! have to account for both half-shells
of the L,-nested unit sphere. This yields the expression above. O

Ezxample 4.2 (L,-spherically symmetric uniform distribution). We consider L,-
norm as a special case of an L,-nested function

760 = [1xll, = (Z |xi|”>

The corresponding tree has only one single inner node, which is the root node.
Using Proposition 4.1, the surface area is given by
fm 1

Sjyp, = 2" z@ T H B

)

Py Py

z 1 nk nk:+1‘|

The factor G,, is given by (1 — Z?:_ll \u#’) " which together with the factor 2
yields the uniform distribution on the L,-sphere as defined in [6]
i1-p

oy =2 it (“Zluzip)p'

]

5. L,-NESTED SYMMETRIC DISTRIBUTIONS

Definition 5.1 (L,-Nested Symmetric Distribution). A n-dimensional random vec-
tor X is called Ly-nested symmetrically distributed with respect to f if f is an L,-
nested function, X = RU for two independent random variables R and U, where
R is a non-negative univariate random variable and U is a n-dimensional random
variable uniformly distributed on the L,-nested unit sphere corresponding to f, i.e.
f(U) =1 and Uy,..,U,_; follow the distribution of Proposition 4.2.

This definition of Ly,-nested symmetric distribution is a straightforward gener-
alization of Gupta and Song’s definition of L,-spherically symmetric distributions.
By exactly the same reasoning as their’s [3] the deﬁnition implies that f(X) =R
and f()gc) = U and, therefore, that f(X) and f(X)
means that being able to sample from any L,-nested symmetric distribution makes
it possible to sample from any other L,-nested symmetric distribution as long as
the radial distribution of it is known. One simply has to normalize the samples
X from the first distribution to obtain an instance of a uniformly distributed ran-
dom variable on the L,-unit sphere, sample a new radius and scale the normalized

are independent. This also
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sample with it. Based on that idea, we derive a sampling scheme for L,-nested
distributions in section 6.

Another consequence resulting from the definition of L,-nested symmetric dis-
tributions is the following proposition, which is almost equivalent to Lemma 2.1
and Theorem 2.1 in [3] which themselves are a special case of the results in [2].

Proposition 5.1. Each L,-nested symmetric density on R™ (with zero probability
mass at zero) has the form p(X) = p(f(X)) and gives rise to a univariate (radial)
density 0 on Ry. On the other hand, each univariate density p on Ry gives rise to
a Ly-nested symmetric distribution on R™. The relation between the two densities
s given by
o(r) = S(1)r" ' p(r)
= Sy(r)p(r)
and
) e o ()
PX)= 7y U X
S T)

1

= m@(f(x))

This shows again, that L,-nested symmetric distributions are parameterized
over univariate radial distributions. The maximum likelihood estimation of the
parameters of L,-nested symmetric distributions therefore becomes very easy since
argmaxy log p(X |[¢}) = argmax, log o(f(X)|¢) which means that parameter estima-
tion can be carried out over a univariate instead of an n-dimensional multivariate
distribution, which is more robust and computationally efficient.

By the form of a general L,-nested function and the corresponding symmetric
distribution, one might suspect, that the children of the root node, i.e. the fy,,
are Ly,-spherically symmetric distributed. This is actually not the case as the next
proposition shows.

Proposition 5.2. Let f be an Ly,-nested function. Suppose we remove complete
subtrees (not single branches) from the tree associated with f. Let X € R™ denote
a subset of the coefficients of x € R™ that are still part of that smaller tree and let
f denote the vector of inner nodes that became new leafs. The joint distribution of
% and f is given by.

where J is the set of multi-indices for the elements off and ny is the number of
leafs (in the original tree) in the subtree under the node J.

Proof.

1—py

Q(f(xl:n—eufla,&h—laAn)) lr—1 = ~ "
= N _ iPI
$;(/x) f (1 2 I )
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where A,, = sign(z,,). Note that f is invariant to the actual value of A,,. However,

when integrating it out, it yields a factor of 2. Integrating out ,,_; and A, now
yields

Ll | L

Q(f(xlzn—flafl)) .f&fl 2T |:p1]

ST pr[a]

T
_ Q(f(xlin—fmff)) .félfl
St(f Xin—er, 1)) F

p<xl:n721»f1) =

Now, we can go on an integrate out more subtrees. For that purpose, let X denote
the remaining coefficients of x, f the vector of leafs resulting from the kind of
contraction just shown for f; and J the set of multi-indices corresponding to the
“new leafs” i.e the node f; after contraction. We obtain the following equation

o D) 7 pnst
Sr(f(x,0) 5o 7

where n; denotes the number of leafs in the subtree under the node J. The proof
is basically the same as the one for proposition (4.1).

p()A(, f) =

O

Corollary 5.1. The children of the root node f1., = (f1, ...,fzw)—r follow the distri-
bution

Lo—1+ [ n
p ' ]

£ n
S ()27 T T 2

Lo
) = et

where m < £y is the number of leafs directly attached to the root node. In particular,
f1.0, can be written as the product RU, where R is the Ly,-nested radius and the

single |U;|P? are Dirichlet distributed, i.e. (|U1[P?,...,|Ug,|P?) ~ Dir {Z—;, %“]

Proof. The joint distribution is simply the application of Proposition (5.2). Note

that f(f1,....,fo,) = [|f1.¢/|p,- Applying the pointwise transformation s; = |u;|P?
yields (U1 [P, ..., |Up,_1]P?) ~ Dir [;7) ’;TH (see also [6]).
0

6. SAMPLING FROM L;,-NESTED SYMMETRIC DISTRIBUTIONS

In this section, we derive a sampling scheme for L,-nested symmetric distribu-
tions. Since the radial and the uniform component are independent, normalizing
a the sample from any L,-nested distribution to f-length one yields samples from
the uniform distribution on the L,-unit sphere. By multiplying those uniform sam-
ples with new samples from another radial distribution, one obtains samples from
another L,-nested distribution. Therefore, for each L,-nested function f one needs
to find only a single L,-nested distribution one is able to sample from. Sampling
from all other L,-nested distributions with respect to f then comes for free due to
the trick just described. Gupta and Song [3] sample from the L,-generalized Nor-
mal distribution since it has independent marginals which makes it easy to sample
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from it. Due to the tree structure of L,-nested distributions, this is not possible
in general. Instead we choose to sample from the uniform distribution inside the
L p-nested unit ball.

From Proposition (4.1) we already know the normalization constant. Therefore,
the distribution has the form p(x) = % In order to sample from that distribu-
tion, we will first only consider the uniform distribution in the positive quadrant of
the unit L,-nested ball which has the form p(x) = % Samples from the uniform
distributions in the whole ball can be obtained by multiplying each coordinate of a
sample with independent samples from the uniform distribution in {—1,1}.

Again, from the proof of Proposition (4.1), we are now able to derive the sampling
scheme. The idea of the proof is to successively transform the inner nodes of the
tree associated with f into L,-radial coordinates as defined by [6]. This yields a
series of independent integrals over expressions like

ng =PI
lr—1 Pr lr—1
[ (-Sw) T Tt
_ -
e —1€Vy i=1 k=1

and a final integral over the radius fg which always is

1
/ fg_ldf@.
0

Since all variables together integrate to one, p(x) is still a density on those variables.
Because we can integrate the independently, the final radial variable fy and the uni-
form variables are independent. Now, it is easy to see that fy can be drawn from a
[O-distribution and the single u?! can be drawn from a Dirichlet distribution. By re-
versing the transformations we obtain samples from the uniform distribution inside
the unit Ly-nested ball. Normalizing those samples yields uniformly distributed
points on the L,-nested unit sphere which can be transformed into samples from
any Lp-nested distribution by multiplying with the appropriate radial samples.
This provides us with the following sampling scheme:

1) Sample fy from a beta distribution 3 [n,1].
0
(2) For each inner node I of the tree associated with f sample s; from a

Dirichlet distribution Dir {"p’l‘l sy ”;}%} where ny j, are the number of leafs

in the subtree under node I,k. Obtain uniform coordinates on the L,-
1

sphere by s — s, = U.

(3) Apply the reverse transformation to map the @ and fy into Cartesian coor-
dinates x.

(4) Normalize x to get a uniform sample from the sphere z = 7o

(5) Sample a new radius fy from the radial distribution of the target L,-nested
distribution py and obtain the sample via x = fp - z.
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1. OpTiMAL FIiLTERS FOR ALL DIFFERENT MODELS
INDEPENDENT SUBSPACE MODELS

Independent Subspace ISA for 2 Subspaces without CGC.




Independent Subspace ISA for 4 Subspaces without CGC.




Independent Subspace ISA for 8 Subspaces without CGC.




Independent Subspace ISA for 16 Subspaces without CGC.




Independent Subspace ISA for 2 Subspaces with CGC.




Independent Subspace ISA for 4 Subspaces with CGC.




Independent Subspace ISA for 8 Subspaces with CGC.




Independent Subspace ISA for 16 Subspaces with CGC.




Ly,-nested model with DT tree structure without CGC.
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Ly,-nested model with DT tree structure with CGC.
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Ly,-nested model with PND, tree structure without CGC.
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Ly,-nested model with PND, tree structure without CGC.
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L,-nested model with PNDy tree structure without CGC.
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Ly,-nested model with PND1g tree structure without CGC.
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L,-nested model with PND, tree structure with CGC.
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L,-nested model with PND, tree structure with CGC.
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L,-nested model with PNDg tree structure with CGC.
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L,-nested model with PND¢ tree structure with CGC.
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