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Abstract

Steinwart was the first to prove universal consistency of support vector machine
classification. His proof analyzed the ‘standard’ support vector machine classifier,
which is restricted to binary classification problems. In contrast, recent analysis
has resulted in the common belief that several extensions of SVM classification to
more than two classes are inconsistent.

Countering this belief, we prove the universal consistency of the multi-class sup-
port vector machine by Crammer and Singer. Our proof extends Steinwart’s tech-
niques to the multi-class case.

1 Introduction

Support vector machine (SVM) as proposed in [1, 8] are powerful classifiers, especially in the bi-
nary case of two possible classes. They can be extended to multi-class problems, that is, problems
involving more than two classes, in multiple ways which all reduce to the standard machine in the
binary case.

This is trivially the case for general techniques such as one-versus-one architectures and the one-
versus-all approach, which combine a set of binary machines to a multi-class decision maker. At
least three different ‘true’ multi-class SVM extensions have been proposed in the literature: The
canonical multi-class machine proposed by Vapnik [8] and independently by Weston and Watkins
[9], the variant by Crammer and Singer [2], and a conceptually different extension by Lee, Lin, and
Wahba [4].

Recently, consistency of multi-class support vector machines has been investigated based on proper-
ties of the loss function ¥ measuring empirical risk in machine training [7]. The analysis is based on
the technical property of classification calibration (refer to [7] for details). This work is conceptually
related to Fisher consistency, in contrast to univeral statistical consistency, see [3, 5]. Schematically,
Theorem 2 by Tewari and Bartlett [7] establishes the relation

SA<:>(SB:>Sc) , (1)
for the terms

S4: The loss function W is classification calibrated.

Sp: The U-risk of a sequence ( fn)neN of classifiers converges to the minimal possible W-risk:

Sc: The 0-1-risk of the same sequence ( fn)neN of classifiers converges to the minimal possible
0-1-risk (Bayes risk): lim,, oo R(fn) = R*.

The classifiers fn are assumed to result from structural risk minimization [8], that is, the space F},
for which we obtain f,, = argmin{Rg¢(f)|f € F,,} grows suitably with the size of the training
set such that Sp holds.



The confusion around the consistency of multi-class machines arises from mixing the equivalence
and the implication in statement (1). Examples 1 and 2 in [7] show that the loss functions ¥ used
in the machines by Crammer and Singer [2] and by Weston and Watkins [9] are not classification
calibrated, thus S4 = false. Then it is deduced that the corresponding machines are not consistent
(Sc = false), although it can be deduced only that the implication Sp = S¢ does not hold. This
tells us nothing about S¢, even if Sp can be established per construction.

We argue that the consistency of a machine is not necessarily determined by properties of its loss
function. This is because for SVMs it is necessary to provide a sequence of regularization parameters
in order to make the infinite sample limit well-defined. Thus, we generalize Steinwart’s universal
consistency theorem for binary SVMs (Theorem 2 in [6]) to the multi-class support vector machine
[2] proposed by Crammer and Singer:

Theorem 2. Let X C R? be compact and & : X x X — R be a universal kernel with!
N((X,dy),e) € O(e™) for some o > 0. Suppose that we have a positive sequence (C)ren
with £ - Cy — oo and C; € O(£°~1) for some 0 < 3 < L. Then for all Borel probability measures
Pon X xY and all € > 0 it holds

Jim Pr* ({T € (X xY)" | R(frec) <R +e}) =1,

The corresponding notation will be introduced in sections 2 and 3. The theorem does not only estab-
lish the universal consistency of the multi-class SVM by Crammer and Singer, it also gives precise
conditions for how exactly the complexity control parameters needs to be coupled to the training set
size in order to obtain universal consistency. Moreover, the rigorous proof of this statement implies
that the common belief on the inconsistency of the popular multi-class SVM by Crammer and Singer
is wrong. This important learning machine is indeed universally consistent.

2 Multi-Class Support Vector Classification

A multi-class classification problem is stated by a training dataset 7' = ((:1:1, Y1)y -, (g, yg)) €
(X x Y)! with label set Y of size |Y| = ¢ < oo. W.Lo.g., the label space is represented by
Y = {1,...,q}. In contrast to the conceptually simpler binary case we have ¢ > 2. The training
examples are supposed to be drawn i.i.d. from a probability distribution P on X x Y.

Let £ : X x X — R be a positive definite (Mercer) kernel function, and let ¢ : X — H be
a corresponding feature map into a feature Hilbert space H such that (¢(z), #(2')) = k(z,z’).
We call a function on X induced by k if there exists w € H such that f(x) = (w, ¢(z)). Let
di(x,2") == ||p(x) — ¢(a)|n = Vk(z,z) — 2k(z,2") + k(2/,2') denote the metric induced on
X by the kernel k.

Analog to Steinwart [6] we require that the input space X is a compact subset of R?, and define the
notion of a universal kernel:

Definition 1. (Definition 2 in [6]) A continuous positive definite kernel function & : X x X — R
on a compact subset X C R? is called universal if the set of induced functions is dense in the
space CY(X) of continuous functions, i.e., for all g € C°(X) and all € > 0 there exists an induced
function f with [|g — f]le < e.

Intuitively, this property makes sure that the feature space of a kernel is rich enough to achieve con-
sistency for all possible data generating distributions. For a detailed treatment of universal kernels
we refer to [6].

An SVM classifier for a g-class problem is given in the form of a vector-valued function f : X — R?
with component functions f,, : X — R, u € Y (sometimes restricted by the so-called sum-to-zero
constraint ) .y f, = 0). Each of its components takes the form f,(z) = (wy, (x)) + b, with
w, € H and b, € R. Then we turn f into a classifier by feeding its result into the ‘decision’ function

k:RT Y (vl,...,vq)THmin{argmax{vﬂueY}}EY.

"For f,g: RT — RT we define f(z) € O(g(x)) iff 3¢, z0 > 0 such that f(x) < ¢ g(z) Y > xo.



Here, the arbitrary rule for breaking ties favors the smallest class index.” We denote the SVM
hypothesisby h = ko f: X — Y.

The multi-class SVM variant proposed by Crammer and Singer uses functions without offset terms
(by = 0 for all u € Y). For a given training set T’ = ((21,91), ..., (z¢,y¢)) € (X x Y)* this

machine defines the function f, determined by (w1, ..., w,) € HY, as the solution of the quadratic
program
c ¢
inimi uy PYu > % 2
minimize ueZy(w Wy) + 7 ;f 2

st (wy, —wy, o(z;)) > 1 =& Vie{l,....¢5, ue Y \{y} .

The slack variables in the optimum can be written as

- — (Fo. (@3) — folzi > (1= 6wy — for (i NET
e A= () = fo@)] 2 [0 O = Funa) + fueo @], O
with the auxiliaury function [¢]+ := max{0,¢}. We denote the function induced by the solution of
this problem by f = fr..c = ((w1,),. .., (wg, ).

Let s(z) := 1 — max{P(y|z)|y € Y} denote the noise level, that is, the probability of error of a
Bayes optimal classifier. We denote the Bayes risk by R* = [ « 8(x)dw. For a given (measurable)
hypothesis h we define its error as Fj(x) := 1 — P(h(x)|z), and its suboptimality w.r.t. Bayes-
optimal classification as 0, (x) := Ep(z) — s(x) = max{P(y|z) |y € Y} — P(h(z)|x). We have
Ep(z) > s(x) and thus 7 (x) > 0 up to a zero set.

3 The Central Construction

In this section we introduce a number of definitions and constructions preparing the proofs in the
later sections. Most of the differences to the binary case are incorporated into these constructions
such that the lemmas and theorems proven later on naturally extend to the multi-class case. Let
A:={peRp, >0 VVuecYand ) .y p, = 1} denote the probability simplex over Y. We
introduce the covering number of the metric space (X, dy) as

N((X,dy),e) := min {n ‘ 3 {1,...,20} C X such that X C | J B(xi,e)} ,

i=1
with B(z,e) = {2’ € X | di(z,2") < e} being the open ball of radius € > 0 around z € X.

Next we construct a partition of a large part of the input space X into suitable subsets. In a first step
we partition the probability simplex, then we transfer this partition to the input space, and finally
we discard small subsets of negligible impact. The resulting partition has a number of properties of
importance for the proofs of diverse lemmas in the next section.

We start by defining 7 = ¢/(q + 5), where ¢ is the error bound found in Theorems 1 and 2. Thus, 7
is simply a multiple of €, which we can think of as an arbitrarily small positive number.

We split the simplex A into a partition of ‘classification-aligned’ subsets
Ay =r{y}) = {p €A ‘ Dy > Dy foru <y and p, > p,, for u > y}

for y € Y, on which the decision function x decides for class y. We define the grid

r= {[an, (n1+1)7) X -+ X [ng7, (ng + 1)7) C RY ‘ (n1,...,ng)" € Zq}
of half-open cubes. Then we combine both constructions to the partition

r—|J {mAy ’ aefandmAy;é@}
yeyY

’Note that any other deterministic rule for breaking ties can be realized by permuting the class indices.



of A into classification-aligned subsets of side length upper bounded by 7. We have the trivial
upper bound |[T'| < D := ¢ - (1/7 + 1)? for the size of the partition. The partition I" will serve
as an index set in a number of cases. The first one of these is the partition X = UveF X, with

X, ={z e X|P(ylz) e~}

The compactness of X ensures that the distribution P is regular. Thus, for each v € I there exists a
compact subset K., C X, with P(K,) > (1 —7/2) - P(X.,). We choose minimal partitions A, of
each K, = UAE.AL, A such that the diameter of each A € A, is bounded by o = 7/(2v/C). All of

these sets are summarized in the partition A = U ver flv. Now we drop all A € fL, below a certain
probabiliy mass, resulting in

A, = {Aeflv ‘PX(A)zﬁ} , 4)

with M := D - N((X,dy), o). We summarize these sets in K., = Usea, Aand A= o A,.
These sets cover nearly all probability mass of Px in the sense

Px UK7 :PX<UA>2PX UA —7/2

yel AcA AcA

=Px|JE | -r22Px X, -7/2-7/2=Px(X)-7=1-7
yel ~el’
The first estimate makes use of |.,ZU < M and condition (4), while the second inequality follows
from the definition of K.
To simplify notation, we associate a number of quantities with the sets v € I' and X,. We denote

the Bayes-optimal decision by y(X,) = y(vy) := k(p) for any p € v, and for y € ¥ we define the
lower and upper bounds

Ly(Xy) = Ly(y) :=inf {py ‘ pE 'y} and Uy(Xy) = Uy(y) :==sup {py ‘ pE 'y}
on the corresponding components in the probability simplex. We canonically extend these defini-

tions to the above defined sets K, K ~,and A € A, which are all subsets of exactly one of the sets
X, by defining y(S) := y(v) for all non-empty subsets .S C X,. The resulting construction has
the following properties:

(P1) The decision function  is constant on each set v € I', and thus i = k o f is constant on
each set X, as well as on each of their subsets, most importantly on each A € A.

(P2) For each y € Y, the side length U, () — L, () of each set v € I is upper bounded by .

(P3) It follows from the construction of I' that for each y € Y and v € I' we have either
Ly(v) =0o0r Ly(y) > 7.

(P4) The cardinality of the partition I" is upper bounded by D = ¢ - (1/7 + 1)%, which depends
only on 7 and ¢, but not on 7', k, or c3

(P5) The cardinality of the partition A is upper bounded by M = D - N'((X,dy), 7/(2V/C)),
which is finite by Lemma 1.

(P6) Theset\Jyeyq A =U,cr Ky C X covers a probability mass (w.r.t. Px) of atleast (1—7).

(P7) Each A € A covers a probability mass (w.r.t. Px) of at least 573;.

(P8) Each A € A has diameter less than ¢ = 7/(2V/C), that is, for 2,2/ € A we have
di(z,2") < 0.

With properties (P2) and (P6) it is straight-forward to obtain the inequality
1- ZLy(v)(V) : PX(X’Y) —-7<1- Z Uy('y)(’}/) . PX(X’Y)

= ~v€T
SR <L= > Lypy(7) - Px(Xy) 1= Uy(3) - Px(Xy) +7 (5)
~ver ~yeT

*A tight bound would be in O(779).



for the risk.

Now we are in the position to define the notion of a ‘typical’ training set. For / € N, u € Y, and
A € A, we define

FéA’u = {((mlvyl)a"w(xfayf)) € (X X Y)e ‘
{ne{l,....0}|zn € Ay, =u}| 26-(177)-LU(A)-PX(A)} .

Intuitively, we ask that the number of examples of class u in A does not deviate too much from its
expectation, introducing two approximations: The multiplicative factor (1 —7), and the lower bound
L, (A) on the conditional probability of class u in A. We combine the properties of all these sets in

the set Fy := ey Naca FEA’“ of training sets of size ¢, with the same lower bound on the number
of training examples in all sets A € A, and for all classes u € Y.

4 Preparations

The proof of our main result follows the proofs of Theorems 1 and 2 in [6] as closely as possible. For
the sake of clarity we organize the proof such that all six lemmas in this section directly correspond
to Lemmas 1-6 in [6].

Lemma 1. (Lemma 1 from [6]) Let £ : X x X — R be a universal kernel on a compact subset X
or R* and ® : X — 'H be a feature map of k. The ® is continuous and

di,(z,2') = || @(x) — ®(2')]|

defines a metric on X such thatid : (X, | -|) — (X, dy) is continuous. In particular, N'((X, dy), €)
is finite for all ¢ > 0.

Lemma2. Let X C R? be compact and let k& : X x X — R be a universal kernel. Then, for all

€ > 0 and all pairwise disjoint and compact (or empty) subsets K, C X, u €Y, there exists an
induced function

fiX— [4/2.(1+5),1/2.(1+5)}q o (Wl ), (wh )T

@
such that

fulz) €[1/2,1/2- (1 +¢)] if v € K,

fulz) € [-1/2-(14¢€),—1/2] ifz € K, forsome v € Y \ {u}
forallu € Y.

Proof. This lemma directly corresponds to Lemma 2 in [6], with slightly different cases. Its proof
is completely analogous. O

Lemma 3. The probability of the training sets Fy is lower bounded by
1

PUE) 2 1= g Moo (000 )

Proof. Letus fix A € Aand u € Y. In the case L,(A) = 0 we trivially have P*((X x Y)*\
F*") = 0. Otherwise we consider T = ((x1,91), - .-, (z¢,y¢)) € (X x Y)* and define the binary
variables z; := 14y (u}} (4, ¥:), where the indicator function 15(s) is one for s € S and zero
otherwise. This definition allows us to express the cardinality |{n e {1,...,¢} ‘ T, € Ay, =

u} | = Zle z; found in the definition of F[A’“ in a form suitable for the application of Hoeffding’s

inequality. The inequality, applied to the variables z;, states

‘
Pt (Z z<(l-7)-E- E) <exp (—2(TE)%()

i=1



where E := E[z;] = fAX{u} = [, P(ulz)dz > L,(A) - Px(A) > 0. Dueto E > 0 we
can use the relation

4
Zz_ l-7)-E-f = Y z<(1-7/2)-E-(
i=1

in order to obtain Hoeffding’s formula for the case of strict inequality

(Z n<(l-1)-E- z) < exp (—;(7‘E)2€>

Combining E > Ly (A) - Px(A) and Y'_, 2z, < (1 = 7) - L,(A) - Px(A) - £ & T & F*" we
obtain

P ((X X Y)E\ F["“) - (Z % < (1—7)- Ly(A) - Px(A) -e)

(Z z<(l-1)-E- e) < exp (-é(m)%) < exp (-é(TLu(A)PX(A)W)

Properties (P3) and (P7) ensure L, (A) > 7 and Px(A) > 7/(2M). Applying these to the previous
inequality results in

1 1
Pt ((X X Y)E\ F["“) < exp <—2(T3 /(2M))2£> — exp (-8(76 /M2)e) :
which also holds in the case L, (A) = 0 treated earlier. Finally, we use the union bound

1_P4(Fe)_1—PZ<ﬂ ﬂFZ"“> Pe(U U (x vy \FAU))

u€Y AcA u€eY AcA
1 1
< Y- |A]-exp (—8(7'6/M2)€> <q-M-exp <—8(76/M2)£>
and properties (P4) and (P5) to prove the assertion. ]

Lemma 4. The SVM solution f and the hypothesis h = f o x fulfill

Rm§W+AmmM

Proof. The lemma follows directly from the definition of 7, even with equality. We keep it here
because it is the direct counterpart to the (stronger) Lemma 4 in [6]. O]

Lemma 5. For all training sets T' € F, the SVM solution given by (w1, ..., w,) and (&1,. .., &)
fulfills

¢
Z Wiy Wy ) iz Z vowe) +C(R* +27)

u€yY ueyY

with (w7, ..., wy) as defined in Lemma 2.

Proof. The optimality of the SVM solution for the primal problem (2) implies

D (wu, wy) ngl < Y (whwy 625

ueyY ucyY

for any feasible choice of the slack variables £. We choose the values of these variables as £ =
1+ 7 for P(y|z;) ¢ A,, and zero otherwise which corresponds to a feasible solution according

to the construction of w}, in Lemma 2. Then it remains to show that Zle & < L (R* +27).



Letnt = [{i e {1,...,

0} | P(y|xi) € Ay, }| denote the number of training examples correctly

classified by the Bayes rule expressed by A, (or ). Then we have Zle E=0Q+71)l—nt).
The definition of F} yields

nt =Y Y L (L=7)-Lu(y) Px(A) = £ (1=7)- 3 > |Lu(v)- Y Px(4)

u€eY AcA ueY el AcA,

y(A)=u y(v)=u

=0 (1=1) 30 3 [l Px ()] = £ (1=1) - 3 [Ly) () - Px (K]

ueY el yel’
y(v)=u

>0 (1=1) | 3 [En) Px(X)] =7 | 2 e 1-7) =R

vyel

where the last line is due to inequality (5). We obtain

L

G <t-(l+7)-(1-(1-7)-(1-R")

i=1

=0 R +7+721-RH <L [RF+7+77 < (R +27) ,

which proves the claim.

Lemma 6. For all training sets 7' € F) the sum of the slack variables (1, .. .

, &) corresponding

to the SVM solution fulfills

i& > f-(l—r)2~<R*+/th(x)dpx(x)_q.7>

Proof. Problem (2) takes the value C' in the feasible solution w; = ..., w; = 0and & = - --
& = 1. Thus, we have Yy [|w,[|* < C in the optimum, and we deduce ||w, || < \V/C for each
u € Y. Thus, property (P8) makes sure that | f,,(z) — fu(2)] < 7/2forallz,2’ € Aandu € Y.

The proof works through the following series of inequalities. The details are discussed below.

4
&
i=1

Y

Y

Y

| V

| V

PID IS

AcAueY x;€A
Yi=u

Yo Y (1= Gnena + faeo (@) — ful@i)]

AcAueY z,€A
Yyi=u

)IDIDY

AcAueY z;€A
Yi=u

SN (1 =7)- Lu(A) '/A [1 =7 = On@),u + fu@) () — ful@)], dPx(x)

AcAueY

iy [ [ =B+ @) = fu@) =2 3] aPx(a)

(1-7) Z/ L= 7 = py + i) (@) = ful@)| - Lu(A) dPx ()

AeA T . u€ey
(1—7) 2/177 Lu(A)dPx (z)

AcA uweY\{h(x)}
(1-7> Y / 1 —g-T— L;L(L)(A)) dPx ()

AeA



Y

0-(1-71)%- Z/A(1—q-7—1+s(;v)+77h(90))dPX(x)

AcA

= tca=o (R4 [ bt - )

The first inequality follows from equation (3). The second inequality is clear from the definition of
FeA’" together with | f,(z) — fu(2')| < 7/2 within each A € A. For the third inequality we use
that the case u = h(x) does not contribute, and the non-negativity of fj,(,)(x) — fu (). In the next
steps we make use of ) v L, (A) > 1 — ¢ - 7 and the lower bound Ly, (x) < P(h(z)|r) =
1 — Ep(x) =1 — s(z) — nu(x), which can be deduced from properties (P1) and (P2). O

5 Proof of the Main Result

Just like the lemmas, we organize our theorems analogous to the ones found in [6]. We start with a
detailed but technical auxiliaury result.

Theorem 1. Let X C R be compact, Y = {1,...,q},and k : X x X — R a universal kernel.
Then, for all Borel probability measures P on X x Y and all € > 0 there exists a constant C* > 0
such that for all C' > C* and all £ > 1 we have

1
Pr* ({T e (X xY)* | R(frpc) <R —|—6}> >1—qgMexp <—8(76/M2)€> ,
where Pr* is the outer probability of P?, fr.k,c is the solution of problem (2), M = ¢-(1/7+1)7-
N((X,dy),7/(2V/C)),and 7 = £/(q + 5).

Proof. According to Lemma 3 it is sufficient to show R(frxc) < R* + ¢ forall T € F,.
Lemma 4 provides the estimate R(f) < R* + [y nu(x) dPx(z), such that it remains to show
that [ nn(x) dPx(x) < e for T € Fy. Consider w} as defined in Lemma 2, then we combine
Lemmas 5 and 6 to

* 1 * *
(1-7)?2[R +/X77h(x)dPx(I)—q~T <5 S lwil? = llwall® | + (R +27) .
uey uey

<1 e

Usinga—7 < (1—7)-aforany a € [0, 1], wederive [ nn(2) dPx (z) < &>,y lwill?+(g+4)-
7. With the choice C* = 137 1. [|w}|* and the condition C' > C* we obtain [ 1, (2) dPx (z) <
(g+5) - T=¢. O

Proof of Theorem 2. Up to constants, this short proof coincides with the proof of Theorem 2 in [6].
Because of the importance of the statement and the brevity of the proof we repeat it here:

Since ¢ - Cy — oo there exists an integer ¢y such that ¢ - Cy > C* for all £ > ¢y. Thus for £ > ¢
Theorem 1 yields

1, .
Pro({T € (X x V) | R(fric,) SR +e}) =1 aMyexp <8(76/M3)£> ,
where My, = D - N ((X,dy), 7/(2¢/Cp)). Moreover, by the assumption on the covering numbers of
(X, di) we obtain M? € O((¢ - Cy)?) and thus ¢ - M, ? — oo. O

6 Conclusion

We have proven the universal consistency of the popular multi-class SVM by Crammer and Singer.
This result disproves the common belief that this machine is in general inconsistent. The proof itself
can be understood as an extension of Steinwart’s universal consistency result for binary SVMs. Just
like there are different extensions of the binary SVM to multi-class classification in the literature,
we strongly believe that our proof can be further generalized to cover other multi-class machines,
such as the one proposed by Weston and Watkins, which is a possible direction for future research.
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